7.3 Answersto 7.2 Test

A-Level Pure Mathematics, Year 1
Additional M athematics

The Algebra of Polynomials

Answer 1
p(x) has degree @t's a Quatrtic)
[ 1mark ]
Answer 2
(1) A degree 2 polynomial is called a quadratic
(and its graph is termed a parabola)
[ 1 mark ]
(ii)  Adegree 5 polynomial is called a quintic
[ 1mark ]

Answer 3
f(X) = 3x - 5x° — 16x + 12
(a) The remainder whefi (x) is divided by(x — 2) is given byf (2)
by the remainder theorem.
f(2) = 3(2° - 52 - 16(2) + 12
=24-20-32+ 12
= -16
[ 2marks]

(b)

X + 2[3x3 — 5x2 — 16x + 12

3x3 + 6x2
— 11x2 — 16x
- 11x2 - 2%
6x + 12
6x + 12

0 « As expected
f(x) = 3x° — 5x° — 16x + 12

= (x+2)(3x% - 11x + 6)

= (X+2)(3X-2)(x—-23)
[ 4 marks]



Answer 4

f(x):x3+4x2+x—6

(a) f-2) = (-2°+4(-2°+(-2) - 6
=-8+16-2-6
=0
s (X + 2) is a factor off (x) by the factor theorem
[ 2marks]
(b)
X2 + 2x — 3
X + 2[x3 + 4x2 + x - 6
x3 + 2x2
22 + X
2x2 + 4x
- 3 - 6
- 3 - 6
0 « Asexpected
x3+4x2+x—6=(x+2>(x2+2x—3)
= (X+2)(x-1)(x+3)
[ 4 marks]

(c) The solutions are,
X=-3 x=-2o0rx=1
[ 1mark ]



Answer 5

f(x) = axC + bx® — 4x - 3

(a) The question is, in effect, saying that,

f (1) = 0 by the factor theorem
all)+b@L®-41)-3=0
a+b-4-3=0
a+b=7 O

[ 2marks]
(b) The question is, in effect, saying that,

f (-2 = 9 by the remainder theorem

a-2%+b(-2%-4(-2-3=9
-8 +4+8-3=9
—8a+4b =4
Divide through by- 4
2a—-b=-1

Combining this equation with that of part (a) simultaneously,
a+b= 7
ADD 2a—b=-1

3a 6



Answer 6

(a)

(b)

(c)

Or (x2 + 3X + 5) = 0in which casex =

f(x):x3—x2—7x+c
f(49 =0
@ - @2 -T7H+c=0
64-16-28+¢c =0
c=-20

Part (a) indirectly revealed thaix — 4) is a factor off (x) by
the factor theorem

X2 + 3 + 5

X — 4] x3 — x2 - 7x - 20
x3 — 4x2
3x2 - 7x
3x2 — 1
5x - 20
5 - 20

0 <« Asexpected
XX — X2 — Tx — 20

(x—4)(x2+3x+5)

f()

It is required that the following equation be solved,
fx) =0
X2 —7x-20=0
(x—4)(x2+3x+5) =0

Either (x — 4) = 0 in which casex = 4

_3++4/32_4x1x5

2x1
-3 ++-11
2
but this has no real solutions

X =

. X = 4is the only solution

[ 2marks]

[ 3marks]

O

[ 2marks]



Answer 7

px) = 453 + ax® + bx + 15

By the remainder theorenp,(1) = 90
412 + a(1)® + b(l) + 15 = 90
4+a+b+15= 90

a+b=171

By the remainder theorenfi,(-1) = —4

4-13+a-1%+b(-1)+15=-4

-4+a-b+15=-4
a-b=-15

Combining the two results as simultaneous equations,

a+b= 71
ADD a-b=-15
2a = 56
a =28 = b = 43
[ 7marks]
Answer 8
f(x):x4—3x2—ax+b g(x):x3—3ax+5b

By the factor theorem, if a polynomial is divisible by — 2) then letting

X = 2 causes the polynomial to equal zero.

f(2=0 g2 =0
2*-32°-a@+b=0 23 - 332 +5 =0
16-12-2a+b =0 8-6a+5b=0
-2a+b=-4 —6a+5b=-8

2a-b =4 6a— 50 = 8

Thus 2(2a-b) = 6a - 5b
da - 2b = 6a — 5b
3b=2a 0O

[ 5marks]

Alternatively solve simultaneous equation toget 3andb = 2
from which the requested result follows.



Answer 9
f(x) = 253 — 552 + ax + 18
(a) As (x — 3) is a factor, puttingk = 3 into f (x) will causef (x) to
equal zero, by the factor theorem,
~23°-53%+a@ +18=0
54-45+3a+18=0

3a=-27 a=-9 O
[ 2marks]
2x2 + X — 6
x — 3] 2x3 - 5x2 — 9x + 18
2x3 - 6x2
2
(b) X — 9
x2 — 3
- b6x + 18
- 6x + 18
0 « As expected
f(x) = 253 — 5x% — 9x + 18
= (x—3)(2x2+x—6)
= (X=-3)(2X—-3)(x+ 2)
[ 4 marks]
(c) It's helpful to solve the equatidn(x) = 0
Thatis, (X — 3)(2x - 3)(x+2) =0
Eitherx = 3 or x = > orx = -2
g(y) = 2(3¥) - 5(3¥) - 9(?) + 18
3 2
=23 -51@) -9(d) + 18
Solvingg(x) = O is the same as solvinfy(x) = 0 with x = 3’
- Either® =3 = y=1
or3d = % =y = % = 0.3690702464. (accept T+l)
or 3 = -2 = No solutions
[ 3marks]
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