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Chapter 1
A-Level Pure Mathematics
Vectorsll : Year 1and Year 2
1.1 Vectorsand Kinematics

Example 1

A particle moves with initial velocity (i7+ 6j) ms?
It is accelerating at € 3i + 5j ) ms2

(1) What is its velocity when= 4 seconds ?

(i) What is its speed when= 4 seconds ?

Example 2

A particle is moving with initial velocity € 2i +j ) ms?

A constant acceleration ofi ¢ 2j ) ms?2 acts upon it.

(1) What is its displacement vector over the next 5 seconds ?

(i) If it was initially at position ( 3 + 4] ), where is it whenis 5 seconds ?



1.2 Exercise

Question 1

A particle is initially moving with velocity ( 8+j ) ms?
It is constantly accelerating at-( + 2j ) ms2

(1) What is its velocity wheh= 7 seconds ?

(i) What is its speed whdn= 7 seconds ?

Question 2

A particle is moving with initial velocity ( 8+ 2] ) mst

A constant acceleration of (14 j ) ms? acts upon it.

(1) What is its displacement vector over the next 3 seconds ?

(i) If initially at position (— 201 + 2j ), what is its position wheins 3 seconds ?



Question 3

M1 examination question, May 2010, Q1 with Hint added

A particleP is moving with constant velocity(3i + 2j ) ms?

At timet = 6 sP is at the point with position vecto4i—7j) m
Find the distance d? from the origin at timé=2s

HINT : This diagram may help...
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[ 5marks]
Question 4
M1 examination question, January 2009, Q1
A particleP moves with constant accelerationi(-25j ) ms?2
At timet = OP has speed ms?
Attimet = 3 s,P has velocity ¢ 6i +) ) mst
Find the value ofi

[ 5marks]



Question 5
M1 examination question, January 2008, Q6
[ In this question, the unit vectorandj are due east and due north respectively ]

A particleP is moving with constant velocity«(5i + 8j ) ms!
(a) Find the speed d?

[ 2marks]
(b) Find the direction of motion d?, giving your answer as a bearing

[ 3marks]

Attimet = OP is at the poinA with position vector ( T— 10j ) m relative
to a fixed originO. Whent = 3 s, the velocity oP changes and it moves

with velocity (ui +vj ) msl, whereu andv are constants. After a further
4 s, it passes throughand continues to move with velocityu (+vj ) mst

(c) Find the values afl andv

[ 5marks]
(d) Find the total time taken fdt to move fromA to a position which
is due south oA

[ 3marks]



HINT : This diagram may help...
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Question 6
M1 examination question, January 2010, Q7

[ In this question, the unit vectorandj are horizontal unit vectors due east and
due north respectively and position vectors are given with respect to a fixed origir

A ship Sis moving along a straight line with constant velocity.
At timet hours the position vector &fis s km

Whent = 0,s=9i - 6]

Whent = 4,s=21i + 10j

(a) Find the speed &

[ 4 marks]

(b) Find the direction in whiclsis moving, giving your answer as a bearing

[ 2marks]



(c) Showthas=(3Z+9)i+(4—-6)j

[ 2marks]
A lighthouseL is located at the point with position vector (i#86j ) km
Whent =T, the shipSis 10 km fromL.

(d) Find the possible values of

[ 6 marks]



Question 7
M1 examination question, June 2007, Q7

A boatB is moving with constant velocity. At nooB,is at the point with position
vector ( 3i — 4] ) km with respect to a fixed origi@. At 14:30 on the same d&y,is
at the point with position vector (i8 11j ) km

(a) Find the velocity ob, giving your answer in the formi +qj

[ 3marks]
At timet hours after noon, the position vectorBois b km

(b) Find, in terms of, an expression fdy

[ 3marks]



Another boaC is also moving with constant velocity. The position vectdZ,of
¢ km, at timet hours after noon, is given by

c=(—-9i+20j)+t(6i+4j)
wherel is a constant.

Given thatC interceptsB,
(c) find the value oft

[ 5marks]
(d) show that, befor€ interceptsB, the boats are moving with the same speed

[ 3marks]
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1.3 Answers
A-Level Pure Mathematics
Vectorsll : Year 1and Year 2
1.3.1 Solutions (1.1 Examples)

Answer 1
(i)
V =u+ at
|7 -3
VvV = 6 + 5)><4
v (7). [-22
|6 20
_ (73] met
vV = 26)ms
v =-5i + 26] mst
(ii)
spead = |v
= (=57 + (26
= 26.5ms!?
Answer 2

(i)

S = ut+lat2
B 2

_ (-2 1(1 2
S = 1 ><5+2(_2 X5
_[-10, . (125
*=ls) 7 —25)
(25
5= —20)
(i)

E 25
r (4 ’ —20)
_ (55

~16

or 55i — 16]j



1.3.2 Solutions (1.2 Exercise)

Answer 1

(i)

<
[

c
+
2

(-4
- |15

v=—4i+15] ms!

(ii)
speal = |v|
=/ (- 92 + (157
= 155mst

Answer 2

(i)

(i)

(—20 N

2

(7
|35

or 7i + 35]

27
15




Answer 3

To get to thdé = 2 location, move for 4 s from the 6 s position back down

the path using the reversed velocity vector.

Note : The acceleration is zero as the question states the velocity is constant.

[=4)o(2) - (2

which is the particle's displacement from the origin wher2 s
Question asks fadistancewhich is the magnitude of thliisplacementector

+ 4

i.e.
distance = /82 + (=157
= 17m
Answer 4
V= U+ at
-6\ _ 2
( 1 ) =u+ _5) X 3
U= -12
| 16

Question requests the initial speed which is the magnitude of the velocity vector
That is,

u=+ (=122 + 162
= 20ms!?
Answer 5
(a) 9.43 mst
(b) 328

(c) Work out where patrticle is at= 3 seconds

7 -5 _[-8
(—10Jr 8)X3_(14)
New constant velocity from this point places particle at origin after 4 s
-8 u [0
( 1) Ty 4= (o

L u=2andv=-35

(d) To be due south &k
‘- 7
=1 don't car

0 2
t =35

Tl_35

0

.. Total time is 10.5 seconds



Answer 6
(a) As we have no acceleration, just constant velocity...

veocity = M (Vedor versionof speed = M
time time
21 [ 9
_\10 -6
B 4
(3
|4
spead = /32 + 42
= 5 kmht
(b) 037
(c)
s = (startlocation) + (vdocity) x t
[ 9 3
_(—6 + 4)xt
(3t +9
- \4t -6
= (A +9)i+ (4-6)]j
(d)
3t +9 18 _
’ 4 - 6 ‘(6)"10
3t -9 _
(a7 5)] =10

J(3t—9)2+ (4t - 122 =10
square both sides
(3t — 9)% + (4t — 12)* = 100
9t? — 54t + 81 + 16t% — 96t + 144 = 100
25t2 — 150t + 125 = 0
divide through by 25
t? —6t+5=0
(t-1) (t-5)=0
t=1 or t= 5



Answer 7
(a) As we have no acceleration, just constant velocity...

veocity = % (Vedor versionof speed = %
8\ [ 3
\11 —4
- 25

= 2i +6j
(b)
[ 3 2
b—(_4 + 6)xt
2t + 3
6t — 4

= (2+3)i + (&-4)]j

(c) At intercept...

FR R e

6t — 4] | it + 20

First solve the upparcomponent line;
2t+3=6t-9
4 = 12

t=3
Use this answer in the lowpcomponent line;
6x3-4=31+20

14 - 20 = 31
A==2

(d)  From part(a), B has speeq 22 + 62 = /40

Knowing that A = 2,C has speeq 62 + (- 2)2 =+/40

. B and C had the same speed.
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Chapter 2
A-Level Pure Mathematics
Vectorsll : Year 1and Year 2
2.1 TheVector Between Two points

Statement :

s
AB=Db-a

Proof :
The result is obvious from a study of the following diagram

A more mathematical proof is to argue as follows;
—> —> —>
AB = AO + OB
—> —> —>
AB = —OA + OB
—> —> —
AB = OB - OA

s
AB=Db-a O

In words we say thaB is b relative toa
with the words “relative to” being the interpretation of the minus sign.

Interpretation:

If these were displacement vectd® is the position ob relative toa
which tells you how to get tofrom a.



2.2 Exercise

Question 1
Ais(1,4)
Bis(7,6)

. —>
Write downAB

Question 3
Pis(7,3)
Qis(1,2)
Write down@

Question 5
Ais (-3,-5)
Bis(2,1)
Write downBA

Question 7
Pis(4,1)
Qis(6,3)
Write down@?’

Question 2
Cis(-3,4)
Dis(2,3)
Write downCD

Question 4
Ais(-1,4)
Bis(5,9)

R —>
Write downAB

Question 6
Ais (5-2)
Bis(3,0)

R —>
Write downBA

Question 8

Ais(-1,-3)
Bis(-5,-8)
Write downAB



Question 9
P is the point (6, 5) an@ is the point ¢ 3, 3)
Determinethe vedor P_>Q

Does your vector take you from to Q or from Q to P ?
( Draw a sketch of the situation to convince yourself that your answer is correct )

Question 10
M is the point ( 7s-4 ) andN is the point ( 11, 8)

) e
Determinethevedor MN

Have you worked out the position ldf relative toN or of N relative toM ?
( Draw a sketch of the situation to convince yourself that your answer is correct )

Question 11
Cis the point ¢ 7,12) andD is the point ( 8- 3)
Determine the position of C relative to D



Question 12

At the start of a walk, | am at the position givenrRy 1.3i + 0.4] km

| walk directly, in a straight line, tas = 0.3i — 0.7] km

(1) Determine the vector that describes my walk.

(i) By using the theorem of Pythagoras, and your (Daanswer,
determine the distance that | have walked.

Question 13

Two motor boatsThe DragonandThe Runnersit side by side upon the ocean.

They then separate, each at a constant velocity.

The Dragorhas velocityp = 4i + 7] kmht

The Runnehas velocitVg = 5i + 5] kmh!

(1) Which boat is faster and by how much ?

(i) Calculate the velocity ofhe Dragorrelative toThe Runner

(iii)  Use your part (ilanswer to determine how long it takes until the two
motor boats are 5 km apart.



Question 14

The velocities of particle8 andB are (ui-7j)ms! and (5 +vj) ms?t
respectively. The velocity &k relative toB is ( 2i — 3] ) ms?

Find the values afl andv.

Question 15
The velocities of two particles andB are (13 — 3j) mst and (5 +12j) mst
respectively.
Find;
(1) the speed 0B,
(i) the velocity ofB relative toA,

(i) the angle between this relative velocity and the positiaeis
direction, giving your answer to the nearest degree.



Question 16

| am at the positionr = 7i + 5j m.

My velocity is given byv = 2i + 4] ms?

If I have no acceleration, what is my position 4 seconds later ?

Question 17
The position of a particle at timies givenby r = (2-9)i + (t—2)]
(1) If dis the distance affrom the origin at time, find an expression fat

that involves the square root of a quadratic equatioifHimt: Pythagoras).

(i) Show, by completing the square on the quadratic, that;

10 2
—d° = (t-4 1
= ( )+

1 :
(iii)  What value ot makesg d2as small as possible ?

This is the time at which the patrticle is closest to the origin.

(iv)  What is this minimum distance ?
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2.3 Answers

2.3.1 Solutions (2.2 Exercise)

Answer 1 Answer 2
~2 (6 = _[5
o) e[y
Answer 4 Answer 5
_[6 h 5
B (5) BA — (6)
Answer 7 Answer 8
(-2 _ 4
QP ‘(—2) oA (—5)
Answer 9 Answer 10
52 -9 VI 4
PQ ‘(—2) MR = (12)
PtoQ N relative toM
Answer 12.
AB :(__111) Distance i€1.49km
Answer 13

(i) Dragon :z/ 65 = 8.06 kmht
Runner /50 = 7.07 kmht

A-Level Pure Mathematics
Vectorsll : Year 1 and Year 2

Answer 3
— -6
% = ()
Answer 6
[ 2
- (2
Answer 11
- -15
DC ( 15)

. Dragon is faster by about 1 km/h

(ii) e

(iii)  Speed of separationis5
Distance

Time = ———= = /5 hours, which is 2 hours 14 minutes

Sred



Answer 14

u=7,v=-4
Answer 15
(i) Speed =13 m5
) — (-8
(i) AB —(15)
(i) 118
Answer 16
r = 15i + 21]
Answer 17
(i)
d=+(2t-9)2+ (t-2)2
d=+V4t2 - 36t + 81 +1t2— 4t + 4
d = \V5t2 — 40t + 85
(i)
d? = 5t%2 — 40t + 85
2@ g 417
5
1

—d2=(t2—8t+16) +1

1.2 2
—d°“=(t-4 1
5 ( )"+

(iii) t=4seconds
(iv) +5or 2.24
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Chapter 3
A-Level Pure Mathematics
Vectorsll : Year 1and Year 2
3.1 Vectorsand Motion

Vectors are used to keep track of shipping and aircraft.
Most importantly, they are used by air traffic control centres to calculate minimurr

distances between aircraft flight paths, so that “near misses” are avoided.

Unless told otherwise,andj areunit vectors due east and due north respectively.
A unit vector has a magnitude of 1.

3.2 TheNear MissProblem

The position of a particle at tintes given by;r = (t—4)i+ (t—2)j

(i) If dis the distance affrom the origin at time, find an expression
for d that involves the square root of a quadratic equation in

(i) Show, by completing the square on the quadratic that;

%dzz(t—3)2+l

1 .
(iii)  What value ot makesE d? as small as possible ?

This is the time at which the particle is closest to the origin.

(iv)  What is this minimum distance ?



3.3 Exercise

Question 1

Two motor boat® andQ sit side by side upon the ocean.

At 12.15 pm they separate, each at a constant velocity.

P has velocityVp = 8i + 7] ms! andQ has velocitvq = 3i — 5] ms?

(1) Find the velocity oP relative toQ.

(i) Use the theorem of Pythagoras, and your part (i) answer to
calculate the speed of separation.

(1ii)  After how many seconds are they 520 metres apart ?

Question 2

| am at the position= 16i— 7] m.

My initial velocity is given byu=3i+j m.s 1!
| am under constant a acceleratioraef— i + ]

: 1 , .
(1) Use the formulas = ut + > at? to find my position 3 seconds later.

(i) Find an expression (in termstffor the velocity at time.
HINT: v=u+at

(1ii) By using your parii) answer, or otherwise, find the time at which
I am moving in the direction+ |



This next question a “near miss” problem, like that at the start of the lesson.

Question 3
The position of Cedric, my cyber-dog, at titris given by;
r=(t-5)i+(t+1)j] metres.

(1) What is the distance of Cedric from the origin whers ?

(i) Find an expression involvirgfor the distance that Cedric is
from the origin at time.

If Cedric moves further than 30 metres from the origin | can no longer

receive his video signal transmission.

(iii) By using your parii) answer, or otherwise, find the time at which
| lose video signal contact with Cedric.



Question 4

At noon the position of a ship relative to a radar staflas ( 100i +60j ) km
i andj being vectors due east and due north respectively.

The velocity of the ship is constant at10i + 8) kmh 1

(1) Find the time when the ship is due northOof

(i) How far the ship then is fro®

(1)  How far the ship is fron® at 1 pm



Question 5
Two ice skaters pass close to each other at constant velocities at an ice rink.
SkaterA has velocityVa = i + 3] and skateB has velocityVg = 2i +]j
(1) Find the velocity oB relative toA.
At t = 0 the positions of the skaters ég=i— 3] and Sg =— 3i + 5]
(i) Show that, at tim& A has position
Ra=(1+t)i+ (-3+3t)]
and find a similar expression for the positiorBcdt timet.
(iii)  Find an expression for the position®felative toA.
(iv) By considering your paftii) expression find the value tfor which
A andB were closest together.
(v) What is this closest distance ?
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3.4 Answers
A-Level Pure Mathematics
Vectorsll : Year 1and Year 2
3.4.1 Solutions (3.2 The Near Miss problem)

(i) d=+(t—4)2+ (t-2)2

d=Vt2_8t +16+1t2— 4t + 4

d=+v2t2-12 + 20

(ii)
d® = 2t2 - 12t + 20
%dz = [ - 6t] + 10
%dzz[(t—3)2—9]+10
1

“d? = (t-3)%+1

N

(iii)  The smallest value 0%— d? occurs when't — 3)2 =0
i.e. Whent = 3 seconds

(iv) r=(t-4)i+(t-2)j
when t=3 becomes =—1i+]|

Distance =V 2
=1.414

3.4.2 Solutions (3.3 Exercise)

Answer 1
(1) ?Q =51+ 12j (ii) 13 mst (iii) 40 seconds
Answer 2
(i)
)
S =ut + —at
2
(3 1/-1
= |1 ><3+2 1)><9
(9 —-45
=3 * 4.5)
_ 45
75

So position is 20.6+ 0.5j



(i)

(iii )

3-1t
1+t
v=(3-t)i+(1+t)]

We move in the directiom +j when 3-t=1 +t
Solving this gives = 1 second

Answer 3
(i) Whent=5, r =0i + 6 .. Distance from origin is 6 m.
(ii)
d=+(t-5)2+ (t+1)?
d=+vVt2-10t + 25+ 2+ 2t + 1
d=+2t2 -8t + 26
(iii )
30 = V212 — 8t + 26
900 = 2t% — 8t + 26
2t 8t - 874=10
t? — 4t - 437=0
(t-23) (t+19) =0
.. 1t =23 seconds
Answer 4

(i)

(i)

(iii )

r =100i + 60j + (—10i + 8j )t
r=(100-10x)i+(60+&)]j

Due north requires 10010 = 0 in which casé= 10 hours
. Time is 10 pm

Distance = 60 + & 10
=140 km

Atlpm,t=1,r=(100-10)i+ (60 +8)

Distance = 902 + 682

=112.8 km



Answer 5

(i) AB =i-2]

(i) Ra=(i-3j)+(i+3j)t Re=(-3i+5])+(2i+j)t
=i - 3j+ti+3X] = 3i+5j+2i+1t]
=(1#)i+(-3+3)] =(=3+2)i+(5+t)]

(III) RAB:RB—RA
= (-4+1)i+(8-2)]

(iv)
d=+(4-1t)2+(8-2t)>
d=+t2-8t+16+ 4t2 — 32t + 64
d = 5t2 - 40t + 80
d® = 5t% - 40t + 80
%dzz t? - 8t + 16
1
gd2 = (t - 4)
This is a minimum for when = 4 seconds
(v) Whent=4,d=0 l.e. The skaters collide !
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Chapter 4
A-Level Pure Mathematics
Vectorsl!l : Year 1and Year 2

4.1 Vectors: Topic Summary
Question 1

In a desert exercise a tank travels 12 km on a bearing dfi@r an OasisQ,
then 14 km on a bearing of 16® a BunkeB.

(1) Provide a sketch of the tank's manoeuvres marking on the following;
12 km, 14 km, O, B, 70, o

[ 2marks]

(i) Determine the bearing of the tank's bunker location from the Oasis.

[ 2marks]



Question 2
A regular hexagon has its six vertices mared\, X, Y, Z, andB as shown.

a:aandaéz b
A

Find, in terms of andb

(i) YX (i) BX (iii) oz

[ 3marks]
Question 3
A yacht is initially at the positionYa =—3i—j km.
Some time later it is at positior¥g = 4i — 2j km.
(i) Determine the vector that describes the change in position of the yacht.
[ 2marks]

(i) By using the theorem of Pythagoras, and your pagnger,
determine the distance across the sea-bed that the yacht has covered.

[ 2marks ]



Question 4

Two motor boatsThe ChunteandThe Rapidksit side by side upon the ocean.
They then separate, each at a constant velocity.

The Chuntehas velocitWc = 3i + 5] kmh?

The Rapidchas velocit/Vg = 8i + 4] kmht

(i) Calculate the speed ©he Chunter.

[ 2marks]
(ii) How far will The Chuntetravel in 2 hours 15 minutes ?

[ 2marks]
(iii)  Calculate the velocity ofThe Chunterelative toThe Rapid.

[ 2marks]

(iv) Use your part (iii) answer to calculate, in hours and minutes, how long it
will take until the two motor boats are 8 km apart.

[ 2marks]

Question 5

A particleP has velocity (3 + 2j ) ms! whent = 0 seconds
and velocity (1 +4j) ms!attimet =2 seconds

Find the acceleration olP assuming that it is constant.

[ 4 marks]



Question 6
The position of a particle at timteés given by;r = (3t—-7)i + (6t+1)]

(i)

(i)

(iii )

(iv)

If dis the distance in metresofrom the origin at time, find an expression
for d involving the square root of a quadratic equation(kiint: Pythagoras).

[ 2marks]
Show, by completing the square on the quadratic, that;
2
14 :9(t—i) + 9
5 3
[ 2marks]
What value ot makes% d? as small as possible ?
This is the time at which the particle is closest to the origin.
[ 1mark ]

What is this minimum distance ?

[ 1 mark ]



Question 7

At 11:00 hour the position vector of an aircraft relative to an aiast
ra=(200i + 30j) km

Note that andj are unit vectors due east and due north respectively.

The constant velocity of the aircraft is;
Va = (180i — 120j ) kmh?

Find;

(1) the time when the aircraft is due east of the airPort

[ 2marks]
(i) how far it then is fron©D

[ 2marks]
(iii)  how far it is fromO at 12:00

[ 2marks]
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4.2 Answers
A-Level Pure Mathematics
Vectorsll : Year 1and Year 2
Answer 1

(i)

B
[ 2marks]
14
(i) tané 12 = 0 o
. Bearing of the bunker from the oasis is119
[ 2marks]
Answer 2
(i)  YX=-b
(i) BX = 2a
(i) OZ=a+2b
[ 3marks]
Answer 3
(i) AB=b-a
[ 4) (-3
=2 -1
= (_71) or 71—
[ 2marks]

(i) disance = V72 + 12 = /50 = 5V2
or 7.07 km
[ 2marks]



Answer 4

(i)
(i)

(iii )

(iv)

|Ve| = V32 + 52 =+/34 or 5.83kmH

[ 2marks]
Distance = Speed Time
=5.83x 2.25
=13.12 km
[ 2marks]

VRC:VC_VR
NERE
|5 4
=(‘5)kmhl Of Ve = —5i +j kmht

1
[ 2marks]

|Vee| = (=52 + 12 = 51kmh!  (Speed of separation)

Time = Distance = 8 = 1.57hours i.e. 1 hour and 34 minutes
Speed 51

[ 2marks]

Answer 5

u+ at

3 A
2)+(ay

X 2

—_— — <
Il Il

Il
—_—
=N

)m52 or a=2i+j ms?

[ 4 marks]



Answer 6

(i) d=+(3t-7)2+(6t+1)2

d=+9t2 - 42t + 49+ 3612 + 12t + 1

d = V45t2 — 30t + 50

[ 2marks]
(i) d? = 45t% — 30t + 50
142 - 92— 6t + 10
5
édz —(9t®-6t+1)+9
12 - (312409
5
2
}d2:9(t_i)+9 O
5 3
[ 2marks]
(iii)  Thisis a minimum wheh = %seconds
[ 1mark ]
(iv) %dz - 9o d° =45 = d = V45 = 6.71metres
[ 1mark ]
Answer 7
. . . : (200 180
(1) At timet, the aircraftis atrp = ( 30 + _120) t
It's due east wher80 — 120t = 0 = t = 0.25hours
i.e. When the time is 11:15
[ 2marks]
(i) Distance= 200 + 180 x 0.25 = 245km
[ 2marks]
_ _ [ 380
(iii)  Whent =1 hour,rp = _90)
~. Distance= +/38% + (—902 = 3905km
[ 2marks]
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