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Lesson 1
A-Level PureMathematics: Year 2
Differentiation 111
1.1 TheChain Rule
The Chain Rule is a rule about differentiation that has similarities with the familia
Differentiation Power Rule for differentiatingraised to the powaer.

The Differentiation Power Rule

d _ : . .
If y = X" then Y nx"~1 wherex is a variable and is a constant

dx

1.2 Example
Find the derivative ofy = (4x + 5)2 by,

(1) first expanding the brackets, then using “The Differentiatiox' &ule”
(i) using the “The Chain Rule”

Answer (i)
y = (4x + 5)2
y = (4 + 5)(4x + 5)
y = 16x° + 40x + 25
dy = 3 + 40
dx
dy
— = 8(4x +5
Ix (4x + 5)
Answer (i)

Teaching Video http://www.NumberWonder.co.uk/v9028/1.mp4

After watching the
video write out the
chain rule method
of solution here

[

[ 2marks]


http://www.NumberWonder.co.uk/v9028/1.mp4

1.3 ThreeFor You To Do
Here is the formal statement of The Chain Rule that was given in the video,

TheChain Rulefor y = [ (X) ]n

Ify =[f) 1" then :y

_ n-1.,,
o - T T

Now try to apply The Chain Rule to these three further examples. The answers &
on the following page so you can immediately check to see if you are correct.

Try 1 y = (4x + 5)%
[ 2marks]
Try 2 y:(8x+1)5
[ 2marks]
3 4
Try 3 y = (4x + 8)

[ 2marks]



Answer toTry 1

y = (4x+5)20
dy = 20(4x+5)19><4
dx
Y _ go(ax + 5)1°
dx
Answer toTry 2
y = (8x+1)5
dy 4
— = 5(8 1 8
X (8x+ 1) x
dy 4
— = 40(8 1
dx (8 +1)
Answer toTry 3
4
y = (4x3+8)
3
ﬂ = 4(4x3+ 8) X (12x2)
dx
3
Y = 48x2(4x3+8)
ax

1.4 Exercise

Marks Available : 35
Question 1

3
Differentiatey = (5x2 + 7)

[ 2marks]

Question 2

. . 2 S
Differentiatey = 5( 11 - 6x )

[ 2marks]



Question 3
Differentiatey = v 9 — 5x

[ 2marks]
Question 4
Differentiate the following function,
3
f(X) =4 (9 + 14x)?
[ 2marks]
Question 5
Differentiate the following function,
5
f(x) =
® (7x + 8)3

[ 3marks]



Question 6

. dy 5
Find — wh = —
ind dx wheny 3(7- 2P

[ 3marks]
Question 7
Differentiate the following function;
1
=64+ —0
y " (3x2 + 2)
[ 3marks]
Question 8
Consider the curve,
y = (2X — 3)4

Find the equation of the tangent to the curve at the point (2, 1)
Give your answer in the forng = mx+c

[ 3marks]



Question 9
(a) A curve has the following equation,

y = (x+3)3—4(x+3)
Find the coordinates of points on the curve with gradient 8.

[ 3marks]

(b) Repeat part(a) for the curve with the following equation,

y:x3—4x

[ 3marks]

(c) How are your parta) and par{b) answers related ?

[ 1 mark ]



Question 10
(a) Find the equation of the tangent to the curve,

at the point( 3 % )

Give your answer in the formx+by+c=0

[ 4 marks]

(b) Find the normal to the curve at the same point.
Again, give your answer in the fornax + by +c = 0.

[ 4 marks]
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1.5 Answers
A-Level Pure Mathematics: Year 2

Differentiation 111
1.5.1 Solution to 1.2 Example (Teaching Video)

y = (4x + 5)2
dy 1
— = 2(4 5 4
dx (4x + 5) x
dy
— = 8(4 5
Ix (4x + 5)
1.5.2 Solutionsto 1.4 Exercise)
Answer 1
2
Y 305 + 7)
dx
[ 2marks]
Answer 2
4
ay ~30x( 11 - 6xX°)
dx
[ 2marks]
Answer 3
dy 5 -4
dx 2 (9 =50
or
d _ 5
dx  2v9 - 5x
[ 2marks]
Answer 4
1
f’(X) = 84(9 + 14x)2
or
f’(x) = 84y 9 + 14x
[ 2marks]
Answer 5
f’(x) = —105(7x + 8)
or
105
f’ = -
*) (7x + 8)4

[ 3marks]



Answer 6

dy 50 -6
— = —(7-2
dx 3 ( X)
or
dy 50
dx 3(7-2x)°
Answer 7
dy e
dx (3x2 + 2)°
Answer 8
dy 3
— =8(2x-3
ix (2x )
Whenx = 2, this gives,
dy
—2 -8
dx
Thus,
y =8 —-15
Answer 9
dy 2
— =3 3 -4
(a) o = 3(x+3)
So, need to solveg—i =8

Which gives the two solutiong-5, 0), (-1, 0)

(b) (_2, O)’(Z’ 0)

(c) The first pair of answers is the second pair translate(

Answer 10
(a) X+3y-4=0

(b) 9 -3y-26=0

[ 3marks]

[ 3marks]

[ 3marks]

[ 3marks]

[ 3marks]

[ 1mark ]

[ 4 marks]

[ 4 marks]
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Lesson 2
A-Level Pure Mathematics: Year 2
Differentiation 111
2.1 TheProduct Rule
Given two functions,u (x) andv(x) that are multiplying each other, The Product
Rule gives a method of obtaining the derivative of their product. It states that,
(U V) ) = u) V(9 + U (X) V(X)

All of the x in brackets are considered to be unnecessary clutter and so the rule is
more usually written in the following succinct and elegant form,

The Product Rule
If f = u then f’ = uv +Uv

2.2 Example
Differentiate the product of with x° by immediately applying The Product Rule

Teaching Video http://www.NumberWonder.co.uk/v9028/2.mp4

| " ‘-
T .
[m] 1

Watch the video and
then write out the
solution here

[]

[ 2marks]


http://www.NumberWonder.co.uk/v9028/2.mp4

2.3 Exercise
Marks Available : 34
Question 1
(1) Show how to use The Product Rule to differentiate,

y=X9XX11

[ 2marks]
(i) Use algebra to simplify first, then differentiate,
y = 9 5 i1
[ 2marks]
Question 2
(1) Show how to use The Product Rule to differentiate,
y = 3x° x 4x’
[ 2marks]

(i) Use algebra to simplify first, then differentiate,

y = 3x° x 4x’

[ 2marks]



Question 3
(1) Show how to use The Product Rule to differentiate,

y = X X X

[ 2marks]
(i) Use algebra to simplify first, then differentiate,
y = X X X
[ 2marks]
Question 4
(1) Show how to use The Product Rule to differentiate,
3 5
y = 8Xx2 x 6x?
[ 3marks]

(i) Use algebra to simplify first, then differentiate,

3 5
y = 8X2 x 6x2

[ 3marks]



Question 5
(1) Show how to use The Product Rule to differentiate,

y=x_?’><x8

[ 2marks]
(i) Use algebra to simplify first, then differentiate,
y = X3 x 8
[ 2marks]
Question 6
(1) Show how to use The Product Rule to differentiate,
y = (x2 — 1)(x2 + 1)
[ 3marks]

(i) Use algebra to simplify first, then differentiate,
y = (x2 — 1)(x2 + 1)

[ 3marks]



Question 7
Use the product rule to show that;

y = x* (C«’;x2 + 1)
has a first derivative given by,

dy L 3(gu2
dx—Zx(Qx +2)

and a second derivative given by,
d%y
dx2

before determining the third derivative.

= 6% (15x2 + 2)

[ 6 marks]
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2.4 Answers
A-Level PureMathematics: Year 2
Differentiation |11
2.4.1 Solution to 2.2 Example (Teaching Video)

y = 3
dy = x° 3% + 55
dx

Y = 3x" + 5x’

dx

dy 7

2 -8

dx X

[ 2marks]

The sensible way to do this problem is to simplify first then differentiate.
This allows the answer via The Chain Rule to be checked.

y = B3
y =
dy 7
-~ -8
dx X

The first method allows practice of the product rule before having to use
it on questions that can't be done using the second method.

2.4.2 Solutionsto 2.3 Exercise

Answer 1
(1) Using the Product Rule;
y = W9 5 sl
ﬂ = x2 x 11x19 + 9@ x xtt
dx
ﬂ = 11x*% + 9x1®
dx
dy 19
— =20
dx X
[ 2marks]
(ii) Using algebra to simplify first;
y = NCRVR
y = 20
Y o0kt

dx
[ 2 marks]



Answer 2

(1) Using the product rule;
y = 3x° x 4x’
ﬂ = 3x° x 28x% + 15x* x 4x’
dx
Y gadl 4 g0yt
dx
Y qaa
dx
(i) Using algebra to simplify first,
y = 3x° x 4%’
y = 12x%2
Y qaat
dx
Answer 3
(1) Using the product rule;
y = XXX
ﬂ =Xxx1+1xX
dx
dy
B A
dx X
(i) Using algebra to simplify first;
y = XXX
y =%
dy
2 — 2
ax
Answer 4
(1) Using the product rule;

y
dy
dx
dy
dx
dy
dx

3 5
8x2 x 6x?

3 3 1 5
8x2 x 15%x2 + 12x2 x 6x2
120x + 72x°

19253

[ 2marks]

[ 2marks]

[ 2marks]

[ 2marks]

[ 3marks]



(i)

Using algebra to simplify first;

Answer 5
Using the product rule,

(i)

(i)

y

y
dy
dx

y

dy _

dx

dy
dx

dy _
dx

3 5
= 8X2 X 6Xx2
= 48x4

= 192°

I
o
x-h
!
w
><-|>

Using algebra to simplify first,

Answer 6

(i)

(i)

Using the product rule,

y

y

dy
dx

y
dy
dx
dy
dx
dy
dx

= x_3 x8
= X5

= 5x4

= (x2— 1)(x2+ 1)
= (xz— 1)2x+ 2x<x2+ 1)
= 2x3 - 2x + 2X° + 2x

= 4x3

Using algebra to simplify first,
y = (x2 - 1)(x2 + 1)

y
dy
dx

x4—1

= 4X

3

Difference of two squares

[ 3marks]

[ 2marks]

[ 2marks]

[ 3marks]

[ 3marks]



Answer 7
Using the product rule to show that;

y = x4(3x2 + 1)
has a derivative given by;

dy 3( a2
— =2 9 2
™ x( X~ + )
and a second derivative given by;
2
::Ijx—;/ = 6x2(15x2 + 2)

before determining the third derivative.

dy 2 ay
v 24x(15x° + 1)  or

360x3 + 24X

[ 6 marks]
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Lesson 3
A-Level Pure Mathematics: Year 2
Differentiation |11

3.1 Product In, Product Out (PIPO)
When using The Product Rule, the object before differentiation is a product. It's
considered elegant to have an object after the differentiation that's also a product
Furthermore, in tackling optimisation problems in which local minima and maxime
are sought, (which correspond to where the derivative, the gradient, is zero) havil
a product equalling zero (rather than a sum) is a desirable situation.
In short, initially applying The Product Rule is often only half of a question;
manipulating the algebra to derive an answer in the form of a product is the other

3.2 Example
Show that the derivative of = x3( 2X + 5)3 can be expressed as,

dy
dx
Teaching Video http://www.NumberWonder.co.uk/v9028/3.mp4

= 3x%(2x + 5)%(4x + 5)

Watch the video and
then write out the
solution here

[

[ 5marks]


http://www.NumberWonder.co.uk/v9028/3.mp4

3.3 OneFor You To Do
Often, in the middle of using The Product Rule, The Chain Rule is required.

TheChain Rulefor y = [ (X) ]n

Ify =[f) 1" then :y

_ n-1.,,
o - T T

The Product Rule
If f = uv then f’ =uv +Uv

Try this problem, then check your solution with mine on the following page.
Try1 Use the product rule to show that the derivative of,
y = (2X+ 3)2(5x— 1)3
IS,
dy

ay _ 132
dx (2x + 3)(5x — 1)7(50x + 41)

[ 5marks]



Answer toTry 1
y = (2X+ 3)2 (5x — 1)3

%:(2x+3)2><3(5x—1)2><5+2(2x+3)1><2><(5x—1)3

o (2x + 3)(5x — 1)°{15(2x + 3) + 4(5x — 1) }

dx
dy 2
& = (2X+ 3)(5x —1)"{30x + 45+ 20x — 4}
% = (2X+ 3)(5% — 1)°{50x + 41}
3.3 Exercise
Marks Available : 35
Question 1

Use the product rule to show that the derivative of,
y = xX°(x- 1)
is,

ay_ ax _
dx—x(x 1)(7x-5)

[ 5marks]



Question 2
Use the product rule to show that the derivative of,
y = x7( 6X + 5)3
IS,
dy

_ 6 2
o 5x7(6X + 5)7 (12 + 7)

[ 5marks]

Question 3
Use the product rule to show that the derivative of,

(XZ— 3)(x+ 1)2

y

a2
o = 2(x® - 1)(2x + 3)

[ 5marks]



Question 4
Use the product rule to show that the derivative of,

y = (4x+ 1)%(x2+ 5)

is,
% =2Va4x+1 (7x2+ X + 15)
[ 5marks]
Question 5
Use the product rule to show that the derivative of,

3 2

y = (2x—3) (x2+ 1)
is,

2
% = 2(2x=3) (5% + 1)(75% - 6x + 3)

[ 5marks]



Question 6

Use the product rule to find the derivative of,
y = x3( 5 + 1)2

Write your answer as a product.

[ 5marks]

Question 7
Find thex component of the coordinates of the stationary points on the curve

y:(xz—l)\/1+x

[ 5marks]
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3.4 Answers
A-Level PureMathematics: Year 2
Differentiation |11
3.4.1 Solution to 3.2 Example (Teaching Video)

y = x3(2x+5)3
% = x3><3(2x+5)2><2+3x2(2x+5)3
% = 6x3(2x+ 5)2+ 3x2(2x+ 5)3
% = 3x2(2x+5)2 {2x+ (2Xx+ 5) }
% = 3x2(2x+ 5)2(4x+ 5)

[ 5marks]

There is a clever way of checking this question via another method
which can fill five minutes at the end of the lesson. At the start it's
an unhelpful distraction! The idea is to convert the given expression
into a form to which the chain rule can be applied.

y:x3(2x+5)3
dy 3
— = 2 5
ix {x(2x+5) }

3
ﬂ={2x2+5x}
dx

2
dy = 3{2x2+5x} (4x+5)
dx
dy 2
—Z = 2 5 4 5
ix {x(2x+ 5)}"(4x + 5)
dy

= 3X%(2x + 5)%(4x + 5)
dx



3.4.2 Solutionsto 3.3 Exercise

Answer 1

5

y = X (x—l)2

—:x5><2(x—1)1><1+5x4(x—1)2

= 2x5(x— 1)+5x4(x— 1)2

= X (x - 1) {2x+5(x-1))

= x4(x—1){2x+5x—5}

= x* (x - 1)(7x - 5) 0

[ 5marks]

Answer 2
x7( 6X + 5)3

<
Il

— = x7><3(6x+5)2><6+7x6(6x+5)3

= 18x7(6x+ 5)2 + 7x6(6x+ 5)3

= x%(6x + 5)% {18 + 7(6x + 5) }
= %% (6x + 5)% {18 + 42X + 35}

= x%(6x + 5) {60x + 35}

= 558 (6x + 5)% (1 + 7) 0

[ 5marks]

Answer 3

_(@-3)(x+1)

% = (x2—3)><2(x+1)1><1+2x(x+1)2
= 2(x2— 3)(x+ 1)1+2x(x+ 1)2
= 2(x+ 1){x2—3+x(x+ 1)}
= 2(x+1){x2—3+x2+x}

2(x+ 1){2x2+x—3}
2(Xx+D){ (X +3)(x-1)}
2(x% - 1)(2x + 3) O

[ 5marks]



Answer 4

= (4x+ 1)%(x2+ 5)

N

3
ﬂ=(4x+1)2x2x+i(4x+1)
dx 2

><4><(x2+5)

Il Il
N N
—
—
2 >
A X
+
[
~ =
N ~—~
——
X
—_
3
+
[EEN
S
+
w
—
ol
~—~—
——

Il Il
N DN
N
>-l<>><
+-+—
Hi
——
\‘/—"H
x N
I\-)><
+-+—
x
v
|_\
g w
W—‘x
+
H
(6)]
——
O

[ 5marks]

3 1 2 2
ﬂ:(zx—s) x2(®+1) x2x+3(2x-3) x2x(x¥+1)

2

I
N
—
N

X

|

w
~
—

X

+

[EY

+6(2x—3) (x +1)
2x(2x -3 ) +3(x% + 1)}

)
{
{4x% - 6x + 3x% + 3}
(

[ 5marks]

Answer 6
= x3( 5K + 1)2

% = x3><2(5x+1)1><5+3x2(5x+1)2

= 105C(5X + 1) + 3x°(5x + 1)°
= x2(5x + 1){10x + 3(5x + 1) }
= x%(5x + 1){ 10x + 15 + 3}

= x2(5x + 1)(25 + 3)
[ 5marks]



Answer 7
y = (xz—l)\/l+x

y=(C-1)(x+1)?

N _(2_q)x L
I _(x 1)>< 2(x+1)

-1

2

N

><1+2x(x+1)

1
(x—l)(x+1)xﬁ+2xx/l+x

1
2
1

— (X-1)v1+Xx +2XV1+Xx

%\/1+x{(x—1)+4x}

%\/1+x (X-1)

For a stationary point,

dy _
dx

%\/1+x(5x—1):0
Eitherv1+x =0or5x-1=0
x:—lorx:i

5
[ 5marks]
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Lesson 4
A-Level Pure Mathematics: Year 2
Differentiation |11
4.1 An Intuitive Proof for The Product Rule
At this stage of the A-Level course, the mathematics that is needed to rigorously
prove The Product Rule has yet to be developed. However, why The Product Rul
is of the form it is can be intuitively visualised.

The starting point is to imagine that a rectangle at some tiiimas a height given
by a functionu(t) and a width given by a functiou(t).
The area of the rectangl(t), is then given byA(t) = u(t) v(t).

u(t) At) = u(t)v(t)

v (t)

Some time later (for example 1 second), the size of the rectangle will have chang
Derivatives can be thought of as “rates of change”. Let the rate of change in
the height be given by (t) and the rate of change in the widthvig).

u' (t) A (t)

u(t) A(t) = u(t)v(t)

v(t) V (1)

The key question is what is the rate of change of the area of the rectéfigle,

In the diagram above, this is the region shaded blue. It can be divided up into
three rectangles one with ang@® V'(t), one with area’(t) v/(t) and one with
areau’(t) v(t).

In other words,
AR =u@®)VvE +u @) v+ u) v



u (t) u (t)v(t) u )V (t)

u(t) A(t) = u(t)v(t) u(t)Vv (1)

v(t) V()

The final step is to let the time interval tend towards zero; to get the “instantaneol
rate of change”.

The interesting observation is that the contribution of the orange rectangle,
representingl’(t) V'(t) is becoming increasingly insignificant in comparison
to the contributions from the blue rectangle, representifly’(t), and the
green rectangle, representif¢t) v(t).
Thus A@) = u() V) + U ) V) + U () v
becomes A’ (t) = u(t) V' (t) + U (t) v(t)

which is The Product Rule O



4.2 Exercise
Marks Available : 40
Question 1

5
Given that,f (x) = (2x4 - X+ 6) use The Chain Rule to shofv (1) = 50

[ 3marks]

Question 2
Given that,g(x) = v 5x2 — 4 use The Chain Rule to shog/(2) = 2.5

[ 3marks]
Question 3

A curveC has equatiory = (5 — 2x )3
Find the tangent to the curve at the péiwith x-coordinate 2

[ 4 marks]



Question 4

ion,

ts of the curve with equat

ionary poin

Use The Product Rule to find the stat

1)3(3x + 1)?

y = (2 -

[ 6 marks]



Question 5

The yellow cuboid to the left of the photograph measure2 ¥ 4. It's extended
to measure (7 +2X9(2+ 1)x (4 + 3) as shown to the right of the photograph.
(1) Calculate the increase in the volume of the cuboid.

[ 2marks]

(i) Calculate the percentage of the extra volume that is given by the
red, brown and blue parts.

[ 4 marks]



(iii)

(iv)

(v)

If the original 7x 2 x 4 cuboid had been extended to measure
(7+0.2)x(2+0.1)x(4+0.3)what percentage of the extra volume
would be given by the new red, brown and blue parts.

[ 5marks]

Explain the significance of the answers to parts (ii) and (iii) in relation

to the circumstances in which the calculation of the extra volume can be
approximated by just the red, brown and blue cuboids, without a significa
loss of answer accuracy.

[ 2marks]

A functionV(x) is the product of three other functions,
V(X) = u(x) v(xX) w(x)
Keeping in mind the earlier parts of this question, and the proof of The

Product Rule at the start of this lesson, make an inspired guess as to whi
the formula for the derivative &f(x) is likely to be.

[ 2 marks]



Question 6

: X (1% — 4)
h hat iff = x°V3x—1 then f/(x) = —— 2
Show that iff (x) = X"V 3X then f " (X) V=T

[ 5marks]
Question 7
The curveC has equatiory = __1 wherex # 1
quationy = = ox)2 2
The pointAonC hasx-coordinate%
Find an equation of the tangentGatA in the formy = mx + ¢
[ 4marks]
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4.3 Answers

Answer 1

Answer 2

Answer 3

f(x) =
fr(x) =
f (1) =

A-Level Pure Mathematics: Year 2
Differentiation |11

5
(2x* — 3x + 6)

azﬁ—&+6f(&@—®
5(2-3+6) (8-23)
5x 5 x5

56

[ 3marks]

5x2 — 4

o

(5x2—4)

N

-%G%—4) x 10x

5x
5x2 — 4
5x 2
VEx 22— 4
10
V16
2.5

[ 3marks]
(5 - 2x)°
3(5 - 2x)% x (=2

—6(5- 2x)°

= —-6andy =1

mX + C
-6x2+cC
13

Ty =-6x+ 13

[ 4 marks]



Answer 4
y = (2x- 133+ 1)

dy

ix =(2x—1)3><2(3x+1)1><3+3(2x—1)2><2><(3x+1)2

6(2x — 1)3(3x + 1)+ 6(2x - 1)°(3x + 1)°

6(2x—1)2(3x+1) {2x -1+ 3+ 1}

6(2x — 1)%(3x + 1) (%)

= 30x(2x — 1)% (X + 1)
Stationary points occur when the gradient is zero
30x (2x — 1)*(3x + 1) = 0
Eitherx = 0, or x = % or X = 21

3
. 1 1
Points are thus( 0, - 1), (?, 0), (—3, O)

[ 6 marks]



Answer 5
(1) AV = (7T+2)x(2+1)x(4+3)-7Tx2x4
=9x3x7-7Tx2x4

= 189 — 56
= 133
[ 2 marks]
(i) Ve = 4%x2%x2 =16
Verown = 7 X4 x 1 =28
Veug = 7X2x 3= 42 Total : 86
86
Percentage= 133 x 100 = 64.7%
[ 4 marks]
(iii) AV = (7+02)x(2+01)x (4+03)-7x2x4
=72%x21x43-7x2x4
= 65016 — 56
= 9.016
Ve = 4%x2x02=16
Verown = 7 X4 x 01 =28
Vegue = 7x2x%x03 = 42 Total : 8.6
8.6
Percentage= 9,016 x 100 = 954%
[ 5marks]

(iv) It can be argued that the significant part of the extra volume for small
extensions is given by the sum of the volumes of the red, brown and blue
cuboids shown in the centre of the photograph, and that the white *filler’
parts can be ignored. This argument is strengthened by the calculation
part of the question. Firstly, in part (ii) the volume from just the red plus
brown plus blue volume answer is inaccurate. This is because the
extensions are relatively large. But then, in part (iii), where the extension
are much smaller, a far more accurate answer is obtained.

[ 2marks]

(v)

The Triple Product Rule
If V = uw then V. = uvw + uvw+ uvw

[ 2marks]



Answer 6

f(x) = x2\/3x— 1

1
2

X2 (3% — 1)

’ 2 l -4 3

f’(X) = X x?(3x—1) 2 X3+ 2X(3X-1)2

2 R — 1

:3—)( ZX\/SX_lxu

2vV3x -1 2v3x -1
3x2 N X (X — 1)

2vV3x -1 2v3x -1

3x2 + 12x% — 4x
2V3x -1

15x2 — 4x

2vV3x -1

X (15x — 4)

2vV3x -1

[ 5marks]
Answer 7

1
(1 - 2x)?

(1 - 2x)"2

Y - _2(1-2)%x%x (=2

_ 4
(1-2x)3

y=nmxX+c
4 = 32x%+c
4=8+c
c=-4
- Tangentisy = 32x — 4
[ 4 marks]
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Lesson 5
A-Level Pure Mathematics: Year 2
Differentiation 111
5.1 The Quotient Rule

Given two functionsy (x) andv(x), the first divided by the second, The Quotient
Rule gives a method of obtaining the derivative of the division. It states that,
U\, VU = VX u®
( v(X) ) B (V(x)?
All of the x in brackets are considered to be unnecessary clutter and so the rule i<
more usually written in the following succinct and elegant form,

The Quotient Rule

|ff:£thenf':L\/u
v V2

5.2 Example

Differentiate y = z i g by immediately applying The Quotient Rule

Teaching Video http://www.NumberWonder.co.uk/v9028/5.mp4

ORI

‘I sans

12 g

Watch the video and
then write out the
solution here

[]

[ 3marks]


http://www.NumberWonder.co.uk/v9028/5.mp4

5.3 Exercise
Marks Available : 40

Question 1
4x

Given thaty =

Y + 3

. T 12
use The Quotient Rule to show that the derivative is give = —
X (x+ 3)
[ 3marks]
Question 2
2

Giventhat y = ﬁ use The Quotient Rule to show that

dy  x(x+10)
dx (X +5)2

the derivative is given by

[ 3marks]



Question 3

2 .
use The Quotient Rule to show that

; 5
Given thaty = > 1

the derivative is given byg—i = ﬁ

[ 3marks]

Question 4

2

: xc+1 .
Given thaty = Zia use The Quotient Rule to show that

the derivative is given byj—){ - (x26+4)2

[ 3marks]



Question 5

X

(2x + 1)3
dy  x*(4x + 5)

the derivative is given by& = (X + 1%

Given thaty = use The Quotient Rule to show that

[ 4 marks]

Question 6

7

Given thaty = X—5 use The Quotient Rule to show that
(X + 2)

6
the derivative is given byj—i - 2?3;3: ;)g)

[ 5marks]



Question 7

. 2 3 .

Given thaty = (X?J;S) use The Quotient Rule to
2 —
showthatdy _ (x# 3) (35)( 3)
dx X7
[ 4 marks]
Question 8
Given thaty = X VX+ 5
d X(X + 4)

se The Product Rule to sho thg¥ = —

- - - W X 2V X+ 5

[ 5marks]



Question 9
2X 6X

f(x) = +
*) X+5 X2+ 7x+ 10

(a) Show that
2X
X+ 2

f(x) =
(b) Hence findf ’(3)

[ 5marks]



Question 10
Given that the functioh(x) = ><2—)J(r2is increasing on the interv@k k, k]

find the largest possible value lof

[ 5marks]
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54 Answers
A-Level Pure Mathematics: Year 2
Differentiation I11
5.4.1 Solution to 5.2 Example (Teaching Video)
X+ 4
X+5
dy (X+5)x1-1x(x+4)
dx (X + 5)2
X+5-x-4
(X + 5)2
1
(X + 5)2

[ 3marks]

There is a clever way of checking this question via an algebraic method.
X+ 4
X+ 5
X+4+1-1
X+ 5
X+ 5 1

X+ 5 X+ 5
1-(x+5)1

y:

_ -2
i 1) (x+5) “x1

(x+5)_2
1
(X + 5)2



5.4.2 Solutionsto 5.3 Exercise

Answer 1
4x
 x+3
dy (X+3)x4—-1x 4
dx (X + 3)2
4x + 12 — 4X
(X + 3)2
12
(X + 3)2

[ 3marks]

Answer 2

X2

(X+ 5)

dy (x+5)><2x—1><x2

dx (X + 5)2
2x2 + 10x — X2
(X + 5)2
X% + 10x
(X + 5)2
X(x + 10)

TToes?

[ 3marks]

Answer 3
5x — 2
X+ 1
dy  (X+1) x5-3x(5-2)
ax (3 + 1)2
I5x+5—- 15+ 6
(3X + 1)2
11

= (x+ 172 =

[ 3marks]



Answer 4

Answer 5

dy _
dx

B X2 + 1
X2 + 4
_ (2 +4)x2x—2xx (x2+1)
(X2 + 4)
_ 2x3 + 8x — 2x3 — 2x
(X2 + 4)?
_ 6X , 0
(x2 + 4)
[ 3marks]
5
(2x + 1)3
(2x+ 108 x5 —3(2x+ 1)2x 2 x X°
(2x + 1)
5x4(2x+1)3—6x5(2x+1)2
(2x + 1)°
X*(2x + 1)2 {5(2x + 1) — 6x}
(2x + 1)
X*{10x + 5 — 6x}
(2x + 1)4
x*(4x + 5) -
(2x + 1)4

[ 4marks]



Answer 6

x!

(3 + 2)°

dy (3x+2)5><7x6—5(3x+2)4><3><x7

dx (3x + 2)10

7x8(3x + 2)° — 15x7(3x + 2)*
(3x + 2)10

XB(3x + 2)* {7(3 + 2) — 15« }
(3x + 2)10

X0 {21x + 14 — 15}

(3 + 2)8
2x6(3x+7)
(3x + 2)8

[ 5marks]

Answer 7
3 2(x+3)3
Y:ETx
% 2 1, % 3
dy X ><6(x+3)><1—7x X 2(X+ 3) X
dx X

N N

x

BX(X + 3)2 — (x + 3)°
_ 3

(X +3)2 {6Xx—(X+3)}
- 3

(X + 3)2(5x— 3)
3

X2
[ 4 marks]



Answer 8

y:x2 X+ 5

Answer 9

(a)

(b)

dx

f(X)

£ ()

(3

1
x2(x+5)2
2 1 _1 1
X XE(X+5) 2 + 2X(x+5)2
2 v
X—+2X\/)(+5 X 2X—+5
2VX+5 2V X+ 5
x2+4x(x+5)
2V X+ 5
X2 + 4%% + 20x
2V X+ 5
5(X + 4) 0
2VX+5
6x
+
+5 X2+ 7x+ 10
2X 6x

X+ 5 " (X+5)(x+ 2)

2X y (X+ 2)

6x

:x+5 (X+ 2)

2x2 + 4X + 6X

(X+5)(x+2)
2X (X + 5)

(X+5)(x+ 2)
2X

X+ 2

(]

(X+2)x2—-1x2X

(X + 2)2

2X + 4 — 2X
(X + 2)2

4
(X + 2)2

4
(3+2)2
4
25

(X+5)(x+ 2)

[ 5marks]

[ 5marks]



Answer 10
X
2+ 2
(X2 +2)x1-2xxx
(x2 + 2)
X2 + 2 — 2x2
(x2 + 2
2 — %2
(x2 + 2
We require f’x) > 0
2 — %2
(2 +272
2

f(x) =

fr(x) =

2-x20
V2 < x< V2

Thatis, k = V2
[ 5marks]

This document is a part ofathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedi€pendent School of the Year 2020”
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



Lesson 6
A-Level Pure Mathematics: Year 2
Differentiation 111

The functiony = € has the remarkable property of being its own derivative

The Derivativeof y = €

dy X
If vy = & then == =
y = € then i €

6.2 TheValueof e

eis the number 2.71828 18284 59045 23536 02875 ...

Like = this is an irrational number and likeit crops up in many surprising places
throughout mathematics.

6.3 Differentiating Exponentiated Functions
The Product Rule and The Quotient Rule can be applied to situations where the
exponential function is involved. So too can The Chain Rule, as follows,

The Chain Rulefor y = e’ ®

ify=el® then% = e @i




6.4 Examples
Differentiate each of the following,

(i) y=eB¥+5¥ ( Chain Rule Example )
(i) y=xe> ( Product Rule Example )
(i) = % ( Quotient Rule Example )

Teaching Video http://www.NumberWonder.co.uk/v9028/6.mp4

Watch the video and
then write out the
solutions here

[

[ 3,3,3marks]


http://www.NumberWonder.co.uk/v9028/6.mp4

6.5 Exercise
Marks Available : 50

Question 1
Differentiate each of the following with respectxto
(i) y=¢ (i) y=¢*

[ 2, 2marks]
(iii) y=8e¥+6e> (iv) y= 14¢€

[ 2,2marks]

— . 4

(v) y=e™ (Vi) y=-—x

[ 2,2marks]
Question 2

Remembering that when dividing same base indices subtract, differentiate the
following with respect t,

e7x
y = P
[ 2marks]
Question 3
By first expanding the brackets, differentiate with respegt to

y = e3x(e4x n 7e—9x>

[ 3marks]



Question 4

Use The Product Rule to differentiate each of the following with resp&ct to
Simplify to obtain an elegant answers.

(i) y=x¢e (i) y=xeX

[ 3, 3marks]

Question 5

Use The Quotient Rule to differentiate each of the following with respect to
Simplify to obtain elegant answers.

: e
(i) y==
[ 3marks]
2
(i) y=25

[ 3marks]



Question 6

A curve has equatiory = x€*

. . dy
Find —
(1) in I

[ 3marks]

(i) Find the equation of the tangent to the curve wher®
Draw this tangent onto the graph, above.

[ 4 marks]



Question 7

. X+ 2
A h t =
curve has equatiory >+ 3
. . dy
Find —
(i) in Ix

[ 3marks]

(i) Find the equation of the normal to the curve wkenl
Draw this normal onto the graph, above.

[ 4 marks]



Question 8

A curve has equatioy

(1) Find an expression fo%

[ 3marks]

(i) Find the equation of the tangent to the curve wherl
Draw this tangent onto the graph, above.

[ 4 marks]
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6.6 Answers

A-Level Pure Mathematics: Year 2

6.6.1 Solutionsto 6.4 Examples (Teaching Video)
(i) y = e8x3+5x2

b BR5C(202 , 10x)
dx
(i) y = x e ( Product Rule Example )
b k¥ x3+1xe>
dx
= xe¥ + &
= eX(3x+ 1)
(i) y= % ( Quotient Rule Example )
dy  ex1-e€xx
dx X x e
_ &(1-€)
X x e
o 1-€
e

6.6.2 Solutionsto 6.5 Exercise

Answer 1

(i) y=¢e> 3%:5e5x

(i) y=é&¥F - % _ 1543
(ii) y=8e¥+6e* = % _ 4865 4 30X
(iv) y= 14¢" N % _ 148"

(v) y=¢e™ N % _ g

(vi) y=4e> = % _ _20e

( Chain Rule Example )

Differentiation |11

[ 3marks]

[ 3marks]

[ 3marks]

[ 12 marks]



Answer 2

e?x
y = e
_ e4x
dy Ax
— =4
dx €
[ 2marks]
Answer 3
y = e3x(e4x n 7e—9x)
= ey 7
W 7% ape O
dx
[ 3marks]
Answer 4
(i) y = X
dy _ e+ 3x2 e
dx
2 X
=X €(x+ 3)
[ 3marks]
(ii) y = xe *
dy —X —X
= _ _ 1
o x(—eX)+1xeé
= e f(=x+1)
B 1-x
e

[ 3marks]



Answer 5

(i) =<
dy  xef-1x¢
dx x2
_ &(x-1)
= 2
[ 3marks]
2
(ii) y= 255
dy  eXx(-2x)-eXx2x(2-x)
dx e x e
(-2 -4+ 257
B X x XX
3 2(x2—x—2)
= o
_2(x=2)(x+ 1)
= 2
[ 3marks]
Answer 6
(i) y = x€
Y e 1x &
ax
= e(x+1)
[ 3marks]

(i) When x = 0, y =0 and % = 1 = y = x is the tangent

[ 4 marks]



Answer 7

2X + 3
dy  (2X+3)Xx3-2X(3X+2)
dax (2X + 3)2
_ 6x+9-6x-4
B (2x + 3)2
3 5
(2x + 3)2

[ 3marks]

. dy 1
(i) When x .Y an I z

Thus normal's gradientis 5

-y = —=5X + 6 is the normal's equation

[ 4 marks]



Answer 8

2
: X
) YT -3y
dy  (4x-3)x2x-—4x°
dx (4x — 3)2
B 8x% — 6x — 4%
 (4x-3)
B 4x2% — 6x
~ (4x - 3)2
_ 2X(2x - 3)
T (4x - 3)2
[ 3marks]
(ii) Whenx =1, y=1 andﬂ:—z
dx
y=nmx+c
1=-2x1+c
c=3
.y = —-2x + 3 is the tangent
[ 4 marks]
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Lesson 7
A-Level Pure Mathematics: Year 2
Differentiation 111

7.1 TheLogarithm Function
The inverse of the exponential function is the natural logarithm function.
It has a surprising derivative.

The Derivativeof y = Inx

dy 1
If v = Inx then —=— = —
y = Inx then — »

Proof :
y = Inx

exporentiate bath sides

ey:elnx

& = x

x = ¢

dx

ay -

dy

dy 1

- - — 0O
dx X

Notes on the Proof
The proof relied upon knowing that the exponential function is its own derivative.
Proving that from first principles is beyond A-Level as it needs the result that,
limt @ -1
x —> 0

= In (a)

L . R 1
“Easy” proofs that the derivative ef is € need the result that the derivativel ok is - but

proving that from first principles is not any easier.



7.2 Differentiating L ogarithm Functions
The Product Rule and The Quotient Rule can be applied to situations where the
natural logarithm function is involved. So too can The Chain Rule, as follows,

The Chain Rulefor y = In(f (x))

_ dy T
If y = In(f(x) then x - T

7.3 Examples
Differentiate each of the following,
(i) y = 5In(x2 + ex) ( Chain Rule Example )

(i) y = I x? ( Product Rule Example )

Inx

o ( Quotient Rule Example )

(i) y=

Teaching Video http://www.NumberWonder.co.uk/v9028/7.mp4

Watch the video and
then write out the
solutions here

[

[ 3,3,3marks]


http://www.NumberWonder.co.uk/v9028/7.mp4

7.4 Exercise
Marks Available : 50

Question 1
Differentiate each of the following with respectxto
(i) y=3Inx (i) y=4Inx

[ 2,2marks]
(i) y=1In(5%) (iv) y=6In(7x)

[ 2, 2marks]
(v) y=In(ax®+3) (vi) y=(Inx)®

[ 2, 2marks]

.. _ -4 B 4

(vii) y = (Inx) (viii) y = Ty

[ 2, 2marks]



Question 2
Use The Product Rule to differentiate the following with respext to

y = xInx’
[ 3marks]
Question 3
Use The Quotient Rule to differentiate the following with respext to
X
Y= Tnx
[ 3marks]
Question 4
Use The Quotient Rule to differentiate the following with respexf to
LS
- =3

[ 3marks]



Question 5

*******

*******
fffffff
fffffff
*******
fffffff
fffffff
*******

*******

77777777777777777777777777777777777777

**************

***************************************

77777777777777777777777777777777777777

**************

**************************************

**************************************

********

**********************

77777777777777777777777777777777777777

,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

The graph is of the function

f(x) =
Find the exact coordinates of the poltwhere the gradient is 1

(i)

(i)

it is a minimum.

(iii )

X(Inx) = 1) x>0

[ 3marks]

Find the exact coordinates of the turning pdi#tand prove that

[ 3marks]

Find the exact coordinates of where the tangent to the curve at

point A, meets the tangent to the curve at pBint

[ 3marks]



Question 6

The graph is of the function
g = %xz(ZIn(x) ~1) x>0

(i) Find the exact value af (e)

[ 4 marks]

(i) Find the exact coordinates of the turning point and prove that
it is a minimum.

[ 3marks]



Question 7
Find the exact equation of the tangent to the following curve wkeré

y = €lnx
[ 3marks]
Question 8
. Inx
A curve has equatioy = —Z
(i) Find an expression fo&
[ 3marks]
(ii)  Find the equation of the tangent to the curve wherl
[ 3marks]
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7.5 Answers
A-Level Pure Mathematics: Year 2
Differentiation |11
7.5.1 Solutionsto 7.3 Examples (Teaching Video)

(i) y=5In(x+¢€) ( Chain Rule Example )
dy . 2X + €f

dx % X2 +
[ 3marks]
(i) y=xInx ( Product Rule Example )
= 2x3lnx
ﬂ = 2(x3 X i + 3x2Inx)
dx X
= 2(x2+ 3x2Inx)
= 2x2(1+ 3Inx)
[ 3marks]
Inx )
(i) y= ox ( Quotient Rule Example )
SESQLLY
2 X
ﬂ—ix xx%—lxlnx
dx 2 X2
3 i o 1-Inx
2 X2
11— Inx
- 2x2

[ 3marks]



7.5.2 Solutionsto 7.4 Exercise

Answer 1
: _ dy 3
(1) y = 3Inx = x - X
(i) y=4Inx
= 12Inx = L7 _ 12
dx X
(i) y = In(5)
= In5 + Inx = dy = E
dx X
(iv) y=6In(7x)
= 6In7 + 6Inx = dy = o
dx X
dy 12 x2
— Inl4ax3 = _ et
(v) y=m(4C+3) = dx 4x3 + 3
(vi) y=(|nx)3 :>ﬂ:3(lnx)2><i
dx X
_ 3(Inx)?
B X
(vii) y= (Inx)_4 = % = —4(Inx)_5><%
. S
~ x(Inx)®
4
(viii) 'y Thx

= 4(lnx)y ! = % = 4><(—1)><(Inx)_2><%

4
X (Inx)2

[ 16 marks]



Answer 2

y = xInx’
= 7xInXx
ﬂ:? xxi+1><lnx
dx X
= 7(1+ Inx)
[ 3marks]
Answer 3
X
Y = Tnx
dy  Inx x1- «% X X
dx (Inx)>2
o Inx -1
~ (Inx)?
[ 3marks]
Answer 4
3 Inx3
= =3
Inx
=X
ﬂ—B x3x%—3lenx
dx x6
2
- —3x)f(5 (1 - 3Inx)
_3(1-3Inx)
B x4

[ 3marks]



Answer 5
(i)
f(xX) = x(In(x) — 1)
f'(x) = xx%+1><(|n(x)—1)

=1+Inx)-1
= Inx
Asked to find wheref " (x) = 1
Inx =1
X =€
=e (About 2.73
Whenx = e y = e(lne-1)
=0
The gradient is 1 at the poi#t( e, 0) where the graph crosses thaxis

[ 3marks]
(i) For a turning point,

f’x) =0
Inx =0

X =28€

Whenx =1, y=1x (In(1) - 1)
=-1
- Turning PointB( 1, - 1)
f’X) = Inx = f7(x) = % ~f7@Q) =1
Asf ” (1) is positive the turning point is a minimum

[ 3marks]
(iii)  The tangent from the turning point will have equatios — 1

For the tangent from, y = mx + ¢

O=1xe+c..c=-e
y=Xx-¢€
Intersection of tangents is where— e = -1
X=e-1

.. Point of intersectionigse — 1, - 1)
[ 3marks]



Answer 6

(1)

90 = 5 x(2In( - 1)

o = (22 _

g = 4(x()()+2x(2ln(x) 1)
= %(2x+2x(2ln(x) -1))
=§(1+2In(x)—1)

4

= > (2Ine)

Il
x
>
X

~.g(e) =elne

[ 4 marks]

(i) For a turning point,
f’(x)=0
xlnx = 0

Either x = 0 (Rejected ag > 0)

orlnx =0
x=e0
=1
1 2
g(1)=z><1 x (2In1-1)
_ 1
4

. Turning Point ( 1, - %)

f’(xX) = xlnx = f7(x) = xx% + 1 xInx
~ P70 =1

Asf ” (1) is positive the turning point is a minimum.
[ 3marks]



Answer 7

y = €lnx

—:exxi+exlnx
dx X

ex(i + Inx)
X

dy
Wh =1, y=0and -2 =
en x , Y an dx e

Tangenty = mx + €
O=exl+Cc>cCc=-¢€

The tangent has the equation= e(x — 1)
[ 3marks]

Answer 8
(i)
Inx
Y= e
dy X2 x%—lenx
dx x4
X — 2xInx
B x4
X(1-2Inx)
x4
1-2Inx
x3

[ 3marks]
(i) Whenx = 1, y = 0, %zl
y=mX+cC
O=14+4c>c=-1
Equation of the tangentig = x — 1
[ 3marks]
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Lesson 8
A-Level Pure Mathematics: Year 2
Differentiation 111
8.1 The Sine Function
The upper graph shows the curye= sinx with x measured in radians.
Of interest is the gradient of this graph.

Consider what the gradient of the upper graph is doing at the four points labelled
A : The curve at the origin seems to be sloping like theylme, gradient 1.

B : The gradient betweehandB is positive and reducing in magnitude.

C : At this maximum turning point the gradient has fallen to zero.

D : The gradient betwedd andD is negative and increasing in magnitude.

Continuing in this manner, and plotting the gradients as a separate graph, the
lower graph is obtained. It looks very much like the graph of cosine !

This argument, although not a proof, is an intuitive reasoning of the important
result that, provided radians are used,

Derivative of Sine

If y = sinx then % = cosX Wwherexis in radians




8.2 Differentiating Sine Functions
The Product Rule and The Quotient Rule can be applied to situations where the
sine function is involved. So too can The Chain Rule, as follows,

The Chain Rulefor y = sin(f (x))
dy

If y =sn(f(x)) then& = cos(f(x)) x f (X
8.3 Examples
Differentiate each of the following,
(1) y = sin* 3x ( Chain Rule Example )
(i) y = xsin(xz) ( Product Rule Example )
(i) y = 3”82+2X> ( Quotient Rule Example )

Teaching Video http://www.NumberWonder.co.uk/v9028/8.mp4

EFE
e

."":: .|

Watch the video and
then write out the
solutions here

[]

[ 3,3, 3marks]


http://www.NumberWonder.co.uk/v9028/8.mp4

8.4 Exercise
Marks Available : 40

Question 1

Differentiate each of the following with respecixto

(i) y=7sn(5) (i) y=6sn(3x)
(iii) y=2sn’x (iv) y=+snx
(V) y = 1lesinx (Vi) y= 3eZsin(Sx)
(vii) y=In(sinx) (viii) y = sn (Inx)

[ 2,2 marks]

[ 2,2marks]

[ 2,2marks]

[ 2,2marks]



Question 2

By writing y = cscx asy = (sinx)_1 and using The Chain Rule, show that,

Derivative of csc x

d . .
If y = cscx then d—){ = —cscxcotx  wherexis in radians

[ 4 marks]
Question 3
f(X) = xsinx
(1) Remembering to use radians, find the exact valli6€ eg— )
[ 2marks]
(i) Use The Product Rule to differentidtéx)
[ 2 marks]
(iii)  Show thatf ( i) _8+v3a
6 12

[ 2marks]



Question 4
sinx

The graph is of the important functioh(x) =

(i) The graph suggests a key result about the valugn S')r(] X

Explain where one should look on the graph for the result and wh:

[ 2marks]

(i) Use The Quotient Rule to differentidtéx)

[ 2marks]

(iii)  Determine the exact value ¢f ()

[ 2marks]



Question 5

The graph is of another important functidrx) = >~ -

t COSX — 1
0

Use the graph to deduce a key result!fg}

Explain where you were looking on the graph to deduce your |

[ 2marks]
Question 6
Prove from first principles that the derivativesiri xis cos x
Make use of the limit studied in Question 4 and the limit studied in Question 5
along with the following video from “The Math Sorcerer”
Teaching Video http://www.NumberWonder.co.uk/v9028/8b.mp4

[ 6 marks]

This document is a part ofMathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votediépendent School of the Year 2020”
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com


http://www.NumberWonder.co.uk/v9028/8b.mp4

8.5 Answers
A-Level Pure Mathematics: Year 2
Differentiation |11
8.5.1 Solutionsto 8.3 Examples (Teaching Video)

sin® 3x ( Chain Rule Example )

(i) vy

(sin3x)*

dy
dx

= 4(sin3x)% x (cos3x) x 3

123in33x C0S 3x

[ 3marks]

xsin(xz) ( Product Rule Example )

(i) vy

% = xcos(xz) X 2X + 1 x sin(X2>

2xzcos(x2) + sin(xz)

[ 3marks]

(iii) y-= sine(zix) ( Quotient Rule Example )

dy e x cos(2X) x 2 — 2% x sin(2x)
dx X x e
2e?(cos (2x) — sin(2x))
X x eX
2(cos(2x) — sin(2x))
o2x

[ 3marks]



8.5.2 Solutionsto 8.4 Exercise

Answer 1

: . dy
(1) y = 7sin (5%) = Vi 35co0s (5x)

N : 3 dy 2 3
(i) y:63m(3x) &=54x cos(3x)
(i) y = 2sn°x

= 2(sinx)3 % = 6(sinx)2 COS X
= 65N xcosx
(iv) y=+vsd8nx
1 _1
= (snx)? % = %(sinx) 2 cosX
_ CosX
~ 24/snx
(v) y= 116" = % - 116%™ cosx
(vi) y= 38" % = 369" & 2¢0s (5%) x 5
= 30629 ¢os (5x)
(vii) y = In(dnx) = % = Snx X COSX
= cot X
: y 1
= | =2 _ | Bl
(viii) y = d8n(nx) = i cos(Inx) x ~
cos(Inx)
B X
[ 16 marks]
Answer 2 y = CSCX
1
~snx
= (sinx)_1
dy )
O = (-1) (snx) “ cosx
_ 1 COS X
~ §nx ~ sinx
= —CSC X COot X O

[ 4 marks]



Answer 3
(1) f(X) = xsnx

[ 2marks]
(i) f’(X) = Xxcosx + sinx
[ 2marks]

(i) f’(%):

[ 2marks]

Answer 4
(1) Look at the graph as it approachesyfaxis from both the left and
the right. In both cases it's smoothly heading towards the number 1

on they-axis.
[ 2marks]
snx
. ¢ _
(i) ) X
XCOSX — SinX
fr(x) =
(%) v
[ 2marks]
i) () = ncosnz—smn
JU
o ax(=1)-0
= —=
- T
= —
_ 1
- JT

[ 2marks]



Answer 5
Look at the graph as it approachesyeis from both the left and the right.
In both cases it's smoothly heading towards the number O gratfis.

[ 2marks]
Answer 6
By definition,
F7(x) = HTS f(x+hr)]—f(x)
. . , li mit sin(x + h) - sin(x)
. (snx)” = ™ -
limt sSinxcosh + cosxsinh — snx
= h-o h
_imit Sinxcosh — sinx limit cosxsinh
~  h-o h h-o h
. imi h-1 imit Sinh
= snx ;™ 7cosh +cosx ™ SIE
= 9nx x 0+ cosx x 1
= COSX O
[ 6 marks]
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Lesson 9

A-Level Pure Mathematics: Year 2

Differentiation |11
9.1 The Cosine Function

The upper graph shows the curye= cosx with x measured in radians.
Of interest is the gradient of this graph.

Consider what the gradient of the upper graph is doing at the four points labelled
A : At this maximum turning point the gradient is zero.

B : The gradient betweehandB is negative and increasing in magnitude.

C : The curve seems to be sloping like the line —x, gradient— 1

D : The gradient betwedd andD is negative and decreasing in magnitude.

Continuing in this manner, and plotting the gradients as a separate graph, the
lower graph is obtained. It looks very much like the graphsoh x

This argument, although not a proof, is an intuitive reasoning of the important
result that, provided radians are used,

Derivative of Cosine

If y = cosx then% = —sinx wherexis in radians




9.2 Differentiating Cosine Functions
The Product Rule and The Quotient Rule can be applied to situations where the
cosine function is involved. So too can The Chain Rule, as follows,

The Chain Rulefor y = cos(f (X))

If y = cos(f(x)) then% = —san(fx) ) xf’ (X

9.3 Example
Prove that a consequence of the derivativerox being cosx is that the

derivative ofcosx is (—sinx)

Teaching Video http://www.NumberWonder.co.uk/v9028/9.mp4

Watch the video and
then write out the
proof here

[]

[ 6 marks]


http://www.NumberWonder.co.uk/v9028/9.mp4

9.4 Exercise
Marks Available : 40

Question 1
Differentiate each of the following with respecixto
(1) y = cos(3x5 + 2e3x) (i) y = 5x’ + cos4(3x)
[ 2,2marks]

(iii) y:cos(§+lnx), x>0 (iv) y=sn(1- cosx)

[ 2,2marks]

Question 2

By writing y = secx asy = (cosx)_l and using The Chain Rule, show that,

Derivative of sec x

d _ .
If y = secx then d—z = secxtanx wherexis in radians

[ 3marks]



Question 3

By writing y = tanx asy = n>)<( and using The Quotient Rule, show that,

Derivative of tan x

If y = tanx then % = X wherexis in radians

[ 3marks]

Question 4

By writingy = cotx asy = —

0S X . ,
~ and using The Quotient Rule, show that,

Derivative of cot x

d _ .
If y = cotx then Y —csc®x  wherexis in radians

dx

[ 3marks]



Question 5
Table of Derivatives of Trigonometric Functions

f(X) f (X Told in Exam ?
sin X COS X No
COS X —sinx No
CSC X — CSC X cot X Yes
sec X sec x tan x Yes
tan x e x Yes
cot x —cse? x Yes

Use the above table of standard derivatives to differentiate each of the following
with respect t«,

(i) y = tan(5x) (i) y= sec(3x* +x2)

[ 2,2 marks]
(i) y= COt(5—|nX) (iv) y= etan4x

[ 2,2 marks]

(v) y = In(secx + tanx)
Simplify your answer as much as possible

[ 2marks]



Question 6
From the small angle approximations it is known that,

° snf = 0 °

92
cosf ~ 1 — —
° > °

o tand = 6 o
This allows a couple of useful deductions to be made, firstly that,

ime SNh_gime b
h-o R — hoso p
and secondly, that,
B VA
imt ©0sh—-1 e - -1 (—ih) 50
h-o h h-o h h-o 2

(1) Given thatf (x) = cosx, show from first principles that,
£ (x) = HTS (( cosh — 1 )

hsinx)
h

[ 4 marks]

(i) Hence prove that " (x) = —sinx

[ 2marks]



Question 7
Given thatf (x) = cscx find the exact value of ’( %)

Simplify your answer.

[ 3marks]

Question 8
A-Level Examination Question from June 2019, Paper 1, Q12(a)

f(x) = 106 %> ginx x>0
Show that thex coordinates of the turning points of the curve with equation

y = f(x) satisfy the equatiotanx = 4

[ 4 marks]
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9.5 Answers
A-Level Pure Mathematics: Year 2
Differentiation |11
9.5.1 Solution to 9.3 Example (Teaching Video)

Yy = COSX
a1
y = (1 - sinzx)2 Using cosx + sin’x = 1
dy 1 ) -5 .
— = —1|1- d9n —238nXx )| cosx
YL )% (- 25nx) cosx)
ﬂ _ SiNX COSX
dx J1-sn2x
dy _ sinxcosx
dx CoS X
dy .
- - _ O
I sin X

[ 6 marks]

9.5.2 Solutionsto 9.4 Exercise

Answer 1
(i) y = cos(3x° + 2&¥%)
= % = — (15x* + 6e¥) sn(3x° + 2&¥)

(i) vy =5x"+ cos* (3x)
= 5x" + (cos(3x))4

dy

= 35x% + 4( cos(3x)>(~sin(3x) 3

= 35x° - 12c053(3x) sin(3x)

(i) y= cos(— + Inx)

(iv) y=s8n(1l- cosx)

dy .
= _ 1 —
= x cos ( cosx)(snx)

[2, 2,2 2marks]



Answer 2

Answer 3

Answer 4

dy
dx

dy
dx

= secx
1
COS X
-1
= (CcosX)
_ -2, o
= (-1 (cosx) “(—snx)
1 sinx
= X
COS X COS X
= secxtanx O
[ 3marks]
tanx
sinx
COS X
COSXCOSX — (—sSinX) sSnx
COS? X
cos? X + Sn®x
Cos? X
1
COs2 X
e x O
[ 3marks]
cot x
COS X
sinx
SinX (—sSiNX) — COSX COSX
sin?x
(-1)(sin?x + cos?x)
sin?x
1
sin?x
—cse?x O

[ 3marks]



Answer 5
(i) y=tan(5)

- W 5sec (5X)
dx

(i) y=sec(3x?+ %)

= % = (123 + 2x) sec(3x* + ) tan(3x* + x*)
(iii) y = cot(5-Inx)
dy 2 ( 1)
v =~ S5-I -=
= 5 csc” ( nx) x ”
et (5 - Inx)
- X
(iv) y = etan4x
= ay AN X e (4x) 4
dx

= 4se® (4x) ¥

(v) y=In(secx + tanx)

d 1
= = —— X (Secxtanx + seczx)
dx secx + tanx
1
= ————— x secx (tanx + secx)
secx + tanx
= secx

[ 10 marks]

Answer 6
(1) Starting from the definition,
f(x+h)-fX

’ _ li mit
f (X) - h-o h
Clwnuys _ limit €0os(X + h) — cos(X)
~(sinx)” = M -
_imit C€osxcosh — snxsinh — cosx
- h-o h
o limit cosxcosh — cosx snxsinh )
= n% ( (—COSh )cosx - snx)
—0 h

[ 4 marks]



(i)
img cosh -1 . imit SiNh

= COSX h-o h h-o h

= cosxx 0—-sinxx 1

= —9nXx O
[ 2marks]
Answer 7

f(X) = cscx

f’(X) = —cscxcot x

,(n) 1 1
f'|— | = —-— X
6

[ 3marks]
Answer 8

f(x) = 106 %X gnx
f'(x) = 106 %% cosx — 256 22X gnx
For turning pointsf ’(x) = 0
- 106 9% cosx — 256 %% gnx = 0
256 %2%(4cosx — sinx) = 0
Either2.56 %2> = 0which has no solutions,
or 4cosx —sinx =0

sinx 4 cos X

Il
I
O

That is, tanx
[ 4 marks]
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Lesson 10
A-Level PureMathematics: Year 2
Differentiation |11
10.1 Differentiating x =f (y)

The graph is of the curve with equatian= eY cosy with y in radians.

(1) Obtain an expression fo% in terms ofy

(i) What is the equation of the normal to the curve wher0 ?

(i)  Add your part(ii) normal onto the graph above
[ 2,2, 2marks]


http://www.NumberWonder.co.uk/v9028/10a.mp4

10.2 Differentiating arcsin x

The graph ofy = arcsin x
It is the inverse of a one-to-one piece obihefunction

. dy 1
y = arcsinx = —— =

dx 1 -x2

Proof
Teaching Video http://www.NumberWonder.co.uk/v9028/10b.mp4

Watch the video and
then write out the
proof here

[

[ 6 marks]


http://www.NumberWonder.co.uk/v9028/10b.mp4

10.3 Exercise

Marks Available : 40

sin(x?)

Question 1

The graph is of the curve with equation=

(1) Obtain an expression fo% in terms ofx

with X in radians.

[ 3marks]

(i) What is theexact equation of the tangent to the curve wken/ 7

(iii)  Add your parf(ii) tangent onto the graph above

[ 5marks]

[ 1mark ]



Question 2

It is the inverse of a one-to-one piece ottdsexfunction

dy 1
arccosx =» —— = —

dx V11— x2

y

Assuming standard results f&in xandcosx prove the above result.

[ 7marks]



Question 3

The graph is of a piece of the curve with equatjos X2 Sinx

(1) Obtain an expression fe& in terms ofx

[ 3marks]

(ii)  What is theexact equation of the normal to the curve whenx

[ 6 marks]

(iii)  Add your parf(ii) normal onto the graph above
[ 1mark ]



Question 4

It is the inverse of a one-to-one piece of the fanction

= arctanx = d _ 1
y = dx 1+ x2

(i)

(i)

Show that ify = tanx then % = =X by using the derivatives of

sin xandcosx and the quotient rule.

[ 2marks]

. dy 1
Hence prove that ify = arctanx then— = ———
P fy dx 1+ x2

[ 6 marks]



Question 5

A curve has equationy = coX + snx 0 < X < 27
Find the coordinates of its stationary points.

[ 6 marks]
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10.4 Answers
A-Level Pure Mathematics: Year 2
Differentiation I11
10.4.1 Solutionsto 10.1 Example (First Teaching Video)

(i) x = eYcosy
:—§ = e¥(—siny) + e¥cosy By The Product Rule
dx .
dy = e’(cosy — sny)
dy _ 1
dx  eY(cosy — siny)
(i) Wheny = 0
x = e2cos0 = 1 so (1, 0) is a point on the normal

Also, wheny = 0
Y 1
dx e0(cos0 — sin0)

.. Gradient of normal will be the “sign changed reciprocal{-efl)

y=m+cC
0=-1x1+c =c=1
Normal has equatioy = —x + 1 ( Thatis, y = 1 — X)

(iii )

[2, 2,2 marks]



10.4.2 Proof for 10.2 Differentiating arcsin x

Reciprocal Gradients Rule

dy dx dy 1
—x— =1 = - =
dx =~ d dx dx
d V)
y = arcsinx
“ X = sny
%—cos
dy y

Now use the fact thatoszy + sinzy = 1 to get..

g—§ =+, 1-snly
&, 1

+
dx V1 -x2

From the graph of = arcsinxwe can see that the gradient is always positive

[ 6 marks]



10.4.3 Solutionsto 10.3 Exercise

Answer 1
sin(x?)
X

(i) y =

dy = xcos(x) 2x — sin(x’) By The Quotient Rule

dx x2
dy  2x°cos(x?) — sin(x?)
dx X2
[ 3marks]
(ii)  Whenx = Vo
y = SN@ _ 5 s (v &, 0) is a point on the tangent
Va
Also, when x = V&
dy _ 2mcos(m) —sn(m) 5
dx 7 Bl
. Gradient of tangent will be- 2
y=mX+cC
0=-2xVm +¢ = c=2Vxa
Tangent has equatiory = —2x + 2V @
[ 5marks]

(iii )

[ 1mark ]



Answer 2

y = arccosx
. X = COSY
X —-sn
dy y

Now use the trigonometry identitgoszy + sinzy = 1 to get..

3—§ = +,/1 - cosy

dy .1
dx T \1-x2

From the graph of = arccosx it can be seen that the gradient is always negative

d_ 1 4

S dX — /71 — X2

[ 7marks]



Answer 3
(i)
y = 2 sin X

% = X2 cosx + 2xsinx by The Product Rule

[ 3marks]

T

(i) Whenx

y = 7snz = 0 so (m, 0) is a point on the normal
Also, when x = &
d .
d—i = 7Pcosm + 2nsinm = — 7

. Gradient of normal will be the “sign changed reciproca}z’—,
JT

y=nMX+c
1 1

0= —=xm+c¢C - c = -—=
T 4

, X 1

Normal has equationy = — — —
JT JT

[ 6 marks]

(iii)

[ 1mark ]



Answer 4

(1) y = tanx
_§nx
~ cosX
dy _ cosx cosx — (=sinXx) sinx
dx cos? x
_ cos?x + sn?x
B cos? X
3 1
~ cosX
= e X O
[ 2marks]
(ii) y = arctanx
X = tany
dx
— = =d
dy y
Now use the fact that + tanzy = seczy to get..
% =1+ tan2y
dy
dx =145

dy




Answer 5

coszx + snx

<
Il

2C0SX (—SinX) + COSX

cosXx (1 — 2sinx)

For stationary points...

Eithercosx = 0 = x = (maximg

(Minima)

o|a n|a
ov|gf' r\)|§’

. 1

[ 6 marks]
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Lesson 11
A-Level Pure Mathematics: Year 2
Differentiation |11
11.1 Revision
Marks Available : 40
Table of Standard Derivatives

f (X) f'(x) In Formula Book ?
x" nxn—1 No
eX eX No
In x «% No
sin X COS X No
COS X — sin X No
tan x sec? x Yes
CSC X — CSC X cot X Yes
sec x sec X tan x Yes
cot x — csc? x Yes
i 1
arcsin x T2 Yes
_ 1
arccos X T2 Yes
1
arctan x T2 Yes
Question 1
Differentiate each of the following with respectxio
(i) y=7x* (i) y=11Vx
[ 2marks]
Question 2
By first expanding the brackets, differentiate each of the following with respect to
: . 1
| =(X+6)(2x-5 I = VX |[— + 3VX
(i)  y=( ) ( ) (i) y=+x N3 VX

[ 4 marks]



Question 3
Use The Chain Rule to differentiate each of the following with respect to

(i) y=4(x+3) (i) vy = 4cos(2%)
(iii) y= ®ecx (iv) y= eSinx | geosx

[ 8marks ]
Question 4

(1) Use The Product Rule to fin% if y = xlInx

[ 2marks]

. . d2y
F Iso—=-
(ii) ind also v,

[ 1mark ]



Question 5
Consider the function

f(x) = tan(3x)
Determine the value of

f '( T )
18
Question 6
Use The Quotient Rule to show thatyif= E
o3+ 1
dy 6 X2

then —=

dx (3 + 1)

[ 4 marks]

[ 4 marks]



Question 7

. : 11
Find the equation of the tangent to the cuyve 73 whenx = 5

Give the answer in the forrax+by+c=0
wherea, b andc are integers to be found.

[ 6 marks]



Question 8
The functionf (x) is given below

(i) Find f’(x)
. Sy 1
(i) Show thatf (7) =

[ 5marks]



Question 9
If

4
ax + 1

d
&(In\/ax+b) =

Find the values o andb.

[ 4 marks]
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11.2 Answers
A-Level Pure Mathematics: Year 2
Differentiation |11

Answer 1
4 dy 3
=7 — =2
(1) y X Ix 8x
(ii) y=11Vx
1 dy 11 -1
= 11 2 _— = — 2
X = Ix > X
1
-~ 2Wx
[ 2marks]
Answer 2
(1) y=(x+6)(2x-05)
o+ -30 =W a7
dx
(ii) y:ﬁ(%mﬁ)
=1+ 3X = dy =3
dx
[ 4 marks]
Answer 3
5 4
(1) y=4(x3+3) :%:20(x3+3)(3x2)
2(.3 4
= 60x (x - 3)
. dy .
(i) y = 4c0s(2X) = vl —-8sn(2x)
(iii) y= secx
_ 3 dy _ 2
= (secx) = A 3(secx)” secxtanx
= 3secxtanx
(iv) y= M4 osX o Y I gex 4 e“®X(—sinx)

e cosx — €% gnx

[ 8marks]



Answer 4

(i)

(i)

Answer 5

Answer 6

dy
dx

y = xInx

dy

1
=XX —+1xInx
dx X

=1+ InXx

d2y 1
dx2 = x

f(X) = tan(3x)
fr(x) = 3 (3X)
[ 55) = 3¢ ()

1

(cos())°

ax(

= 3 X

X3 -1
x3+ 1
(x3+ 1)(3x2) - (3x2)(x3— 1)

(x®+ 1)
(3x2){x3+ 1-x3+ 1}
(x3+ 1)
(3x°){2)
(x3+ 1)
6 X2
(x3+ 1)

[ 2marks]

[ 1 marks]

[ 4 marks]

[ 4 marks]



Answer 7

1n
Y= 23

-1
=11 (% - 3)

-2
ﬂz—ll(xz—B) X 2X
dx

___ X
(x - 3)°
11 11 1

Whenx =5 y=Hm—73=%"32

.. Point on curve where we want the tangent 5 0.5)

Whenx = 5. ﬂ=_ 22 x5 _ 22 x5 =_i
dx (52 — 3)? 22 x 22 22
For the tangenty = mx + ¢
0.5:—i><5+c
22
co L, 11 2
2 11 22
36
T 22
5 36

Equation of the tangeny, = — >3 X + >

22y = -5k + 36

5+ 22y - 36 =0
[ 6 marks]

Answer 8

. 1 .
(i) f(x) = E(xzsm(ZX))

fr(x) = é(ZXZCOS(Zx) + 2xsin(2x) )

S (xcos(2x) + sin(2x) )
O

(i) (3) = s (Fes( )+ on(Z)
1 (xn
1_8(ZXO+1)

1
o O
18

[ 5marks]



Answer 9

1
y =In(ax + b)2
1
—y b
5 n(ax + b)
a@ 1 1
dx 2 ax+b
a B 4
2(ax+b) ax+1
2 -4 bp=1
2

Answer:a =8 b =1
[ 4 marks]
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L esson 12
A-Level Pure Mathematics: Year 2
Differentiation |11
12.1 Test
Marks Available : 40
Table of Standard Derivatives

f (X) f'(x) In Formula Book ?
x" nxn—1 No
eX eX No
In x 31( No
sin X COS X No
COS X —sin x No
tan x sec? x Yes
CSC X — CSC X cot X Yes
sec x sec X tan x Yes
cot x — csc? x Yes
i 1
arcsin x T2 Yes
_ 1
arccos X T2 Yes
1
arctan x T2 Yes
Question 1
Differentiate each of the following with respectxio
: . 24
(i) y=13¢ (i) y=-
[ 2marks]
Question 2
By first expanding the brackets, differentiate the following with respect to
: . 1
| = (X+7)(X-2 I = —(3VX + X
(1) y=(x+7) ) (i) y=—==(8Vx+x)

[ 4 marks]



Question 3
Use The Chain Rule to find the derivative of each of the following with respect to

(i) y:(5x3+1)4 (i) y = tan(5x)
(i) y= csct x (iv) y= In(2x) + e
[ 8marks ]
Question 4
(1) Use The Product Rule to fin% if y =xé
[ 2marks]

) . d?%y
(i) Find alsoW

[ 1 marks]



Question 5
Consider the function

f(x) = cot (6x)

(5 )

Determine the value of

Question 6
Use The Quotient Rule to show thatyf = X - 2
T x5 42
dy 20x4

then — =

dx (X5 + 2)2

[ 4 marks]

[ 4 marks]



Question 7

. : 2
Find the equation of the tangent to the cuyve 2 8 > whenx = 3

Give the answer in the forrax+by+c=0
wherea, b andc are integers to be found.

[ 6 marks]



Question 8
The functionf (x) is given below

(i) Find f’(x)
(i) Show that

[ 5marks]



Question 9

f(xX) =x-1In(2x-1)

Show that the exact coordinates of the turning poin(age % —In 2)

[ 4 marks]
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12.2 Answers

Answer 1
(i) y=13%
. 24
(ii) y=—
= 2451
Answer 2
(i) y=(X+7)(3x-2)
= 3x° + 1% — 14
.. 1
(ii) y_W(3\/7+x)
= 3+x%
Answer 3
4
(i) y=(53+1)
(i) y = tan(5x)

(iii) y= csc*x

(iv) y=In@2x+e>

=In2 + Inx + e_3x

A-Level Pure Mathematics: Year 2
Differentiation |11

= 65x4

[ 2marks]

6x + 19

[ 4marks]

= 4(5x3 + 1)3( 15x%)

3
- 60x°(5x° + 1)

5sec (5)

4cscsx(—cscxcotx)

—4csc4xcotx

4 cosx
sin° x

[ 8 marks]



Answer 4

(i) y:xe’(:>%:xex+eX
[ 2marks]
(ii) g—zzxex+ex+ex
= xet + 2¢€"
[ 1 marks]
Out of interest : j:)r: = &(x+n)
dn+1y
(Proof by inductioh ST " €+ e(x+n)=€e(x+n+1)
Answer 5
f(X) = cot(6x)
f'(x) = —609(:2(6x)
4 A 2( T
f(18)_ GCSC(s)
= -6 X 131 5
(sin(3))
2
= -6 X L)
3
4
= —6)(3
- -8
[ 4 marks]
Answer 6
B x° — 2
x5 + 2
dy _ (x®+2)(5x) - (5x*)(x° - 2)
dx (x5 + 2)?
_ (5x*){x°+2-x°+2}
(x5 4+ 2)?
_ (5¢)(4)
(x5 + 2)?
__20¢ i .
(x> +2)

[ 4 marks]



Answer 7

28
Y=52 72
-1
= 28(x% - 2)
-2
ﬂ:-za(xz—z) X 2X
dx
_ 56x
(x2 -2y
28 28
Wh =3 = = — =4
enx 4 3?_2 7
.. Point on curve where we want the tangent & 4)
Whenx = 3 ﬂ:_ 56><32 =_56><3 :_ﬁ
dx (32-2) 49 7
For the tangenty = mx + ¢
24
4 =-—x3+cC
7
c=4xL 42
7 7
~ 100
7
: 24 1
Equation of the tangent;, = — = X + g

7y = —24x + 100

24X + 7y — 100 = 0
[ 6 marks]

Answer 8

: 1 ,
(i) f0 = - (sn3)

f (X %(3xzcos(3x) + 2xsin(3x) )

L(chos(3x) +2sn(3x) )
97

(ii) f’(%)— 9;;3( 3 cos(:r)+25m(n))
:%(nx(—l)+2x0)
_ O
27

[ 5marks]



Answer 9

f(x) = x—-In(2x-1)
1
f’(x)zl—mxz
o (2Xx-1)-2
2x -1
2x — 3
T & -1
For a turning pointf (x) = 0
2x — 3
x—1 0
2x-3=0
2x = 3
= 2
2
Thus, f(i):(i)—ln(ZX——l)
2 2
=15-1In2
. The turning point is at(%, %—Inz) O

[ 4 marks]
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Lesson 13

13.1 Later Date Revision

A-Level Pure Mathematics: Year 2
Differentiation |11

Marks Available : 40
Table of Standard Derivatives

f (X) f'(x) In Formula Book ?
xN nxn-1 No
eX eX No
In x 31( No

sin x COS X No

COS X —sin X No

tan x & X Yes

CSC X — CSC X cot X Yes

sec X sec X tan x Yes

cot X —csc2 x Yes

: 1
arcsin x Yes

1-x2
1
arccos x - Yes
1-x2

1

arctan x T2 Yes
Question 1

Show that the derivative with respecixtof

y = secxtanx

dx

dy = Secx (2S€(,2X — 1)

[ 4marks]



Question 2
Show that the derivative with respectixtof;

y = CSCXcot X

is
dy 2
— = 1-2
Ix cscx( CC x)
[ 4 marks]
Question 3
Consider the function;
8
f —
¥ =TT %7
Show that;
, 9
f7(1) = >

[ 4 marks]



Question 4

A-Level Examination Question from January 2009, Paper C3 (Edexcel)
Find the equation of the tangent to the curve

X = cos(2y + ) at (O, %)

Give your answer in the forng = ax + b, wherea andb are constants to be found.

[ 6 marks]



Question 5
The curve

y =1In (x2 — 3)
crosses thg-axis atA andB.

(1) Find the coordinates & andB
[ 3marks]

(i) The normals af andB meet aP.
Find the coordinates &f.

[ 5marks]



Question 6
Show that the derivative of the inverse cotangent function

y = arccot X
is

dy 1

ax 1+ x2

The following trigonometry identity will be useful;

cotzy + 1= csczy

[ 6 marks]



Question 7

The curve

X+ 1
2x -1
crosses the-axis atA and they-axis atB.

Find the point of intersection of thangents to the curve AtandB.

[ 8 marks]
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13.2 Answers

Answer 2

dy
dx

Answer 3

A-Level Pure Mathematics: Year 2
Differentiation |11

secxtanx

SecX seczx + secxtanxtanx

secx(seczx + tanzx)
secx( edX + X — 1) from identity 1 + tar’x = sec® x

SGCX(ZSGCZX— 1) O
[ 4 marks]

CSC X COt X
csex(—esc?x) + (~cscxcot x ) cot x

—CSCX CSC X + cot X)

—cscx(csc X + CSCZX — 1) from identitycotzx +1 = cse?x

—cscx(2csczx - 1)

cscx(l - 2csczx)

[ 4 marks]

8
(1 - 3x)3

8(1—3x) 2

—24(1-3x) %% (-3)
72
(1-3x)4
72
(-24
9
2

f(

f7 ()

~ fr@) =

[ 4 marks]



Answer 4

X = cos(2y + m)
3—§ = -289Nn(2y + m)
Wheny = % 3—§ = —25in(%) =-2x-1=2
Z-3afo3)

For the tangenty = mx + ¢

7 1 4
— =—Xx0+Cc>cCc=—
4 2 4
. Tangent isy = ix+ id
o g y = > %
[ 6 marks]
Answer 5
(1) The curve will cut the-axis wheny =0
In(x2—3) — 0o x-3=¢
x2 =4
X =2
. Crosses the&-axisat (-2, 0), (2, 0)
[ 3marks]

R

dx x2 — 3

Whenx = 2, y = 0 and % = 4 so this normal has gradierét— %)

It's equation will bey

mxX + C

1 1
O0=-—x2+cC C=—
4 = 2

Ly oty =
Ty ETEYTS

Whenx = -2, y = 0 and % = —4 so this normal has gradierét%)
It's equation will bey = mx + ¢

1
0= —x-2+C=c¢C=—
4
VU S §
Y=g

Point of intersection is thu% 0, % )

[ 5marks]



Answer 6

y = arccot X
s X = coty
dx 2
— = —CXC
dy y
= —(cot2y+ 1)
= —(x2+1)
d _ 1
dx 1+ x2
[ 6 marks]
Answer 7
Cutsx-axis wheny = 0, which is when2x + 1 = 0 A(— % 0)
Cutsy-axis whenx = 0. which is whery = -1 ~B(0 -1)
o 2X+1 2%_ 2x-1)2-2(2x+1)
2x — 1 dx (2x — 1)2
A -2-4x-2
- (2x — 1)2
. S
T (2x - 1)
dy .
For A - —1 givingatangent y = mx + ¢
0:—1><—i+c:>c:—i
2 2
oy L
Y= 2
dy .
For B, - —4 givingatangent y = mx + c
-1=-4x0+c=>c=-1
y=-4-1
These tangents intersect wher, 4x — 1 = —x — %

x——iwith ——iie(—i —i)
=% y="3'"% "% "3

[ 8marks]
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Lesson 14
A-Level Pure Mathematics: Year 2
Differentiation |11
14.1 Extension Material
Marks Available : 40

Question 1
Differentiate each of the following with respecixto
(i) y=¢ (i) y=x (i) y = ¢

[ 6 marks]
Question 2
Write down the derivative of each of the following with respeat, to
(i) y = Inx (i) y = Inx? (i) y = In(%)

[ 6 marks]
Question 3
Find the equation of the tangent to the curve

1
y = e

at the point where it intercepts theawxis.
Write your answer in the formay + bx + ¢ = 0, wherea, b, ceZ

[ 6 marks]



Question 4
Find the points on the following curve where the gradient is 3

y:5\/7—%lnx xeR, x >0

Give your answers correct to three significant figures.

[ 10 marks]



Question 5

A sketch graph of the functior,(x) = € — & + 1 is given below.

~Y
<

-10 -8 -6 -4 -2 2

(i) Find f’(X)

(i) Explain, briefly, why the equatiog” = 0 has no solution fore R

(1) Find the value ok such that’(x) =0

(iv)  The graph of thé(x) has a turning point of the fornin(a, b)
Determine the value o& and the value ob

(v) Find f”(x) atthe turning point.

(vi)  Explain what your partv) answer tells you about the turning point.



[ 12 marks]
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14.2 Answers

Answer 1
(i) y=¢€
(i) y=x°
(iii) y=¢€°
Answer 2

(i) y=lInx

—~
3
<

Il
=1

—_—

|

Answer 3

A-Level Pure Mathematics: Year 2
Differentiation |11

dy
ax ¢
dy
= I 0
[ 6 marks]
dy 1
= ax
dy _ 2
dx
dy 1
= ax
[ 6 marks]
y= e

The curve intercepts theaxis wherx = 0

so (0, 1) is on the tangent which has a gradient—;ef

[ 6 marks]



Answer 4

1
y:5\/Y—?Inx

1
= 5x2 — iInx

2
_1
dy 5.3 1 1
dx 2 2 X
24U x T WX 2
_ 5Vx -1
B 2X
To find where the gradient is 3
5VX -1 _ 4
2 X B
5Vx — 1 = 6x
6Xx — 5Vx +1=0

Let z = VX = Z = x and the equation becomes,
62 -52+1=0
(3z-1)(2z-1)=0

-. EithervVx = % orVx = %

Either x = i or X = i
9 4

1 [1 1 1
F —, ___l (_)
or X y=>5 n

:i—iln?2
3 2
5
= — +1In3
3
1 1 1 1
orx=7 Y 4 2 "2
=£—iln2_2
2 2
:£+In2
2

The points, correct to three significant figures, @@ell1l, 2.77), (0.250 3.19)

[ 10 marks]



Answer 5
(i) f=e&-€+1=fx=2e%-¢&
(i) The graph ofy = € has thex-axis as an asymptote so the curve never

has an intersection with thxeaxis. .. € = 0 has no solution. O

A
y
1
—/ [
XV
(i ) 26— & =0

(2 -1) =0
Either € = 0 which has no solution
Or 26-1=0

1
X —
€72
()
X =Inl —=
2
(iv) y=e*_é&+1
1 1
When x = In(%), y = "2 _ gzl g
47 nd)
=e '? —e'?+1
1 1
=72t
= 3 Thatis,a = L andb = 3
4 2 4
1 1
(v) 7 =4e® - = f"(ln(i)) P L RV S
2 4 2
sof”(x) = % at the turning point
(vi) As f”(x) is positive the turning point is a minimum
[ 12 marks]
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