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Lesson 1
GCSE Mathematics
Non-Right Angled Trigonometry
1.1 Waves
If asked to think of the Atlantic Ocean, amongst your thoughts would be 'waves'.

(ST i i, -

The tide is another 'wave' on the ocean that peaks and troughs about twice a day
Below, the left photo was taken at 8.30am, the right at 2.45pm, both of the same
place below the Severn Bridge across the Bristol Channel.
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Mathematically, a very pure and simple wave that is very useful at capturing man
aspects of real-world waves is the sine wave.

1.2 Mathematics Involving Waves

Example
(1) Use your calculator to find a solution to the equation;

y = sn30°

(i) A section of the graph gf= sin xis shown below;

Show, by drawing on the graph, where your pajtsolution is.

(1ii)  Use your calculator to find a solution to the equation;
y = sn27¢

(iv)  Show, by drawing on the graph, where your pait) solution is.



1.3 Exercise

Question 1
(1) Use your calculator to find a solution to the equation;

y = sin45°

(i) A section of the graph gf=sin xis shown below;

Show, by drawing on the graph, where your pajtsolution is.

(iii)  Use your calculator to find a solution to the equation;
y = snoC®

(iv)  Show, by drawing on the graph, where your pait) solution is.

Question 2
Use your calculator to calculate in one go, the value of the following;

(Sn30° + sn9®)?
Give the exact answer.



Question 3
(1) Use your calculator to find a solution to the equation;

y = cos50°

(i) A section of the graph gf= cos xis shown below;

Show, by drawing on the graph, where your pajtsolution is.

(1ii)  Use your calculator to find a solution to the equation;
y = cos12(r

(iv)  Show, by drawing on the graph, where your pait) solution is.

Question 4
Use your calculator to calculate in one go, the value of the following;

v cos50° + cosl120

Give your answer accurate to 3 decimal places.



Question 5
(i) Use your calculator to find a solution to the equation;

y = tan60°

(i) A section of the graph gf=tan xis shown below;
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Show, by drawing on the graph, where your pajtsolution is.

(iii)  Use your calculator to find a solution to the equation;
y = tan31%

(iv)  Show, by drawing on the graph, where your pait) solution is.

Question 6
Use your calculator to calculate in one go, the value of the following;

J (tan60)2 + (tan315)2




Question 7
(1) Use your calculator to find a solution to the equation;

y = arcsin0.75

(i) A section of the graph gf= sin xis shown below;

Show, by drawing on the graph, where your pajtsolution is.

(iii)  Use your calculator to find a solution to the equation;
y = arcsin (-0.6)

(iv)  Show, by drawing on the graph, where your pait) solution is.

Question 8
Use your calculator to calculate in one go, the value of the following;
arcsin0.75
arcsin(—0.6)

Give your answer correct to 3 decimal places.



Question 9
(i) Use your calculator to find a solution to the equation;

y = arccos0.4

(ii) A section of the graph gf= cos xis shown below;

Show, by drawing on the graph, where your pajtsolution is.

(iii)  Use your calculator to find a solution to the equation;
y = arccos (—0.5)

(iv)  Show, by drawing on the graph, where your pait) solution is.

Question 10
Use your calculator to calculate in one go, the value of the following;

varccos0.4 + +farccos (-0.5)

Give your answer accurate to 3 decimal places.




Question 11

(i)

Use your calculator to find a solution to the equation;

y = arctan2
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(i)

Use your calculator to find a solution to the equation;

(iii )

y:arctan(%)

Show, by drawing on the graph, where your pait) solution is.

(iv)

Image : Storm Waves at Drake's Passage by Ralph Lee Hopkins

Image : Sea Change at the Severn Bridge by Michael Marten
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1.4 Answers

GCSE Mathematics

Non-Right Angled Trigonometry
1.4.1 Solution to 1.2 Example

(i) y = sn30
= 05

(i) y = sin270
=-1

(i) and(iv)

1O

1.4.2 Solutionsto 1.3 Exercise

Answer 1
(1) 0.707 (i) 1

(i) and(iv)

Answer 2
2.25



Answer 3
(1)
(ii)and(iv)

Answer 4
0.302

Answer 5
(1)
(1) and(iv)

0.642 (i

1.732 (i
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Answer 6

Answer 7
(1) 48.6° (i) -36.8

(i) and(iv)

Answer 8
—-1.318

Answer 9
(1) 66.4 (i) 12¢

(i) and(iv)

Answer 10
19.104



Answer 11

(i)

63.93

(ii ) and(iv)
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L esson 2

2.1 Relationships

Mathematicians write;

sin

2

X when they mearg sin x )2

cos” x when they mean cosx)2

tar’ x when they mean tanx)2

GCSE Mathematics

Non-Right Angled Trigonometry

Fill in the table below, using your calculator and working to three decimal places.

sin X

COS X

tan x

sin

cos’ X

sinx
€OSX

CO X + Sin

2

X

00

10°

20°

30°

40°

S50°

60°

70°

80°

o




Looking over your table of results, can you spot two interesting relationships ?
One "always true formula” involves sincosx andtan x.

Write it down here:

The other involvesos2 X, the number 1, am:in2 X.
Write it down here:

Check that your “always true formulae” (that will be true no matter what the
value ofx is, work for the example of when= 35°.

Show your working here;

These two “always true formulae” are examples of trigonometric identities.
Unlike an equation which is typically only true for one or two values (@nd
solving an equation is about finding those special value} ah identity is true

for all (or almost all as division by zero is not allowed, for example) values of
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2.2 Answers
GCSE Mathematics
Non-Right Angled Trigonometry

sinx | cosx | tanx | sm®x | co?x | SX [ cox + sin?x
0° 0.000 | 1.000 | 0.000 | O0.000 | 1.000 | 0©.000 1.000
1¢° | 0.1274 | 0.985 | 0.176 | 0.030 | 0.970 | 0.177 1.000
200 | 0.342 | 0940 | 0.364 | 0.117 | 0.883 | 0.364 1.000
30° | 0.500 | 0.866 | 0.577 | 0.250 | 0.750 | 0.577 1.000
400 | 0643 | 0.766 | 0.839 | 0.413 | 0.587 | 0.839 1.000
50° | 0.766 | 0.643 | 1.192 | 0.587 | 0.413 1.191 1.000
60° | 0.866 | 0.500 | 1.732 | 0.750 | 0.250 | 1.732 1.000
700 | 0.940 | 0.342 | 2.747 | 0.883 | 0.117 | 2.749 1.000
80° | 0985 | 0.174 | 5672 | 0.970 | 0.030 | 5.661 1.000
90° | 1.000 | 0.000 - - - 1.000 | 0.000 - - - 1.000

The numerical investigation suggests that the following may be true;

sinx .

= tanx  provided cosx # 0
COS X
cos X + sinex = 1

These are, in fact, true. However, no amount of numerical evidengar@aa
they are true. For that a watertight argument is needed that gives a reason fo
why they must be true. Such as reason is calledhthematical proaf

An accessible proof of the above (fof ©x < 90°) involves the definitions of

sin x cos xandtan xin terms of a triangle'spposite, adjacerdnd hypotenuse

and the use of thineoremof PythagorasAn extension activity would be to try
to find it (or look it up).
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Lesson 3
GCSE Mathematics
Non-Right Angled Trigonometry
3.1 Trigonometric Formulae

Many useful formulae include the trigopnometric functisimsx cos xor tan x
This Lesson is about extracting useful information from such formulae.

3.2 Example
In the UK, domestic mains electricity is supplied as alternating current.
This has maximum value of 240 volts and minimum voltage 240 volts.
It comes as a fairly perfect sine wave at a frequency of 50 Hz.
As a mathematical formulay = 240sin( 18000t + «)
where V is the voltage (volts) at timegseconds).
a is one of three phases, eitlher 0°, ora = 120 ora = 240.
If your house is o = 120 then your neighbours house on one side will be on
a = ° and your neighbours house on the other side will be 1240
Find the voltage when
(1) t = 0.0025 seconds, aad= 120

(ii)  t=0.005 seconds, and= 240

3.3 Exercise

Question 1
In the harbour at Holyhead, Wales, the height of the tide on a certain day is giver

H = 31+ 29sin (288t + 40)

whereH is the height of the tide in metres at titnie hours after midnight.
Find the height of the tide in Holyhead harbour at
(1) t=1am

(i) t=2am

(i) t=3am

(iv)  One of these is high tide. Was high tide at 1am, 2am or 3am ?

(v) Experiment to find the time, to the nearest hour, of low tide.



Question 2
In the drying harbour at Paignton, Devon, the height of the tide on a certain day
is given by;

H =24+ 27cos(288t — 74)
whereH is the height in hours arids the time in hours after midnight.

Find the height of the tide in Paignton harbour at
(1) t=17:00

(i) t=18:00

(iii) t=19:00

(iv)  If the harbour dries when the tide is below 1.4 m, did the harbour
become dry at 17:00, 18:00 or 19:00 ?

(v) Experiment to find the time, to the nearest hour, at which the
harbour will start to refill with water.
(i.e. When there is next more than 1.4 m of tide)

Question 3
A boy, bouncing on a pogo stick, has eyes at a heijt@tbove the ground given by;

H = 23+ 05cos(12Q + 45)

wheret is the time in seconds after he first started bouncing.
How high are his eyes above the ground when
(1) t = 6 seconds,

(i) t = 6.5 seconds

(iii) t=7seconds

(iv)  Experiment to find the first time after 7 seconds, to the nearest half
second, when he gets to his maximum height.



Question 4
The photograph below is of the London Eye, a large ferris wheel.
The height above the ground, of a passengerminutes after stepping aboard is;

H = 170 + 130sin( 12t — 90)

How high is a passenger at the following times after stepping aboard;
(1) t = 3 minutes

(1) t = 6 minutes

(iii)  t=9 minutes

(iv)  Experiment to find the time, to the nearest three minutes, for the

passenger to get to the maximum height.

(v) How long does it take the wheel to revolve once ?



Question 5
Given an isosceles triangle with two sides of lersgytht an angle o apart,
the length of the third sidé, is given by the formula

b’ = 2a2(1 — €c0os6)

a

a

Use the formulae to find the length of the missing side of each of these triangles;
Give your answers to three significant figures.

X
) 16 cm
(1)
16 cm
y

(ii)

35cm

35cm

z 4.7 cm

(iii)
4.7 cm
335¢

Can the formulae cope with having 33bserted or do you have to use
360° — 335 instead ?



Question 6
Given an isosceles triangle with two sides of lerggtht an angle ob apart,
the areaA, is given by the formula

1 - .
A= —a"sno
2

Use the formulae to find the area of each of these triangles;
Give your answers to 3 significant figures.

_ 16 cm
(1)
16 cm
(ii)
35cm
35cm
4.7 cm
(iii)
4.7 cm
335¢

Can the formulae cope with having 33Bserted or do you have to use
360° — 335 instead ?



Question 7
The area of any regular polygon is given by the formula;

na2

A= —  —
4tan(159)

wheren is the number of sides,
anda is the length of a side.

(1) A square of side 8 cm has an area of 64 cm
Show clearly that the formula also gives the area of the square to bé 64 ¢

(i) Use the formula to find the area of a regular decagon of side length 6.2 ¢

(iii)  Use the formula to find the area of a regular hexagon of side length 17.2

(iv)  Find the area of a regular 100 sided polygon of with a perimeter of 80 cm

Image : Millennium Wheel, London by Dreamer
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3.4 Homework
GCSE Mathematics

Non-Right Angled Trigonometry

This exercise shows you how to make a sine wave that will predict the tide. It's a
crude predictor, as real tidal curves can be (and often are) more complicated. S
don't expect perfection, especially in places like (for example) the Solent where
the Isle of Wight gives rise to a very interesting currents, and an unusual tidal
curve that is more complicated than a simple sine wave.

As a well behaved example we'll look at Conwy on 25th December 2019
From the internet, we can easily get times of the first low and following high tide.

25t December 2019 : Conwy, Wales
Time of LOW tide : 04:35 Height of : 1.4 metres
Time of HIGH tide : 09:59 Height of : 7.7 metres

We're after a formula of the form
H=M+ Asn(288t +T)
Where we have to work out numbers fborA andT.

Highheight + Low height

M =
2
M = 77+ 14 _
2
A= Highheight — Low height
- 2
A = 77 -14 _
2

The time 04:35 is (1% ) which is 4.6 hours

Dedmal timeof LOW tide x 360 N
288

90

4.6 x 360
T="222"2,090=
288

(1) Complete the above calculations to work btA andT.
(ii)  Write out the formulae for the tide at Conwy or"Z3ecember 2019
with M, A andT replaced with your answers from part (i)



(iii)  Insertt = 4.6 into your formula, and calculate
Did you get what you expected ?

(iv)  Use your formula to calculate the height of the tide at hourly intervals stal
at 5am.

5am 6am 7am 8am 9am 10am 11lam 12am

Space for workings...

(v) How close does the formula get to predicting the high tide at 09:59 ?
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3.5 Answers
GCSE Mathematics
Non-Right Angled Trigonometry
3.5.1 Solution to 3.2 Example

(i)
V = 240sin( 18000t + «)
= 240sin (18000x 0.0025+ 120)
= 621 volts
(i)

V = 240sin( 18000t + «)
240sin (18000x 0.005 + 240)
—120volts

3.5.2 Solutionsto 3.3 Exercise

Answer 1
(1) 58m (i) 597 m
(i) 5.43m (iv) 2am

(v) Here is the A-Level method, but trial and improvement is OK
Low tide occurs when the sine curve has a minimum value

sn(288t + 40) = -1

288t + 40 = arcsin (—1)
= 270
288t = 230
= 7.986 That is, low tide is at 8 am
Answer 2
(i) 3.93m (i) 2.66m
(i)  1.33m (iv)  Just before 19:00

(v) Here is the A-Level method, but trial and improvement is OK
24 + 27cos(288t —74) = 14

288t — 74 = arccos(— 1—0)
27

1117, 2483, 4717, 6083, ...
1857, 3223, 5457, 6823, ...
6.45 112, 189, 237, ..

The harbour starts to refill at 23.7
That is, at 23:47 (a little before midnight).

288t — 74
28.8t



Answer 3
(1) 2.65m (i) 2.17m
(iii)  1.82m
(iv) whent=75sH=1.65m
whent=8.0sH =2.43 m
when t = 8.5 sH = 2.78 m <=== Highest
whent=9.0sH =2.65m
whent=95sH=217m
To the nearest 5 seconds his maximum height is reached at 8.5 seconds

Answer 4
(i) 65m (i) 130m
(iii)  210m

(iv) whent=12 minutesH = 275 m

when t = 15 minutesH = 300 m <=== Highest

when t = 18 minutesH = 275 m

To the nearest 3 minutes his maximum height is reached at 15 minutes
(v) As it took 15 minutes (to the nearest 3 minutes) to reach maximum heigh

it'll take about 15 minutes to get back down.

That is, it takes 30 minutes to revolve once.

(Some further trial and improvement will confirm this to be correct)

Answer 5
(1) 6.93 cm
(i) 67.6 cm

(iii) 2.03cm
You can indeed use 335

Answer 6

(1) 54.1 cm?
(i) 306 cn?
(iii) 4.67cm

You need to remove a minus sign from the answer if using 335

Answer 7

(i) It does !
(i) 296 cn?
(iii) 769 cn?

(iv) a=0.8cm giving an area of 509 €¢m
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3.5.3 Solutionsto 3.4 Homewor k
GCSE Mathematics
Non-Right Angled Trigonometry

(i)
M= L4 e
2
A = u - 315
2
4.6 x 360
T=————"—+90= 1475
288
(i)
H=M+Asn(288t +T)
Hconwy = 4.55 + 3.158n(288t + 1475)
(iii)
Hconwy = 4.55 + 3.158n(288 x 4.6 + 1475)
= 1.447664831.
= 1.45
This is close to the 1.4 m that was expected (Low tide)
(iv)

5am 6am 7am 8am 9am 10am 11lam 12am

1.61 2.54 3.95 5.52 6.84 7.60 7.60 6.85

(v) It's about half an hour out as the figures suggest the high tide is at 10.30
This can be checked by putting 10.5 ifi@nwy

Hconwy = 4.55 + 3.15sin(288 x 105 + 1475)

=77m

So our model gives a high tide 10 cm higher and 30 minutes later than th
actual high tide.
However, for such a simple model it's yielded a reasonable prediction.
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Lesson 4

GCSE Mathematics

Non-Right Angled Trigonometry
4.1 The CosineRule

This is Pythagoras' Theorem for triangles without a right angle.
Used when two sides and the included angle are known and the third side sough

4.2 Introductory Question
(1) On AABC place the letters, b andc.

A

B
C
(ii)  OnAABC mark on that;
o AC s of length 6.3cm.
o ABis of length 7.8cm.
. ZAIST70.
o BCis the lengthx, which is to be found.

(iii)  Mark on theincludedangle with a *.

(iv)  Use the cosine rule to find the lengthxaforrect to three significant figures.

(v) Find the area oAABC, correct to three significant figures.



4.3 Exercise

Question 1
(1) On AABC, place the letters, b andc.

A

B
C
(i) On AABC, mark on that;
o ACis of length 8cm.
o ABiis of length 3cm.
o Z Ais 60.
o BCis the lengthx, which is to be found.

(iii)  Mark on theincludedangle with a *.

(iv)  Use the cosine rule to find the lengthxof

(v) Find the area oAABC.



Question 2
(1) On AABC, place the letters, b andc.
A

B
C
(i) On AABC mark on that;
o ACis of length 17 cm.
o ABiis of length 15 cm.
o ZAis 70.
o BCis the lengthx, which is to be found.

(iii)  Mark on theincludedangle with a *.

(iv)  Use the cosine rule to find the lengthxof

(v) Find the area oAABC.



Question 3

AABC hasAB=5cm,AC=2cm, andZA =78.5.

(1) Sketch, roughlyAABC and mark on the known lengths and angle.
(i) Find the length of sidBC.

(iii)  Find the area ocAABC.



Question 4

AABC hasAB=6 cm,AC=7cm, andZA = 125.

(1) Sketch, roughlyAABC and mark on the known lengths and angle.
(i) Find the length of sidBC.

(i)  Find the area oAABC.



Question 5
B A

7
9cm c

C

(1) Work out the ared for the values of given in the table below;

0° 10° 20° 30° 40° 50° 60° 70° 80° 90

(i) Plot a graph of your results within thex-axis and ared on they-axis
40

w
o

N
o

Area of triangle

[EEY
o

0 30 60 90 120 150 180
Angle in degrees

(iii)  What happens ascontinues to increase beyond @hd up to 180?
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4.4 Answers
GCSE Mathematics
Non-Right Angled Trigonometry
4.4.1 Solution to 4.2 Introductory Question
(i) (ii) and(iii)
A included angle

C
(iv)
& = b + ¢ — 2bccosA as given in GCSE formulae page
= 6.3+ 78° - 2 x 63 x 7.8 x COS 70
= 66.9
. X = 818cm
(v)
Area A = %absin C as given in GCSE formulae page
= % bcsnA rewritten for an included angke
1 .
=5 X 6.3 x 7.8 x sSin70
= 231cn?



4.4.2 Solution to 4.3 Exercise

Answer 1
(i) (ii) and(iii)
A included angle
60°
3cm 8 cm
C b
B a
C
(iv)
a® = b? + ¢® — 2bccosA as given in GCSE formulae page
= 8%+ 3 — 2 x 8x 3x cos60°
= 49
X =7cm
(v)
Area A = %absinc as given in GCSE formulae page
= L bcsnA rewritten for an included anghke

2

%x8x3xsin60

= 104 cm?



Answer 2
(i) (ii) and (iii)
A included angle

70°
15 cm 17 cm
C b
B a
C
(iv)
& = b + ¢ — 2bccosA as given in GCSE formulae page

= 17 + 15 - 2 x 17 x 15 x cos70°

= 339

X =184cm
(v)

Area A = absnC as given in GCSE formulae page

= bcsnA rewritten for an included angke

x 17x 15x sn70

N~ NP N

120cn?



Answer 3
(i) (ii) and (iii)
A included angle

C
(iv)
a = b? + ¢ - 2bccosA as given in GCSE formulae page
=224+ 52~ 2x2x5x CoS785°
= 250126
X =5cm
(v)
Area A = %absin C as given in GCSE formulae page
1 . . .
=3 bcsnA rewritten for included angla
1 .
=5 X 2 X 5x%x8n785

I
IN
©
o
=3



Answer 4

(i) (ii) and (iii)
A

o~
125°

included angle

/ 7/ cm
b

B
(iv)
& = b + ¢ — 2bccosA as given in GCSE formulae page
= 77+ 6°-2x7x6x cos125
= 133
X = 115cm
(v)
1 . . .
Area A = > absnC as given in GCSE formulae page
= % bcsnA rewritten for an included angke
1 .
=5 X 7x 6 x3nl125
= 172cn?



Answer 5

(i)

0° | 1C° 20° 30° 40 50° 60° 70° 80° 90

0 55| 108 | 158 | 20.2 | 241 | 273 | 296 | 31.0 | 315

(i)

40

30
[
o)
c
G
s 20
©
ccs /
o
< /

10

/
/
/
0

0 30 60 90 120 150 180
Angle in degrees

(iii)  The curve is symmetrical in the mirror lire= 9C¢°
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Starter for Lesson 5
GCSE Mathematics
Non-Right Angled Trigonometry

S.start.1 A TLP (ThreeLittle Pigs)
You are reminded that in examinations you will be told the cosine rule:

a2 = b2 + 02 — 2bc cosA
Consider this triangle:

P

T

Write down the cosine rule formula you would use to find the length opside



S5.gtart.2 A PWF (PigsWill Fly)

You are reminded that in examinations you will be told the cosine rule:

a2 = b2 + c2 — 2bc cosA

Consider this triangle:

—Pp

Write down the cosine rule formula you would use to find the length ofaxside



5.start.3 A PIC (PigslIn Clover)

You are reminded that in examinations you will be told the cosine rule:

a2 = b2 + 02 — 2bc cosA

Consider this triangle:

- C

(1) Write down the cosine rule formula you would use to find lepgth

(i) Write down the cosine rule formula you would use to find length

(iii)  Write down the cosine rule formula you would use to find lecgth

C2=
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Lesson 5
GCSE Mathematics
Non-Right Angled Trigonometry
5.1 Alphabet Soup Cosine Rule
In the previous Lesson, all our triangles were labeNddl andC and every problem
was arranged so that lengtlvas to be found.
Often different lettering is used, as the next example illustrates.

5.2 Example
(1) On AWKOD, place the letters, k andd.
W
K
D

(1) On AWKD, mark on that;

o WD s of length 16.3 cm.

o WKiis of length 11.6 cm.

o ZWis 34.

o KD is the lengthx, which is to be found.

(i) Mark theincludedangle with a star, *.
(iv)  For AWKD, write down the cosine rule fmz, in terms ofk, dandW.

(v) Use the cosine rule to find the lengthxof

(vi) Find the area oAWKD.



5.3 Exercise

Question 1

For AHMS, write down the cosine rule fh?, in terms ofm, sandH.

Question 2

For ABAT, write down the cosine rule fa?, in terms ofb, tandA.

Question 3
For AMAD, write down the cosine rule fmz.

Question 4
For AABC, write down the cosine rule for;

(i)

(i) b?

(i) a2



Question 5
AZEN hasEN=4.3 cmZE= 6.5 cm, andZE = 66°.
(1) Sketch, roughlyAZEN marking on the two known lengths & included angle

(ii)  Write down the cosine rule fef.

(iii)  Find the length of sidéN, accurate to 2 decimal places.
(iv)  Find the area oAZEN accurate to 2 decimal places.



Question 6
AICU haslU =10.2 cmJC =3.8 cm, and/l =41.5.
(1) Sketch, roughlyAICU marking on the two known lengths & included angle

(i)  Write down the cosine rule fof.

(iii)  Find the length of sid€EU, clearly stating the units of your answer.
(iv)  Find the area ohICU, clearly stating the units of your answer.



Question 7
AOMG hasOM = 5.3 km,MG = 7.9 km, and“M = 127.
(1) Sketch, roughlyAOMG marking on the two known lengths & included ang

(ii)  Write down the cosine rule for.

(iii)  Find the length of sid®G, clearly stating the units of your answer.
(iv)  Find the area cAOMG, clearly stating the units of your answer.



Question 8

B y A
7 cn
9cm
0
C
(1) Work out the lengtly for the values of given in the table below;
0 0° 30 60° 9 120 150 18

(i) Plot a graph of your results withon thex-axis and lengtly on they-axis
20

=
(6

Length of side y
H
o

0 30 60 90 120 150 180
Angle in degrees

(iii)  What happens ascontinues to increase beyond 1&hd up to 3607
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5.4 Homework

GCSE Mathematics
Non-Right Angled Trigonometry
Question 1

AKFC hasFC =10 m,KC =8 m, andZC = 37.
(1) Sketch, roughlyAKFC marking on the two known lengths & included angls

(i) Write down the cosine rule faf.

(i)  Find the length of sid&F, giving your answer accurate to 2 decimal places
(iv)  Find the area oAKFC, giving your answer accurate to 2 decimal places.



Question 2
AFBI hasFl =14 m,FB =5 m, andZF = 24.5.
(1) Sketch, roughlyAFBI marking on the two known lengths & included angle

(i) Write down the cosine rule f6f.

(iii)  Find the length of sidBl, clearly stating the units of your answer.
(iv)  Find the area oAFBI, clearly stating the units of your answer.



Question 3
In ACIA, ZI =137,Cl =84 m,|A =123 m.
Find lengthCA and the area of the triangle, both accurate to 3 significant figures.
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5.5 Answers
GCSE Mathematics
Non-Right Angled Trigonometry
5.5.1 Solution to Starter for Lesson 5

Answer 5.start.1l

p2 = t% + 12 - 2t cosP

Answer 5.gtart.2
W = p2+f2— 2pf cosW
Answer 5.start.3

(i) p° = i% + ¢ - 2iccosP
(i) i2 = p2+cz—2pccosl
(i) ? =i%+ p2 — 2ipcosC

5.5.2 Solution to 5.2 Example
(i) (ii) and (iii)
W included angle

X D
(iv)
w2 = d2 + k2 — 2dk cosW
— 116% + 163% — 2 x 116 x 163 X c0oS34°
= 86.74
S X = 931cm
(v)
1 )
Area A = EdksmW
1 )
= E x 116 x 16.3 x ssh34
= 529cn?



5.5.3 Solutionsto 5.3 Exercise

Answer 1

h2 = n12 + s2 — 2mscosH
Answer 2

a2 = b2 +t2 - 2bt cos A
Answer 3

m2 = a2 + d2 — 2adcosM
Answer 4
(i)

02 = a2 + b2 — 2abcosC
(ii)

b2 = a2 + 02 — 2accosB
(iii)

a2 = b2 + 02 — 2bc cosA
Answer 5
(i)

Z included angle
6.5 cm
E
4.3 cm N
(i) and(iii)
e2 = 22 + n2 — 2mcosE
— 43° + 65 — 2 x 43 X 6.5 X COS66
= 38
e = 6.16cm (2 decimal places asked for)

(iv)

Area A = %znsinE

= % X 4.3 x 6.5 x In66

= 1277cn? (2 decimal places asked for)



Answer 6

(i)
U
(i ) and(iii )
i2
i
(iv)

10.2 cm
included ang|

02 + u2 — 2cu cosl

10.2° + 38° — 2 x 102 x 3.8 x cos415
60.42
7.77¢cm

icusinl
2

% x 102 x 3.8 x sin415

12.84cn?



79 km v Included angl

(i ) and(iii)
m’ = o + 92 — 2o0gcosM
= 79° + 53 - 2 x 7.9 x 53 x c0s127
= 1409

m = 11.87km
(iv)

Area A = %ogsinM

= % X 7.9 x 53 x sn127

= 16.72km?



Answer 8

(i)

0 0° 3 (510 o 120° 150¢° 18
y 2.00 4.57 8.19 11.4 13.9 15.5 16
(ii)
20
/—"
15 //
>
E /
k= /
5 10 )4
= y 4
D /
[
(D]
|
5 /
/
//
0
0 30 60 90 120 150 180

Angle in degrees

(iii )

The curve is symmetrical in the mirror lire= 180
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5.5.3 Solutionsto 5.4 Homewor k

GCSE Mathematics
Non-Right Angled Trigonometry

Answer 1
(i)
K
X 8 cm
included ang|
F
10 cm C
(ii ) and(iii)
® = K + 2 = 2kf cosC
= 10° + 82 - 2 x 10 x 8 x c0s37
= 36.22
c = 6.02m (2 decimal places asked for)
(iv)
1 .
Area A = Efksmc

:%xlestinS?

= 24.07m? (2 decimal places asked for)



Answer 2

(i) and(iii)

(iv)

included ang|

f2 = b% + i% — 2bi cosF
= 142 + 52 — 2 x 14 x 5 x C0s245
= 936

f =967m

Area A = %bisinF

%x 14 x 5 x sn245

1451 n?



Answer 3

(i)
included angle
| _~  84m
137*  a C
123 m
A
(ii) and(iii)
i = a + ¢ - 2accos|
= 84 + 123 — 2 x 84 x 123 x cos137
= 37297
i = 9193m (3 significant figures asked for)
(iv)
1 .
Area A = Eacsml

= % x 84 x 123 x sin137

= 3520m?

This document is a part ofMathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedi€pendent School of the Year 2020”
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



L esson Starter for Lesson 6
GCSE Mathematics
Non-Right Angled Trigonometry

6.start.1 A STW (Save The Whale)
The reversed cosine rule:
2 )
COSA = b + c a
2bc
Consider this triangle:
t W
S
W

Write down the reversed cosine rule to finds W

cosW =



Lesson Starter for Lesson 6
GCSE Mathematics
Non-Right Angled Trigonometry

6.start.2 A PAD (Pandas Are Dying)

The reversed cosine rule:
b? + ¢ — a2

COSA =
2bc

Consider this triangle:

A P

Write down the reversed cosine rule to finds D

cosD =
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L esson 6
GCSE Mathematics
Non-Right Angled Trigonometry
6.1 Elur Enisoc: The Cosine Rule Rever sed
Here is The Cosine Rule, as given on the GCSE examination formula page;

C

C

a2 = b2 + 02 — 2bc cosA

Here is how to makeos Athe subject of this formula.

Step 1: Add Zoc cos Ao both sides...

2bc cosA + a2 = b2 + 02

Step 2: Subtract? from both sides...
2bccosA = b? + ¢ — &2

Step 3: Divide both sides byii...

b? + ¢ — a2

COSA =
2bc

We shall refer to this result as The Cosine Rule Reversed : "Elur Enisoc".
It is not given on the GCSE examination page so you need to

Either
e Remember it, or rather the form (look at wh&r@nda are).
Or
e Derive it from the version given in the examination, as shown above.

TOP TIP : When entering this into your calculator, use the fraction button.
If your calculator does not have a fraction button put brackets in,
like this...

(b2 + 2 - a2)
(2bc)

COSA =

Use The Cosine Rule Rever sed when you
know all three sides and want to find an angle



6.2 Exercise

Question 1
For AFUN, write down the reversed cosine rule ¢os E in terms off, u andn.

Question 2
For AHAT, write down the reversed cosine ruledos T in terms ofh, a andt.

Question 3
For ADAZ, write down the reversed cosine rule ¢os Z

Question 4
For AABC, write down the reversed cosine rule for;

(1) cos C

(i) cos B

(iii) cos A



Question 5
(1) Solve the equatiorX = arccos0.822
Give your answer to 1 decimal place.

(i) Solve the equationY = arccos(— 0.109 )
Give your answer to 1 decimal place.

(iii) If cosZ=0.571whatiszZ ?
Give your answer in degrees, to 1 decimal place.

(iv) If cos E=0.311whatisk ?
Give your answer in degrees, to 1 decimal place.

(v) If cos W=-0.287 what i8V ?
Give your answer in degrees, to 1 decimal place.

Question 6
A triangle has sides of length 3cm, 7 cm and 9 cm.
(1) Roughly sketch the triangle, with the sides roughly the correct lengths.

(i) Is the largest angle
J Opposite the 3 cm side ?
J Opposite the 7 cm side ?
Or o Opposite the 9 cm side ?



Question 7
In AABC, BC=13m,CA=8m andAB=14 m.
(1) Sketch, roughlyAABC marking on the three known lengths.

(i) Write down the formula for the reversed cosine rulectimA.
(iii)  Find the size of angla.



Question 8
In AABC, BC=8cm,CA=12cm andAB=9 cm.
(1) Sketch, roughlyAABC marking on the three known lengths.

(ii)  Write down the reversed cosine rule émsA.
(iii)  Find the size of angla.



Question 9

In AYXU, XU =280 m,UY =240 m andYX= 200 m.

(1) Sketch, roughlyAYXUmarking on the three known lengths.

(i) Write down the reversed cosine rule éos Y

(iii)  Find the size of anglg, giving your answer in degrees to one decimal plac



Question 10

In AQPR PR=51 400 km,RQ= 72 300 km andQP = 84 400 km.

(1) Sketch, roughlyAQPRmarking on the three known lengths.

(ii)  Write down the reversed cosine rule éas R

(iii)  Find the size of anglR, giving your answer in degrees to one decimal plac



Question 11
The AREA of a triangle is given on the GCSE examination formula page as

Areaof triande = % absnC

(1) Makesin Cthe subject of this formula.

(i) A triangle has an area of 52 ém
It has one side of length 18 cm, and another side of length 11 cm.
What is the size of the acute angle between these two sides ?
Give your answer in degrees to one decimal place.
HINT : Yourpart (i) formula should help !

(i) If you knew that the angle was obtuse, what would it be ?



Question 12

In ATVC, VC=11cm,CT=8cm andTV=10cm.

(1) Sketch, roughlyATVC marking on the three known lengths.

(ii)  Write down the reversed cosine rule éms T

(iii)  Find the size of angl&.

(iv)  Write down the reversed cosine rule éms V

(v) Find the size of angl¥.

(vi)  Using a well known fact about the sum of the angles in a triangle,
deduce the size of the remaining angle, afgle
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6.3 Answers

6.3.1 Solution to Starter for Lesson 6

Answer 6.start.1l

P+ i? -
COSW — sz
2st
Answer 6.start.2
2 2 2
ac+d -p
cosP =
2ad
6.3.2 Solution to 6.2 Exercise
Answer 1
u? + n? — f2
cosF =
2un
Answer 2
h? + a2 — t2
cosT = ——
2ha
Answer 3
057 - d2 + a2 - 2
B 2da
Answer 4
2 2 2
a+ b -c
i cosC =
(1) 2ab
2 2 2
. a+cc-b
I cosB =
(i) 2ac
b? + ¢ — a2
i COSA =
(iii) 2bc
Answer 5
(1) 34.7 (1 decimal place asked for)

(i) 96.3 (1 decimal place asked for)
(iii) 55.2 (1 decimal place asked for)
(iv) 71.9 (1 decimal place asked for)
(v) 106.7 (1 decimal place asked for )

GCSE Mathematics
Non-Right Angled Trigonometry



Answer 6

(i)

(i) The largest angle is opposite the longest side, the 9 cm side

Answer 7
(i)
A
8 cm
14 cm C
13 cm
B
(ii)
b% + ¢? — a2
COSA = 2be
(iii)
814 - 1%
 2x8x 14
= 0.40625

A = 66°



Answer 8

(i)

C
8 cm
12 cm
B
A 9cm
(i) and(iii)
b% + ¢ — a2
COSA = be
12492 g2
2x12x9
= 0.745
A= 418°
Answer 9
(1)
U
200 m
280 mr
X
(i) and(iii)
cosY = X+ U -y
2Xu
240 + 200 - 280
2 x 240 x 200
=02

Y = 785° (1 decimal place asked for)



Answer 10
(1)
Q 72300 km

P

84400 km 51400 kn

(i ) and(iii )
_pPrg-r?
2pq

7230¢ + 5140F — 8440¢
2 x 72300x 51400

=01
R = 84.3° (1 decimal place asked for)

cosR

Answer 11
(i)
SnC — 2 X Area
ab
(ii)
§nC — 2 x 52
18 x 11
= 0.525
C = 31.7° (acute(
(iii)
C = 1483° (obtuse)



Answer 12

(i)
T 8 cm
v C
¢ t
10 cm 11 cmr
V
(ii ) and(iii )
2 2 2
cosT = y+re -t t
2vC
8% 4 107 - 112
~ 2x8x10
= 0.26875
T = 744°
(iv)and(v)
2,12 2
COSV — C+t—V
2ct
1P+ 122 - @
T 2x10x 11
= 0.7136
V = 4445
(vi)

) andesinaA = 180C°

.. C = 611°
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Lesson 7
GCSE Mathematics
Non-Right Angled Trigonometry
7.1 TheSineRule
On the GCSE examination formulae page...

In any triangleABC
C

A
B B

SneRule : .a = .b = .C
sSnA snB snC

CosineRule : a2 = b2 + 02 — 2bc cosA

. 1 .
Areaof triande = > absnC
The lower two of these rules we recognise; it is the upper one we now consider.
(Notice that The Cosine Rule Reversed is not given)

The Sine Rule may look somewhat odd at first glance as it contains two equals s
It's a "three in one" formula !

a b c
snA snB snC
Tells us that:
(i)
a b
snA ~ snB
(ii)
b c
snB ~ snC
(iii)
a_ _ _c_

snA snC

Use it when you know one side and two (andhree) angles
and want to find a side



7.2 Example

The Question

AXTC has £X=5%& and £T = 80.

SideXT is of length 8.3 cm.

(1) What is the size of anglg, the third angle ?

(i) Sketch the triangle, not to scale, and mark on all known lengths and angl
(1) Find the length of sid&C correct to three significant figures.

The Solution
(i)
/C

180 — (54 + 80)
46°

(i)

(iii) TofindTC, orx;

O Write out The Sine Rule in full faxXTC
O Circle which to find
O Box known pair

snX ~ snT |sinC
X _C
snX  snC
X 83
sn54  sin46
« = 83 x snb4
sin46
X = 9.33cm to 3 significant figures



7.3 Exercise

Question 1
(1) On the following diagram place the lettgxs) andr on the sides opposite
the similarly labelled angle®, Q andR.

P

Q

(i) Write down the sine rule in terms Bf p, Q, g, Randr.

Question 2
(1) On the following diagram place the lettétst, Vandv.

T

(i) Write down the sine rule in terms df h, T, t, Vandv.



Question 3

In each case, calculate the valuabrrect to three significant figures;

(1)
2464 x 0.5643

0.8025
(iii)
« = 0.71 x sin122
sin31°
Question 4

5.8 x Sn66°

sn23

. _ 2461x sin62

sin34°

Solve the following equations to find the valuex abrrect to three significant figures

(iii)
X 2375

sn1066  sn76°

X 74

sSn68  s§ni1®

X 63

sn60  sin9C°



Question 5
AABC has ZA =28, and LB =74.
SideAC s of length 51 cm.

(1)
(ii)
(iii )

(iv)

What is the size of anglg, the third angle ?
Sketch the triangle, not to scale, and mark on all known lengths and angl|
Find the length of sidBC correct to three significant figures.
HINT [ Write out The Sine Rule in full fakABC
O Circle which to find
O Box known pair
Find the area oA ABC by using the following formula;

Area A = %absinc



Question 6
ADEF has ZE =18 and £ZF =110.
SideEF is of length 6.4 cm.
(1) What is the size of ang®, the third angle ?
(i) Sketch the triangle, not to scale, and mark on all known lengths and angl|
(i)  Find the length of sidBF correct to three significant figures.
HINT O Write out The Sine Rule in full fakDEF

O Circle which to find

O Box known pair
(iv)  Dr Goodsum has worked out that the triangle's area is given by;

Area A = % desnF
Calculate the area &fDEF.



Question 7
APDQ hasZP =44 and «D = 69.
SidePD is of length 18 cm.

(i)
(i)
(iii)
(iv)
(v)

What is the size of angl@, the third angle ?

Sketch the triangle, not to scale, and mark on all known lengths and angl|
Find the length of sidBQ correct to three significant figures.

Find the length of sidBQ correct to three significant figures.

The following formula gives the area of a triangle when you don't know
the triangle's perpendicular height;

Area A = %absinC
C

A
R B

Use an appropriate version of the area formula to determine atdzDa@).
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7.4 Homework

GCSE Mathematics
Non-Right Angled Trigonometry
Question 1

AABC has ZA =38, and ZB = 64.
SideABiis of length 30 cm.
(1) What is the size of anglg, the third angle ?
(i) Sketch the triangle, not to scale, and mark on all known lengths and angl
(1ii)  Find the length of sidBC correct to three significant figures.
HINT O Write out The Sine Rule in full fakABC
O Circle which to find
O Box known pair



Question 2
AFRT has ZR=30C and £T =100
SideRTis of length 16 km.
(i) What is the size of angle the third angle ?
(i) Sketch the triangle, not to scale, and mark on all known lengths and angl|
(iii)  Find the length of SidET clearly stating the units of your answer.
HINT [ Write out The Sine Rule in full fakFRT
O Circle which to find
O Box known pair



Question 3
Find the area of the following triangle:

Q
%
7 c®

Question 4

s

R 34 /6 T

Find the length of sid8Tcorrect to three significant figures.
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7.5 Answers

GCSE Mathematics
Non-Right Angled Trigonometry

7.5.1 Solutionsto 7.3 Exercise

Answer 1
(1)

P

Q

(ii)
Answer 2
(1)

V
(i)
Answer 3
(1) 173
(i) 1.17
Answer 4
(1) 5.71
(i) 2350

R
P __9 _ _r
snP snQ snR
T
H
h 3 t 3 Y
snH  snT  snV
(ii) 13.6
(iv) 3890
(ii) 222

(iv) 54.6



Answer 5
(1) ZC=78
(i)

(iii)
SinA snB sinC
a 51
sn28  sn74
g = 51 x sin28
~ sn74
= 249cm (3 significant figures asked for)
(iv)
1 . . .
Area A = Eabsmc (Cis the included angle)

% X 249 x 51 x Sn78

621cm?



Answer 6
(1) /D =52

(i)
F
110°
6.4 cm/d
18°
E
(iii)
d | (e) f
sinD snE  sinF
e 64
snl8  sin52
64 xs3n18
sin52
= 2.51cm (3 significant figures asked for)
(iv)

s
8
>
I

1 .
—desnF
2

(F is the included angle)

= % X 6.4 x 251 x sin110

= 7.55cn?



Answer 7
(1) ZQ=67F
(i)

(iii)
(P _ d _| a
sinP snD sinQ
p 18
sn44 ~ sin67
18 x sn44
P= "ane7
= 136cm (3 significant figures asked for)
(iv)
o | @ [a
sinP snD sinQ
d 18
sn69  sn67
q = 18 x sn69
~ sn67
= 183cm (3 significant figures asked for)
(v)

1 . .
Area A = > pdsnQ (alternatives can be used)

% x 136 x 183 x sin67

1145cn?
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7.5.2 Solutionsto 7.4 Homewor k
GCSE Mathematics

Non-Right Angled Trigonometry
Answer 1
(i) LC=78
(i)

A 30 cm
(iii )

sinA snB |[sinC

a 30

sn38  sin78
30 x sin38
sin78

189cm (3 significant figures asked for)

a =



Answer 2
(1) /F =50

(ii)
(iii)
Pl () _ _t
sinF| sSnR  snT
r 3 16
sn30  sin50
. 16 x sn30
- sin 50
= 10.4km (3 significant figures asked for)
Answer 3
Area A = %absinc
1 )
= E x 12 x 7 x sinl125
= 34.4cn?
Answer 4
S t

sinR |InsS - sinT

12sn34
sn76
6.92cm
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Lesson 8
GCSE Mathematics
Non-Right Angled Trigonometry
8.1 The Upside Down Sine Rule
Previously, The Sine Rule was used to find the length of a triangle's side given
e another length

and e two (and.. three) angles.

If we know ¢ the length of two of a triangle's sides
and e an excluded angle
then The Sine Rule can be used 'upside down' to find the other excluded angle.

Examplel
(1) On the following triangle mark the two excluded angles, each with a *.

C

6.8 cm 8.3cm

(i) On the diagram place the lett¢rs andb.

(iii)  Write down The Sine Rule in terms &fj, C, ¢, Bandb.

(iv)  Write down the corresponding 'upside down' version of The Sine Rule.



Example 2
A triangle, AUFO, is shown below.

(i)

(iii )
(iv)

(v)

F

O
U

On the triangle place the lettarsf ando.
Onto the triangle add the facts that

° ZU=53

o UF =8.4cm

. FO=7.6cm

o £ O =x, the angle to be found.

On the triangle mark the two excluded angles, each with a *.

Write down the 'upside down' version of The Sine Rule for the triangle.

Find anglex, in degrees and accurate to 3 significant figures.
HINT O Circle which to find
O Box known pair



8.2 Exercise

Question 1
(1) On the following triangle mark the two excluded angles, each with a *.

L

34.2 cm
26.8 cm

O

(i) On the diagram place the lettexd ando.

(iii)  Write down The Sine Rule in termsBf e, L, |, Oando.

(iv)  Write down the corresponding 'upside down' version of the sine rule.

Question 2
Which is the correct ending for the given sentence ?

I'd use The Sine Rule (upside down version) to find an excluded angle if | knew...
(a) O The lengths of all three sides of a triangle, and no angles.
(b) O The length of two sides and the included angle.

(c) O The length of two sides and one excluded angle.

(d) O All three angles, but not the length of any side.



Question 3
In each case, calculate the value @i degrees, correct to three significant figures;

. . .. . 67
I snx = 0.334 i sSnx = —
(i) (it) =
(iii ) (iv)
) 416 x 0.5643 . 158 x sin42°
snx = sinx =
34.2 215
(v) (vi)
. 7.1 x Sn62° . 286 x Sin82°
SN = — snx =
118 45
Question 4

Solve to find the values afin degrees, correct to three significant figures.

(1) (ii)
snx 9 snx  sSn2#
5 62 5 73
(iii) (iv)
sinx sn35 sinx sin60

16 23 5.4 4.9



Question 5
A triangle, AMAX; is shown below.

X

(1) On the triangle place the lettars aandx.

(ii)  Onto the triangle add the facts that

o ZM =104

o MX=7.8cm

o XA=12.7cm

o Z A =X, the angle to be found.

(iii)  On the triangle mark the two excluded angles, each with a *.

(iv)  Write down the 'upside down' version of The Sine Rule for the triangle.

(v) Find anglex, in degrees and accurate to 3 significant figures.
HINT O Circle which to find

O Box known pair



Question 6
A triangle, ABEG, is shown below.

(i)
(i)

(iii)
(iv)

(v)

E
B
G
On ABEG place the letterk, eandg.
On ABEG add the facts that
o Z B =x°, the angle to be found.
o BG=17.8cm
o GE=149cm
o £ E=130.

On ABEG mark the two excluded angles, each with a *.

Write down the 'upside down' version of the sine ruleAlBEG.

Find anglex, in degrees and accurate to 3 significant figures.



Question 7

11 cm
7/ cm

Find the size of the angle markedn degrees and accurate to 3 significant figures.



Question 8

This is a tough question.

AXYZhasXY of length 13.2 cm and leng®¥ of length 27.5 cm.
The angle at verteX is 24.

Find the included angle at vertx

HINT : Find the excluded angle at vertgéfirst, as this can be obtained using the
‘'upside down' version of The Sine Rule.
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8.3 Answers

GCSE Mathematics
Non-Right Angled Trigonometry
8.3.1 Solutionsto 8.1 Examples

Answer 1
(i)and(ii)

6.8 cm 8.3 cm

B

J

excluded angle
excluded angl

(iii)
| ¢ b
snJ snC  snB
(iv)
snJ snC snB

i ¢ b



Answer 2
(i)and(ii)

7.6 cm 8.4.cm

O

U

excluded angle
excluded ang|

(iii )

snU  snF  snO
u f o0
(iv)
snu|  snF _ si{0)
u f )
(v)
snO  sn53
84 76
: 8.4 x sin53
snO::———7B———
= 0.883

O = arcsn0.883
62.0°



8.3.2 Solutionsto 8.2 Exercise

Answer 1
(i)and(ii)
L
34.2 cm
26.8 cm
E
O excluded ang|
excluded angle
(iii)
e | o0
snE  snL  snO
(iv)
snE  snL  snO
e I o
Answer 2

I'd use The Sine Rule (upside down version) to find an excluded angle if | knew...
(c) O The length of two sides and one excluded angle.

Answer 3
(1) 19.5 (i) 56.9
(i) 43.3 (iv) 29.B5
(v) 32.I° (vi) 39.0
Answer 4
(1) 46.5 (i) 17.8

(iii) 235 (iv) 72.6



Answer 5

(i) (ii)and(iii)

excluded ang|

excluded angl|

(iv)

snM snA sin X

m a X

(v)

snM | si@_ sin X
m a -~ X

snA sin104

78 127
SNnA — 7.8 x 9n104
12.7
= 0.596
A = arcsin 0.596

36.6°



Answer 6
(i) (ii ) and(iii)
excluded angle = | 4.4 ang|

re e
130° ¢ X° & B

(iv)
snB  snE  snG
b e g
(v)
_ SnE| sinG
b | e [ ¢
snB  sn130
149 178
. 149 x sn130
snB =
17.8
= 0.641
A = arcsin0.641
= 39.9°
Answer 8
X = 815°
Answer 9
: 275 x sn24 )
Y = arcsin
132
= 57.9°
. X = 9817°
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Lesson 9
GCSE Mathematics
Non-Right Angled Trigonometry
9.1 Summary

Trigonometry

Non-Right Angled Triangles
I

C
b a
A
c B
The SneRule
a b c

snA  snB  sinC
Known : One side length & two (and. three) angles
Seeking : Any side length

The Upside Down Sine Rule
snA  snB  sinC
a b c
Known : Two side lengths & an excluded angle

Seeking : The other excluded angle

The Cosine Rule

& =b%>+ c® - 2bccosA
Known : Two side lengths & the included angle
Seeking : The third side length

The Reversed Cosine Rule

b% + ¢ — a2

2bc
Known : Three side lengths
Seeking : Any angle

COSA =

Useful Area of a Triangle Formula

Area A = %absinc



9.2 Exercise

Question 1

In AABC, two of the angles aré, = 53, andB = 85,

Opposite the angld, is a side of length = 16 cm.

(1) What is the size of anglg, the third angle ?

(ii) Sketch the triangle, not to scale, and mark on all known lengths and angl|
(iii)  Find the length of each missing side, stating whidhasad which i<.



Question 2
In AABC,two of the lengths area=4 cm,b =12 cm.
The angle between these two known lengtis +s47.

(1) Sketch the triangle, not to scale, and mark on all known lengths and angl
(i) Find the length of the third side,
(1ii)  Find the area of the triangle.



Question 3

A triangle has sides of length 18 cm, 12 cm and 10 cm.

(i) Find the size of the angle opposite the side of length 18 cm.
(i) Find the area of the triangle.



Question 4
In ALMN, the lengths andn are 4.5 cm and 2.7cm respectively.
Angle M is obtuse, 112

(1) Sketch the triangle, not to scale, and mark on all known lengths and angl
(i) Find the length ofm, the side opposite angi¢.



Question 5
In AXYZ find the length of sidesandy if anglesX andY are 134 and 27
respectively, and the side,is 14 cm.



Question 6
In AFGH, the sides are of lengthfsz 3.6 cmg =4.2 cm andi=5.1 cm.
Find the size of the angle opposite dide
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9.3 Homework
GCSE Mathematics
Non-Right Angled Trigonometry
Question 1
A yacht sails 6 km due south frofyto B, changes course and sails 14 kn€io
Finally, it sails 9 km back to its starting position.
The journey is shown, in sketch form, below. ( NOT to scale )

6 km

Calculate the bearing that the yacht sails on when movingBranC.



Question 2
In AABC,sidea is of length 7 cm and sideof length 15 cm.
ZC isobtuseand measures 147

Calculate the length of the longest sideABBC.



Question 3

A ship sails due south frokfor a distanceg, to pointB.

It then sails for 5.6 km on bearing Gantil it is at pointC which is south-east &.

(i) Sketch the triangle, not to scale, and mark on all known lengths and angl
(i) How far, as the crow flies, is the ship frax?



Question 4
In AABC, a=4.3cmbp=6.2cmand =5.8 cm.
Find angleB.



Question 5

Captain Fisheye sails due south frérfor 7.3 km looking for Fish Fingers.
He finds none, and so alters course to head on bearifigdd424 km.
Frozen-fingered he then decides to head bagk to

What is the total distance sailed in this fishless jaunt ?



Question 6
In AFGH, G =13, H =32 andf = 8.4 cm.
Find the lengths of sidesandh.
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9.4 Answers
GCSE Mathematics
Non-Right Angled Trigonometry
9.4.1 Solutionsto 9.2 Exercise

Answer 1

(i) £LC=42

(i) Sketch of triangle

16 x 0.996

_ _ 1994
(i) b 0.799 994cm
16 x 0.669
c= —— = 1340cm
0.799
Answer 2
(1) Sketch of triangle
(ii)
2 = 42 4127 - 2 x 4 x 12 x cos47
= 94528
c = 0.72cm
(iii)
1 )
Area A = E X 4 x 12 x sin47
= 17.6cm?
Answer 3
(i)
cosp o 124107 - 18
2 x12x 10
= —0.333
A = 1095°
(ii)
1 .
Area A = E x 12 x 10 x sn1095
= 56.6 cnm?
Answer 4

(i) Sketch of triangle

(i)

A5% + 27° — 2 x 45 x 2.7 X cos112
36,6525

mZ

m = 6.05cm



Answer 5

_ 4xsSni3d 55 93em
snl9
y = jE{ijﬂl%Z = 1952cm
snl9
Answer 6
cosH - 36% + 422 - 512
 2x36x42
= 0.152
H = 813
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9.4.2 Solutionsto 9.3 Homework
GCSE Mathematics
Non-Right Angled Trigonometry

Answer 1
cosp o M6 -
 2x14x 6
= 0.899
B = 26°
Answer 2
2 = 724 152 — 2 x 7 x 15 x cos147
= 45019
c = 2122cm
Answer 3
(1) Sketch of triangle
(ii)
_ 5.6 >< SN 98 _ 784K
sn45
Answer 4
0SB - 4.3% + 58% - 6.22
 2x43x58
= 0.274
B = 741°
Answer 5
X2 = 542 + 73° — 2 x 54 x 7.3 x C0S42°
= 2387
X = 4.9km
.. Total Distance = 17.6 km
Answer 6
_ 8.4_>< snl3 _ 27em
sinl135
h - 8.4_>< sin32 _ 63cm
snl1l35
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Trigonometry

Non-Right Angled Triangles
I

C
b a
A
c B
The SineRule
a b C

snA  snB  snC
Known : One side length & two (and. three) angles
Seeking : Any side length

The Upside Down Sine Rule
snA  snB  sinC
a b c
Known : Two side lengths & an excluded angle
Seeking : The other excluded angle

The Cosine Rule

a = b% + ¢® - 2bccosA
Known : Two side lengths & the included angle
Seeking : The third side length

The Reversed Cosine Rule

b% + ¢ — a2

2bc
Known : Three side lengths
Seeking : Any angle

COSA =

Useful Area of a Triangle Formula

Area A = %absinc



Lesson 10
GCSE Mathematics
Non-Right Angled Trigonometry
10.1 Revision for TEST

Question 1
(1) Use your calculator to find a solution to the equation;

y = sn50

(i) A section of the graph gf= sin xis shown below;

Show, by drawing on the graph, where your pajtsolution is.

(iii)  Use your calculator to find a solution to the equation;
y = sin260°

(iv)  Show, by drawing on the graph, where your pait) solution is.

[ 8 marks]
Question 2
Use your calculator to calculate in one go, the value of the following;
sSn90° + sin45
sSn90° — sn45

Give the answer correct to 4 decimal places.

[ 4 marks]



Question 3
(1) Solve the equationA = arccos(— 0.627)
Give your answer to 1 decimal place.

(i) If cos B=0.751what isB ?
Give your answer in degrees, to 1 decimal place.

(iii)  Calculate the value ofcorrect to 3 significant figures;
5.8 x sn76°
snl3®

(iv)  Solve the following equation.
Give your answer correct to 3 significant figures.

X 723

sin28  dnb5I°

[ 8 marks]
Question 4
Give a rough sketch of the graph p& tan xin the space below.
Your sketch should be over the intervakx < 360°

[ 4 marks]



Question 5
A triangle, ARUM, is shown below.

U
R
M
(1) On ARUM place the letters u andm.
[ 1mark ]
(i) On ARUM add the facts that
o Z R=x°, the angle to be found.
o RM=31.2 cm
o MU = 29.4 cm
o ZU=115.
[ 1mark ]
(iii)  On ARUM mark the two excluded angles, each with a *.
[ Lmark ]
(iv)  Write down the 'upside down' version of the sine ruleAietJM.
[ 1mark ]

(v) Find anglex, in degrees and accurate to 3 significant figures.

[ 5marks]



Question 6
In AABC, shown below/C = 34 and lies betwee@B = 14 cm andCA = 10 cm.

B
14 cm

10 cm
A

(1) UseThe Cosine Ruldo calculate the length of side.
(i) UseThe Useful Area Of A Triangle Formuldo calculate the triangle's area

In both cases, clearly state the units of your answer.

[ 8marks]



Question 7
A triangle has sides of length 12 cm, 15 cm and 18 cm.
Find the size of the angle opposite the side of length 15 cm.

[ 8 marks]



Question 8
In AABC, two of the angles aréd, = 48, andC = 24.
Opposite the angl®, is a side of length 17.3 cm.
(1) Use a well known fact about the sum of the angles in a triangle
to determine the size of andgte
(i) Sketch the triangle, not to scale, and mark on all known lengths and angl
(1) Find the length of each missing side, stating whidGsand which isAB.

[ 10 marks]



Question 9
In AELF,e=8.6 cmf=18.4cm and = 72°.
Find lengthl.

[ 8 marks]



Question 10
The area of any regular polygon is given by the formula;

n r2sin( 3§0)
2

A =

wheren is the number of sides,
andr is the ‘radius' of the polygon, the length of a spoke from it's centre to a verte

(1) With r fixed at 2.5 cm, complete the following table

n 3 4 5 6 7 8 9 10 11 12

(i) Plot a graph of your results within thex-axis and area on they-axis

(1ii)  What would you expect to happenA@sn continues to increase ?

[ 12 marks]



Question 11
In order to make progress into a due East headwind, a sailing yacht tacks 12 km
bearing of 040 before changing tack and sailing a further distance as shown belo

aster |y
Wind

It has at this point made 14 km of effective progress directly to the East.
Determine the bearing owhich the yacht progressed , mark&dwhen sailing
on the second tack.

[ 10 marks]



Question 12

. . . 1 . 1 .
(i) For any triangleAABC, explain why > bcsnA = > absinC
(i) Hence prove that

shA snC

a c
(iii)  AABChasa= 17 cm,c= 15 cm andZC = 54°.
Find the acute anglefA.
(iv)  Had you been told thatA was obtuse, what wouldA have been ?

[ 11 marks]
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10.2 Answers (Revision for TEST)
GCSE Mathematics
Non-Right Angled Trigonometry

Answer 1

(i) 0.766

(i) On graph : Vertical line from 50 Horizontal line to 0.766
(iii) —0.985

(iv)  On graph : Vertical line from 260Horizontal line to — 0.985

Answer 2
5.8284 must be to 4 decimal places

Answer 3

(1) 128.8 must be to 1 decimal place
(i) 41.3 must be to 1 decimal place
(iii) 25. must be to 3 significant figures
(iv) 437 must be to 3 significant figures

Answer 4

Answer 5
(1) Checkr, u andm placed correctly on diagram.
(i) Checkx, 31.2, 29.4 and 12=orrectly placed on diagram.
(iii)  Check star placed &andU.

. sSnR snU snM
(iv) = =

r u m

(v) 58.7 must be to 3 significant figures




Answer 6
(1) 7.99 cm
(i) 39.14 cm

Answer 7
55.7°

Answer 8

(i) 108

(i) Check sketch of triangle
(iii) a=BC=13.5cm

(iv) c¢c=AB=7.40cm

Answer 9
17.7 cm

Answer 10

(i)

3 4 5 6 7 8 9 10 11 12

81| 125 | 149 | 16.2 | 17.1 | 17.7 | 181 | 184 | 186 | 18.8

(i) Graph's scales numbered and labelled.

(iii) Area -> =« 2 That is, 19.6, as the polygon becomes more like a circle

Answer 11
180-74.4 = 148 Bearing given to nearest degree
Answer 12
(1) Both are the area of the same triangldBC
(i)
1 absnC = 1 bcsnA
2 2
absnC = bcsnA multiply both sides by 2
asnC = csinA divide both sides bly
sncC = Cs‘a”A divide both sides b
SnC _ snA divide both sides by
c a
(iii) 66.5
(iv) 1135
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Lesson 11
GCSE Mathematics
Non-Right Angled Trigonometry
111 Test

Question 1
(1) Use your calculator to find a solution to the equation;

y = cos3%°

(i) A section of the graph gf= cos xis shown below;

Show, by drawing on the graph, where your pajtsolution is.

(iii)  Use your calculator to find a solution to the equation;
y = c0s240

(iv)  Show, by drawing on the graph, where your pait) solution is.

[ 8 marks]
Question 2
Use your calculator to calculate in one go, the value of the following;
cos30° — cos18C
Ccos60° + cos45
Give the answer correct to 4 decimal places.

[ 4 marks]



Question 3
(1) Solve the equationA = arccos(— 0.769 )
Give your answer to 1 decimal place.

(ii) If cos B=0.238what isB ?
Give your answer in degrees, to 1 decimal place.

(iii)  Calculate the value ofcorrect to 3 significant figures;
6.3 x Sn66°
snll°

(iv)  Solve the following equation.
Give your answer correct to 3 significant figures.
X 432

sin25  sn53

[ 8 marks]
Question 4
Give a rough sketch of the graph p& tan xin the space below.
Your sketch should be over the intervakx < 360°

[ 4 marks]



Question 5
A triangle,AGIN, is shown below.

G
N
(i) On AGIN place the letterg, i andn.
[ 1mark ]
(i) On AGIN add the facts that
o Z G =x°, the angle to be found.
o GN=43.4cm
. NI =37.8 cm
. Z1=104.
[ Lmark ]
(iii)  OnAGIN mark the two excluded angles, each with a *.
[ 1mark ]
(iv)  Write down the 'upside down' version of the sine ruleAfGiN.
[ 1mark ]

(v) Find anglex, in degrees and accurate to 3 significant figures.

[ 5marks]



Question 6
In ACAB, shown below/C = 29 and lies betwee@B = 33 cm andCA= 18 cm.

B
33 cm

18 cm
A

(1) UseThe Cosine Ruldo calculate the length of sideB.
(i) UseThe Useful Area Of A Triangle Formuldo calculate the triangle's area

In both cases, clearly state the units of your answer.

[ 8 marks]



Question 7
A triangle has sides of length 214 m, 287 m and 316 m.
Find the size of the angle opposite the longest side.

[ 8 marks]



Question 8
In AABC, two of the angles aréd, = 68, andC = 34.
Opposite the angl&, is a side of length 9.4 cm.
(1) Use a well known fact about the sum of the angles in a triangle
to determine the size of andgte
(i) Sketch the triangle, not to scale, and mark on all known lengths and angl
(1) Find the length of each missing side, stating whidGsand which isAB.

[ 10 marks]



Question 9
In AORC0=4.3cmc=9.2cmandR = 82.
Find lengthr.

[ 8 marks]



Question 10
The perimeter of any regular polygon is given by the formula;

P = nr\/z(l— cos(%))
wheren is the number of sides,
andr is the 'radius' of the polygon, the length of a spoke from its centre to a verte:

(1) With r fixed at 2.5 cm, complete the following table, working to two
decimal places,

n 3 4 5 6 7 8 9 10

(i) Plot a graph of your results within thex-axis and perimetd? on they-axis
16

15

H
N

Perimeter, P

[EEY
w

12

3 4 5 6 7 8 9 1C
Number of Sides, n

(iii)  What would you expect to happenRa@sn continues to increase ?

[ 12 marks]



Question 11
In order to make progress into a due West headwind, a sailing yacht tacks 18 km
bearing of 310 before changing tack and sailing a further distance as shown belo

Westerly
Wind

It has at this point made 26 km of effective progress directly to the West.
Determine the bearing owhich the yacht progressed , mark&dwhen sailing
on the second tack.

[ 10 marks]



Question 12
. : . 1 . 1 .
(i) For any triangleAABC, explain why > acsinB = > bcsnA

(i) Hence prove that
snA  snB
a b
(iii)  AABChasa= 26 cmb=24 cm and/B = 62°.
Find the acute anglefA.

(iv)  Had you been told thatA was obtuse, what wouldA have been ?

[ 11 marks]
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11.2 Answers
GCSE Mathematics
Non-Right Angled Trigonometry

(i ) and(iv)

Answer 2
1.5459

Answer 3

(1) A=140.3 (1 decimal place asked for)
(i) B=76.2 (1 decimal place asked for)
(i) x=30.2 (3 significant figures asked for)
(iv) x=229 (3 significant figures asked for)

Answer 4




Answer 5
(i) (ii’) and(iii )
excluded angle
| o excluded ang|

(iv)
ﬂ@ _|snl |_ snN
g [ n
(v)
snG = gxsn’ x_sinl
[
_ 378 x In104
434
= 0.845
G = arcsin0.845
= 57.7° (3 significant answers asked for)
Answer 6
(1)
¢® = a® + b® — 2abcosC
=33 + 18 - 2 x 33 x 18 x c0s29
= 37395
c = 19.3cm (units asked for)
(i)

Area A = %absinc

%x33>< 18 x sin29

144cm?  (units asked for)



Answer 7
Let x be the angle opposite the longest side, in which case,

214 + 287 — 316°

COSX =
2 x 214 x 287
= 0.230
X = arccos0.230
= 76.7°
Answer 8
(i) ZB=78
(i) Sketch of triangle
(iii)
9.4 x sin68 .
a=————— =891lcm (ThisisBC
sin78 ( )
c = 2AXSN3 _ oarim (This isAB)
sin78
Answer 9
2 2

0 + 02 — 20ccosR

q
Il

432 +92% - 2 x 43 x 92 X cos82
921
9.6cm

q
Il



Answer 10

(i)

C = 2ar

= 15708..cm
Thatis, P - 15708.. ash — o

3 4 6 7 8 9 10
1299 | 14.14 | 1469 | 15.00 | 15.19 | 15.31 | 15.39 | 15.45
(i)
16
T
"
15
//
o
5 //
= 14
£
g/
13
12
3 4 5 6 7 8 9 1C
Number of Sides, n
(iii)  Asn— oo, the regular polygon becomes more like a circle.




Answer 11
Strategy : the cosine rule avoids ambiguous case which occurs with the sine rule

To get the length of the unknown side,

U = 18 + 262 — 2 x 18 x 26 x cos40
= 283
u = 16.8km

Now to get the angle inside the trianglé, nearx®
16.8% + 18° — 26°

oW = 168 x 18
= —-0.115
W = 96.6°
So,
x =90+ 40 + 97
= 227
Answer 12

: 1 : 1 :
(1) BothEacsmB and?bcsmA are the area cAABC

. They equal each other.

(ii)
1 1
—acsnB = —bcsnA
2 2
acsnB = bcsnA
asnB = bsnA
snA 3 snB
a b
(iii)
SnA — 26 X sSin62
24
= 0.957
A=73

(iv) 107 using symmetry of sine curve in mirror line af 90
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