6.3 Answersto 6.2 Exercise

A-Level Pure Mathematics, Year 1
Additional Mathematics

The Algebra of Polynomials
Answer 1

p(x) has degree @t's a cubic)

[ 1mark ]
Answer 2
(1) A degree 2 polynomial is called a quadratic
(and its graph is termed a parabola)
[ 1mark ]
(i) A degree 4 polynomial is called a quartic
[ 1mark ]
Answer 3
f(x) = 253~ 7% —5x + 4
(a) The remainder wheffi(x) is divided by(x — 1) is given byf (1)
by the remainder theorem.
f1)=213-702-51+4
=2-7-5+4
= -6
[ 2marks]
(b) f(-1=2-1%-7-1°-5(-1)+4
=-2-7+5+4
=0 .. (x+ 1)isafactor off (x) by the factor theorem
[ 2marks]

2x2 — 9x + 4
X + 1] 2x3 — 7x2 — 5 + 4

2x3 + 2x2
_ 2 _
(¢) 9x 5x
- 9x2 - ox
44X + 4
4 + 4

0 « As expected
fx) =0
2x3 -7 - 5x+4=0
(x+1)(2x2—9x+4) =0

(X+1)(2x-1)(x-4)=0
[ 4 marks]



Answer 4

f(x) = Farxr 2% +ax+ b

(a) f(ly) =7 by the remainder theorem
O+ W} + 2% +a@ +b =7
1+1+2+a+b=7

a+b=3 O

[ 2marks]

(b) f(-2 = -8 Dby the remainder theorem
2%+ (=2%+2-2%+a(-2)+b=-8
16-8+8-2a+b=-8
—-2a+b=-24

Solving simultaneous equations,

a+ b= 3
SUBTRACT —2a+b=-24
3a = 27



Answer 5
(a)
(i) Withx=3 xX-2x¥-4x+8=3°-23°-43 +8
=27-18-12+ 8
=5
(i) Withx=-2 xX-2X-4x+8=(-2°-2(-2°-4(-2)+8
=-8-8+8+8
=0
[ 3marks]
(b) From part (a),( x + 2) is a factor, by the factor theorem

X2 — 4x + 4
x+2|x3—2x2—4x+8

x3 + 2x2
— 4x2 — AX
~ 4x2 - 8x
4 + 8
4 + 8

0 « As expected

x> — 252 — 4x + 8
(x+2)(x2—4x+4)
(X+2)(x=-2)(x-2) =
Eitherx = -2 or x = 2

0
0
0

The solution setig € {2}
[ 4 marks]



Answer 6

f(x):x3+ax+6

(1) By the remainder theorenf(3)

3>+ a3 +6
27+ 3a + 6
3a

a

12

12
12
-21
-7

(]
[ 2marks]

(i) The function can now be written with7 in place ofa

f(x):x3—7x+6

Looking at this, it's obvious that = 1 is a solution

Thatis,(x — 1) is a factor

0 « As expected

XX + X — 6

x—1|x3+0x2—7x+6
x3 — X2

X2 — 7x

X2 — X

- 6X + 6

- B6X + 6

x3—7x+6:

(x—l)(x2+x—6):
(X=-1)(x+3)(x=-2) =

0
0
0

[ 3marks]



Answer 7
f(x) = x>+ ax? + bx + 3
(a) By the remainder theorenfi,(—2) = 7
-2°+a(-2%+b(-2+3=7
-8+4a-2b+3=17

da—2b =12
Divide through by 2
2a—-b =6 O
[ 2marks]
(b) By the remainder theorenfi(1) = 4
W3 +a@?+bl)+3=4
l+a+b+3=14
a+b=20

Combining the two results as simultaneous equations,

2a—-b =6
ADD a+b=0
3a =6

[ 4 marks]



Answer 8
f(x) = 2x° — 3x% — 3% + 20

(a) f(—4) = 2(—4)° - 3(—4)° — 39(-4) + 20
~128 - 48 + 156 + 20
-0

- (X + 4) is afactor off (x) by the factor theorem

(b)
2x2 — 11X + 5
X + 4] 2x3 — 3x2 - 3% + 20

2x3 + 8x2
- 11x2 - 3%
— 11x2 — 44x
5 + 20
5 + 20

0 « As expected
253 -3 — 3% +20=0

(x+4)(2x¥° - 11x+5) = 0
(XxX+4)(2x-1)(x-5)=0

[ 2marks]

[ 4 marks]



Answer 9
f(x) = XX - 2x% + ax + b

(a) By the remainder theorenf,(2) = 1
22-22°+a@+b=1

1

1

8-8+2a+b =

2a+ b =
By the remainder theorenfi,(— 1) = 28
1% -2(-1%+a(1)+b=28
-1-2-a+b=28
-—a+b=231

Combining the two results as simultaneous equations,

2a+b=1
SUBTRACT —a+b=31
3a = -30
a=-10 = b=21
[ 6 marks]
(b) The function is now known to be,
f(x) = x> - 2x% - 10x + 21
f(3 = (3° - 2(3°% - 1003 + 21
=27-18-30+ 21
=0
- (x = 3) is afactor off (x), by the factor theorem
[ 2marks]
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