
4.5  Answers
A-Level Pure Mathematics, Year 1

Additional Mathematics
The Algebra of Polynomials

4.5.1  Solution to 4.3 Example (Teaching Video)

f (x) = x4 + x2 + kx

= x ( x3 + x + k )

 x = 1   f (1) = 0 As is a root, by the factor theorem

∴ ( 11) ( 13 + 1 + k ) = 0

k = − 2

 f (x) = x ( x3 + x − 2 )Thus, 

 x = 1  ( x − 1 )  As is a root, is a factor

   x2 +   x + 2

x − 1 x3 + 0 x2 +    x − 2
x3 −    x2

    x2 +    x
   x2 −    x

2 x − 2
2 x − 2

0 ← As expected !

f (x) = x ( x − 11) ( x2 + x + 2 )

This is, in fact, fully factorised, as the quadratic does not factorise further.
The function has two linear factors and one quadratic factor.

[ 5 marks ]



4.5.2  Solutions to 4.4 Exercise

Answer 1

x4 − 3 x2 + 2x = 0

x ( x3 − 3x + 2 ) = 0

m (x) = x3 − 3x + 2,   m (1) = 0Let  and notice that

 ( x − 1 )   m (x)  So is a factor of by the factor theorem

   x2 +   x − 2

x − 1 x3 + 0 x2 − 3x + 2
x3 −    x2

    x2 − 3x

   x2 −   x
− 2x + 2
− 2x + 2

0 ← As expected !

x4 − 3 x2 + 2x = 0

x ( x3 − 3x + 2 ) = 0

x ( x − 11) ( x2 + x − 2 ) = 0

x ( x − 1 ) ( x − 1 ) ( x + 2 ) = 0

  x = 0    x = 1    x = − 2Either or or

Note : This is an old Additional Mathematics Examination Question
From 21st June 1995, Paper 2
I don't know which examination board

[ 5 marks ]



Answer 2

   x = 2  As  is a root, it will satisfy the given equation

x3 − 3x + k = 0

23 − 3 × 2 + k = 0

k = − 2
The equation to be solved is thus,

x3 − 3x − 2 = 0

  x = 2   ( x − 2 )  and, as is a root, is a factor

   x2 + 2x + 1

x − 2 x3 + 0 x2 − 3x − 2
x3 − 2 x2

 2 x2 − 3x

2 x2 − 4x
  x − 2
  x − 2

0 ← As expected !

x3 − 3 x2 − 2 = 0

( x − 21) ( x2 + 2x + 1 ) = 0

( x − 2 ) ( x + 1 ) ( x + 1 ) = 0

  x = 2    x = − 1Either or

∴    x = − 1The “other root” are thus

(Other than the root given in the question)
[ 5 marks ]



Answer 3

   ( x − 2 )  ( a ) ( i ) If is a factor then replacing x with 2 would make the

given expression have a value of zero, by the factor theorem.

x3 − 7x + 6 ⇒ 23 − 7 × 2 + 6 = 0

∴  ( x − 2 )  is a factor

[ 2 marks ]

   ( x + 1 )  ( ii ) If is a factor then replacing x with   1 would make the−
given expression have a value of zero, by the factor theorem.

  x3 − 7x + 6 ⇒ (− 1)3 − 7 × (− 1) + 6 = 12

∴  ( x + 1 )  is not a factor

[ 1 mark ]

   ( x − 2 )  ...( b ) ( i ) As is a factor

   x2 + 2x − 3

x − 2 x3 + 0 x2 − 7x + 6
x3 − 2 x2

2 x2 − 7x

2 x2 − 4x
− 3x + 6
− 3x + 6

0 ← As expected !

x3 − 7x + 6 = ( x − 21) ( x2 + 2x − 3 )
= ( x − 2 ) ( x − 1) ( x + 3 )

[ 3 marks ]

     x ∈ {− 3,  1,  2 }( ii ) The solutions are

[ 1 mark ]



Answer 4

   ( x + 1 ) , ( x + 2 ) , ( x + 3 )( i ) The possible negative integer roots are

   ( x + 6 )and

      x = − 1 :  (− 1)3 − (− 1)2 − 10(− 1) + 6 = 14Try

      x = − 2 :  (− 2)3 − (− 2)2 − 10(− 2) + 6 = 14Try

      x = − 3 :  (− 3)3 − (− 3)2 − 10(− 3) + 6 = 0Try

      x = − 6 :  (− 6)3 − (− 6)2 − 10(− 6) + 6 = − 186Try

∴  The negative root is ,  by the factor theorem  x = − 3
[ 2 marks ]

    x = − 3   ( x + 3 )   .( ii ) As is a root, is a factor

   x2 − 4x + 2

x + 3 x3 −    x2 − 10x + 6
x3 + 3 x2

− 4 x2 − 10x

− 4 x2 − 12x
  2x + 6
  2x + 6

0 ← As expected !

  x3 − 3x − 2 = ( x + 31) ( x2 − 4x + 2 )Thus,

 x = − 3 One solution is and the other two are given by,

x =
 4 ±  (− 4)2 − 4 × 1 × 2  

 2 × 1

= 2 ±  2 
[ 4 marks ]



Answer 5
( i )

f (x) = x3 − x2 + x − 6

f (2) = 23 − 22 + 2 − 6

= 8 − 4 + 2 − 6

= 0

∴  ( x − 2 )  f (x)  is a factor of by the factor theorem

[ 1 mark ]
( ii )

   x2 +   x + 3

x − 2 x3 −    x2 +   x − 6
x3 − 2 x2

   x2 +   x
   x2 − 2x

3x − 6
3x − 6

0 ← As expected !

f (x) = x3 − x2 + x − 6

= ( x − 21) ( x2 + x + 3 )
The quadratic root does not factorise further to give any more real
roots other than the one already known about at  x = 2

 x2 + x + 3 = 0,   x =
− 1 ±  12 − 4 × 1 × 3  

 2 × 1
For

           =
− 1 ± − 11  

 2
 which is not real

[ 4 marks ]



Answer 6

  x = 2 ⇒ x3 + x2 − ax − 2b = 0With 

8 + 4 − 2a − 2b = 0

2a + 2b = 12   
    

   x = 2 ⇒ 3 x3 − 2 x2 − 3ax + 4b = 0With

24 − 8 − 6a + 4b = 0

6a − 4b = 16

    Divide through by 2

3a − 2b = 8


Solving these two equations simultaneously,

2a + 2b = 12

3a − 2b = 8ADD       


5a   = 20

a = 4 ⇒  b = 2

    x3 + x2 − ax − 2b = 0    x3 + x2 − 4x − 4 = 0.and  becomes,

     x =  2Remember this has a solution 

    ( x − 2 )  That is, has as a factor,


   x2 + 3x + 2

x − 2 x3 +    x2 − 4x − 4
x3 − 2 x2

3 x2 − 4x

3 x2 − 6x
2x − 4
2x − 4

0 ← As expected !

x3 + x2 − 4x − 4 = 0

( x − 21) ( x2 + 3x + 2 ) = 0

( x − 2 ) ( x + 2 ) ( x + 1 ) = 0

x = − 2It has thus been shown that the equation also has a solution 

 x = −1and the third solution is

[ 6 marks ]
Note : This is an old Additional Mathematics Examination Question

From 22nd June 1994, Paper 2



Answer 7

f (x) = x4 − 2 x3 − 11 x2 +  12x + 36

f (1) = (1)4 − 2 (1)3 − 11(1)2 + 12(1) + 36

= 1 − 2 − 11 + 12 + 36

= 36

f (− 2) = (− 2)4 − 2 (− 2)3 − 11(− 2)2 + 12(− 2) + 36

= 16 + 16 − 44 − 24 + 36

= 0

f (− 3) = (− 3)4 − 2 (− 3)3 − 11(− 3)2 + 12(− 3) + 36

= 81 + 54 − 99 − 36 + 36

= 36

  ( x + 2 )    a = − 2By the factor theorem it's now known that is a factor so let

  ( x − a )2 ( x − b )2   a2 b2When is expanded the term independent of x is 

a2 b2 = 36

b2 =
 36 
 4 

b = ± 3

  ( x + 3 )   b = 3 But it has already been observed that is not a factor, so

  ( x + 2 )2 ( x − 3 )2 = ( (x + 2 ) ( x − 3 )  )2

= ( x2 − x − 6 )2

 p = 1,  q = − 1 r = − 6That is,  and  

[ 6 marks ]

Note : This is an old Additional Mathematics Examination Question
From 13th June 1997, Paper 1

This document is a part of a Mathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use

In October 2020, Shrewsbury School was voted “Independent School of the Year 2020”
© 2022 Number Wonder

Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk


