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VECTORS |

Chapter 1
GCSE andA-Level Pure Mathematics
Vectors |
1.1 Arrows on paper

A vector can be thought of as being an arrow on the page.
The arrow has a fixed length, called its magnitude, and acts in a fixed direction.

Its location, however is not fixed. It is free to BRANSLATED about the page.
. de
magn\“)

a

The direction of a vector is from its tail to its head and its magnitude is the length
between the tail and the head.

1.1.1 Example

(@)

[5 /' \7\

Vectora is described mathematically by using the fact that to pass from its tail to i
head one journeys 3 squares across and 4 squares up.
Thus: Alternatively:

a =

i) a=3i +4j

In the alternative description of vecithei and thg are vectors of magnitude 1.
Vectors with a magnitude of 1 are called unit vectors.

i is a unit vector in the positiveaxis direction.

j is a unit vector in the positiweaxis direction.

So even if vectoa is written asa = 4] + 31, it would still be “3 across and 4 up”.
When written as a column vector, however, swapping the 3 and the 4 is disastrot
as the upper number is always the horizoxdtis instruction and the lower number
is always the verticgl-axis instruction.

3 4
(2= (5
1.1.2 Exercise

Write down two mathematical descriptions for each of the vebtarsic.

[ 4 marks ]



1.2 Factorising a vector
It is often helpful to pull out any common integer term from a vector.

1.2.1 Example

25
15

To factorise vectog where g = (

notice that both 25 and 15 divide by 5. g = 5 (g)

1.2.2 Exercise
Factorise out any common term from each of these vectors.

_ (20 B . .
m = (55) n= 12i + 8j

[ 2 marks ]

1.3 Parallel Vectors
To show that two vectors are parallel, show that they have the same direction.

1.3.1 Example
- [ =
To show that vectorsandt are parallel, first, factorise out the common factors,
-l -l

It's now obvious that they have the same direction !
One vector has simply got more magnitude (length of the vector) than the other, |
in the same direction.

1.3.2 Exercise
Show that the following vectors are parallel,

4 (12 , (16
~ |18 " \24

[ 3 marks ]



1.4 Vector Arithmetic
Vectors can be added to, or subtracted from, each other.
They can also be multiplied by a number.

2) ¢ - (3) ° " (_39)

Here is the calculation to work out the vectoa 2c—e;

1.4.1 Example

Vectorsa, candeare : a =

_ 3 8| [-9

2a+c-e=2x 4)+ 0 (3)
_[2x3+8-(-9
| 2x4+0-3

3

The calculation can be explained using geometry.

Addition corresponds to joining vectors up “head to tail”.

Subtraction corresponds to joining vectors up “head to head”, (or “tail to tail).
So the above calculation corresponds to the following diagram.

On the diagram, draw in the vector representing the answer.
C

™~ e

/ =
y. ™~

Q)

Q)

[ 1 mark]

1.4.2 Exercise
If vectorsa, c ande are once again,

a = 3i + 4j c = 8i e=-9i + 3j
Calculate the vectora+ 2c—e

[ 3 marks ]



1.5 The Magnitude of a vector

d
v

A vector can be used to represent many aspects of the physical world: a force,
a velocity or an acceleration, for example. So it's confusing to talk about a
vector'slength because forces, velocities and accelerations are not lengths.

A new word is needed for the length of a vector.

The word iISMAGNITUDE .

1.5.1 Example

la] = V72 + 42
= V49 + 16
Vv 65

|a| is read as “the magnitude of vectr

1.5.2 Exercise

Find| p| giving the answer is surd form wheye= (161)

[ 2 marks ]

Vectors in use on a weather chart.
Each vector shows the direction of the wind at a point and the magnitude
of the vector corresponds to the strength of the wind at that point.
These vectors are tied to a location and are not free to be translated.
Such a collection of fixed vectors is termed a vector field.



1.6 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.

Marks available : 50

Question 1

——
\
P

Write the vectors, b andc in the form P

Question 2

wherep andq are integers.

[ 3 marks ]

o

=th

Write the vectorsl, e andf in the form pi + qj wherep andq are integers.

[ 3 marks ]



Question 3
On the grid draw the following vectors, labelling each with its letter and an arrow.

[ 2 marks ]

Question 4
On the grid draw the following vectors, labelling each with its letter and an arrow.

C=2i—4j d=-2i+ 5]
[ 2 marks ]
Question 5
Factorise completely the vectgreindg.
_ (22 _ (20
b= (77) - (24)

[ 2 marks ]



Question 6
Show that vectorg andz are parallel.

_ (15 = 35
Y= l12 ~ |28
[ 2 marks ]
Question 7
Show that the following vectors are parallel,
c = 12i + 15j v = 28i + 35j
[ 2 marks ]
Question 8
_ (8
=
Find| T | giving the answer in surd form.
[ 2 marks ]

Question 9

e

Find| m| giving the answer in surd form.

[ 2 marks ]



Question 10
Let vectorsA, B andC be :

el el el

(i) A+B+C

[ 1 mark ]

(ii) 2A+B+3C

[ 2 marks ]

(i) A+2B+3C

[ 2 marks ]



Question 11

(1) (a)  Write down the vector that translates shApmto shapé.
[ 1 mark ]

(b)  Circle which describes the direction of your garj ( a ) answer.

Y H 5

[ 1 mark ]

(c) Circle which describes the direction of the vector that translates
shapeB onto shap@.
1
-1

3 )
[ 1 marks ]

(i) (a)  Write down the vector that translates sh@panto shap®.
[ 1 mark ]
(b)  Circle which describes the direction of your gart) ( a ) answer.
-3 3 3
2 2 -2
[ 1 mark ]

(c) Circle which describes the direction of the vector that translates
shapeD onto shapé€.

= 2)




Question 12
Let vectorsA andB be :

(1) Calculate vectoR where R=2A + 3B

[ 2 marks ]
(i) On the diagram below, draw vectltin the appropriate place.
N~
N~
N~
7
2 D
"4 /_\ =%
A
< /’_‘\ —
[ 1 mark ]
Question 13
Let vectorsC andD be :
_ (4 _[-3
c-[i o-[3)
(1) Calculate vectos where S=3C+ 2D
[ 2 marks ]

(i) Complete the diagram above to illustrate the vector sebm3C + 2D

[ 1 mark]



Question 14
Let vectordD, E andF be :

D =-6i-2j E =4i - 3] F = —-5i + 3]
Find :
(i) 2D+2E+3F

[ 2 marks ]

(ii) D+5E+2F

[ 2 marks ]

(i) 3(E+2F)-D

[ 2 marks ]



Question 15
(a)  Two translations are described by the following vectors;

i (—72) G = (_13)

Describe the single transformation which is equivalent to combining
the two translations.

[ 1 mark ]

(b)  Two translations are described by the following vectors;
f =7a-2b g=-3a+10b
Describe the single transformation which is equivalent to combining
the two translations.
(You will havea andb in your answer)

[ 1 mark]
Question 16
Show that the following vectors are parallel,
- (3 - (3
[ 2 marks ]
Question 17

Consider the vector,
(13
R= (16)

Without using a calculator, show tH&| = 51/ 17.

[ 1 mark]



Question 18
In general the 3 dimensional vector;

X
d=|y
z

has a magnitude given by the formula;
|d| = /x2+y2+ 22

Show that the magnitude of the following vector is an integer;

[ 1 mark]

Question 19
Try to find some more 3 dimensional vectors of integer components which have
magnitudes which are also integers.

[ 1 marks ]
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1.7 Answers

1.7.1 Solutions (1.1.2 Exercise)

b=(‘26) b=—6i+2]
C = (_06) C=—6i
[ 4 marks ]
1.7.2 Solutions (1.2.2 Exercise)
B 4 3 . .
m_5(11) n=4(3i+2j)
[ 2 marks ]
1.7.3 Solutions (1.3.2 Exercise)
a==~6 (é) z=8 (é) Same direction,... parallel O
[ 3 marks ]
1.7.4 Solution (1.4.1 Example)
C
P ™~ e
u/( =X
/ /:>_
~ |
1=y 4 w1
1/ — dan er
Emnnn

Vectorsa, a andc are joined "head to tail" then add ehaving reversed it first.
From the start to the finish is now the answer vector.

[ 1 mark]
1.7.5 Solutions (1.4.2 Exercise)
_ (3 8| (-9
a+20—e_4+2(0) (3)
(3 16 9
} (4 T 0)+ —3)
_ (28
1
[ 3 marks ]

1.7.6 Solutions (1.5.2 Exercise)

p = (161) = |p| = V62 + 112 = /36 + 121 = /157

[ 2 marks ]



1.7.8 Solutions (1.6 Exercise)

Answer 1
_ (6 _ (-9 [0
ff o3 e[
[ 3 marks ]
Answer 2
d =-12i —j e=3i -] f = 6i
[ 3 marks ]
Answer 3
a
/ b
/ AN
[ 2 marks ]
Answer 4
\
-\
\
[ 2 marks ]
Answer 5
_ 2 _ 5
p-nfl)  a-aff
[ 2 marks ]
Answer 6
N _ (5 i -
y =3 (4) z=17 (4) Same direction,... parallel O
[ 2 marks ]
Answer 7

c =3(4i +5j) v=7(4i +5)) Same direction,.. parallel O

[ 2 marks ]
Answer 8 Answer 9
V145 (12.04) V74  (8.60)
[ 2, 2 marks ]
Answer 10
. 5 . 18 12
(1) (10) (i) (24) (i) (24)

[1,2,2marks ]



Answer 11

. 4 1 -1
(@ |} ) (3
(i @ (8 G ()
[ 6 marks ]
Answer 12 Answer 13
o o
(i) (i)
-
v
T~
y D
k) A & T D
( A S/ v
p / -
A —]
e /r N
|
[3, 3 marks ]
Answer 14
-19 4 12
(1) ( 1) (i) (_11) (i) (11)
[2,2,2marks ]
Answer 15
(a) (g) (b) 4a + 8b
[1, 1 mark]
Answer 16
b = 15(?) t =12 (‘z’) Same direction,... parallel O
[ 2 marks ]
Answer 17
|IR| = V132 + 162 = V169 + 256 = /425 = +/25x 17
=25 xV17 = 517 O
[ 1 mark ]
Answer 18 Answer 19
6 Various !
[1, 1 mark]
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Chapter 2
GCSE andA-Level Pure Mathematics
Vectors |
Calculator Needed

2.1 Magnitude and Direction

An interesting aspect of today's questions is that humans and computers would
answer them using different methods. To a human, the computer method is long
and tedious. To a computer, the human method is flawed: it seemingly can't tell
the difference between two possible answers, only one of which is correct.

2.2 Example
Find the magnitude and the direction of the vectonhere

8.4
r:(_3»
Man v Machine
In answering this question the crucial first step is to draw a diagram. This is
because the human solution method uses “short cut” mathematics in which
the diagram is used to guide the mathematics.

To draw the diagram keep in mind that the horizontal instruction is the upper
number, and the vertical number is the lower number.

Sketch the vectarin the space below;

[

Now turn the page to see if you got it correct.



Here is my sketch of.
How does your sketch compare with mine ?

8L

Z 37

Finding the magnitude (the length of the vector) is the easy part of the question.
It's a straight forward use of the Theorem of Pythagoras,

|r| = /842 + (37)2 Notice | used ther 3.7 from the diagram
V7056 + 1369

\V 84.25
9.179

Now to work out the angle mark@&gdagain using- 3.7 from the diagram

37
tanfd = —
anv = 382
0 = arctan (ﬂ)
84
0 = 238°

By convention the direction of a vector is given as an angle measured at;
¢ the tail of the vector,
e from the positivex-axis direction,
e turning anticlockwise.

360° — 238°
3362°

. In this particular questiomiredion

This last step is where the diagram totally guided the mathematics.

If one tried to use the 3.7 with thetan function the mathematics cannot tell
the difference between

-3.7 37
tan( 84 ) andtan( 8.4 )

-84

and 37

are in totally different directions !

8.4
and yet the vector(s_ 3.7




2.1.2 Example
Let s be the following vector :

== 22

Find|s| and also the direction in whigmacts.

Teaching Video http://www.NumberWonder.co.uk/v9009/2.mp4

e

1 - B
Ek&" 1
After watching the teaching video, write out an answer to the question below.

[

[ 4 marks ]


http://www.NumberWonder.co.uk/v9009/2.mp4

2.2 Exercise

Any solution based entirely on graphical

or numerical methods is not acceptable.

Make the method used clear.
Marks available : 50

Question 1
Find the magnitude and the direction (with the poskiieais) of each of the
following vectors.

P
[ 4 marks ]
(i) b= (765)

[ 4 marks ]



[ 4 marks ]

(iv) d= (_‘712)

[ 4 marks ]

143
(v) e= (—19)

[ 4 marks ]



Question 2
Find the magnitude and direction (with the positixexis) of each of these vectors.

- (%

[ 4 marks ]
(i) o-(¥]

[ 4 marks ]
(i) h= (‘3_355)

[ 4 marks ]
(iv) i= (_‘ég)

[ 4 marks ]

vy 0= (1

[ 4 marks ]



Question 3
If k=I+2m+3n and

) -y oe(

find the magnitude and direction lof

[ 2 marks ]

Question 4

A vector is of magnitude 8.2 cm and acts at an angle of 65°.

(1) Accurately sketch, full size, this vector.

(ii) From the sketch, make measurements, and so write the vector in the forr

)

q

(iii)  Use right angled trigonometry (i.e. SOH CAH TOA) to determine the
answer to partii) to an accuracy of four decimal places places.

[ 4 marks ]



Question 5
The vectorA is of length 9.3 cm.

S

Find the two possible values gfand the two possible directions in which this
vector is acting.

[ 2 marks ]

Question 6
Write the vector as a length andlzearing.

‘- (—63)

[ 2 marks ]
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2.3 Answers
2.3.1 Solutions (2.1.2 Example)
|s|=5.72 0 =63 Direction = 243
[ 4 marks ]

2.3.2 Solutions (2.1.2 Exercise)

Answer 1
|a|=14.18 0=37.8 Direction = 322.2
|b]=9.60 0 =38.6 Direction = 38.6
|c|=8.73 0 = 66.4 Direction = 113.6
|d|=14.86 0 =29.0 Direction = 209.0
|e|=23.78 0 =53.0 Direction = 307.0
[4,4, 4,4, 4 marks ]
Answer 2
|f|=7.88 0 =20.0 Direction = 340.0
|g|=13.42 0 =26.6 Direction = 26.6
|h|=4.95 0 =45.0 Direction = 135.0
|[i|=16.23 0=225 Direction = 202.8
|e|=16.05 0 =85.4 Direction = 274.6
[4,4, 4,4, 4 marks ]

Answer 3
|k | =29.68 0 =574 Direction = 57.4

[ 2 marks ]

3.465

Answer 4 (7.4313)

[ 4 marks ]
Answer 5
y=%7.1 49.8 or 310.2

[ 2 marks ]
Answer 6
|z| =6.71 0=26.6 Bearing = 117

[ 2 marks ]
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Chapter 3
GCSE andA-Level Pure Mathematics
Vectors |
Calculator Needed

3.1 Cartesian Form= Polar Form
Previously, the vectarwas studied,

=[5

A vector written in this way is i@artesian form.

By using
e A quick sketch
e The Theorem of Pythagoras,
e Thearctanfunction
vectorr rewrote was rewritten as a magnitude and a direction.

It turned out that has a magnitude of 9.179, at an angle of 336.2°
A vector written in this way is ipolar form.

3.2 Polar Form= Cartesian Form
Converting frompolar form back intoCartesian form is the reverse of the problem
studied last lesson. A simple, clear diagram avoids “obviously wrong answers”.

Example
Convert the vectar, of magnitude 9.179 and direction 336.2° into the form

-l

Teaching Videohttp://www.NumberWonder.co.uk/v9009/3.mp4

&1 %

<

Watch the video before
writing out your answer.

[]

[ 4 marks ]


http://www.NumberWonder.co.uk/v9009/3.mp4

3.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 50
Question 1

Write each of the following vectors in the for(rﬁ)

(1) Vectora of magnitude 32, and direction 60

[ 4 marks ]

(i) Vectorb of magnitude 640, and direction 245

[ 4 marks ]



(iit)  Vectorc of magnitude 145, and direction F10

[ 4 marks ]

(iv)  Vectord of magnitude 2.6, and direction 300

[ 4 marks ]

(v) Vectore of magnitude 13, and direction72

[ 4 marks ]



Question 2
Express each of the vectors shown in the following diagrams in the(%}rm

(i) If|=32

42°

[ 4 marks ]

(i) lgl=78

27

[ 4 marks ]



(i) |h|=104

-

h 319

(iv) |k|=0.3

]/

-
N

242X K

[ 4 marks ]

[ 4 marks ]



(v) |I|=1700

12°

Question 3

Two vectors area = (_37 and b = (i)

Determine the magnitude and the direction of the veateb

[ 4 marks ]

[ 4 marks ]



Question 4

Two vectors arec = (17 12)

-3 9
Determine the magnitude and the direction of the vected

and d =(

[ 4 marks ]

Question 5
In the right angled triangle, calculate, in termg of| ande, the length of the sides
markedx andy.

[ 2 marks ]
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3.4 Answers

3.4.1 Solution to Teaching Video Example (3.2 Polar Fores Cartesian Form)
9.179005238) _ ( 8.4 )

~ |-9.179sin238 ~37
[ 4 marks ]
3.4.2 Solutions (3.2 Exercise)
Answer 1
_ (=301 _ [-270 _ [—496 [ 13 _[4.02
&= 10.9) b = (—580) ¢= (13626) d = (— 2.3) €= (123)
[4,4, 4,4, 4 marks ]
Answer 2
o —238 g = 69.5 h = -536 K = 0.12 | = 16629
214 -354 -891 -0.27 3534
[4,4, 4,4, 4marks ]
Answer 3
(=7 4\ [-3
a+b—(3 +1 4 —(4)
This has magnitude 5 and direction 126.9
[ 4 marks ]
Answer 4
_ (17 (12 _ [ 5
e—a- (119 -
This has magnitude 13 and direction 292.6
[ 4 marks ]
Answer 5
A vector,m, of magnitudé m| and directiord can be written as :
m = X\ _ [Ilm] cos6
—\y] ~ |Im|sine
[ 2 marks ]

This document is Licensed for use by staff and stude®kratvsbury School, England
To obtain a licence please visit www.NumberlsAll.com
© 2020 Number Is All



Chapter 4

GCSE andA-Level Pure Mathematics

Vectors |
4.1 Vector Geometry

Many GCSE vector questions specify a couple of vectors and ask that they be
used to move between points on a simple geometric shape such as a triangle,
rectangle, hexagon, trapezium or parallelogram.

4.2 Example
The diagram, which is not drawn to scale, shows a regular hexa§B8GDE
CTA =a OB = b
A
a
@) B
E C
D

Teaching Video http://www.NumberWonder.co.uk/v9009/4a.mp4
http://www.NumberWonder.co.uk/v9009/4b.mp4

<=Partl

'r""
a;*‘*
ORGE

Watch the teaching video, then express the following in terrasnélb;

(i) EB = (i) CD =
(i) AB = (iv) B =
(v) AD = (vi) BD =

[ 6 marks ]


http://www.NumberWonder.co.uk/v9009/4a.mp4
http://www.NumberWonder.co.uk/v9009/4b.mp4

4.3 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.

Marks available : 40

Question 1
The diagram, which is not drawn to scale, shows a paralleloQrs@Bwith

The pointX is the mid-point oAC and the poinY is the mid-point oBC.

X

A 0

C

>
O b

(a) Express the following vectors in termsasandb;

(i) BC = (i) AC =
(i) BO = (iv) CY =
(v) AB = (vi) OX =
(Vi) AX = (viil) XY =

[ 8 marks ]
(b) If |a|l = |b| which one of of following best describes sh&pCB?

A triangle B trapezium
C rhombus D cube

[ 1 mark ]



Question 2

The diagram, which is not drawn to scale, shows two sq@B&RfandBCDE.
—> —>
OA =a and OB =D

The pointg=, G andH are the mid-points @E, CD andED respectively.

A E D
O
H
a F G
@) b B C

(a) Express the following vectors in termsasandb;

(i) BG = (i) GO =
(i) AC = (iv) GE =
(v) GA = (vi) HO =
[ 6 marks ]
(b) (1) Show thatA_C> = /IG—E> for an integer value of which
IS to be found.
[ 1 mark]

(i)  WWhich one of the following is true abowC and GE ?
A same magnitude B same direction
C perpendicular D parallel

[ 1 mark]



Question 3

. . . - -
On the lattice of equilateral trianglesOA = a and OB = b
F

YA C

O

Express the following vectors in termsaoéndb;

(a)

(i) OH = (i) BE =
(i) ED = (iv) DA =

[ 4 marks ]

Given thata andb are unit vectors, find the magnitude@

(b)

[ 2 marks ]



Question 4

GCSE Examination Question, May 2008, 4H, Q21
PQRSTUwhich is not drawn to scale, is a regular hexagon, céntre
The hexagon is made from six equilateral triangles of side 2.5 cm

— —

TU = a and UP =0DL

P

T

(a) Find, in terms of andb, the vectors

(i) TP =

[ 1 mark]
(i) PO =

[ 1 mark ]
(i) UO =

[ 1 mark]

(b) Find the modulus (magnitude)U—fR>

[ 1 marks]



Question 5
GCSE Examination Question, November 2010, 4H, Q21
PQRS which is not drawn to scale, is a trapezium W@ parallel toSR

—>

T is the point or8Q such thaST = %SQ

R

Diagram NOT
accurately drawn

(a) Find, in terms of andb,

(i) PR =

[1 mark ]
(i) 99 =

[1 mark]
(i) PT =

[1 mark]

(b) PT =kPRwherek is a fraction
(1) What does this result tell you about the poit$ andR ?

(i) Find the value ok

[ 2 marks]



Question 6
GCSE Examination Question, June 2011, 4H, Q24 edited

R

Diagram NOT
accurately drawn

S

The diagram shows a trapezil#B@RS which is not drawn to scale.

T is the midpoint oPR
PSparallel toQR
PS=4QR

o P?Q:a and(??:b

Find, in terms of andb,

—>

()]

(1)

e
I

(i)

A

(i )

Ql

(iv)

a
I

(v)

[ 1 mark ]

[ 1 mark ]

[ 1 mark]

[ 1 mark ]

[ 1 mark ]



Question 7
GCSE Examination Question, January 2012, 4H, Q22

R Q

E Diagram NOT
3b accurately drawn

p—O
O 2 p P

OPQR,which is not drawn to scale, is a rectangle

D is the point orOP such thatOD = %OP

E is the point orOQ such thatOE = % 0oQ

—

s
OD =a OR = 3b

Find, in terms of andb

(i) 0Q =

[ 1 mark ]
(i) OE =

[ 1 mark ]
(ii) DE =

[ 1 mark ]
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4.4 Answers

4.4.1 Solution to 4.2 Example (Teaching Video)

(i) EB = 2a (i) CD =-a
(i) AB=-a+b (v) BC =-2a+b
(v) AD = -4a+2b (vi) BD =-3a+b
[ 6 marks ]
4.4.2 Solution to 4.3 Exercise
Answer 1
(a) (i) BC =a (i) AC =b
(i) BO = —b (V) CY =-—+a
— : - 1
(v) AB = —a+b (vi) OX:a+?b
N —> 1 =3 1
(vii) AX :?b (viii) XY :—?a+—b
[ 8 marks ]
(b) C rhombus
[ 1 mark]
Answer 2
. — 1 N - 1
(a) (i) BG=Ea+b (ii) GO=—Ea—2b
(i) AC =-a+2b (iv) G_é:%a—b
— 1 . — 3
(v) GA:Ea—Zb (vi) HO:—a—Eb
[ 6 marks ]
(b) (i)
E = —-a+ 2b and G_E) =%a—b
. AC = -2 GE
ie. A =-2
[ 1 mark ]
(i) D parallel

[ 1 mark]



Answer 3

(a) (i) OH =a+2b (i) BE =3a-b
(i) ED =-3a+2b (iv) DA =a-2b

[ 4 marks ]
(b)
By the cosine rule...
X =22+1°-2x2x1x cosl2®
=4+1+2
=7
Thus |OG| = V7 units
[ 2 marks ]
Answer 4

(a) (i) TP =a+b

(b)

(i) PO =-a
(i) UO =-a+b

.
|UR| = 5cm

[ 4 marks ]



Answer 5

2

(a) (1) R=a+bhb
(i) D =3a-b
(i) PT = PS+ ST
—> 1 —
- PS+ —
+4SQ
1
=b+—(3a-b
+— (3a-b)
=§a+§b
4 4
3
= — b
> (a+b)
(b) (1) P, T andR are parallel witHP? in common.
. They are all on a straight line.
(ii) ﬁ':%(a+b) PR=a+bh
P - 2 PR
4
Answer 6
(i) PS=4b
(i) PR=a+b
(i) RS = —a+ 3b
" 1 1
i T = -—— —b
(iv) Q 2a+ >
= 1 5
TS = —— —b
(v) 2a+ >
Answer 7
(i) 00 = 3a+3b
(i) OE =2a+2b
(i) DE = a+2b

This document is Licensed for use by staff and stude@kratvsbury School, England
To obtain a licence please visit www.NumberlsAll.com
© 2020 Number Is All

[ 3 marks ]

[ 2 marks ]

[ 5 marks ]

[ 3 marks ]



Chapter 5
GCSE andA-Level Pure Mathematics

Vectors |
5.1 Vector Algebra
The more difficult GCSE vector questions can't be done directly from the provide:
diagram. Do use the diagram but also work with and trust your vector algebra.

5.2 Example
The diagram, which is not drawn to scale, shows an equilateral tri#&
The pointB is the mid-point oAC and the poinD is the mid-point oDC.

— —>
Furthermore OA = a and OB = b

C
D B
b
O a A
Express the following vectors in termsao&ndb;
(i) AB = (i) BC =
(i) OC = (iv) OD =
(v) DB = (vi) GiventhatDB = k OA

state the value ok

[ 6 marks ]

Teaching Video http://www.NumberWonder.co.uk/v9009/5a.mjRart 1)
http://www.NumberWonder.co.uk/v9009/5b.mRart 2)

ﬁ@l <=Part1 Part 2 =>
s

Complete the example above after watch the teaching videos.



http://www.NumberWonder.co.uk/v9009/5a.mp4
http://www.NumberWonder.co.uk/v9009/5b.mp4

5.3 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 50

Question 1
The diagram, which is not drawn to scale, shows a rect@gRC with

—> —>
OA =aand OB =D

The pointX is the mid-point oAB.

(a)

(b)

C B
b X
>
O a A
Express the following vectors in termsasandb;
(i) CB =
(i) AB =
(i) AX =
[ 3 marks ]
Work out CX by using the path.
(i) CX=CB- %A_\I)B
[ 2 marks ]

J
0l
3
0!
2.

(i)

[ 2 marks ]



Question 2
The diagram, which is not drawn to scale, shows a rhom{BSD.

The two diagonals of the rhombus intersedat
The pointX is the mid-point oAD and the poinY is the mid-point ofCD.

Furthermore, @ = a and €B =b

B A

(a) Express the following vectors in termsasandb;

(i) DA = (i) DX =
(i) CD = (v) YX =

[1,1,1, 1 mark]

(b) Given that\?)( =k a state the value ok

[ 1 mark]

(c) If|la] = 15and|b| = 7, determine|a + b| using the fact that
the diagonals of a rhombus are mutually perpendicular.

[ 1 mark ]



Question 3
The diagram, which is not drawn to scale, shows a trianghé. O
The pointB is the mid-point oDY.

—> —>
Furthermore, OA = a and OB =0b

A

(a) Express the following vectors in termsas&ndb;

(i) OY = (i) AY =

[ 2 marks ]

Xis the mid-point oDA
(b)  Write down, in terms of andb, an expression foXB

[ 1 mark]

(c) Show thatXB is parallel toﬁ(), by writing a relationship between

them of the form)?lg = kA%Y

[ 1 mark]

(d) If OA and AY are mutually perpendicular afja| = |b| = 3 cm
what is|ﬁ(| ?

[ 1 mark ]



Question 4
The diagram, which is not drawn to scale, shows a regular heXRODEF.
The spokes of the hexagon intersedat

Furthermore,(TA = a and (% =b
C B

E F

(a) Express the following vectors in termsasandb;

(i) DB = (i) DC =
(i) FC& = (iv) FD =
[ 4 marks ]
The pointX is the mid-point ofFA.
(b)  Write down, in terms of andb, an expression foDX
[ 1 mark ]

(c) If the hexagon has sides of length 4.3 cm, Whéﬂiﬂ ?
HINT : The Cosine Rule

[ 2 marks ]



Question 5

The diagram, which is not drawn to scale, shows an equilateral tridRgle
and an isosceles triangl@AB, where| 6>A| = |A7B|

The pointM is the mid-point oPB.

— 1 —
AN = — AB
3
Furthermore,CTA = a and C% =Db
B
M
N
>
o) 11 A P

(a) Express the following vectors in termsasandb;

(i) OP = (i) PB-=
(i) OM = (iv) AN =
(v) ON =

[1,1,1,1, 2 marks ]

(b)  GiventhatOM = kON find k.

[ 2 marks ]



Question 6
The diagram, which is not drawn to scale, shows a quadril@&RC
in which, |OA| = 2a, |OB| = 2b and |OC| = 2¢
Points P, Q, RandS are the midpoints of the sid€3A, AB, BC andCO respectively.
C

(a)

(b)

(c)

2a A
Express the following vectors in termsapt andc;
(i) AB = (i) BC =
(i) PQ = (V) QR=

A
I

(v)

Describe the relationship betweéTR and PS

What sort of quadrilateral BQRS?

[1,1,1, 2, 1marks]

[ 1 mark ]

[ 1 mark ]



Question 7
In the diagramQXYZis a parallelogram.
M is the mid-point oY

Furthermore, OX =( g) and OZ :(_62)

Z Y

O X

(1) Write down the vectorsXM and XZ

[ 2 marks ]

(i)  GiventhatON = v OM write down in terms of the vectorON

[ 2 marks ]

(ii) GiventhatON = OX + w XZ find in terms ofw the vectorON

[ 1 mark ]
(iv)  Solve two simultaneous equations to findndw
[ 3 marks ]
(v) Explain the significance of your solution.
[ 1 mark ]
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5.4 Answers

5.4.1 Solution to 5.2 Example (Teaching Video)

(i)

(v)

AB = = AC
S 2
=-a+b

—

OC = OB+ BC
=b+(—a+b)

=-a+2b

(iv)

(vi)

BC = = AC
=-a+b
— 1 —
OD = — OC
2
1
= — (- 2b
5 (-a+2b)
:—ia+b
2

—> —>
Told DB = kOA
1
—a = ka
2

kot
2



5.4.2 Solutions (5.3 Exercise)

Answer 1
C B
b X
>
O a A
(a) (i) CB=a
(i) AB =-a+b
(i) AX = — AB
2
= —(-a+b)

1 1
- _——a+—=b

2873

[ 3 marks ]
—> —> —
(b) (i) CX =CB - —AB

1
—a-—(-a+b
a 2(a+ )

1 1
—a+—a-—b
a+2a >
3 1
- 2a- b
28773

[ 2 marks ]
(i) CX = CB — OB + OA + AX
=a—-b+a- ia+i
2 2
3 1
- 2a-=b
28773

[ 2 marks ]



Answer 2

(a) (i) DA=a+b

[ 1 mark ]
(i) DX = —DA = —a+tp
2 2 2
[ 1 mark ]
(i) CD =a-b
[ 1 mark]
(iv) YX = YD + DX
1 — —>
= —CD + DX
> +
:i(a—b)+ib+ia
2 2 2
= a
[ 1 mark ]
(b) YX=a and CA =2a
—> 1 —
YX = —=CA e l=—
2
[ 1 mark ]
(c) aandb are mutually perpendicular
Use the Theorem of Pythagoras
= |a+b| =274
= 16.6cm
[ 1 mark ]
Answer 3
(a) (i) OY =2b (i) AY = —a+2b
[ 2 marks ]
T 1
b B=-—a+b
(b) Sa+
[ 1 mark ]
—> 1 —>
(c) XB:—?a+b and AY = —a+ 2Db
—> 1 — —> —>
~ XB = ) A so XB is parallel toAY
[ 1 mark ]
(d) ByPythagorasl,,Kd:\/(3+3)2—32 = 3vV3
= 520cm

[ 1 mark]



Answer 4

(a) (i) DB =a+bh (i) DC = b
(i) FC = —2a+2b (v) FD=b-2a
[ 4 marks ]
(b) DX = DA + AX
- DA- XA
1
- 2a- —
e 3
[ 1 mark ]
(c) 7.45cm
[ 2 marks ]
Answer 5
(a) (i) OP =2a (i) PB=-2a+hb
(i) OM =a+—b (V) AN=-—a+tp
2 3 3
(v) ON = OA+ AN
1
a-—a+ —b
3 +
2
—a+ —b
3 +
[1,1,1,1, 2 marks ]
(b) W:a+—bandm—§a+%b
— — . 3
OM = kKON with k:?

[ 2 marks ]



Answer 6

(a) (1)

|

&

=-2a+ 2b (ii) B

@

= -2b + 2c

(i) PO = PA+ AQ

1 —
=a+ —AB

2
=a-a+b

. —> —> —>
(iv) QR = QB+ BR
- 1A+ 28E
2 2
=-a+b-b+c

=-a+c

—

(v) S:ﬁ)+€s

=—-a+¢c
[1,1,1,2,1marks]
(b) Same magnitude and direction
[ 1 mark ]
(c) Parallelogram

[ 1 mark ]



Answer 7

(i) ngﬁ XZ = XO + OZ
1= _[-8 -2
= 2OZ _(0 )+ 6)
_ 1 /(-2 _[-10
21\ 6 |\ 6
(-1
|\ 3
[ 2 marks ]
(i) ON = vOM
= v(OX + XM
_ 8 -1
‘V( o) " 3))
vl
-\ 3
[ 2 marks ]
(ii) ON = OX + wxZ
_[8 -10
- o)+W 6)
[ 1 mark ]
(iv) v’} = (8] 4w (20
3 0 6
v +10w = 8 2lv +30w = 24 _
3V—6W:0} 21V—42\N=0] fow = 24
1
W= —
3
andsov:E
3
[ 3 marks ]
(v) N is a third of the way alongZ
N is two-thirds of the way alonQM
[ 1 mark ]
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Chapter 6
GCSE andA-Level Pure Mathematics

Vectors |
6.1 Vector Ratios

When a poinM is described as being the midpoint of the ithe length of
the line is dived in a ratio of,

AM : MB
1 1
22
or, as integers are often preferred, by multiplying through by 2,
AM : MB
1:1

Of course, there is no reason why other ratios could not be used such as, for
example, a poinX that divides the linéB in the ratio,

AX : XB
3:2
which could also be written, upon dividing through by 5,
AX : XB
3 2
55

This tells the reader tha(tis% of the way along lindB from X

—>

—> —> 3
If, for example,AB = 15s + 10t then AX = EAB

= %(155+ 10t)

= 9s + 6t
DOOOO0OOOO00000OAAAAAAAAAA I 15s + 10t
LOOAADOOOAADOOOAATOOAADCOOAA I 5(3s+ 2t)
OOOAAOOOAADDOOAA + OOOAACOOAA I 3(3s+ 2t) + 2(3s+ 2t)
LOOAAOOOAAOCHAA - - OOOAALOCOAA I 3(3s+ 2t) : 2(3s+ 2t)
3:2 h3:2
OO00000OO0O0AAAAAA : OOOOOOAAAA I 9s+ 6t : 6s + 4t

An interesting similarity between ratios of squares and triangles on the one hand
and ratios of vectorsandt in the other



6.2 A Recent Examination Question
GCSE Examination Question from January 2020, Paper 2H, Q23

B
4a Diagram NOT
accurately drawn
M
A
2b
C
ABCis a triangle in which the midpoint BIC is M andP is a point orAM.
AB=4a AC=2b AP=—a+ —b

2 4
Find the ratioAP: PM

Teaching Video http://www.NumberWonder.co.uk/v9009/6.mp4

Watch the teaching video then write
out a solution to the question.

[

[ 3 marks ]


http://www.NumberWonder.co.uk/v9009/6.mp4

6.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 30

Question 1

5 a Diagram NOT
accurately drawn

3b
C

ABCis a triangle in which the midpoint 8C is M andP is a point orAM.

—> —>

— 5 1
AB = 5a AC = 3b AP = €a+?b
Find the ratioAP: PM

[ 3 marks ]



Question 2

5a-0Db

6b

D

>
O 3a A
OAYBis a quadrilateral, with the diagon&B andQY intersecting at poinX.
The ratioAX: XB=1:2

—>

(YA:Sa §B=6b Y = 5a-Db

(1) Use vector algebra to show thgf( = —-a+2b

[ 2 marks ]

(ii) Find the ratioOX: XY

[ 4 marks ]



Question 3

C B
X Diagram NOT
C accurately drawn
> o)
O a A D

) L > —
OABC is a parallelogram wittDA = a and OC = ¢

Xis the midpoint of the lin€A.
OAD s a straight line.

Given that )6 = 3a - %c find the ratioOA : AD

[ 4 marks ]



Question 4
GCSE Examination Question from January 2016, Paper 3H, Q23

A

Diagram NOT
accurately drawn

O B C
OABis a triangle

P is the point orODA such thaOP: PA=2:1

C is the point such th& is the midpoint oOC

M is the midpoint oAB

—> —>
OA=6a OB =4b
Show thatPMC s a straight line

[ 5 marks ]



Question 5
X

>
O 3b B Y

—> —>
In the diagramOA = a and OB = 3b
OA:AX=1:1, OB:BY=3:1 andBM:MX=1:4

(i)  Show thatBM = %a— %b

[ 2 marks ]

(i) Use a vector method to findvi: MA
Show your working clearly.

[ 4 marks ]



Question 6
GCSE Examination Question from January 2017, Paper 3HR, Q23

C

B C

Diagram NOT
accurately drawn

A
The diagram shows trapeziukBCD

BC is parallel toAD, AD = 3BC, A@ —bandBC = ¢

—
(a) Find, in terms ob andc, the vectoiICD
Give your answer in its simplest form.

[ 2 marks ]
The pointP lies on the linAC such thalAP : PC =2 : 1
(b) Is BPD a straight line ?
Show your working clearly.
[ 4 marks ]
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6.4 Answers

6.4.1 Solutions to 6.2 A Recent Examination Question (Teaching Video)

— —> —>
AM = AP + PM
—> —_— —>
©~ PM = AM - AP
—> — —>
= AB + BM - AP
—> 1 — —>
=AB+EBC—AP
1 3 3
=4a+ — (—4a+ 2b —(—a+—b)
2( ) 2 4
:4a—2a+b—ia—ib
2 4
1 1
= —a+—b
2 4
AP : PM
3 3 1
7a+zb Ea+—b
1 1 1 1
3(za+r o) (Far gy
3:1

[ 3 marks ]



6.4.2 Solutions to 6.3 Exercise

Answer 1
— —> —
AM = AP + PM
— —> —>
©~ PM = AM - AP
—> — —>
= AB+ BM - A
—> 1 — —>
= AB+ — BC - AP
1 1
:5a+—(—5a+3b)—(£a+—b)
2 6 2
5 3 5 1
—5a—?a+3b—€a—?b
:£a+ib—£a—ib
2 2 6 2
15 3 5 1
=g atybga b
10
=—a+ b
6
AP : PM
ia\+ib:£a+b
6 2 6
5 1 5 1
Sa+ Sp):2f2 _)
(6a+2b) (6a+2b
1:2

[ 3 marks ]



Answer 2

(1) AX: XB=1:2
—> —>
= XB = 2AX
— —>
AB = AX + XB
— —
= AX + 2AX
—>
—-3a+ 6b = 3AX
—>
AX =—-a+ 2b
.. —_—> —>
(ii) XB = 2AX
=-2a+4b
— —> —>
OX = OA + AX
=3a- a+2b
=2a+2b
—> —> —>
XY = XB + BY
=-2a+4b +5a->b
= 3a+ 3b
OX : XY
2a+ 2b : 3a+ 3b
2:3
[ 4 marks ]
Answer 3
—> —> —> —> —> —>
D= XA+ AD = AD = XD - XA
—> 1—
= XD - —CA
2
1 1
=3a-—Cc-—(-c+a
> 2( )
—3a—ic+ic—ia
B 2 2 2
_5,
2
OA : AD
a Ea
2
2:5

[ 4 marks ]



Answer 4

Thus,

PM

MC

—> — .
. PM and MC are parallel and, as they have the pbings common,

PMC is a straight line O

[ 5 marks ]



Answer 5

. —> —> —
(1) BX = BO + OX

s
= -3b + 2a as AX = a

BM : MX=1:4

—> —
= MX = 4BM

— —
BX = BM + MX

— —
BM + 4BM

—
5BM

|
w
O
+
N
a3}

Il

. — —> —
(i) YM = YB + BM

MA = MX + XA

—
= 4BM + XA

_ 8, 2y
5 5

3. 12y
5 5

YM @ MA

2,_8p. 3,2
5 5 5 5

[ 2 marks ]

[ 4 marks ]



Answer 6

—> —> —> —>
(a) CD =CB+ BA+ AD
=-Cc-Db+ 3c
=-b+ 2c
[ 2 marks ]
(b) AP : PC=2:1
—> —>
= AP = 2PC
—> —> —>
AC = AP+ PC
—> —>
b+c=2PC+ PC
— 1 1 — 2 2
PC=—-b+ —<c P=—b+—c
3 3 3
—> —> —>
BP = BA+ AP
:—b+£b+£c
3 3
:—ib+£c
3 3
—> —> —>
BD = BA+ AD
= -b+ 3c

As ﬁ’ and ﬁ) are not multiples of each othBPD is not a straight line

[ 4 marks ]
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Chapter 7
GCSE andA-Level Pure Mathematics
Vectors |
7.1 Change of Basis
When a point is specified, suchR(s3, 4 ), it can be thought of as a vector
description ofP's location from the origin. Such vectors that are tied to a location,
the origin in this case, are called position vectors, rather than free vectors.

p=(i) or p=3i+4j

The description op in the stylep = 3i + 4] emphasises that the vecfois
expressed in terms of two other vectors; the unit vecmsj in thex andy-axis
directions respectivelyihe vectors andj are said to form a basis for the Cartesian
coordinate system. Any other location on ¥¥plane can be specified using some
combination of andj.

Other vectors can be used as a basis for a different coordinate system.

7.2 Example
A coordinate system has basis vectérs= é andB = (:7:,)
(1) Write s=6A + 4B in the forms=k (52) for some constarkt

[ 1 mark ]
(i) Write t=9A + 6B inthe formt=K (32) for some constar.

[ 1 mark]
(iii)  What do your answers to part (i) and (ii) show ?

[ 1 mark ]

(iv)  Show thas andt are parallel for all other vectofsandB.
(In other wordss andt are parallel in any linear coordinate system)

[ 2 marks ]

Teaching Video http://www.NumberWonder.co.uk/v9009/7.mp4

<= Watch the video, complete the above example.



http://www.NumberWonder.co.uk/v9009/7.mp4

7.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40

Question 1
Two vectorsE andZ, areE = é and Z = (2)
(1) Write a=9E + 3Z inthe forma=k 199) for some constarkt
[ 1 mark]
(ii) Write b=15E + 5Z in the formb =K (199) for some constari.
[ 1 mark]
(i)  What do your answers to part (i) and (ii) show ?
[ 1 mark]
(iv)  Show thata andb are parallel for all other vectoEsandZ.
[ 2 marks ]
Question 2
Two vectorsE andT, are given by = ;) and T = (:2)’)
(1) Write p=8E - 20T in the formp =k (_45) for some constart
[ 1 mark ]
(ii) Write h=6E - 15T in the formh =K (_45) for some constari.
[ 1 mark ]

(iit)  Show thatp andh are parallel for all vectofs andT.

[ 2 marks ]



Question 3

Two vectorsX andY are parallel if one can be written as a multiple of the other.
In each question decide if the two vectors given are parallel or not.

For those that are parallel, write in the faxns kK'Y for some constarkt

o ofE vl
[ 1 mark ]
(i) X =4i-2]j Y = 4i + 2j
[ 1 mark]
8 12
(i) X=1|-4 Y = 6)
6 9
[ 1 mark]
w (8] vely
[ 1 mark ]
9 12
o ox=[5) v= [
[ 1 mark]

(vi) X = 14i — 21j Y = 21i - 14

[ 1 mark]



(Vi) X =3i-]j Y = —6i + 2]

[ 1 mark]
(viii ) X =4a-12b Y = 6a - 18b
[ 1 mark]
(ix) X = 15a Y = 16a
[ 1 mark]
(x) X=1i-] Y =—-i+]
[ 1 mark ]
1 -2
-7 14
(xi) X=1{3 Y=1|6 Five dimensions is blowing my mind !
0 0
11 -22
[ 1 mark]
( xii) X:%a+2b Y = %a+3b

[ 1 mark]



Question 4
#VectorsFascinatingFact
Here is a fascinating fact about vectors !

‘)

are mutually perpendicular (each at @ the other) if and only iic+ bd= 0

The vectors X = (S‘) and Y =

(a) For each of the following pairs of vectors state if they are mutually
perpendicular or not.

: (3 (=7
(1) X_(7 andY_(s)
[ 1 mark ]
N [0 _ (6
(i) X_(17) and Y_(O)
[ 1 mark ]
[ 05 | 8
(i) X = (16 and Y = (0.25)
[ 1 mark]
(b) Given that the following two vectors are mutually perpendicular.
_ (-6 _(w
e
Find the value ofv.
[ 2 marks ]
Question 5
Consider the vector X = (_i)
(1) Show thal{ X| =5
[ 1 mark]

(ii) Write down a vector of magnitude 5 which is perpendicula¢ to

[ 2 marks ]

(i)  Write down another vector of magnitude 5 which is perpendiculdr to

[ 2 marks ]



Question 6
Let a=5p+4q b=-2p+2q and c=p+6q

(1) Find an expression for vecto;,in terms ofp andq, if v=5a-Db
Your expression should not contain any brackets.

HINT : v=5 a - b
v=5(5p+4q)-(-2p+2q) Be careful with the double minus

[ 1 marks ]

(ii) Find an expression for vectay, in terms ofp andq, if w=8a—c.
Your expression should not contain any brackets.

[ 1 marks ]

(iit)  Prove that the vectorsandw are parallel.

[ 2 marks ]



Question 7
Let d=p+3q e=p-3q  and f=2p-q

(1) Find an expression for vectar,in terms ofp andq only, ifr =3d + 6e.
Your expression should not contain any brackets.

[ 1 marks ]

(i) Find an expression for vecta,in terms ofp andqonly, if s=—2d + 8f.
Your expression should not contain any brackets.

[ 1 marks ]

(iii)  Find an expression for vectdy,n terms ofp andq only, ift = 4e— 3f.
Your expression should not contain any brackets.

[ 1 mark]

(iv)  Which of the vectors, s andt are parallel ?
Prove your answer.

[ 2 marks ]
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7.4 Answers

7.4.1 Solution to 7.2 Example (Teaching Video)

. B (2 7
(1) s_6A+4B_65+43)
_ (12 28
- 59+
_ (40
- \42
_ 520
=233
[ 1 mark ]
N B al2 7
(ii) t_9A+GB_95)+63)
_ (18 N 42
~\45 18
_ (60
~\63
_ ,[20
=333
[ 1 mark ]
(i)  Parts (i) and (ii) show thatandt are parallel.
[ 1 mark ]
(iv) s=6A+4B t=9A+6B
=2(3A+2B) =3(3A+2B)
The 3A + 2B is both expressions shows tkatndt are parallel
regardless of the values AfandB.
[ 2 marks ]
7.4.2 Solutions to 7.3 Exercise
Answer 1
. 9 N 9
(1) 3(19) (i) 5(19)
[1, 1 mark]
(i)  Parts (i) and (ii) show thaandb are parallel.
[ 1 mark ]
(iv) a=9E+3z b=15E+5Z
=3(3E+2) =5(3E+2)

The E + Z in both expressions shows tlaedndb are parallel
regardless of the values BfandZ.
[ 2 marks ]



Answer 2

(i) (i)
4 4
% ™
[1, 1 mark ]
(i) p=8E-20T h=6E—-15T
=4(2E-5T) =3(2E-5T)

The 2E — 5T in both expressions shows tipeindh are parallel
regardless of the values BfandT.

[ 2 marks ]
Answer 3
. -15  ,[-5 . _ .
(1) (9)_3(3) S X =3Y - parallel
[ 1 mark ]
(i) Not parallel
[ 1 mark ]
8 12
(i) -4 = % -6 s X = %Y . parallel
6 9
[ 1 mark ]
(iv)  Not parallel
[ 1 mark]
9} _3 (12} . _3 .
(v) (—6)_ 2 (—8) s X = 4Y -, parallel
[ 1 mark ]
(vi) Not parallel
[ 1 mark ]
N - 1 . . 1
(vii) (3I—j)=—5(—6l+21) .-.X:—EY . parallel
[ 1 mark ]
2 2
(viii) (4a - 12b) = 3 (6a - 18hb) soX = EY - parallel
[ 1 mark]
. 15 15
(ix) 15a = 16 16a s X = 1_6Y -, parallel
[ 1 mark]
(x) i—) ==11i+]j) X ==Y . parallel
[ 1 mark ]
(xi)  Not parallel
[ 1 mark ]

(xii)  Not parallel
[ 1 mark]



Answer 4
(1) Yes. They are perpendicular
(ii) Yes. They are perpendicular
(ii)  No. They are NOT perpendicular
(iv) w=16.5
[1,1,1, 2 marks ]

Answer 5
(1) By the Theorem of Pythagoras
N -4 4
(i) (3) (i) (_3)
[1, 2,2 marks ]
Answer 6
(1) v=9(3p+2q) (i) w=13(3p+2q)

(iit)  The 3p+ 2qin both expressions shows tivandw are parallel
regardless of the values paindg.
[1,1,2marks ]

Answer 7
(i) r=9(p-49)
(i) s=14(p-q)
(i) t=-2p-9¢

[1,1,1mark]
(iv) Thep-qin the expressions shows thands are parallel

regardless of the values paindg.
[ 2 marks ]
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Chapter 8

GCSE andA-Level Pure Mathematics
Vectors |

8.1 The Ratio Theorem
A situation that repeatedly occurs in vectors problems is that of ABieing
divided in a given ration : u. The Ratio Theorem generalises the resulting
algebraic manipulations and gives a formula that can be used to skip through this
recurring situation at a brisk pace.
The theorem makes use of the simple yet clever idea that for a\Bitheere
must be arOther point,O, “somewhere”. This other point is often the origin, but it
does not have to be and, indeed, part of the skill of using the ratio theorem quickl
is to pick a good “other point”. The other point is often on an associated diagram
of which the lineAB is a part but, again, it does not have to be.

The Ratio Theorem

O
If the pointP divides the line segmeAB in the ratiom: u then,
—> —> —
OP = OA + AB
u+m
Proof
—> —>
P: PB
m: u
—> —>
uAP = mPB
—> —> —> —>
u(Ad + oP) = m(PO + 0B)
—> —> —> —>
UAO + uOP = mPO + mOB
—> —> —> —>
UuOP — mPO = —uAO + mOB
—> —> —> —> —>
uOP + mOP = uOA + m(OA+A )

(u+m)€P:(u+m)a+mA%

—> —>
OP = OA + AB O

u+m



8.2 Example

A line segmenAB has endpointd( 1, 4 ) andB( 11, 19)

A point P on the line segmemB is such thaAP: PB= 3 : 2.
Find the coordinates &t

Teaching Video http://www.NumberWonder.co.uk/v9009/8.mp4

(=] &3 [m
i.':;"."s'-l'li

1
l-"
.. 'Il';‘i
After watching the video
write out your solution.

[

[ 3 marks ]

hCI\T4

e
]
MUM

To help remember the ratio theorem notice thats the noise made by a cat

o m . :
and the fraction in the theorm is a “sort of” spelling of the worchum


http://www.NumberWonder.co.uk/v9009/8.mp4

8.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40
Question 1
A line segmenAB has endpointd( 7, 3 ) andB( 42, 59)
A point P on the line segmeiB is such thaAP: PB=4:3
Find the coordinates &

[ 3 marks ]
Question 2
A Pn B
b
@) C C
OABCis a trapezium wittA\B parallel toOC andAB = 50C.
P dividesAB such thaAP: PB=3: 2
&f = c and ?B =Db
(1) FindCTA in terms ofc andb
[ 1 mark]

(i) By using the Ratio Theorem, fir@P in terms ofc andb

[ 3 marks ]



Question 3

A
Diagram NOT
accurately drawn
C
P
O o
O B D

—> —>
OABis a triangle withOA = aandOB = b
C is the midpoint o DA andP is the point oAB such thatAP: PB=3:1

. B —> —>
D is the point such th&B = 2BD

(1) Use the Ratio Theorem to fir(?P in terms ofa andb

[ 2 marks ]
(i) Use (?3 = 5 + &’ to find (?’ in terms ofa andb
[ 1 mark]
(iii)  Use PD = PO + OD to find PD in terms ofa andb
[ 1 mark]
(iv)  Prove that the pointS, P andD lie on the same straight line
[ 1 mark]

(v) Determine the rati€P : PD

[ 1 mark ]



Question 4

Diagram NOT
accurately drawn

P

>
b

OABis a triangle in Whicﬁ = 3a and C?B =b
Q is the point orDA such thaDA = 30Q
P is the point oAB such tha’AB = 3PB

(1) Show how to use the Ratio Theorem to expt‘i%in terms ofa andb

[ 3 marks ]

(i)  Show thaQP = k OB wherek is an integer

[ 2 marks ]

(i)  State two things that your answer to part (ii) tells you about the
relationship between the line segme@®andOB.

[ 2 marks ]



Question 5
Specimen GCSE Examination Question for the 2018 Examinations

A

2 a Diagram NOT
accurately drawn

2b
B

. - . - -
OABis a triangle withOA = 2a andOB = 2b
P is the point orAB such thatAP : PB=5: 3

—>

OP = k (3a + 5b) wherek is a scalar quantity
Find the value ok

[ 3 marks ]



Question 6

Diagram NOT
accurately drawn

>
a

OABis a triangle wher# is the mid-point oOB
P andQ are points oA\B such thatAP = PQ =QB

(TA = a and 58 =2b
(a) Find, in terms of andb, expressions for

(i) BA

[ 1 mark ]
(i) MQ

[ 2 marks ]
(i) OP

[ 2 marks ]

(b)  What can you deduce about quadrilat&®MQP ?
Give a reason for your answer

[ 2 marks ]



Question 7

a->b M Diagram NOT
accurately drawn

F E
CDEF is a quadrilateral witha =a DE = b and ﬁ: =a->b

(1) Expres& in terms ofa andb

[ 1 mark ]
(i) Prove thai?E is parallel toC_D>

[ 1 mark]
M is the midpoint oDE
(i) ExpressF—M> in terms ofa andb

[ 1 mark ]

X'is the point oM such thaFEX: XM =4:1
(iv)  Prove thaCC, X andE lie on the same straight line

[ 3 marks ]



Question 8
GCSE Examination Question from May 2014, Paper 3HR, Q21

A P B

Diagram NOT
accurately drawn

C

OABCis a parallelogram wittOA = a and OC = ¢
Pis the point orABsuch thatAP : PB =1 : 3

Qs the point orOCsuch thatOQ : QC =2 : 1

- - %
Find, in terms oh andc, PQ
Give your answer in its simplest form.
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[ 4 marks ]



8.4 Answers

8.4.1 Solution to 8.2 Example (Teaching Video)

A(1,4)

2 \
5 4 B(L19
M AB
u+m
m — —>
u+m(— A + OB)
L3 (1), (n
2+3| |4 19
, 310
5|15
6
1o

[ 3 marks ]



8.4.2 Solutions to 8.3 Exercise

Answer 1
4 > U B(4259
A(7,3) m
O
OP = OA+ —" _AB
u+m
- oA+ —" (~0A+ OB)
u+m
7 N 4 (7 N 42
1\ 3 3+4 3 59
7 4 (35
1377 56)
7 20
“ 137 32)
(27
|35
s P (27, 35)
[ 3 marks ]
Answer 2
(i) OA=o0C +CB+BA
=cCc+b-5c
=b- 4c
[ 1 mark]
. —> —> m —>
(i) OP = OA + AB
u+m
=b-4
b C + 2+3x50

=b—4c+§x5c
5

=b-4c+ 3c
=b-c
[ 3 marks ]



Answer 3

(1)

(i)

(iv)

(v)

—> —> m —>
OP = OA + AB
u+m
=a+ -a+b
T3l )
3
=a+—(-a+b
~(a+b)
:a—§a+ib
4 4
1
:—a+§b
4 4
[ 2 marks ]
—> — —>
CP = CO + OP
—> —>
= —AO + OP
1— —>
= -—0A+ OP
2
1 1 3
=-—a+—-a+—b
2 4 4
1
:——a+§b
4 4
[ 1 mark ]
—> —> —
D = PO+ OD
—> —> —>
= -0P + OB + BD
- 0P+ OB
2
1
:—(—a+ib)+—b
4 4
:—ia+ib
4 4
—> —>
AsCP = PD, CPandPD are parallel.
They also have a common poiRf,and sdC, P andD
lie on the same straight line O
[ 1 mark ]
CP:PD=1:1

P is the midpoint oCD
[ 1 mark ]



Answer 4

(i) OP=O0A+—"_AB
u+m
= 3a+ 2 (-3a+ b)
1+2
2
=3a+—=(-3a+b)
=3a—-2a+—b
2
= a+—b
T3
[ 3 marks ]
(i) QP = QO+ OP
2
=-—-a+a+ —b
+ +3
2
= —b
3
2 —>
= — OB O
3
[ 2 marks ]
(iii)  QPis parallel toOB
QP is% of the length ofOB
[ 2 marks ]

Answer 5

i —>
By the Ratio Theorem, OP

(—2a+ Zb)
3+5

2a + %(—2a+ Zb)

N

a—£a+ Eb
4 4
a+ Eb
4

(3a+ 5hb)

ENGIFS A Aow

[ 3 marks ]



Answer 6

(a) (i) BA=a-2b
[ 1 mark]

(ii) By the Ratio Theorem,

— — m —

MQ = MB + BA

u+m

b+ = (-2b+ a)

Il
O

I

|
@y
+

|
QD

Il
|
—
QD
+
O
N

[ 2 marks ]
(iii) By the Ratio Theorem,

—> —>

%
OP = OB + BA

u+m

2b+%(—2b+a)

4 2
—2bh- 2py £
3° " 34

b+£a
3

wln wln

(a+b)
[ 2 marks ]
(b) As @ = 2R/I—(3, OPis parallel toMQ

. OMQP is a trapezium
[ 2 marks ]



Answer 7

(i) CE=a+b
[ 1 mark ]

(i) FE = FC + CE
=a-b+a+b using part (i)

= 2a

—>

- FE = 25 and soFTE anda)) are paralleld
[ 1 mark ]

—

(i) FM = FC + CD + DM

—> —> 1 —
FC+CD+?DE

1
=a-b+a+—=b
2

= 2a—ib
2

[ 1 mark ]
(iv) Bythe Ratio Theorem, usingX : XM = 4 : 1

—> —> —
EX = EF + FM
u+m
1
= -2a+ 2a—- —b
1+4 2

4 1
—2a+—(2a——b)

5 2

8 2

=-2a+—a-—b
5 5
2 2
=-—a-—b
5 5
2
=-—1(a+b
= (a+b)
- _2ct
5

. EXis parallel withCE with a common poinE

.. C, X andE lie on the same straight lined
[ 3 marks ]



Answer 8
By the Ratio Theorem,

—> —> m —>
OP = OA+ ———AB
u+m
—a+Lc
3+1
1
—a+ —¢cC
4
- 2 —
0Q = —0C
3
_ 2,
3
—> —> —
PQ = PO + OQ
1 2
=—-a—-—C+ —cC
4 3
—_a+ ¢
12

[ 4 marks ]
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Chapter 9
GCSE andA-Level Pure Mathematics
Vectors |

9.1 Line Intersections
Some of the most difficult GCSE vector questions involve finding the position
where two lines on a geometric figure intersect. They are hard, partly because
they are being done without knowing the mathematical theory of vectors which
is not studied until either the Further A-Level mathematics course or at University

9.2 Example
A X
Diagram NOT
accurately drawn
>
@) b B

. . . - g
OABis a triangle withOA = aand OB = b
P is a point orAB such thatAP: PB=4: 3

Given thatAX is parallel withOB and thatDPXis a straight line, fin&

Teaching Video http://www.NumberWonder.co.uk/v9009/9a.m|iRart 1)
http://www.NumberWonder.co.uk/v9009/9b.mRart 2)

Py 1] [m]: 23 [m]
%‘T,‘_ <=Partl Part 2 => *: .5"'5' Y -I;.
-.Elir |'i'|

Watch the videos and then answer the question in the space below.

[

[ 5 marks ]


http://www.NumberWonder.co.uk/v9009/9a.mp4
http://www.NumberWonder.co.uk/v9009/9b.mp4

9.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 30
Question 1
A

O N b B

OABis a triangle in whichOA = a and OB = b
M is the midpoint oAB andOPM andAPN are straight lines wittOP: PM=4: 3

(1) Work outOM in terms ofa andb

[ 1 mark]
(i) Work outOP in terms ofa andb

[ 1 mark ]
(i)  Work outﬁ:’ in terms ofa andb

[ 1 mark ]

(iv)  From the equatiorA?\l = ,E) + m can be written that,

—> —> —>
sAP = — OA + t OB for some constansandt
Use this fact to work out the rati@N : NB

[ 4 marks ]



Question 2

—> —>
In triangleOAB OA = aandOB = b

OAN and MPN are straight lines
OA:AN=1:2 andOM:MB=1:1

(1) Work outKé in terms ofa andb
[ 1 mark]

(i) Work outNM in terms ofa andb

[ 1 mark ]
(iit)  From the equationﬁ:’ = m + @ can be written that,

—> —> —>
SAB = AN + t NM for some constantsandt
Use this fact to work out the rathd? : PB

[ 3 marks ]



Question 3

O Y C
In parallelogramDABC Y is the point orOC such thaDY:YC=2:1

—> —
OA =aandOC = ¢
The diagonaDB intersectAY at X.
Calculate the ratidX : XY

[ 6 marks ]



Question 4
GCSE Examination Question from May 2019, Paper 1HR, Q24

Diagram NOT
accurately drawn

> —>

(YA:a OC=c AB=2c
P is the point orAB such thaAP: PB=3: 1
Q is the point orAC such thaDQPis a straight line.

Use a vector method to filslQ : QC
Show your working clearly.

[ 5 marks ]



Question 5

Diagram NOT
accurately drawn

. —> —> —>
In triangleOAB, OP = a, OA = 3a andOB = b
M is the midpoint oAB

(1) Expressﬁ’ and A% in terms ofa andb

[ 1 mark]
(i) Expressmﬁ in terms ofa andb
[ 1 mark ]
(i)  If Xlies onBP produced so tha§( = k@, express
W in terms ofa, b andk
[ 3 marks ]
(iv)  Find the value ok if MX is parallel taBO
[ 2 marks ]
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9.4 Answers
9.4.1 Solution to 9.2 Example (Teaching Video)

—> m —

By the Ratio Theorem,@ = OA + AB

u+m
4

=a+—=(-a+b
= ( )

= ia+ ib
7 7

—> —>
OA + AX

Qo
X
[

s(£a+—b): a+thb
b

Q

I

'—\

U I

» )

I +
~—+
O

wl|~

>
w
o
I
~—+
U
p— —
Il Il
RN FNRY PN
X

OX = s

[ 5 marks ]



9.4.2 Solutions to 9.3 Exercise

Answer 1
(1) By the RatioTheorem,bﬁz C7A+ m A%B
u+m
1
=a+—(-a+b
> (~a+b)
1 1
= —a+—b
2 2
[ 1 mark]
—> 4 — 4 (1 1
ii P:—OM:—(—a+—b)
(i) 7 7129772
2 2
= —a+—=b
7 7
[ 1 mark ]
V- 2 2
(i) AP:AO+OP:—a+7a+7b
5 2
=-—a+—-b
7 7
[ 1 mark]
(iv)
—> —> —
AN = AO + ON
—> —> —>
SAP = -OA + t OB
s—£a+£b =—-a+thb
7 7
—§a+§b:—a+tb
7 7
—Ea:—lzs:l
7 5
Also,ézt:tzle
7 7 5
2
t=—
5
—>
ON =tb
2
= —Db
5
ON : NB=2:3

[ 4 marks ]



Answer 2

(i) AB=-a+b

= 1
(ii) NM=—3a+Eb
(iii ) AP = AN + NP

2
—L:2—3t
2
-t =4-6t
5t =4
2
t=— =>s=—
5
AP : PB=2:3
[ 5 marks ]
Answer 3
— 2 —>
AY=—a+§candOB:a+c
—> —> —
AX = AO + OX
—> —> —>
SAY = —OA + tOB
2
s(—a+§c):—a+t(a+c)
2
—-sa+ —c=-a+ta+tc
-s=-1+t and E:t
3
2s
_S—_l R
3
-3 =-3+2s
B5s =3
3 2
S=—=t=—
5 5

[ 6 marks ]



Answer 4

—> 3
OP =a+ — x 2cC
4
—a+£c
Bl 2
s
AC = -a+c

AQ = AD + 0Q

—> —> —>
SAC = -OA+tOP
3
s(—a+c):—a+t(a+Ec)
3t
—sa+sc:—a+ta+7c
-s=-1+4+t and s=i
2
—ﬂ:—1+t
2
-3t =-2+2t
5 =2
2 3
t=— =>s=—
5 5
—> —>
AQ = sAC
3 —

[ 5 marks ]



Answer 5

—> —

(1) BP=a-b and AB=-3a+b

[ 1 mark ]
(i) MB= 2AB=_-asip
2 2 2
[ 1 mark ]
(i) MX = MB + BX
— MB + kBP
:—ia+ib+k(a—b)
2 2
[ 3 marks ]
(V) MX=-—a+Lbsk(a-b)
-2 2
:(—i+k)a+(i—k)b
2 2
If MXis parallel toBO thea component oMX must be zero.
'.—i+k:0
2
k==
2
[ 2 marks ]
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Chapter 10
GCSE andA-Level Pure Mathematics

Vectors |
10.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 50
Question 1
//
ad | [ ZerT
-1 =1¢
O
Write the vectors, b andc in the form 2 wherep andq are integers.
[ 3 marks ]
Question 2
T~
~| € v
e A
(0] ~

Write the vectorsl, e andf in the form pi + qj wherep andq are integers.

[ 3 marks ]

Question 3
On the grid draw the following vectors, labelling each with its letter and an arrow.

[

[ 2 marks ]



Question 4
On the grid draw the following vectors, labelling each with its letter and an arrow.

c=2i— 3j d=-5+]
[ 2 marks ]
Question 5
(i) Find| p| giving the answer in surd form.
(=7
P=110
[ 2 marks ]
(i) Determine the direction in which the vecpoacts.
[ 2 marks ]
Question 6
Circle the two vectors that are parallel;
18 36 -24 20 -30
75 60 —-100, -80 — 45

[ 1 mark ]



Question 7
Circle the two vectors that are perpendicular;

5 12 0 36 -24
12 5 -18 -15 -10
[ 1 mark ]
Question 8
In polar form, a vecton, has a magnitude of 7.3, and direction<310
Expressv is rectangular form, that is, in the form
vV = P
H
for some values g andq which you should determine.
[ 3 marks ]
Question 9
Given that;
(7 [ 4 _[-3
- e f5) e n- [T
Calculate;
(1) 4f + 3g (i) h-5g+f

[2, 2 marks ]



Question 10

The diagram, which is not drawn to scale, shows a paralleloQ&@D with

&:aandaézb

The pointM is the mid-point ofOD.

(i)

(i)

(b) (i)

C
B
b
D
M
@)
(a) Express the following vectors in termsasandb;
AB = (ii) BD =
oD = (iv) MA =
[ 4 marks ]
Given that,
_[6 [ O ~= [P
a= 9) and b_(13) and AB_(q)
determine the values pfandag.
[ 2 marks ]

(i)

Hence, or otherwise, show thatOABIs a right angle.

[ 2 marks ]



Question 11

The diagram, which is not drawn to scale, shows a regular hex&OnOR.
Each side of the hexagon is of length 4.6 cm.
The pointM is the mid-point oRV.

—> —>
Furthermore, VE = a and EC = b

T C

&

(a) Express the following vectors in termsasandb;

(i) VC = (i) VO =
(i) VR= (v) MT =

[ 4 marks ]

(b)  Whatis|MT| ?
HINT : The Cosine Rule

[ 2 marks ]



Question 12
. . . - -
OABC is a parallelogram in whichOA = a and OC = ¢
. . . > -
BCE is a straight line andBE = 3BC
D is the midpoint oOC.

A B

NOT TO SCALE

E
(a) Write in terms ofa andc
(i) AD
(i) OE

[ 2 marks ]

(b) Deduce the ratio of the lengthsAb : OE

[ 2 marks ]



Question 13
GCSE Examination Question from January 2018, Paper 3H, Q24

4a

Diagram NOT
accurately drawn

>
@) 3c C

OABCis a parallelogram.

OABC is a parallelogram WithOA = 4a and OC = 3¢
The pointX is such thaCBXis a straight line an@B: BX=2: 3

; ) —> —>
The pointY is such thaCY = 2 AX

—
Find, in terms of andc, the vectolOY
Give your answer in its simplest form.

[ 3 marks ]



Question 14
#VectorsFascinatingFact
Here is another fascinating fact about vectors !

A vector of magnitude 1 is calleduait vector

(1) Show that the following vectok, is a unit vector;

<= (03]

[ 2 marks ]

(i) By first working out the magnitude of the vect®r,write down a
unit vectorthat is parallel tey.

=%

[ 2 marks ]

(i)  Find a formulae that will take any vectdr, and convert it into anit
vector, where;
Z = P
q

[ 2 marks ]
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10.2 Solutions

Answer 1
_ (3 _[—13 _[=75

2= (3] =73 o= (75°)

[ 3 marks ]
Answer 2
d=4i-]j e=—12i + 4j f=-2]j

[ 3 marks ]
Answer 3

5 -
— D

[ 2 marks ]

Answer 4
d

[ 2 marks ]
Answer 5
(1) | p| = /149 (12.2 but question requests the answer in surd form
(i) 180 — 55 = 125

[ 2, 2 marks ]
Answer 6
6 3 6 1 2
FAINEEH -4 2l -1 5)

The leftmost and the middle are parallel
[ 1 mark ]



Answer 7

5 12 0 36 - 24
I N e A )
5x 36+ 12x (—15 = 0
[ 1 mark]
Answer 8
(4.69)
5.59
[ 3 marks ]
Answer 9
o (9 @ ()
[2, 2 marks ]
Answer 10
(a) (i) AB=-a+b (i) BD = 2a-2b
(i) OD =2a-b (iv) MA = 4b
[ 4 marks ]
. p 6 0
(6) (i) (q)=—(9 (2
p=-6 and q=4
[ 2 marks ]

(ii) Consider

a‘?\:(g) and ,?B (_6)
And observe that

6X(-6)+9%x4=0

. ZOAB is a right angle O
[ 2 marks ]



Answer 11

(a) (i) VG =a+hb (i) VO =-a+2b
(i) VR =-a+b (iv) MT = +a+3b
[ 4 marks ]
(b) IMT[P = 28 + 922 - 2 x 23 x 92 x cos60°
= 8.29cm
[ 2 marks ]
Answer 12
(a) (i) AD=-a+3c
(i) OE=-2a+c
[ 2 marks ]
(b) 1:2
[ 2 marks ]
Answer 13
CB : BX
2.3

—> —> —_—
4a : 6a => BX=6a=> AX=3c+6a = CY =6¢Cc+ 12a

—>
.. 0OY =9¢c + 12a
[ 3 marks ]
Answer 14

(i) |x| = V062 + 082
=1
- X is a unit vector
[ 2 marks ]

\ 142+ 482
= 50

(ii) Y|

0.28)

.. Required unit vector |s( 0.96

[ 2 marks ]
Y

7@

q

P

(iii)

[ 2 marks ]
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Chapter 11
GCSE andA-Level Pure Mathematics

Vectors |
11.1 TEST
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 50
Question 1
d
£ =F
p— C
Write the vectors, b andc in the form 2 wherep andq are integers.
[ 3 marks ]
Question 2
e
™ \ f \ A
gy
Write the vectorsl, e andf in the form :
pi+qj
[ 3 marks ]
Question 3
On the grid draw the following vectors, labelling each with its letter and an arrow.
_ (5 _ 6
&= 4) b = (— 0.5)

[ 2 marks ]



Question 4
On the grid draw the following vectors, labelling each with its letter and an arrow.

c = 5i — 2] d=-4i + |
[ 2 marks ]
Question 5
(i) Find| p| giving the answer in surd form.
_ [ 8
-4
[ 2 marks ]
(ii) Determine the direction in which the vecpoacts.
[ 2 marks ]
Question 6
Circle the two vectors that are parallel;
- 60 150 -80 -50 60
—45 42 -24 12 18

[ 1 mark]



Question 7
Circle the two vectors that are perpendicular;

-21 7 —-18 12 -14
36 12 0 7 - 24
[ 1 mark]
Question 8
In polar form, a vecton, has a magnitude of 6.4, and direction 250
Expressv is rectangular form, that is, in the form
p
V =
)
for some values g andg which you should determine.
[ 3 marks ]
Question 9
Given that;
3 -7 [0
-fa) o () e [
Calculate;
(1) 5f+2g (i) h—3g+f

[ 2, 2 marks ]



Question 10

GCSE Examination Question from May 2007, Paper 3H, Q16
PQRis a triangle.

E is the point oiPR such thatPR= 3PE

F is the point orQR such thaQR = 3 QF

R

(b)

(c)

Diagram NOT
accurately drawn

Find, in terms ofa andb;

(i) PR =

[ 1 mark ]
(i) QR =

[ 1 mark ]
(i) PF =

[ 1 mark ]
Show that EF = k?Q
where k is a rational number which you must determine

[ 2 marks ]

What does the paftb ) result tell you about vectoEF and?Q ?

[ 2 marks ]



Question 11
The diagram, which is not drawn to scale, shows a trapeXN§Z
The pointM is the mid-point oXY

— —>
Furthermore OY =y Oz =1z XY = 30Z

(a)

(b)

(c)

0 z yi

o
X M

Express the following vectors in termsyondz;

(i) XY = (i) OX =
(i) Xz = (iv) MZ =
[ 4 marks ]
Given that,
(17 (11
e e ()
Whatis|\72|?
[ 2 marks ]

Find the angle between the vectgmsndz
HINT : The Reversed Cosine Rule
b? + c?2 - a?
2bc

COSA =

[ 2 marks ]



Question 12

GCSE Examination Question from June 2009, Paper 4H, Q18
The diagram shows a parallelograhi3CD

M is the midpoint 0BC

N is the midpoint oAD

B M C
©
Diagram NOT
X accurately drawn
O
A N Y D

s

AB = x
s

AD =y

Find, in terms ok andy, the vectors

(a) MN
(b) AC

[ 2 marks ]

. . —> 1
Pis the point such tha€P = y — > X

(c) Find, in terms ok andy, the vectorPA
Simplify your answer as much as possible

[ 2 marks ]



Question 13

GCSE Examination Question from January 2020, Paper 2HR, Q26

The diagram shows trapezit@ACB

A oAb C

Diagram NOT
accurately drawn

O 5h” B

OA = 3a OB = 6b AC = 4b
N is the point orOC such thaANBis a straight line

Find &i as a simplified expression in termsacéndb

[ 5 marks ]



Question 14
#VectorFasinatingFact
Here is another fascinating fact about vectors !

Given two vectorsX andY, such that

Then the angl&}, between the vectors is given by;

ac + bd
vaz+ b2 \/c?+d2

cosf =

Demonstrate how to use this result to find the angle between the following

two vectors;
_ (3 (12
P = ( 4) and Q= ( 5 )

[ 3 marks ]
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11.2 Solutions

Answer 1
(2 _ [ =12 _[-8
a=(3) =77 o= (3
Answer 2
d=4i-3j e=—-8i+4j f=-5j
Answer 3
E y.
rd O
/
y
Answer 4
g d
x
Answer 5
(i) |p|=+185 (136 but asked for in surd forin
(ii) 360 - 54 = 306°
Answer 6
4 25 10 - 25
‘15(3) 6(7) -8 3) 2( 6 )

The middle and the rightmost are parallel

[ 3 marks ]

[ 3 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]



Answer 7

21 7 -18 12
36 12 0 7
-21x12+36x 7 =0
Answer 8
-219
-6.01
Answer 9
(i) (i)
48 -8
Answer 10
(a) (i) PR = 3b
(|||) ﬁ:FT)Q'F%ﬁ:%a-Fb
(b) EF = EP+ PF
=-b+%a+b
_%a
=2 PO i.e. as required witkh =%

(c) They are parallel.
EF is two thirds the length &?Q

Answer 11

(a) (i) XY = 3z (i) OX =y-3z
(i) XZ =4z-y (iv) MZ =25z-y
o3 _(-17\, (11| _ (-6

(b) Z = y+z_(8+0) (8)

|Yz| = 10
112 + 353 — 107

(c) cosh = > X 11 x V353 = 0.905

.0 = 252°

~14
—24

[ 1 mark]

[ 3 marks ]

[ 2, 2 marks ]

[ 3 marks ]

[ 2 marks ]

[ 2 marks ]

[ 4 marks ]

[ 2 marks ]

[ 2 marks ]



Answer 12
(a) MN =—x
(b) AC=x+y

[ 2 marks ]
e~ — —_—>
(c) A = PC + CA
=4x - y-x-y
= —5x-2y
[ 2 marks ]
Answer 13
—> —
AB = -3a+ 6b and OC = 3a+ 4b
— —> —>
ON = OA + AN
— —> —>
sOC = OA + tAB
s(3a+4b) =3a+t(-3a+6hb)
3sa+ 4sb =3a-3ta+ 6th
w3 =3-3 and 4s = 6t
3s=3-2s
5s = 3
3 2
S=—=>t=—
5 5
- - 3
ON=sOC:€(3a+4b)
m:3a+1—2b
5 5
[ 5 marks ]
Answer 14
cosf = 3x12+4x%x5
v 32+ 42 x /122 + 52
36+ 20
~ 5x 13
_ 56
- 65
= 0.862
.0 = 305°
[ 3 marks ]
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