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COORDINATE GEOMETRY
The Straight Line

Lesson 1

A-Level Pure Mathematics, Year 1
Additional Mathematics

GCSE
Coordinate Geometry
1.1 Gradient of Straight Lines
Most straight lines can be written in the forny, = mx + ¢

where mis the gradient of the line
and c is they axis intercept

The exception is vertical lines, such as, for examgte3.

The gradient between two poirk$ X,, Ya) andB( Xy, Vb ) is given by,

m = Yo — Ya

Xo — Xa
. . AY . rise
This is often writtenm = N which some remember,aan = Ton

By eye, graphs are always read from left to right.
A line with height that is increasing, left to right, has a positive gradient.
By makingAX = 1 the gradient becomes what you go up by, for every 1 moved ac

y=-X A m=1
y m>1
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On the graph below plot the lines with equations;

1.2 “Together” Exercise

Question 1

(i)

-2x + 11

y:
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= —Xx-4
y=3

y=3x+1
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[ 5 marks ]

Teaching Video http://www.NumberWonder.co.uk/v9033/1a.mp4


http://www.NumberWonder.co.uk/v9033/1a.mp4

Question 2
Without plotting a graph, find the equation of the line with gradient 2 through ( 5,

Write your answer in the formm=mx+c
[ 3 marks ]

Question 3
Without plotting a graph, find the equation of the line between the p&i(, 11 )
and B (5, 20).

[ 3 marks ]

Teaching Video http://www.NumberWonder.co.uk/v9033/1b.mp4
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y=-2x-7

X+ 3

A

y

Any solution based entirely on graphical
Marks Available : 50
y =
Clearly show which equation goes with which line.

or numerical methods is not acceptable
Shade in the triangle formed and mark on the triangle's right angle.

On the graph below plot the lines with equations;

1.3 Exercise
Question 1

(i)
(i)
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[ 5 marks ]
[ 3 marks ]

mx+cC

Without drawing a graph, find the equation of the line with gradient 3 through ( 2,

Write your answer in the formy

Question 2



Question 3
Without drawing a graph find the equation of the line between the pA{ri2s5 )
and B( 5, 17)

[ 3 marks ]

Question 4

On each of the following graphs,

(a) Carefully draw a line that passes exactly through the two points at
the centre of the octagons

(b)  Write down the equation of the line, where possible, in the jormx+ c

(1) (i)

[ 2, 2 marks ]

[2, 2 marks ]



[ 2, 2 marks ]

( vii )

[2,2 marks ]

[ 2, 2 marks ]



[ 3 marks ]
[1mark ]
[ 1mark ]
[ 1 mark ]
Hence, or otherwise, determine the area of the triangle enclosed by the three line
[ 3 marks ]

, write that line's equations.

Next to each line, at a suitable place

Calculate the area of triangle
Calculate the area of triangie

On the graph below theaxis runs from+10 to +10 and thg-axis does the same.
Calculate the area of triangle

Three straight lines are plotted.

(1)

A question on the “throw a box around” method to find the area of a triangle

Question 5

(i)
(iii)
(iv)
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Question 6
Find the distance between the poirtg 2, 11 ) andB (5, 20).
Give your answer in the formy 10 wherep is an integer to be found.

HINT : The Theorem of Pythagoras

[ 3 marks ]

Question 7
Without drawing a graph, find the equation of the line with gradient 0.5 that passe
through the point ( 12, 2'), writing your answer in the fgrsmmx+ c

[ 3 marks ]

Question 8
Without drawing a graph, find the equation of the line between the pai6& 5 )
and B ( 7,— 11 ). Show your working.

[ 4 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



1.4 Answers

Additional Mathematics

A-Level Pure Mathematics, Year 1

GCSE

Coordinate Geometry

1.4.1 Solutions to 1.2 “Together” Exercise

Answer 1

]
doJdoJdd_d_J

_dadodododa
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-dad

[ 5 marks ]

Answer 2

y=nNX+cC

1=2x5+¢c=c¢c=-9 = Thelineisthusy = 2x - 9

[ 3 marks ]

Answer 3

AY
AX

y=nmx+c

20- 11

11=3x2+cC

The line isthusy = 3x + 5

[ 3 marks ]



[ 5 marks ]
[ 3 marks ]
[ 3 marks ]

1.4.2 Solutions to 1.3 Exercise

Answer 1
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Answer 2

y=nX+C
13=3x2+cC

=3X+7

The line is thusy

Answer 3

y=mx+c

5=4x2+cC

The line is thusy = 4x — 3



Answer 4

[ 2, 2 marks ]
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[ 2,2 marks ]
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[2,2 marks ]

X+ 2
= 27

y:
- 45
y = —4x + 17

Answer 8

(x
y=-2Xx-6

© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com

X+ 1
y=X+6
Answer 7

18
9
18
The area of the enclosed trianglebis< 12

y

It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020

AreaAA
AreaAB
AreaAC

(ix)

y = 4x

This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School

Answer 5

(1)

(i)

(i)
(iv)
Answer 6
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Lesson 2
A-Level Pure Mathematics, Year 1
Additional Mathematics
GCSE
Coordinate Geometry
2.1 Line Segments
A line segment is simply a piece of straight line between two endpoints.

The length of a line segment is found by using the theorem of Pythagoras.

The coordinates of the midpoint of a line segments are found by taking the
average (the mean) of tlxgparts of the two endpoints, to give thgart of the
midpoint, and, separately, taking the average (the mean) pipdues of the two
endpoints to give the part of the midpoint.

These comments are formalised in the following theorem;

The Length and Midpoint of a Line Segment

B (XBa YB)

AY
A (XA’ yA)

AX

A line segment with endpoints(x,, Ya) andB(Xg, yz) has a length given by

|AB| =/ (AX)2 + (AY)?
where AX = xg — Xa and AY = yg — Ya
Furthermore,

X8+ Xa Y8+ Ya
2 7 2

Midpdnt AB = (

. AY
The AXandAY are the same as that used to calculate gradient, —

AX
In three dimensions with endpoirAs Xa, Ya, Za) andB( Xg, Vs, Z5) the theorem

is only marginally more complicated

|AB| = / (AX)2 + (AY)? + (AZ)2
where AX = Xg — Xa, AY = Vg —YaandAZ = zz — 2,

Midpant AB = ( otk YotV Z T ZA)
2 2 2




2.2 Example
The graph of this function is a line segment.

xe R, 2<x<10

1,

—X +

2
Sketch the line segment on the grid below, and determine its length and midpoint

1
using the theorem, “The Length and Midpoint of a Line Segment”
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Teaching Video http://www.NumberWonder.co.uk/v9033/2.mp4

[ 7 marks ]


http://www.NumberWonder.co.uk/v9033/2.mp4

2.3 Exercise

Any solution based entirely on graphical

or numerical methods is not acceptable

Marks Available : 55

The graph of this function is a line segment.

Question 1

-—x+8 xeR, 3<x<15

g =

117 14 1'6

10

8 |

6 |

4 |

? |

[ 3 marks ]

Use the theorem “The Length and Midpoint of a Line Segment”

to calculate the exact length of the line segment.

(i)

[ 2 marks ]

Use the theorem “The Length and Midpoint of a Line Segment”

to determine midpoint of the line segment.

(i)

[ 2 marks ]

Without drawing a graph, and showing your working, determine the exact distanc
between the two pointd (- 15 —2) andB(9, 5)

Question 2

[ 3 marks ]



The graph of this function is a line segment.

Question 3

[ 3 marks ]

Use the theorem “The Length and Midpoint of a Line Segment”

to calculate the exact length of the line segment.

\4

\4
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X e R,

1,

—X +

h(x) =

Sketch the line segment on the grid below
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[ 2 marks ]
[ 2 marks ]
[ 2 marks ]

=M+ C

Use the theorem “The Length and Midpoint of a Line Segment”

to determine midpoint of the line segment.

A straight line has equatiofly — 12x + 3 = 0

Write this equation in the forny

Question 4

(i)



Question 5
IGCSE Examination Question from January 2020, Paper 1H, Q1 (Edexcel)

The pointAhas coordinates5, — 4)

The pointB has coordinates 13 1)
(a) Work out the coordinates of the midpointAB

[ 2 marks ]
Line L has equatiory = 2 — 3X
(b)  Write down the gradient of linke
[ 1 mark ]
(c) Does the point with coordinatésl00 — 302) lie onL ?
You must give a reason for your answer
[ 1 mark ]

Question 6
IGCSE Examination Question from January 2018, Paper 3H, Q10 (Edexcel)

The straight lind. is parallel to the line with equatio2y + 8x = 5

L passes through the point with coordinates ( 2, 3)
Find an equation fdc

[ 3 marks ]



Question 7
Additional Mathematics Examination Question from June 2017, Q4 (OCR, FSMQ

The coordinates A andB are( 1, 5) and (-3, 7) respectively
(1) Calculate the exact length AB

[ 2 marks ]
(i) Find the coordinates of the midpointAB

[ 1 mark ]

Question 8
Additional Mathematics Examination Question from June 2009, Q3 (OCR, FSMQ

Ais the point( 1, 5) andC s the point( 3, p)
(1) Find the equation of the line througtwhich is parallel t&x + 5y = 7

[ 2 marks ]
(ii) This line also passes through the p&int
Find the value op

[ 2 marks ]



Question 9
IGCSE Examination Question from June 2017, Paper 4H, Q13 (Edexcel)
Here are the equations of four straight lines,

Line A y=2x+3
Line B 2y = 6 — 3
LineC 4x -2y =3

LineD y=3-2X

Two of these lines are parallel.
(a)  Which two lines ?
[ 2 marks ]

Line L has a gradient of ; and passes through the point with coordindtes 3)

(b) Find an equation df
Give your answer in the forrax + by = ¢ wherea, b andc are integers

[ 3 marks ]
Question 10
A-Level Examination Question from January 2008, C1, Q4.
The pointA(-6, 4) and the pointB( 8, — 3) lie on the lineL.
(a) Find an equation fdr in the formax+by+c =0,
wherea, b andc are integers.
[ 4 marks ]

(b) Find the distanc@B, giving your answer in the form
kv'5, wherek is an integer.

[ 3 marks ]



Question 11

A-Level Examination Question from May 2010, C1, Q8

(a) Find an equation of the line joining (7,4 ) andB (2,0),
giving your answer in the fornax + by +c =0,
wherea, b andc are integers

(b) Find the length oAB, leaving your answer in surd form

The pointC has coordinates ( ), wheret > 0, andAC = AB
(c) Find the value of

(d) Find the area of trianglaBC

[ 3 marks ]

[ 2 marks ]

[ 1 mark]

[ 2 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School

It may be freely duplicated and distributed, unaltered, for non-profit educational use

In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder

Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



2.4 Answers

Additional Mathematics

A-Level Pure Mathematics, Year 1

GCSE

Coordinate Geometry

2.4.1 Solution to 2.2 Example (Teaching Video)

xe R, 2<x<10

X+ 1,

1
2

f(x) =

Endpoints are,

~
—_ ©
~N .
N S
o o
> o
<
2 6
I I
_ —
n +
~ 9
X X
|y — |
[ I
N —~
N )
“— N
-

[ 3 marks ]

|AB| = \/ (AX)2 + (AY)?

=J(10-2)2+ (6-2)2

82 + 42

= V80

4+/5
|
|

= (6, 4)

is the length of the line segment

[ 2 marks ]

|

Y + Ya
2

Xg + Xa
2

Midpant AB

)

6 +

10+ 2

[ 2 marks ]



2.4.2 Solutions to 2.3 Exercise

Answer 1

xe R, 3<x<15

8,

1
- =X+

3

g(x) =

(1)

3+8=7= A(3 7)

1
-—= X

3

EndpointA : g(3) =

15+ 8 =3 = B(15 3)

1
-— X

3

EndpointB : g(15

[ 3 marks ]

lkx

= (AX)2 + (AY)?

| AB|

(i)

32+ (3-7)?

J (5

4410

V122 + 42 = 4/160

|

[ 2 marks ]

|

Vs + Ya
2

Xg + Xa
2

Midpant AB

(i)

3+7
2

15+ 3
2
5

[ 2 marks ]

Answer 2

|AB| =  (AX)2 + (AY)?

=V (9- 1572 + 5 - (-2)?

242 + 72 = 25

[ 3 marks ]



Answer 3

<9

—Xx+1 xeR, -3<x

2
3

h(x) =

(1)

L x(=3+1=7> A3 - 1)

2
3

EndpointA : h(-3) =

9+1=23= B(9, 7)

2
— X
3

h(9) =

EndpointB :

[ 3 marks ]

+ (AY)?
J©@ = (=3)2+ (7- (-1)?2

= V122 + & =

|
|

|AB| = 4/ (AX)2

(i)

208 = 4V 13

[ 2 marks ]

|
)

Y8 + Ya
2

9

_ Xg + Xa
2

Midpant AB

(i)

7+ (
2

9+ (-3
2

= (3 3)

[ 2 marks ]

Answer 4

3
4

y-12X+3=0=>y=3X-

[ 2 marks ]



Answer 5

(a) Midpaint AB = ( Xe + Xa Yot Ya )
2 2

_(13+5 1+(_4))
= o :

-(s-3]
2

[ 2 marks ]
(b) Gradientis— 3

[ 1 mark ]
(c) Putx = 100intoy = 2 -3 = y = —298

. As the answer was net 302, the point( 100, —302) is not onL

[ 1 mark ]
Answer 6
2y + 8 =5=>y=-4+ gwhich has gradient of- 4
y=nmX+cC
3=-4%x2+cC
c=11
~. L has equatiory = —4x + 11
[ 3 marks ]
Answer 7
(i) |AB| = |/ (AX)2 + (AY)?
=J(3-12+(7-57
= N4+ 22
=120
= 25 s the length of the line segment
[ 2 marks ]
(i) MidpdntAB:(XB+XA, yB+yA)
2 2
_( -3 +1 7+5)
- 2 72
= (_17 6)

[ 1 mark ]



Answer 8

(1) 2x+5y=7:>y:—%x+%whichhasgradientof—%

y=nmM+cC
2
5=-—x1+c
27
cC=—
5
, . 2 27
The line througtA has equatiory = — EX + =
[ 2 marks ]
N 2 27
i = ——X+ —
(i) y = =
p = _2 x 3+ 27
5 5
_a
-5
[ 2 marks ]
Answer 9
(a) Putting all of the lines into thg=mx + ¢ format;
Line A y=2x+3
Line B 2y:6—3x:>y:—%x+3
. 3
LineC 4x -2y =3 :>y:2x_E
Line D y=3-2X
. Line A and LineC are parallel, both with a gradient of 2
[ 2 marks ]
(b)
y=nmX+cC
3 = _2 x1l+c
2
11
C=—
2
The line is thusy = —Ex + 11
2 2
2y = -5+ 11

5x + 2y = 11 is the requested format
[ 3 marks ]



Answer 10

(a)

m—A—Y = MX + C
= AX y_
-3-4
= 4 = — — -6
8- 6 2><( ) + C
:_l C=1
14
1 L 1
= -5 The line is thusy = —Ex+ 1
Thatis x+2y-2=20
[ 4 marks ]
(b) |AB| = / (AX? + (aY)?
=J(8-(=6))2+ (-=3-4)?
=V 1# + 72
= /245

= 75 s the length of the line segment
[ 3 marks ]



Answer 11

(a)
- &% = MX+C
T AX y =
-2 0=—x2+c
2-7 5
4 8
= — C = ——
> 5
The line is thusy = ix_i
5 5
Thatis, 4x -5 -8 =0
[ 3 marks ]
(b) |AB| = \/(AX)Z + (AY)Z
= J(2-72+(0- 4y
- V52 + 42
= /41
[ 3 marks ]
(c) t=8
[ 1 mark ]
(d) Arean = —bh
1
S X 8% (7-2)
= 20
[ 2 marks ]
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Lesson 3

A-Level Pure Mathematics, Year 1
Additional Mathematics

GCSE
Coordinate Geometry
3.1 Short Questions Homework
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1

Find the length of the line segment betwe®2, 9) and B( 3, 12)

[ 2 marks ]

Question 2
Determine the gradient of the line through the poiist, 3) andB(8, 11)

[ 2 marks ]

Question 3
. . 015_ . . 9
A line has a gradient b and cuts thg-axis at the point O, -

Write the equation of the line in the forgn= mx+ ¢, wherem andc are constants.

[ 2 marks ]
Question 4
A line has equation y3+ 4x+ 6 =0
Find (1) the gradient
and (i) they-intercept
of the line

[ 2 marks ]



Question 5

Find the equation of the line with gradie—é{ which passes through ( 3, 2)

[ 3 marks ]
Question 6
Find the equation of the line that passes through—1) and (3, 7)
[ 3 marks ]
Question 7
Find the coordinates of the point where the he —2x — 7 cuts
(1) they-axis
[ 1 mark]
(i) the x-axis
[ 1 mark ]

Question 8
For each of the following lines, decide if the point (4, 8) is on the line, or not.

(i) y=x

[ 1 mark]
(i) y=x+4

[ 1 mark ]
(iii) y=5-12

[ 1 mark]

(iv) y=-2x-38
[ 1 mark]



Question 9
Find the equation of the line with gradient 3 that passes through the point0 (1)

[ 3 marks ]

Question 10
Find the equation of the straight line throughX, 4 ) and ( 2, 3)

[ 3 marks ]

Question 11
The lines with equationsx5 6y =45 and $—x—5 =0 meet at the poiAt
Find an equation of the line througlwhose gradient is 2.

[ 4 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



3.2 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

GCSE
Coordinate Geometry

Answer 1
|AB| =/ (3-2)2+ (12-9)2
= V12 + 2
=10
[ 2 marks ]
Answer 2
_1-3 8 _ 2
™e="g"4 " 4"
[ 2 marks ]
Answer 3
_5,.,28
y=7*"73
[ 2 marks ]
Answer 4
4
3y+4x+6=0:>y:—§x—2
: . . 4
(1) gradient is — 3
(ii) y-axis interceptis- 2 Thatis, (0, -2)
[ 2 marks ]
Answer 5
y=nmMX+cC
1
2=—Xx3+¢C
2
o1
2
. . 1 1
.. The equation of the line ig = Ex+ >
[ 3 marks ]
Answer 6
-(=1
m= ——=28
3-2
y=nm+cC

7=8x3+Cc=>c=-17

. The equation of the line ig = 8x — 17
[ 3 marks ]



Answer 7
(1) (0, —7) Direct from the equation

(ii) Cutsx-axis wheryis zero,0 = —-2x - 7 = X = —%

Answer 8
(1) Yes,onthelinea8 = 2 x 4

(ii) Yes,onthelinea8 = 4 + 4
(i) Yes,onthelinea8 = 5x 4 — 12

(iv) No,notonthelinea8 # -2 x4 -8

Answer 9
y=nmX+cC
-05=3x1+4c=c¢c=-35
The line has equatiog = 3x — 3.5
Answer 10
__s-4 __1
2-(-1) 3
y:rnX-i-CZ>3:—iX2+C:>C:£
3 3
" Theequationofthelineiysz—%x+%
Answer 11
5x + 6y = 45 5X + 6y = 45
-X+3 =5 = - 2Xx+ 6y =10
7x = 35
X=5=y=
10 20
y=mMX+C= — =2X5+C=C=——
3 3
20
= 2X— —
y 3

49

2 marks ]

[ 4 marks ]

[ 3 marks ]

[ 3 marks ]

[ 4 marks ]
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Lesson 4
A-Level Pure Mathematics, Year 1
Additional Mathematics
GCSE
Coordinate Geometry
4.1 Lines at Right Angles

The Perpendicular Lines Theorem (Version 1)
If the gradient of the ling is m; and the gradient of the lingis m, then the

linesl, andl, are perpendicular if and only if

mxm=-1

Proof
Consider two pointsh andB on the lind; which has gradienty

ly
B

AY

AX

AY

AX

Now, consider a rotation ef 90° about the poin& which gives a liné, with
gradientm, which is perpendicular ta.

Clearly, m, =

Iy

AX
Clearly, = ———
y m, AV
AY AX
Observe that, X = X —
My X My AX AY



In many questions, the gradient of a first line will be known and the gradient of
a second, perpendicular to the first, sought.

In consequense the following version of the theorem is often of more use;

The Perpendicular Lines Theorem (Version 2)
Given a lind; with gradientm, then the gradienty, of any perpendicular link

is thesign changed reciprocal of m,.

. 1
Thatis,m, = ——
my

4.2 Example

Find the equation of the perpendicular bisector of the line seghiBent
where Ais(2,—-5) andBis(4, 1)

(1) Give your answer in the forng = mx+c

(i) lllustrate your answer with a sketch graph.

L_oLb_b_b_b_b_bL_bL_p_bt_b_b_b_L_L_L_

[ 4 marks ]


http://www.NumberWonder.co.uk/v9033/4.mp4

4.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
A line, L, has equation
2 1
Y33
(1) What is the gradient df ?

[ 1 mark]
(ii) What would be the gradient of a line, perpendiculdr

[ 1 mark]
Question 2
A line has equatio2x + 5y — 4 = 0
(1) Write this line's equation in the foryr= mx+c

[ 1 marks ]

(i) Hence state the gradient of the ligge + 5y — 4 = 0

[ 1 mark]

(i)  What is the gradient of a line, perpendicular2lo+ 5y — 4 = 0 ?

[ 1 mark ]
Question 3
A line has equatiorbx — 3y — 2 = 0
(1) What is the gradient of this line ?
[ 2 marks ]

(i) What is the gradient of a line perpendicularso— 3y — 2 = 0 ?

[ 1 mark ]



Question 4
Additional Mathematics Examination Question from June 2015, Q1, (OCR, FSMC

Find the equation of the line which is perpendicular to the2xe 3y = 5 and

which passes through the poinB, 4)

[ 3 marks ]

Question 5

A-Level Examination question from May 2011, C1, Q3 (Edexcel)
The points? andQ have coordinates—1, 6) and (9, 0) respectively.
The linel is perpendicular t€Q and passes through the mid-poinf@).
Find an equation fdr, giving your answer in the forrax + by + ¢ = 0,
wherea, b andc are integers.

[ 5 marks ]



Question 6
A-Level Examination Question from January 2010, C1, Q3 (Edexcel)

The linel; has equatiorBx + 5y — 2 = 0
(a) Find the gradient df

[ 2 marks ]
The linel; is perpendicular th and passes through the point ( 3, 1)
(b) Find the equation d in the formy = mx+ ¢, wherem andc are constants

[ 3 marks ]

Question 7
A-Level Examination Question from January 2006, C1, Q3 (Edexcel)

The lineL has equatiory = 5 — 2x
(a)  Show that the poinP(3, —1) lies onL

[ 1 mark ]
(b) Find an equation of the line perpendiculat.tavhich passes

throughP. Give your answer in the forax + by + ¢ =0,
wherea, b andc are integers.

[ 4 marks ]



Question 8
Additional Mathematics Examination Question from June 2014, Q8 (OCR)

Four points have coordinatés—5, —1), B(0, 4), C(7, 3) andD(2, -2)

(1) Using gradients of lines, prove th@BCD s a parallelogram

[ 2 marks ]

(i) Using lengths of lines, prove thaBCDis a rhombus

[ 2 marks ]

(iii)  Prove thaABCDis not a square

[ 2 marks ]



Question 9
A-Level Examination Question from January 2011, C1, Q9 (Edexcel)

The lineL; has equatiory — 3x — k = 0, wherek s a constant

Given that the poilA( 1, 4) lies onL, find,
(a) the value ok,

[ 1 mark]
(b) the gradient ofL;
[ 2 marks ]
The line L, passes through and is perpendicular 1o
(c) Find an equation of_; giving your answer in the form
ax+by+c =0, whereg, b andc are integers.
[ 4 marks ]
The line L, crosses thg-axis at the poinB
(d) Find the coordinates &
[ 2 marks ]

(e) Find the exact length &B

[ 2 marks ]



Question 10
A-Level Examination Question from May 2007, C1, Q11 (Edexcel)

The linel, has equatiory = 3x + 2,

and the lind, has equatiorBx + 2y — 8 = 0
(a) Find the gradient of the lin&

[ 2 marks ]
The point of intersection of, and |, isP
(b) Find the coordinates &

[ 3 marks ]
The linesl; and |, cross the linegy =1 at the
pointsA andB respectively.
(c) Find the area of trianglaBP

[ 4 marks ]

This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



4.4 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

GCSE
Coordinate Geometry
4.4.1 Solutions to 4.2 Example (Teaching Video)

Ya
[ e e e e e e I e T T |
1 ! |
| B’ :
: —p
: / | X
; / ~
| A‘ :
oLb_b_Lb_Lb_b_b_L_p_bt_L_L_L_L_L_L_
Midpaint of AB = ( AJRIECHE L yA)
2 2
B ( 44+2 1+ (-5 )
B 2 2
= (3,—2)
. AY 1- (-5 6
fAB: = = — =
Gradient o AX i3 > 3
1

The line perpendicular tABwill have gradient- 3

(“Sign changed reciprocgl”

Equation of perpendicular bisector:

y=nNMX+C
1
-2=-— x3+cC
c=-1
1
Thus, =-—x-1
y=73

[ 4 marks ]



4.4.2 Solutions to 4.3 Exercise

Answer 1
(1) % (i) _%
[ 1,1 mark]
Answer 2
(1) y=—%x+% (i) —% (i) g
[1,1,1mark]
Answer 3
_ 5 .2
y=73%X73
) 5 .. 3
(i) 3 (i) -5
[2,1 mark]
Answer 4

2 5 . 2
2X+3y=5=>y= —§x+ Ewhlchhasgradlen% 3

Require a line with the sign changed reciprocal gradient threGght )

y=nNX+cC

3 1
4 =—x3+c¢C cC=-——
2 = 2

,_3 1
Ly = > >
[ 3 marks ]
Answer 5
Midpdnt PQ = 9+ D 0408 _ (4 3
2 2
0-6 6 3
GradientPQ = — = - — = — —
radent PQ = 57— 10 5
Require a line with the sign changed reciprocal gradient throdgts)
y=nmX+C
3:£x4+c:>c:—£
3 3
'.y:%x—%:Sx—S’y—llzo

[ 5 marks ]



Answer 6

(a) 3x+5y—2:0:>y:—%x+%

. The linel, has a gradient of- %
[ 2 marks ]
(b) Requirel, to have sign changed reciprocal gradient through 1)
y=nmX+C
5
= %3 = -4
3 x3+C=>¢cC

5
Ty=—x-4
=3

1

[ 3 marks ]

Answer 7
(a) Putx =3intoy=5-2x=>y=-1
- As the answer was 1, the point(3,—-1) isonL
[ 1 mark ]
(b)  The sign changed reciprocal gradient throy@h— 1) leads to,
y=NnMX+C

i><3+c:>c——E
2 2

-1

1 5
y > 5 y

[ 4 marks ]



Answer 8

. 4 - (-1 5 (-2 -3 -5
() Me=43"C5 =5 e = "% 7 5
s Asmyg = mep, ABis parallel taCD
_3-4 -1 _-2-(-1) -1
Mec = 2"0 " 77 ™A= 5" T 7

- Asmgc = Ny, BC is parallel taDA
Taken together, these two results show ABEDis a parallelogram™

[ 2 marks ]
(ii) |AB| = /(0 - (-5)2 + (4- (-1 =50
IBC| = (7-02+@3-42 = V50
ol = J@-72+(-2-32 =50
|DAl = 2~ =92+ (-1 - (-2)2 =50
-.As|AB| = |BC| = |CD| = |DA|, ABCDis arhombus O
(All sides have the same lengtfi50 )
[ 2 marks ]

(i)  Asmg X mgc # — 1the linesABandBC are not perpendicular
which they would be, iIRBCDwhere a square.
. ABCDis not a square O

[ 2 marks ]



Answer 9

(a)

(b)

(c)

(d)

(e)

2y — 3 — k = 0with A(1, 4)
= 2x4-3x1-k=0

k=5
[ 1 mark]
3 5
2y -3 -5=0 = —X+ —
y =Y > X 5
. .3
. The gradient ok, ISE
[ 2 marks ]
The sign changed reciprocal gradient throagh, 4) leads to,
y=nmMX+C
4:—£><1+c:>c:£
3 3
-.y:—%x+% = 2X+3y—-14=0
[ 4 marks ]
Where a line crosses theaxis, y =0
2X+3x0-14=0
2x = 14
X =17 = B(7, 0)
[ 2 marks ]

A(l, 4), B(7, 0)

|AB| =/ (7- 172 + (0 - 4
N
=52
= 24/13

[ 2 marks ]



Answer 10

(a) 3x+2y—8:0:>y:—%x+4

. the linel, has a gradient of- %

[ 2 marks ]
(b) 3x+2:—%x+4
multiple through by 2
6Xx + 4 = -3x + 8
9% = 4
Lo A
9
4
=3X —=+2
y X 5 +
_ 10
-3
.. Pis the point( i 1—0)
9" 3
[ 3 marks ]
, . 1 1
(c) To find the pointA, 1:3x+2:>x:—§:>A(—§, 1)
, . 3
To find the poinB, 1 = —?x + 4
multiply through by 2
2=-3X+8
X=2= B(2, 1)
1
Area A = —bh
Be =3
(o3 -
2 3 3
1 7 7
= — X — X —
2 3 3
49
=18 (about 2.72
[ 4 marks ]
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Lesson 5

A-Level Pure Mathematics, Year 1
Additional Mathematics
GCSE

Coordinate Geometry

5.1 TEST
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 74
Question 1

Determine the gradienty, of the line between the poims( 7, 2 ) andB ( 15, 6)
by using the formula;

Ay

AX

m =

[ 2 marks ]

Question 2

(Xa, Ya) and (xs, Yg) have midpoint( Xg + Xa  YB+ Ya )

2 ’ 2

Find the midpoint of the line segment with end poiAt6é4,—9) and B(6,7)

[ 2 marks ]

Question 3
Find the exact distancB, between the pointa (3,-1) andB (15, 4)
by using the formula;

D =\ (A%2 + (Ay)?

[ 2 marks ]



Question 4
A line, L, has the following equation,

__A L2
y=73 5

(1) Write down the gradient of a line that is parallel with
[ 1 mark ]

(ii) write down the gradient of a line that is perpendicular Wwith

[ 1 mark ]

Question 5
What is the equation of the line with gradient 5, through the point ( 11, 21) ?
Give your answer in the formg = mx+ ¢, with m andc being constants.

[ 3 marks ]

Question 6
What is the gradient of the line with equatibx — 4y — 12 = 0 ?

[ 2 marks ]



Question 7
The graph of this function is a line segment.

f(x):%x+4, xeR, —-6<x<12

(1) Plot the line segment on the grid.
[ 3 marks ]

(i) Find the equation of the perpendicular bisector of the line segment

[ 5 marks ]

(iii)  Add a plot of the perpendicular bisector onto the grid
[ 2 marks ]



Question 8
IGCSE Examination Question from May 2019, Paper 1H, Q23 (Edexcel)

ABCD s a kite withAB = AD and CB = CD
Bis the point with coordinateg10, 19)

D is the point with coordinates2, 7)
Find an equation of the linkC

Give your answer in the forpy + gx = r wherep, gandr are integers

[ 5 marks ]



Question 9
The linel passes through the point ( 3, 7 ) and is perpendicular to the line with
equation;

1
= —X-2
y=3

(1) Find an equation fdr

[ 3 marks ]

(i) Find the coordinates of the point where the lines intersect

[ 3 marks ]



Question 10

The straight line through the poins(—3, 3) andB (2, 18) meets the coordinate
axes at the point8 andQ.

Find the area of a square havin@ as one of its sides.

[ 5 marks ]



Question 11
A line whose gradient i% passes through the point of intersection of the lines;

y=3x+8 and y = -2x+ 13

Find the line's equation in the forax + by + ¢ = 0 wherea, b andc are integers.

[ 6 marks ]



Question 12

2

The line with equatiory = 3x + 1 cuts the curve with equation = x~ + 4x — 5

at the point#A andB.
Calculate the exact length AB.

[ 6 marks ]



Question 13
A-Level Examination Question from January 2012, C1, Q6 (Edexcel)

A

y
/1
B

The linel; has equatior2x — 3y + 12 = 0
(a) Find the gradient df

[ 1 mark]
The linel; crosses thg-axis at the poinA and they-axis at the point B.
The linel; is perpendicular th and passes throudh
(b) Find an equation of»
[ 3 marks ]

The line |, crosses thg-axis at the poinC.
(c) Find the area of trianglaBC

[ 4 marks ]



Question 14
A-Level Examination Question from May 2006, C1, Q11 (Edexcel)
The linel; passes through the poinis(— 1, 2) andQ ( 11, 8).

(a) Find an equation fdg in the formy = mx+ ¢, wherem andc are constants.

[ 3 marks ]
The linel; passes through the poifR( 10, 0) and is perpendicularlio
The lined; andl; intersect at the poir&
(b)  Calculate the coordinates &f

[ 4 marks ]
(c)  Show that the length &Sis 35

[ 2 marks ]
(d) Hence, or otherwise, find the exact area of triaRgMR

[ 4 marks ]
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5.2 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

GCSE
Coordinate Geometry

Answer 1
6-2 4 1
™e= 7677872
[ 2 marks ]
Answer 2
. . 4 7 -
Midpadnt AB = ( 6+ , + 9 ) =(5-1)
2 2
[ 2 marks ]
Answer 3
D=4y (15-32+ (4-(-1)» =12+ 5 = 13
[ 2 marks ]
Answer 4
. 4
(i) Myaaie = -
N 5
(i) Mperpendicular = 2
[1, 1 mark]
Answer 5
y=NMX+C
21=5x11+4c=>c=-34
. The line will have equatioly = 5x — 34
[ 3 marks ]
Answer 6

X—-4-12=0
4y = 5x — 12

5
= —X-3
Yy =7

The gradient is%

[ 2 marks ]



Answer 7

(i), (iii)

(i)

f(-6) = % X (—6)+4 =2 = (-6, 2) is an endpoint

f(12) = % x 12+ 4 =8 = (12 8) is an endpoint

Midpant =

: 1 : . : .
Gradient = 3 from the equation given in the question

12+ (-6) 8+2)\
2 2 )_(3’5)

[3,2 marks ]

Require a line with the sign changed reciprocal gradient thro3gtb)

y
5

mx + C
-3x3+c=>c=14
-3x+ 14

[ 5 marks ]



Answer 8
2+10 7+ 19

Midpant BD = , = (6, 13
p > > ( )
i 7 - 19 -12 3
t BD = = — = —
Gradien 210 8 >

Require a line with the sign changed reciprocal gradient throéghl3)

y=NnmX+C
2

13:—§x6+c:>c:17
2

Ty =-—-—x+17

y =73

multiply through by 3

y = —-2x + 51
3y + 2x =51
[ 5 marks ]
Answer 9
(1) The sign changed reciprocal gradient B
y=nmX+cC
7=-2%x3+Cc=>c=13
. The linel has equatiory = —2x + 13
[ 3 marks ]

(i)
-2x+ 13 = %x— 2
multiply through by 2
-4+ 26=x-4
ox = 30
X=6=y=1

The two lines intersect at the poif6, 1)
[ 3 marks ]



Answer 10

e = 18-3 _ 15 _,
7 2_-(-3 ~ 5

y=mX+cC
188=3%x2+c=c=12
. The line througlAandBis y = 3x + 12
This line cuts the-axis wheny =0 = (-4, 0)

and cuts thg-axis at (0, 12)
Square has sides of lengti22 + 44 = v/160 (= 4V10)

.. Area of the square B50units’

[ 5 marks ]
Answer 11
X+ 8=-2x+ 13
5Kk =5
XxX=1=y=11

So a line through( 1, 11) with gradient% Is required

y=mx+c
1 21
11 = —x1+cC cC = —
2 = 2
_ 1.2
y=3 2

T X—-2y+21=0
[ 6 marks ]



Answer 12

2

X" +4x -5 X+1

x2+x—6 0
(X+3)(x-2)=20
Eitherx = =3 or x = 2

Points of intersection are thus-3, —8), (2, 7)

D=y (7-=82+@2-(-3)72
= V1% + 5

= v 250

= 5410 (aboutl5.8)
[ 6 marks ]

Answer 13

(a) 2x—3y+12:0:>y:%x+4:.m=

wl|n

[ 1 mark ]
|, has a sign changed reciprocal gradien%o% throughB( 0, 4)

3
y=—Sx+4
y 2X+
[ 3 marks ]
8
c:—,o)
(¢) cf=

Area AABC =

[ 4 marks ]



Answer 14

(a) m——8_2 —i—i
S 11-(-1) 12 2
y=mM+cC
8:ix11+c:>c:£
2 2
y_1,..5
Y= 3 2

[ 3 marks ]
(b) I, has a sign changed reciprocal gradient-a2 throughR( 10, 0)

y=NMX+C
0=-2x10+c =>c=20
.y = —2x + 20 is the equation df,

Intersection is when% X + % = —-2X+ 20

multiply through by 2
X+5=-4x+ 40
5 = 35

X=7=>y=6

- S(7, 6)
[ 4 marks ]
(c) R(10, 0), S(7, 6)
|RS| = 4/ (7= 102 + (6 — 0)2

= V3 +6?

- V45

= 35 O
[ 2 marks]

(d) P(-1, 2), Q(1L, 8)
IPQ| =/ (8- 22+ (11 - (-1) )2
- Je2 1+ 122
V180
6V5 O

A diagram is needed to properly see what is going on...



P(-1, 2), Q(11 8), R(10, 0), S(7, 6)

(d)

|PQ[ x |RS|

— X
2

1
1

AreaAPQR =

6v5 x 3V5

— X
2
= 45

[ 4 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School

profit educational use

It may be freely duplicated and distributed, unaltered, for non
In October 2020, Shrewsbury School was votedépendent School of the Year 2020

© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



Lesson 6
A-Level Pure Mathematics, Year 1
Additional Mathematics
Coordinate Geometry

6.1 The Equation of a Circle
In the work of straight lines, a geometric object was analysed using algebra.
Extensive use was made of the equatica mx + ¢ and anunderstanding of
how the various parts of that equation related to the particular straight line under
consideration; that the value wfgave information about gradient, and that the
value ofc gave information about where the line intercepted/taris.
A similar approach is taken with circles.

The Equation of a Circle
(x—aY +(y-by¥ =r
represents a circle with centre,( ) and radius

2

6.2 Example

For the circle with equation{ x — 4)2 + (y+ 3)2 = 25

(1) Write down the coordinates of the circle's centre and state its radius.
(ii) Prove that the circle passes through the origin.

(iii)  Sketch the circle, using the NEWS method.

[2,2,2marks ]
Teaching Video http://www.NumberWonder.co.uk/v9033/6.mp4

al;f;j: . I‘ The video walks through the above example


http://www.NumberWonder.co.uk/v9033/6.mp4

6.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 60
Question 1

(x - 16)2 +(y - 9)2 = 100
State the radius and the centre of this circle

[ 2 marks ]
Question 2
(X + 252 + (y + 121 = 17
State the radius and the centre of this circle
[ 2 marks ]
Question 3
(x — 12)% + (y + 5)° = 400
(1) State the radius and the centre of this ciCle,
[ 2 marks ]

(i) What is the distance between the centre of the citglend the originQ© ?

[ 2 marks ]
Question 4
Write down the equation of a circle, centre ( 2, 8 ) and radius 7

[ 2 marks ]
Question 5
Write down the equation of a circle, centre2.1, 4.8) and radius 3.6

[ 2 marks ]

Question 6
Write down the equation of a circle, cengrel, — 5) and radius/ 13

[ 2 marks ]



Question 7
Additional Mathematics Examination Question from June 2006, Q4 (OCR)
(1) Find the distance between the points (2,3 )and (7,9)

[ 2 marks ]

(i) Hence find the equation of the circle with centre ( 2, 3) and passing
through the point (7, 9)

[ 2 marks ]

Question 8

Additional Mathematics Examination Question from June 2009, Q4, (OCR)
AB is a diameter of a circle, whefeis (1, 1) andBis (5, 3)

Find,

(1) the exact length oAB

[ 2 marks ]
(i) the coordinates of the midpoint AB
[ 1 mark]
(iit)  the equation of the circle
[ 3 marks ]

Question 9
Additional Mathematics Examination Question from June 2011, Q1 (OCR)
Determine whether the point ( 5, 2) lies inside or outside the circle whose

equation isx? + y2 = 30
You must show your working.

[ 3 marks ]



Question 10

Consider the circle with equatioox — 10)2 +(y - 8)2 = 100

(1)
(i)
(i)

(iv)

(v)

Write down the coordinates of the circle's centre

[ 1 mark ]
What is the radius of the circle ?
[ 1 mark]
Prove that the point ( 18, 14 ) is on the circle
[ 2 marks ]

Find the coordinates of the two points where the circle crossesattis

[ 2 marks ]
Sketch the circle by first plotting points

e with the help of the NEWS method
e using the answers to parts (iii) and (iv)
and making use of the circle's horizontal and vertical lines of mirror symn

[ 3 marks ]



Question 11
Additional Mathematics Examination Question from May 2012, Q10 (OCR)

A(l, 10), B(8, 9) andC(7, 2) are three points
(1) Find the coordinates of the midpoi, of AC

[ 1 mark]
(ii) Find the equation of the circle witkC as diameter
[ 4 marks ]
(iit)  Show that lies on this circle
[ 1 mark]
(iv)  Prove thaAM andBM are perpendicular
[ 3 marks ]

(v) BD is a diameter of this circle. Find the coordinateB of

[ 3 marks ]



Question 12
Additional Mathematics Examination Question from June 2013, Q11 (OCR)

A circle has equation( x — 2)2 + y2 = 100
(a)  Write down the radius and the coordinates of the ce@jref this circle

[ 2 marks ]
The liney = 2x + 6 cuts the circle at two pointd,andB
(b) Find
(1) the coordinates oA andB
[ 5 marks ]
(i) the midpointM, of AB
[ 1 mark]
(i)  the lengthAB
[ 2 marks ]

(c) Hence find the distance of the centre of the circle from theAlbhe

[ 2 marks ]

This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



6.4 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
6.4.1 Solution to 6.2 Example (Teaching Video)

Answer 1
(1) The centre ig 4, —3) and the radius is 5

[ 2 marks ]
(i)
LHS = (x - 4)2 + (y + 3)2
= (0 - 4)2 + (0 + 3)2 if the circle passes througto, 0)
S\
=16+ 9
= 25
= RHS
The circle passes througl®, 0) O
[ 2 marks ]
(i)

[ 2 marks ]



6.4.2 Solutions to 6.3 Exercise

Answer 1

Answer 2

Answer 3

(i)

(i)

Answer 4

Answer 5

Answer 6

(x - 16)° + (y - 9)° = 100
The centre ig 16, 9) and the radius is 10

(X + 252 + (y + 1212 = 17
The centre i§— 25 —121) and the radius is 17

(x — 122 + (y + 5)° = 400
The centre i 12, —5) and the radius is 20

|oC| =/ (12- 02 + (-5 - 0)2
= V122 + 5
- 13

Notice that the origin is inside the circle

Centre( 2, 8), Radius 7

(x-2Y+(y-8)7°=7

Centre(- 2.1, 4.8), Radius 3.6

(X + 2.1)2 + (y - 4.8)2 - 36°

Centre(-1, -5), Radiusy 13
(X + 1)2+ (y + 5)2 = 13

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]



Answer 7

(1)

(i)

Answer 8

(1)

(i)

(iii)

Answer 9

Radius= / (9 — 3)2 + (7 — 2)
= V62 + 5
= V61

(about 7.81)

Centre( 2, 3), Radiusy 61
(x - 22+ (y-3)° =61

|AB| = / (5-1)2+ (3-1)

= V42 + 22

Midpant AB =

V20
25

5+41 3+1

2
= (3 2)

b

2

Centre ( 3, 2) Radiug5
(x-3P2+(y-2)%=5

For the point(5, 2), X+ y2

As 29 < 30 the point(5, 2) is inside the circle

52 4 22

25+ 4
29

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 1 mark ]

[ 3 marks ]

[ 3 marks ]



Answer 10

(i) (10, 8) (i) 10
[1, 1 marks ]
(i) LHS = (x - 102 + (y - 8)?
= (18 - 10)2 + (14 - 8)2 if the circle passes throughl8, 14)
= 8%+ 6°
= 100
= RHS .. The circle passes througii8, 14) O

[ 2 marks ]
(iv)  Circle crosses the-axis whery = 0 in which case,

(x — 10)*> + (0 — 8)°> = 100

X% — 20 + 100 + 64 = 100
x> — 20x + 64 = 0
(X-4)(x-16) =0

Eitherx =4 =0 or x-16 =0

X =4 or x = 16, thatis, (4, 0) and (16, 0)
[ 2 marks ]

[ 3 marks ]



Answer 11
A(1, 10), B(8, 9)andC(7, 2)

(i) MmmmAQhA=(7;1,2+;ﬂ)=(46)
[ 1 mark]
(i) |AC| = /(7 - 1)2+ (2 - 10)2
= 10
- Radius = 5

And the equation of the circle will béx — 4)2 + (y - 6)2 - 5
[ 4 marks ]

(i) LHS = (x — 4)% + (y - 6)°
= (8- 4)2 + (9 - 6)2 if the circle passes througtB, 9)

=4+ 3
=16+ 9
= 25
= RHS .. The circle passes througi 8, 9) O
[ 1 mark ]
(iv) _AY _6-10 @ 4
M = AX T 2-1 ~ 3
AY 6 -9 3
nbM = = = —

AX 4 -8 4

As My X Mgy = —1 AMis perpendicular t8M O
[ 3 marks ]



(v) Adiagram is an excellent idea in answering this question

Here, I've used a vector method,

—

BM =m-b
_[4) _(8)_ (-4
|6 9/ {-3
&S:Jmﬁ butW:MD
_ |4 -4
= 6%_—J
(0
13
= D(0, 3)
[ 3 marks ]
Answer 12
(a) Radiusl0, Centre (2,0)
[ 2 marks ]

(b) (i) (x —2)>+y = 100andy = 2x + 6
(X —2) + (2x + 6)° = 100
X2 — X + 4 + 4X° + 24x + 36 = 100
5x% + 20 — 60 = 0
X2+ 4x — 12 = 0
(X+6)(x—-2)=0
Eitherx = —6 orx = 2

Points of intersection arg¢;-6, —6), (2, 10)
[ 5 marks ]



(i)  Midpdnt, M = ( 2+6 10+E0 ), )
2 2
[ 1 mark ]
(i) |AB] = (2~ (-6)2 + (10 - (-6)?
=182 + 162
= 815
[ 2 marks ]

(c) A diagram is helpful...

\/102 _ (4VB)?
v/100 - 16 x 5
V20
25

=z
2]
I

[ 2 marks ]
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Lesson 7

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
7.1 Circles in Disguise

Consider the equationx2 + y2 + 12X — 2y = 27
A friend of mine claims that this is a circle. If they are correct then it must be
possible to algebraically manipulate this equation into the form
(X - a)2+ (y - b)2 = 12
wherea, b andr are constants the values of which need to be found.
Then, the circle's centre would be, b) and its radius.

7.2 Completing the Square
The technique employed is called “completing the square”.

Teaching Video http://www.NumberWonder.co.uk/v9033/7.mp4

DF 0
] ."*:1

O} 5E

[ 6 marks ]


http://www.NumberWonder.co.uk/v9033/7.mp4

7.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 70
Question 1
Write each of the following in the “completed square” form,

y:(x+a)2+b

(1) y=x2+8x+17 (ii) y=x2+10x+7
(i) y=x>-1X% + 3 (iv) y=x-6x-7
[ 8 marks ]
Question 2
Consider the circlex’ — 4x + y* — 8y = 44
(1) Rewrite this in the form

(x—a)® + (y—-h)? =12

wherea, b andr are constants the values of which are to be found.

[ 4 marks ]

(i) Hence, or otherwise, state;
(a) The coordinates of the centre of the circle
[ 1 mark ]

(b) The radius of the circle.
[ 1 mark]



Question 3
Expand the brackets and simplify;

(1) y:(x+3)2+4 (i) y:(x+7)2—10
2 12
(i) y=(x+1)X+7 (iv) y:(x+5) + 10
[ 8 marks ]
Question 4

Consider the circle X + y2 + 8 - 14y +29=0
(1) Rewrite this in the form

(X - a)2+ (y - b)2 = r2
wherea, b andr are constants the values of which are to be found.

[ 4 marks ]

(i) Hence, or otherwise, state;
(a)  The coordinates of the centre of the circle.

[ 1 mark ]
(b)  The radius of the circle.

[ 1 mark]



Question 5
Additional Mathematics Examination Question from June 2007, Q3 (OCR)

A circle has equatiorx2 + y2 -4 -6y+3=0
Find the coordinates of the centre and the radius of the circle.

[ 4 marks ]

Question 6
Additional Mathematics Examination Question from June 2015, Q9 (OCR)

The equation of a circle i + y2 -8&+2y-19=0

(i) Express the equation @fin the form (x — a)’ + (y - b)? = r?

[ 4 marks ]
(ii) Hence or otherwise, use an algebraic method to decide whether the

point ( 8, 3) lies inside, outside or on the circumference of the circle.
Show all your working.

[ 2 marks ]



Question 7

Additional Mathematics Examination Question from June 2010, Q9 (OCR)
The diameter of a circle BQ, whereP (1, 3) andQ (15,1)

(1) Find the centre of the circle.

[ 2 marks ]
(ii)  Show that the radius of the circle Bv/ 2
[ 2 marks ]
(i)  Hence find the equation of the circle in the form,
x2+y2+ax+by+c: 0
[ 2 marks ]

Question 8

Consider the circlex® + y2 + 41 = 10(x +vY)
(1) Rewrite this in the form
(x—a)2+ (y - b)2 =7
wherea, b andr are constants the values of which are to be found.

2

[ 4 marks ]
(i) Hence, or otherwise, state;
(a)  The coordinates of the centre of the circle.
[ 1 mark ]

(b)  The radius of the circle.

[ 1 mark]



Question 9
Additional Mathematics Examination Question from June 2005, Q12 (OCR)

(1) A circle has equation<2 + y2 -2X—-4-20=0
Find the coordinates of its centfe,and its radius.

[ 3 marks ]

(i) Find the coordinates of the poingsandB, where the line
y = X + 2 cuts the circle

[ 5 marks ]

(i)  Find angleACB

[ 4 marks ]



Question 10
A-Level Examination Question from May 2011, Paper C2, Q4 (Edexcel)
The circleC has equation

x2+y2+4x—2y—11=0

Find
(a) the coordinates of the centre©f
[ 2 marks ]
(b) theradius ofC,
[ 2 marks ]
(c) the coordinates of the points whé&erosses thg-axis,
giving your answers as simplified surds.
[ 4 marks ]

This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



7.4 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
7.4.1 Solution to 7.2 Completing the Square (Teaching Video)

X+ Y+ AX - 2y = 27

[ + 1] + [V? - 2y] = 27

[(x+6Y-36] +[(y-1P2-1] =27
(X+ 6P+ (y-1)% =27+36+1

(x+6)° +(y-1) = 64

This is the equation of a circle, centte 6, 1) and radius8

7.4.2 Solution to 7.3 Exercise

Answer 1

(1) y:x2+8x+17 (i) y:x2+10x+7
=[x2+8x]+17 =[x2+10x]+7
= [ (x+4)? - 16] + 17 = [(x+572%-25] +7
= (x+4)P+1 = (x+5)°-18

(i) y=x-1X + 3 (iv) y=x-—6x-7
=[x2—12x]+3 =[x2—6x]—7
=[(x-6?%-36] +3 =[(x-3%-9]-7
= (x-6)° - 33 = (x-3)° - 16

[ 8 marks ]
Answer 2
(i) X2 — 4x + Y — 8y = 44

[ ax] + [y - &y] = 44
[(x-22 4] +[(y-4?-16] = 24
(x =27 + (y-4)° = 64
[ 4 marks ]
(ii) Centreis(2, 4)
[ 1 mark ]
(iii) Radiusis 8
[ 1 mark]



Answer 3

(1) y:(x+3)2+4

=2 +6x+9+4

(i) y=(x+7)%-10
=x2+14x+49—10

= X% + 6x + 13 = x° + 14x + 39
112
(i) y=(x+172+7 (iv) y:(x+5)+10
=X+ X+ 147 :x2+x+%+10
= x>+ 2x+ 8 :x2+x+10%1
[ 8 marks ]
Answer 4
(i) > + V2 + 8x— 14y + 29 = 0
[x®+8x] + [V -14] +29=0
[(x+42-16] + [ (y-72-49] +29 =0
(x+4)2+(y—7)2:36
[ 4 marks ]
(i) Centreis(—4, 7)
[ 1 mark ]
(i) Radiusis 6
[ 1 mark]

Answer 5

x2+y2—4x—6y+3:0

[x2—4x]+[y2—6y]+3
[(x-27-4]+[(y-3°-9]+3

0
0

(x -2+ (y-3)% =10
This is a circle, centr¢2, 3) and radius/ 10 (about 3.16)

[ 4 marks ]



Answer 6

(i)
x2+y2—8x+2y—19= 0
[x2—8x] +[y2+2y] -19=20
2 2 _
[(x-4-16] +[(y+1)-1]-19=0
(x -4 + (y+1)° = 36
[ 4 marks ]
(i)
LHS = (x — 42 + (y + 1)?
= (8 - 4)2 + (3 + 1)2 if the circle passes througtB, 3)
= 424 42
= 16 + 16
= 32
< RHS 0f36 - (8, 3) isinside the circle O
[ 2 marks ]
Answer 7
(1) The midpoint ofPQ will be the centreC, of the circle
Midpadnt PQ = ( 152+ 1, 1;3 ) = (8, 2)
[ 2 marks ]
(ii) The distancéQ will be the diameter of the circle
IPQ| =/ (15~ 1)2 + (1 - 32
= V14 + 22
=196+ 4
= 10V2
. Radius is5v 2 O
[ 2 marks ]

(ii) The centre at (8, 2) and radius®{/ 2 give,
(x— 872+ (y—-2)° =25x2

X2 — 16X + 64+ V° — 4y + 4 = 50

¥ +y —16x — 4y + 18 = 0
Thatis,a = =16, b = -4 andc = 18

[ 2 marks ]



Answer 8

(1) x2+y2+41:10(x+y)
(% - 10x] + [y? - 10y] +41 =0
[(x=5Y%-25]+[(y-5)>-25]+41=0
(x=5+(y-57°=09
[ 4 marks ]
(ii) Centreis(5, 5)
[ 1 mark ]
(ii) Radiusis 3
[ 1 mark]
Answer 9
(i) ¥+ —2x—4y—-20=0
[ —2x] + [V -4y] -20=0
[(x-17-1]+[(y-2-4]-20=0
(x =12+ (y—-2)° =25
This represents a circle with centre ( 1, 2nd radiusb
[ 3 marks ]
(i)
(x—1)2+(y—2)2:25andy:x+2
(x =172 + ((x+2)-2)> =25
(x—1)2+x2:25
X - 2x+ 1+ x =25
2x* - 2x-24=0
divide through by 2
X —x—12 = 0
(xX-4)(x+3)=0
Eitherx = 4 or x = -3
-~ Using,y = x + 2, the pointsare(4, 6), (-3,-1)
[ 5 marks ]

(iii) A diagram is needed for this part of the question.
Using the part (i) answer, draw the circle with centre ( 1, 2 ) and radius 5
(using the NEWS method)
Add the straight liney =x + 2 and the part (ii) intersectioAsat(— 3, — 1)
andBat(4, 6)



|AB| =/ (-3-42+(-1-62 =72+ 7 =98 = 7V2

Let M be the midpoint aAB in which caseZCMA is a right angle.

Answer 10

(a)

(b)
(c)

ZACM = arcsin(%) = 8187 = ZACB = 1637
[ 4 marks ]
x2+y2+4x—2y—11:0
[ +ax]+[V¥P-2y]-11=0
[(x+22-4]+[(y-1P%-1]-11=0
(x+2)2+(y—1)2: 16
Centreis(-2, 1)
[ 2 marks ]
Radius is 4
[ 2 marks ]
The circle will cross thg-axis whenx = 0
(0+2)+(y-1°%=16
4+ (y-1)% =16
y—1==v/12
y=1%2+/3
The points are thu§ 0, 1 — 2+/3 ), (0, 1 + 23/ 3)
[ 4 marks ]
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Lesson 8

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
8.1 Diameter

In general, two points will fix the location of any straight line and three points
the location of any circle, provided the three points are not collinear.

What does collinear mean ?

[]
[ 1 mark]

However, two points can fix the location of a circle, if those points are the end
points of its diameter.

8.2 Example
The line joining the points—3, 4 ) and (5, 19) is the diameter of the ciCle
Find an equation foC.

[ 6 marks ]

8.3 Solution to 8.2 Example

(S’H} «— Ger THE LENCTH oF THE DIAMETER

D= W/ (5-(-3))"+ (19-4)*
(-3,4) *JBr15% =17
‘e Ravws s -5
CeET THE MIDPoINT WHcH WiLl BE CENTRE

M = (51'2(‘3): _'%"_‘E'_.)= ( 1, 1]:5)

@

S, Eouarion oF Cirwe 15
(x=1)" +(4-115)> 85"

e e e

[ 6 marks ]



8.4 Exercise

Any solution based entirely on graphical

or numerical methods is not acceptable

Marks Available : 61

Question 1
A-Level Examination Question from January 2005, Paper C2, Q2 (Edexcel)
The pointsA andB have coordinates ( 5,1 ) and ( 13, 11 ) respectively
(a) Find the coordinates of the mid-pointAB

[ 2 marks ]
Given thatAB is a diameter of the circlé
(b) find an equation fo€

[ 4 marks ]

Question 2

A-Level Examination Question from January 2007, Paper C2, Q3 (Edexcel)
The line joining the points{ 1, 4 ) and ( 3, 6 ) is a diameter of the ciCle

Find an equation fo€

[ 6 marks ]



Question 3

A-Level Examination Question from January 2012, Paper C2, Q2 (Edexcel)
A circle C has centre{ 1, 7 ) and passes through the point (0, 0)

Find an equation fo€

[ 4 marks ]
Question 4
A-Level Examination Question from January 2006, Paper C2, Q3 (Edexcel)
A
y
B C
P
® A X
The end points of a diameter of the cirClare A(4,0) andB(3,5)
Find
(a) the exact length oAB
[ 2 marks ]
(b) the coordinates of the midpoiRtof AB
[ 2 marks ]

(c) an equation for the circlé

[ 3 marks ]



Question 5
A-Level Examination Question from May 2007, Paper C2, Q7 (Edexcel)

A
y
B

M(3,1)

Al(1,-2) P

The pointsA andB lie on a circle with centrB, as shown.
The pointA has coordinates ( %,2)

The mid-pointM of AB has coordinates ( 3, 1)

The linel passes through the poifsandP

(a) Find an equation fdr

[ 4 marks ]
Given that thex-coordinate oP is 6,
(b) use your answer to part (a) to show thatyHoeordinate oP is— 1,

[ 1 mark]
(c) find an equation for the circle.

[ 4 marks ]



Question 6

A-Level Examination Question from May 2018, Paper C12, Q13 (Edexcel)
The pointA (9, — 13) lies on a circleC with centre the origin and radius

(a) Find the exact value of

[ 2 marks ]
(b) Find an equation of the circ@

[ 1 mark ]

A straight line through poirkhas equatiory + 3x = k, wherek is a constant
(c) Find the value ok

[ 1 mark ]

This straight line cuts the circle again at the pBint
(d) Find the exact coordinates of poit

[ 6 marks ]



Question 7
A-Level Examination Question from June 2009, Paper C2, Q6 (Edexcel)
The circleC has equation,
x2+y2—6x+4y: 12
(a) Find the centre and the radius®f

[ 5 marks ]
The pointP (- 1, 1) and the poinQ ( 7,—5) both lie orC
(b)  Show thatPQ is a diameter of

[ 2 marks ]
The pointR lies on the positivg-axis and the angl®RQ= 90
(c) Find the coordinates @&t

[ 4 marks ]



Question 8
A-Level Examination Question from January 2009, Paper C2, Q5 (Edexcel)

y A
Q(9,10)

R(a,4)

Q X

C

P(-3,2

v

The pointdP (- 3,2),Q(9,10) andR(a, 4) lie on the circl€, as shown.
Given thatPRis a diameter o€,
(a) show thata=13,

[ 3 marks ]
(b) find an equation foC.

[ 5 marks ]
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8.5 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
8.5.1 Solution to 8.2 Example

The midpoint of the two given points will be the centre of the circle.
( 5+(-3 19+4

2 ’ 2
Half the distance between the two given points will be the radius.

1
r= E\/Ay2+Ax2

~ (19~ 42+ (5- (-3

) = (1, 115)

:%\/152+82
_
2
= 85

Thus, the equation of the circle is;
(x —1)° + (y - 115)° = 85°

8.5.2 Solutions to 8.4 Exercise

Answer 1
13+5 11+ (-1
2 2

(a) Midpant AB = ( ) = (9 5)

[ 2 marks ]
(b) [ABl = (13-52+ (11— (-1)? = V82 +12 = 4VI3
Centre (9,5) Radiusv213

The Equation of the circle is( x — 9)2 + (y - 5)2 = 52

[ 4 marks ]
Answer 2
Midpdnt = ( 3+é_1), 6;4) = (1, 5)
Length of diameter = / (3 — (= 1))? + (6 — 4)2
- Ja2 122 = 245

The Equation of the circle is; x — 1)2 + (y - 5)2 =

I
ol

[ 6 marks ]



Answer 3

Radius = v/ (0 — (-1)2 + (0 — 7)2
=v12+ 72 =450 = 5V2

The Equation of the circle is( x + 1)2 + (y - 7)2 = 50

[ 4 marks ]
Answer 4
(a) |AB| =+ (3-42+(5-0)2 =+v12+5 =+/26
[ 2 marks ]
(b) MidpdntAB:(3;4, 5;0):(3.5, 25)
[ 2 marks ]
(c) The Equation of the circle is,
2
(x—3.5)2+(y—2.5)2=(—vg6)
(x—3.5)2+(y—2.5)2=§
(x - 35)% + (y - 25)° = 65
[ 3 marks ]
Answer 5
_1-62 3 one. 2
(a) Mg = 3-1 " - | will have gradient 3
y=nmX+cC
1:—3><3+c:>c:3
3
. 2
Ihasequatlony:—§x+3
[ 4 marks ]
(b) As P lies onl, y:—£><6+3
3
=-4+3
= -1 asexpected O
[ 1 mark ]

(c) CentreP( 6, — 1), Radius is distance betweBPrandA

Radius = \/(6 - 1)2 +(-1- (_2))2

= V5 +12 =26

The circle has equatiorn x — 6)2 + (y + 1)2 = 26
[ 4 marks ]



Answer 6

(a)

(b)

(c)

(d)

r=+49+ (-132 =250 = 510

[ 2 marks ]
X2 + y? = 250
[ 1 mark]
k=2x(-13) +3x9=1
[ 1 mark]
3 1
From2y+ 33X =1=y=—-—X+ —
2 2
X2 + V2 = 250
2
2 3 1)
+(-=Xx+ = | = 250
X (zx 2

multiply through by 4
452 + (=3 + 1)2 = 1000
4x% + 9x% - 6x + 1 = 1000
13x% — 6x — 999 = 0
It's known thak = 9 must be a solution

(13 + 111) (x-9) = 0

.. B hasx coordinate — E
13

3 111 1 173
Ve =—F% X——F + 5 = ——
2 13 2 13

[ 6 marks ]



Answer 7
(a) x2+y2—6x+4y:12
[x2—6x] +[y2+4y] =12
[(x=3¥-9] +[(y+2y7-4] =12
25

The circle has centre3, —2) and radiu$

(x—3)2+(y+ 2)2

[ 5 marks ]
(b) |PQl =+ (7- D2+ (-5-1)7
=8 +62 =10
As this is twice the radius of BQis a diameter o€
[ 2 marks ]

(c) R must lie on the circle, by the circle theorem that any angle which
stands on a diameter is9@rgued backwards)
As Ris on they-axis,x =0

(0-3Y +(y+2)°> =25
(y + 2)2:25—9
y+2==4

y=-6o0r2
Question states th&is on the positivg-axis, SOR(0, 2)
[ 4 marks ]



Answer 8
(a) By the circle theorem that any angle which stands on a diameter is 90

Mpg X My = —1
10- 2 4 - 10

X =-1
9-(-3 a-9

B =% _
12 a-9

-4 _
a-9

a-9=4
a =13 O

[ 3 marks ]

(b) |PR| = (13- (-=3)2 + (4 - 2)2

=162 + 22 = \/260 = 2/65 .. Radius= /65

13+ (-3 4+ 2
2 ’ 2

The Equation of the circle is(x — 5)2 + (y— 3)2 = 65

Midpant AB = ( = (5 3)

[ 5 marks ]
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Lesson 9

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
9.1 Tangents

A tangent to a circle is a straight line that touches the circle at a single point. If a
radius of the circle is drawn to the point touched by the tangent, then that radius
makes a right angle with the tangent.

In other words, the radius and the tangent are mutually perpendicular.

If the tangent has gradiemt and the perpendicular radius has gradmnt
theneach isthe sign changed reciprocal of the other.

That is, mxm=-1

Keeping this relationship betweem andmy is mind is often the key to answering
a question about a circle that involves a tangent.

9.2 Example #1
In the above diagram, suppose that the equation of the radius is,
3 1

= —X — —
y=3%73

and that the point where radius and tangent meetis (6, 5).
What is the equation of the tangent ?

Teaching Video http://www.NumberWonder.co.uk/v9033/9a.mp4
H.u 1] =
-_{ - v 1"

L] l.

(=]

‘Ml

[ 2 marks ]


http://www.NumberWonder.co.uk/v9033/9a.mp4

9.3 Example #2

a7 X"

A circle C, with centreQ (a, b) and radius 5, touches tkexis at (4, 0).
(1) Write down the value ad and the value db.

(ii) Find a Cartesian equation Gf

A tangent to the circle, drawn from the pdi{t8, 17 ), touches the circle &t
(i)  Find, to 3 significant figures, the lengthet.

Teaching Video http://www.NumberWonder.co.uk/v9033/9b.mp4

[ 7 marks ]


http://www.NumberWonder.co.uk/v9033/9b.mp4

9.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 86
Question 1
A circle has equation,

(X — 1)2+ (y + 2)2 = 13
(1) State the coordinates of the centre of the circle.
[ 1 mark]

(i) Show that the point ( 3, 1) is on this circle.

[ 2 marks ]

(iii)  What is the gradient of the radius of the circle to the point (3,1) ?

[ 2 marks ]

A tangent to the circle touches the point (3, 1)
(iv)  Find the equation of this tangent in the fogns mx+c

[ 3 marks ]



Question 2
A circle has equation,

(x+5)2+ (y - 1)2 = 65
The point ( 3, 2) is on this circle
Find the equation of the tangent to the cii¢he point ( 3, 2)

[ 5 marks ]

Question 3
A circle has equation,

x2+y2—6x+4y:7

The point (1, 2) is on this circle.
Find the equation of the tangent to the cirie¢he point (1, 2)

[ 6 marks ]



Question 4

A circle C, with centreQ (a, b) and radius 8, touches ti#axis at ( 0, 3)
(1) Write down the value od and the value db

[ 2 marks ]
(i) Find a Cartesian equation Gf
[ 2 marks ]

A tangent to the circle, drawn from the pdi{t19, 13 ), touches the circleht
(iii)  Find, to 3 significant figures, the lengthT

[ 3 marks ]



Question 5
A circle has equation,

(X — 2)2+ (y + 1)2 = 16
(1) Show that the point (8,5) is NOT on the circle.

[ 2 marks ]

(i) Find the length of a tangent from the point ( 8, 5) to the circle.

[ 5 marks ]



Question 6

A-Level Examination Question from January 2013, Paper C2, Q5 (Edexcel)

The circleC has equation
X2 + V2 — 20 — 24y + 195 = 0
The centre o€ is at the poinM
(a) Find
(1) the coordinates of the poikt

(i) the radius of the circl€

N is the point with coordinates (25, 32)
(b) Find the length of the linkIN

The tangent t&€ at a point? on the circle passes through pdint
(c) Find the length of the linKIP

[ 5 marks ]

[ 2 marks ]

[ 2 marks ]



Question 7
A-Level Examination Question from January 2018, Paper C12, Q11 (Edexcel)
The circleC has equation

X + V% — 8 — 10y + 16 = 0
The centre o€ is at the poinT
(a) Find,
(1) the coordinates of the poift

[ 2 marks ]
(i) the radius of the circl€
[ 1 mark ]
The pointM has coordinates ( 20, 12)
(b) Find the exact length of the liM¢T
[ 2 marks ]

PointP lies on the circle€C such that the tangentRfpasses through the polivit
(c) Find the exact area of triangi&TP, giving your answer as a simplified surd.

[ 3 marks ]



Question 8
Additional Mathematics Examination Question from June 2016, Q12 (OCR)
The lineL; has equatiorBx — y = 1 and the poinP has coordinate¢8, 3)

(1) Find the equation of the line which passes throughand
is perpendicular to link;

[ 3 marks ]
(ii) Find the coordinates of the poi@twherelL: andL, intersect

[ 3 marks ]
(iii)  Find lengthPQ

[ 2 marks ]
(iv)  Write down the equation of the circle that has ceRtamd

line L, as a tangent
[ 1 mark ]

(v) Find the equation of the other line that is a tangent to the circle
and is parallel to lingé;

[ 3 marks ]



Question 9

Additional Mathematics Examination Question from June 2004, Q12 (OCR)
The shape shown in the diagram is part of a circle. The centre of the circle
isF (8,4) andAD andBC are tangents #& andB respectively.

Ais the point ( 3, 4 ) andl is the point (11, 8)

A wire is stretched fror® to A, round the circumference to the circleBand
then toC, whereD andC are on the-axis. Units are centimetres.

A
y
B

A OF

O D C X

(a) Find the equation of the circle.

[ 3 marks ]
(b) (1) Find the gradient ofB and hence the equation
of the tangenBC.

[ 4 marks ]
(i) Given that the length of the wire frofto B in
contact with the circle is 11.07 cm, correct to 2
decimal places, find the total length of the wire.

[ 5 marks ]



Question 10
Additional Mathematics Examination Question from, June 2018, Q11 (OCR)
A circle has centre ( 0, 3) and radius 3
(1) Show that the equation of the circlexs + y2 — ky = 0 where
kis to be determined.

[ 2 marks ]

The liney = mx — 2 passes through the polat O, —2) and is a tangent to

the circle
(i) Find the two possible values wf

[ 6 marks ]

The two tangents frorR meet the circle at the poimdsandB respectively.
(iii)  Find the length®A andPB

[ 4 marks ]
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9.5 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
9.5.1 Solution to 9.2 Example #1 (1st Teaching Video)

From the equation of the radiys= %x - %the gradient of the radius is%

. The tangent will have gradiemt that is the sign changed reciprocaJ,%
The tangent is a straight line through the point (6, 5),

y=NnX+cC

5:—%><6+c:>c:9

.. The equation of the tangent ig,= — % X+ 9

[ 2 marks ]

9.5.2 Solution to 9.3 Example #2 (2nd Teaching Video)
(1) Q(4,5) Draw radius of 5 vertically betwe@rand ( 4, 0) to see this.

(i) (x-42+(y-52=5
(iit)  Apply the Theorem of PythagorasA®@TP which has a right angle &t
First get lengtiPQ

IPQ| = J (17-5)2 + (8 - 4)?
=12+ 2
= /160
IPQI> - |QT
160 — 5°
135

|PT 2

. |PT|

11.6 (requested to 3 significant figures)

[ 6 marks ]



9.5.3 Solutions to 9.4 Exercise

Answer 1

(i) (1,-2)
[ 1 mark ]

(ii) LHS:(X—1)2+(y+2)2

=(3- 1)2 + (1+ 2)2 if the circle passes througiB3, 1)
=4+9
= 13
= RHS
- (3, 1) isonthe circle O
[ 2 marks ]
(iir)  To find the gradient of the radius between ceiitte—2) and (3, 1)
_1-(2
™= T3
-
S 2
[ 2 marks ]

(iv)  The straight line tangent will have a gradient—of% through(3, 1)

y=nmx+cC
2
1:—§><3+c:>c:3
, : 2
Equation of tangent iy = —§x+ 3

[ 3 marks ]

Answer 2
Centreis(-5, 1) Point on circumferenceé3, 2)
2-1 1
m=3"C5 T8
Gradient of tangentm = — 8 (sign changed reciprocal)
y=Nnmx+cC
2=-8x3+Cc=cCc=26
Equation of tangent isy = —8x + 26
[ 5 marks ]



Answer 3
x2+y2—6x+4y:7
[x2—6x]+[y2+4y] =7
[(x-37-9]+[(y+2)°-4] =7
(x - 32+ (y+2)° =20
. centreisat(3,—-2)
Point on the circumference i1, 2)

2 - (-2
1-3
4

(-=2)

= -2

m:

Gradient of tangentmn, = % (sign changed reciprocal)

y =NMX+cC
2 = % x1l+c=cC-= %
. . 1 3
Equation of tangent isy = SX+ S
[ 6 marks ]
Answer 4
(i) Q(8,3) Draw radius of 8 horizontally betwe@rmand ( 0, 3) to see this.
[ 2 marks ]
(i) (x-872+(y-37=8
[ 2 marks ]

(iit)  Apply the Theorem of PythagorasA®@TP which has a right angle &t
First get lengtiPQ

|PQ| =/ (19- 82 + (13- 3)
= V112 + 102
=221

IPTI? = |PQF - |QT P

= 221 - &
- 157

. |PT| = 125 (requested to 3 significant figures)

[ 3 marks ]



Answer 5

(1)

(i)

LHS = (x = 2)2 + (y + 1Y

= (8 - 2)2 + (5 + 1)2 if the circle passes througtB, 5)
= 6% + 6

= 36 + 36

=72

# RHS of16 - (8, 5) is noton the circle O
[ 2 marks ]

This is similar to Question 4 but without a diagram being provided.
First, obtain the distancB, between the circle's centrg, —1) and (8, 5)

D = (8-272+ (5~ (-1)?
= V72
= 6V2

Second, apply Pythagoras' Theorem to the right angled triangle with

vertices at(2,—-1), (8, 5) and where the radius meets the tangent
to get the length requestex,

X =y (V2 -2
= J72-16
2V14  (about 7.48)

[ 5 marks ]



Answer 6
(a) (i)
X2 + Y% — 20x — 24y + 195 = 0

[x2 - 20x] + [V* - 24y] +195= 0
[ (x - 10)%? - 100] + [ (y - 12)® - 144] + 195 = 0
(x — 10)% + (y — 12)? = 49

- Centre igM (10, 12)

[ 3 marks ]
(i)
Radius is7
[ 2 marks ]
(b)
IMN| = / (25— 10)2 + (32 — 12)2

= V1% + 202

= 25
[ 2 marks ]

(c) Use the Theorem of Pythagoras to get the unknown sid®iNP
INPI* = |[MNJ” - |[MPJ?
=25 - 72

=24
[ 2 marks ]



Answer 7
(a) (i)
x2+y2—8x—10y+16= 0
[x® - 8x] + [y -10y] +16 =0
[(x-42-16] +[(y-572%-25]+16=0
(x— 4% + (y—-5)> = 25
.. CentreisT (4, 5)

[ 2 marks ]
(i)
Radius is5
[ 1 mark ]
(b)
IMT| = / (20— 4)2 + (12 - 5)2
= V167 + 72
= v 305
[ 2 marks ]

(c) Use the Theorem of Pythagoras to get the unknown sidMPT
IPM[? = [MT” - | PT?
305- 25

Il Il Il
&

N

ol ©

o

|PM|

Il
N
~
3

Area AMPT = —Dbh

%XZ\/70X5

5470 (about 41.8)
[ 3 marks ]



Answer 8

(1) L : X-y=1=y=3&-1= L;hasgradient3

.. L, will have sign changed reciprocal gradieﬂt% throughP (8, 3)

y=nmx+cC
3:—ix8+c:>c:£
3 3
1 17
L, has equatiory = — —X + —
2 q ry 3 3
. . 1 17
(i) L, andL; intersect wherBx — 1 = —Ex + 3
multiply through by 3
X -3 =-x+17
10x = 20
X =2

. Point of intersection i (2, 5)

(iii ) IPQ| =/ (2-8)2+ (5-3)
= V62 + 22
- V40 = 210

(iv) Draw a diagram witl? (8, 3), Q(2, 5), Lyofy = 3x — 1,

[ 3 marks ]

[ 3 marks ]

[ 2 marks ]

Loof y = - % X + % and perpendicular to; and | PQ| = /40

It's then obvious that the circle described will have equation,

(x—8)2+(y—3)2=40

(v) The vector to go from (2, 5) — P(8, 3) is(_62)
So this vector applied t® gets to( 14, 1)
y=nmx+cC
1=3x14+c=c=-41

Other tangent iy = 3x — 41

[ 1 mark ]

[ 3 marks ]



Answer 9
(a) Theradius can be read off the diagram as it's the horizontal line

betweerF (8, 4) andA(3, 4). Thatis, 5cm
(x - 82+ (y—4) =25

[ 3 marks ]
. 8 -4 4
(b) () me=—y—e =
s Mge = —%(Sign changed reciprocal)
y=NmX+C
3 65
8=-—x11+c C=—
4~ = 4
__3,, 5
Y=g
[ 4 marks ]
(i) C is where the tangent of (b) (i) cuts thaxis
0:—§x+§
4 4
0=-3+ 65
33X = 65
65 65
5
=73 3
2
|Bc|:\/(E—11)+82
3
2
S ET
3
_ 4
-3
40

Total Length= 4 + 11.07 + 3

= 284cm
[ 5 marks ]



Answer 10

(i) (x= 07+ (y-37° =3
x2+y2—6y+9:9
x2+y2—6y=0

k=26

[ 2 marks ]

(ii) There is a clever way of doing this from a diagram but the algebraic
approach is as follows,

The circle and the line intersect when,
x2+y2—6y: 0 meetsy = nx — 2
2+ (mx — 2 —6(mx —2) = 0
X2 + MEx% — 4mx + 4 — 6mx + 12 = 0
(M +1)x% - 10mx+ 16 = 0
For ax’ + bx + ¢ = 0 to have only one solutioh:,2 —4ac =0

—b + v b? - 4ac

2a
w(—10m? - 4(mP +1) x16=0

from x =

100n? — 64m? — 64 = 0
36nF = 64

64

e = —

36

_ 16

9

4

m=+—

3

[ 6 marks ]
(iii)  In APCA, PCis of length 5 (along thg-axis) andCA s a radius
of the circle of length 3
So the Theorem of Pythagoras gives the leRgtho be 4
By symmetryPB has the same length B
[ 4 marks ]
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Lesson 10
A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
10.1 Tangent from Curve

Previously looked at was "How to find the equation of the tangent to a circle".
The mathematics needed to find the tangents to more general curves is straigr
forward, provided an ability tdifferentiateis already in place.

10.2 Differentiation
This is the remarkable ability to take the equation of many curves and, without
any working, simply write down the gradient equation of that curve.

The Power Rule

If y=x" then % = nx""1 for any constant

Example #1
Write down the derivative of the following curve then check your answer with
that given at the foot of the next page.

y = 7x* + 05% + 17

dy
= dx

[ 2 marks ]

10.3 The Key Idea
The gradient of the tangent to a point on a curve is the same as the gradient of tr
the curve at that point.

777777777777777777777777777777777777777777777

******

***************

**************

7777777777777777777777777777777777777777777

7777777777777777777777777777777777777777777

7777777777777777777777777777777777777777777

The red parabol&, has equatiory = 2 + 6x — X% and so% =6 — 2X

At A(2, 10), Phas gradien? and the tangentig = 2x + 6
AtB(5, 7), Phas gradient 4and the tangent ig = —4x + 27



10.4 Making Use of The Key Idea
The key idea is often used to get the equation of the tangent to a curve at a giver
point starting from only the equation of the curve.

Example #2

3
The equation of a curve ig = % - X

(1) Find the equation of the tangent to this curve at the point ( 3, 0)
(ii) To the graph below add the péijttangent

[ 6 marks ]

10.5 Example #1 Answer y = 7x* + 05x + 17 = % = 28%° + 05


http://www.NumberWonder.co.uk/v9033/10.mp4

10.6 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
Differentiate
y = 458 — 3x°
[ 2 marks ]
Question 2
Write down the derivative of
y = 15x 04
[ 2 marks ]
Question 3
Differentiate
16
=7+ —X
Y 2
[ 2 marks ]
Question 4
Determine% of the following expression,
y = 0.2x° + 0.1x
[ 2 marks ]
Question 5
Write down the gradient equation for the following curve
y=x"
[ 2 marks ]
Question 6

By first expanding the brackets, differentiate the following
y=(3X+8)(2x+1)

[ 3 marks ]



Question 7
Find the derivative of the following

3
X
= —+4
Y=g
[ 2 marks ]
Question 8
(1) Differentiate;
12
'
[ 2 marks ]
Question 9
Find the numerical value of the gradient at the point ( 1, 5) on the curve
y = XS+ 4
[ 3 marks ]
Question 10
Find the numerical value of the gradient at the point ( 2, 3.2 ) on the curve,
y= 01 X

[ 2 marks ]



Question 11

The equation of a curve is

Find the equation of the tangent to this curve at the point ( 8, 9)

(1)

[ 4 marks ]

p@rtangent

To the graph of the curve add your

(i)

R
|

Ao

P

.
|

R

_aoo

__a-

P

R

Jo

oo --
I

R
I

o

I
J
I
I

I

Lo Lo _L___

L

-8

[ 2 marks ]



Question 12
Additional Mathematics Examination Question from June 2011, Q2 (OCR)
The equation of a curve is

y=x3—x2—2x—3

Find the equation of the tangent to this curve at the point ( 3, 9)

[ 5 marks ]
Question 13
Additional Mathematics Examination Question from June 2007, Q6 (OCR)
Find the equation of the tangent to the curve

y = X — 3X + 4
atthe point (2, 6)

[ 4 marks ]



Question 14

(i)

(ii)

(i)

foo - SXE8 s

Show thatf (x) = AX> + B+ CX 1, whereA, B andC are
constants to be determined.

[ 4 marks ]

Hence findf’ (x)

[ 2 marks ]

Find an equation of the tangent to the cuyve f (xX) whenx = 8

[ 4 marks ]



The graph off (x) is plotted below.

(iv)

Add the tangent calculated in part (iii) to this graph.

[ 3 marks ]
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10.7 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry

10.7.1 Solution to 10.4 Making Use of The Key Idea (Teaching Video)

3
X
=—-Xx+0
Y=
dy 3x2
— = —-1
:>dx 9
2
N
3
2
dy -3y
dx Ix=3 3
=2

. The tangent is the straight line with gradient 2 through 0)
y=nMX+cC

0=2x3+c=c¢c=-6

The equation of the tangent ig,= 2x — 6

[ 6 marks ]



10.7.2 Solutions to 10.6 Exercise

Answer 1
y=4x3-3° = % = 32x" - 15x*
[ 2 marks ]
Answer 2
0.4 dy ~ 06
= 16X — = 6X
y = dx
[ 2 marks ]
Answer 3
1 ¢ dy 5
y 2 dx
[ 2 marks ]
Answer 4
9 dy 8
y = 0.2x" + 0.1x = i 18x" + 01
[ 2 marks ]
Answer 5
5 dy -6
= X — = -5
y = dx
[ 2 marks ]
Answer 6
y=(3X+8)(2x+1)
2 dy
=6X +1% + 8 = &:12x+19
[ 3 marks ]
Answer 7
dy X2
Y= ax 3
[ 2 marks ]
Answer 8
_ 12
=2
= 12x°2 Y oax?
dx
_ 24
= 3

[ 2 marks ]



Answer 9

y = X+ 4= ﬂ — 3x% and so when = 1,ﬂ =3
dx dx
[ 3 marks ]
Answer 10
y = 01x° = ﬂ - 05%x* and so whem = 2, ﬂ =8
X dx
[ 2 marks ]
Answer 11
2
y:X—+1:> ﬂ:l and so wherx = 8, ﬂ_z
8 dx 4 dx
y=mMX+C
9=2%x8+4c=>c=-7
. The equation of the tangentys= 2x — 7
[ 4 marks ]

[ 2 marks ]



Answer 12

3_ 2 dy

2
=X - -2x-3 = 3x° - 2x - 2
Yy X X X :>dX X X

whenx = 3 ﬂ =27-6-2
dx

= 19
y=mX+cC
9=19x3+Cc=c=-48

Equation of the tangent ig = 19x — 48

[ 5 marks ]
Answer 13
3 dy 2
=X -3X+4 — =3Xx" -3
y = dx
Whenx=2,ﬂ_9
dx
y=nX+cC
6=9%x2+Cc=>c=-12
Equation of the tangentig = 9% — 12
[ 4 marks ]
Answer 14
(i)
3 _
f(x):X—M, x>0
16x
B xS X 8
~16x 16x 16X
_x¥ 1 xt
16 16 2
1 1 1
A= — B=-— = —
16 16 2MdC = 3
[ 4 marks ]
(i)
2X X2
f = — - ——
e T
_x_ 1
8 2 x2

[ 2 marks ]



g8_-8+8 8x 8x8

(iii)  Whenx = 8, f(8) = 16x8 - 2x8x8 =4
- (8, 4) is the point at which the tangent to the curve is wanted
1
Whenx = 8, f"(8) = 8 __ 1
8 2x8x8
S S
- 128 128
y=nNX+C
4 = £x8+c
128
127
4=——+cC
16
16 16
Equation of tangent ig = Ex _ 8
g gemt® = "128* " 16
(This is very close to being = x — 4)
[ 4 marks ]
(iv)
[ 3 marks ]
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Lesson 11

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
11.1 Normal from Curve

Previously, the curve with equatign= 9 x was studied and the tangent

to it at the point 8, 0) foundto bey = 2x — 6
y=2x-06

7777777777777777777777777777777777777
I I
I

7777777777777777777777777777

7777777777777777777777777777

7777777777777777777777777777

,,,,,,,,,,,,,,,,,,,

There is a second line of interest, called the “normal” that is a right angles to
the tangent at any specified point. At the point ( 3, 0 ) the normal to the curve

= — — xturnsouttob ——ix+i
Y= ¥=-Xt 7

Notice that the gradient of the tangent, and the gradient of the normat,
have the property of any pair of mutually perpendicular limesx m, = —1

In other words, each is the sign changed reciprocal of the other.

11.2 Why the Normal is of Interest

Imagine the graph to be a road map and the curve a road on that map. A ca
moves along the road with constant speed. The tangent represents the direction
car moving along the road has at any moment. The normal represents the
direction along which the force felt by a person in the car acts as it moves
around each bend. Like the tangent the normal gives only a direction. It does no
give the magnitude of the force; that depends on how sharply the road is bendin¢
and, indeed, on a straight piece of road the force along the normal has magnitud
zero. The force along the normal is often referred to as centripetal force.



11.3 Example

The equation of a curve is = V'x
(1) Find the equation of the normal to this curve at the point wheré
(ii) To the graph below add the pé&jtnormal.

[ 5 marks ]


http://www.NumberWonder.co.uk/v9033/11.mp4

11.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 52

Question 1
The equation of a curve i = X2 — 4x
(1) Find the equation of the normal to this curve at the point wheré

(ii) To the graph below add the péjtnormal

[ 5 marks ]



Question 2
Additional Mathematics Examination Question from June 2009, Q2 (OCR)
Find the equation of the normal to the curve

y = XX+ Bx — 7
at the point( 1, - 1)

[ 5 marks ]

Question 3
Additional Mathematics Examination Question from June 2019, Paper 1, Q3 (OC
Find the equation of the normal to the curve

y = XX — 252 + 2x + 4
at the point ( 2, 8)

[ 6 marks ]



Question 4
Additional Mathematics Examination Question from June 2018, Q7 (OCR)

(1) Find the coordinates of the points where the §me 7x — 9 cuts

the curvey = X+ 2x - 5

[ 4 marks ]

(i) Determine whether the line is a normal to the curve at either of the
points of intersection

[ 3 marks ]



Question 5
Additional Mathematics Examination Question from June 2014, Q10 (OCR)

(1) Find the coordinates of the poiton the curvey = 2x% + X - 5
where the gradient of the curve is 5

[ 3 marks ]

(i) Find the equation of the normal to the curve at the goint

[ 3 marks ]



Question 6
Additional Mathematics Examination Question from June 2005, Q10 (OCR)

The curve shown has equation;
y = %XZ - 2x+ 10

(1) Find the equation of the tangent to the curva @8, 10 )

[ 4 marks ]



(ii) Show that the equation of the normal to the cung @, 10 ) is
2y —x =20

[ 3 marks ]

(iii)  Find the coordinates of the poi@twhere these two lines intersect

[ 3 marks ]

(iv) Calculate the lengtBC

[ 2 marks ]



Question 7
A-Level Examination Question from May 2014, IAL, Paper C1(R), Q11 (Edexcel)

. . . 1
The sketch is of part of the cur@with equatiory = 20 — 4x — 78 x>0

PointA lies onC and has aw coordinate equal to 2

(a) Show that the equation of the normall@atAisy = —2x + 7

[ 6 marks ]



The normal taC atA meetsC again at the poir
(b) Use algebra to find the coordinatesBof

[ 5 marks ]
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11.5 Answers
A-Level Pure Mathematics, Year 1
Additional Mathematics
Coordinate Geometry
11.5.1 Solution to 11.3 Example (Teaching Video)

(i) y =+vVx = x2
_1
& 1.4 11 1
dx 2 2 7 F T 2Vx
dy 1
Whenx = 4,y = 2and—~| = ——
X =4y = cant s ™ 2va
1

4
If after the tangent, this would be the tangent's gradient

For the normal, the sign changed reciprocal gradient i
So the normal sought is a straight line throggh 2) with gradient— 4
y=m+cC

2=-4x4+c=>c=18

The normal has equation = —4x + 18

(i)

[ 5 marks ]



11.5.2 Solutions to 11.4 Exercise

Answer 1
(i)
2

y = X° — 4x
dy
— =2X-4
dx X
Whenx = 4 —Oandﬂ =4
_,y_ dx_

If after the tangent, this would be the tangent's gradient

. . 1
For the normal, the sign changed reciprocal gradient rs4—

. . : . . 1
So the normal sought is a straight line throigh 0) with gradient— 7

y=mx+c
1
O=-—x4+c>c=1
4
: 1
The normal has equation = —Zx+ 1

(i)

[ 5 marks ]



Answer 2

y:x3+5x—7
ﬂ:3x2+5
dx

Whenx = 1, ﬂ =8
dx

. Normal has gradient- % and passes through the poifi, — 1)

y=nmM+C
1 7
-1=-—x1+4+CcC>=>—-——
8 8
: . 1 7
Equation of the normal ig = _Ex Y

Alternatively : x + 8y + 7 = 0
[ 5 marks ]

Answer 3
y=x3—2x2+2x+4
ﬂ = 3x2—4x+2
dx

Whenx = 2, ﬂ 12-8+ 2

=6

. Normal has gradient- % and passes through the poig2, 8)

y=nmX+cC
1 25
8=-—x%x2+Cc>=> —
6 3
Equation of the normal ig = —%x + %

Alternatively :x + 6y — 50 = 0
[ 6 marks ]



Answer 4
(i)
x2+ 2x — 5 -9

x> - 5Xx+4=0
(xX-1)(x-4)=20
Eitherx =1 or x = 4
. Points of intersection ar¢ 1, —2), (4, 19)

[ 4 marks ]

(i) The line has a gradient of 7 which, if it is a normal will correspond

. .1
to a gradient on the curve being -

2

y=X"+2x-5
dy
— = 2X+ 2
dx
At (1,-2), % = 4 so not the line is not normal to the curve here
d .
At (4, 19), d_i = 10so the line is not normal to the curve here
[ 3 marks ]
Answer 5
(1)
2
y=2Xx"+Xx-5
dy
— =4+ 1
dx
The gradientis5whedx + 1 = 5
4k = 4
X =1 = P(1,-2)
[ 3 marks ]

(i) The normal will have gradient- % and pass throudP( 1, - 2)

y=nmM+C

1 9

-2=-—x1+cC cC=—-——

5 = 5
. . 1 9
Equation of the normal ig = _EX s

Alternatively :x + 5y + 9 = 0
[ 3 marks ]



Answer 6

N

(1) y=§x2—2x+10
dy 4
—2 - —x-2
dx 3X

Whenx = 3, ﬂ =2
dx

. Tangent has gradient 2 througk 3, 10)
y=nmx+c
100=2x3+c=>c=4

Equation of tangent iy = 2x + 4

[ 4 marks ]
i} dy
Whenx = 0, — = -2
(ii) X " i
. Normal has gradien{;— throughB( 0, 10)
y=NnmX+C
10=-2x0+c=c¢c=10
Equation of normal i/ = %x + 10
Thatis,2y — 1 = 20 O
[ 3 marks ]
(i) 2x+4:%x+10
multiply through by 2
4 + 8 = x+ 20
X =12
Xx=4 = C(4 12)
[ 3 marks ]

(iv)

|BC| = +/ (4-0)2+ (12 — 10)?
N
= V20
= 25

[ 2 marks ]



Answer 7
(a)
18
=20 -4 - —
y X

18
20-4x%x2 - —
2

Whenx = 2, y
=3 A2 3)
y = 20 — 4x — 18x 1

—L = —4+18x32

18

= -4+ —

X2
When x = 2, ﬂ = 1
dx 2

. Normal has gradient- 2 throughA( 2, 3)
y=nmx+c
3=-2%x2+Cc=>c=17

Equation of normal iy = —-2x + 7 O
[ 6 marks ]

(b)

18

-2X+ 7 =20-4x - —
X

18

2X — 13+ — 0
X

multiply through byx
2x% - 13 + 18 = 0
(X-2)(2x-9) =0

Eitherx = 2 or x =

[ 5 marks ]
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Lesson 12
A-Level Pure Mathematics, Year 1
Additional Mathematics
Coordinate Geometry

12.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 65
Question 1

The equation of a circle is;

(X + 7)2+ (y - 3)2 = 81
State the coordinates of the circle's centre, and its radius

[ 2 marks ]
Question 2

Write down the equation of the circle with centre (5, 12 ) and which passes
through the origin.

[ 2 marks ]

Question 3
By completing the squarer otherwise, determine the centre and radius of the
following circle;

x2+y2+10x—6y+18=0

[ 5 marks ]



Question 4
Differentiate

(i)
y = 7x - 53
[ 2 marks ]
(i)
y = 24,025
[ 2 marks ]
(i)
4 s
= —X
Y= 5
[ 2 marks ]
Question 5
The equation of the curve, plotted on the next page, is
3
= — — X
Y= 24
(1) Write down the gradient equati z for the curve
[ 2 marks ]

(i) Use your parti) answer to find the value of the gradient on the
curve wherx = 6

[ 1 mark ]

(iii)  Use your parfii) answer to determine the equation of the tangent
to the curve at the point (6, 3)

[ 2 marks ]



(iv)  Use your partii) answer to determine the gradient of the normal
to the curve at the point ( 6, 3)
[ 1 mark ]

(v) Find the equation of the normal to the curve at the point ( 6, 3)

[ 2 marks ]

(vi)  Onthe graph, add your pdiit) tangent, and your paft) normal,
clearly indicating which is which and making sure they both pass
through the point ( 6, 3)

[ 2 marks ]



Question 6

(X + 1)2 + y2 = &
Is the point ( 5, 7)) inside, outside, or on the circumference of this circle ?
Justify your answer.

[ 3 marks ]

Question 7
Find the point(s) of intersection, if any, of the circle

(x—3)2+(y+ 2)2 =13
and the line
y=3x-2

[ 6 marks ]



Question 8

Further Mathematics Specimen Examination Question 2020, Paper 1, Q11 (AQA
A circle, centreC, touches thg-axis at the point (0, 2)

The line y =k intersects the circle at the points k},and ( 5k)

A
Yy Not drawn accurate

/

(0, 2)s

Work out the equation of the circle

[ 3 marks ]

Question 9

Find the coordinates of the point on the cuyve: (4x — 5)2 such that the

gradient of the normal to the curve%s

[ 4 marks ]



Question 10

The diagram shows a flay

The image of flagh when it is rotated by 90ds flagB

This question walks you through the steps involved in mathematically finding
the centre of the rotation.

(1)

(i)

(i)

Y A
8
6
4
0 ~=_ 4 | 6 8 | 10 "«
Step 1:
Pick two matching points, say the foot of each flag pole, ( 3, 2 ) andZ b,
Step 2:

Find the midpoint of these two points.

[ 1 mark]
Step 3:
Find the gradient of the straight line between these two points.

[ 1 mark]
Step 4:

Use the answers to Steps 2 and 3 to determine the equation of the
perpendicular bisector of the two points.

[ 2 marks ]



(iv)  Step5:
Pick two other matching points, say the tip of the flag, (9,5) and (2, 4)
Step 6:

Find the equation of the perpendicular bisector between these two points

[ 4 marks ]

(v) Step 7:
Find the point of intersection of the two perpendicular bisectors.
This is the centre of the rotation.

[ 4 marks ]

Check your mathematics is correct by using tracing paper, and verifying that whe

rotated by 90° about the point you claimed was the answer iigs indeed
map onto flagd



Question 11
Additional Mathematics Examination Question from June 2006, Q14 (OCR)

A
y

N

O X
The diagram shows the quadratic curve

y = X2 — IX + 5
V(2,1)is the minimum point of the curve.
T (5, 10) is a point on the curve.
The lineVP is the tangent to the curve\aandTP is perpendicular to this line.
(1) Write down the coordinates &f

[ 1 mark]
(ii) Find the coordinates &fl, the midpoint olVP

[ 2 marks ]
(iii)  Find the equation of the tangent of the curvé at

[ 4 marks ]



(iv)  Show that the tangent to the curve ggasses through the poivit

[ 2 marks ]
(v) Use the result in pafiv) to suggest a way of drawing a tangent
to a point on a quadratic curve without involving calculus.

[ 3 marks ]
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12.2 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry

Answer 1
Centre(-7, 3) Radius 9

Answer 2

[ 2 marks ]

Working out the distance between the centre and the origin, which will be the rad

R=+(5-0)2+(12-0)>
=2+ 12
= 13

s (X =5) 4 (y—-12) = 1%

Answer 3
x2+y2+10x—6y+18=
[x2+10x]+[y2—6y]+18:
[(x+5)2—25]+[(y—3)2—9]+18=
(x+5)°+ (y-3)° =
- Centre(-5, 3) Radius4
Answer 4
(i) y=7x-5¢ = %:77x10—15x2
y 0.25 dy ~0.75
= 24x" — =6
(i) y X = dx X
Ciiii ) y:%x_s - %:—4[6
Answer 5
: x3
(1) Y—ﬂ—x
2
d _x
dx 8
N dy 7
Wh =6, — = —
(i) en x " Tdx >

0
0
0
16

[ 2 marks ]

[ 5 marks ]

[2, 2,2 marks ]

[ 2 marks ]

[ 1 mark]



(i)

(iv)

(vi)

y =nmx+c

w
Il

%x6+c:>c:—18

. . 7
Equation of the tangent ig = ?x - 18

Alternatively 7x — 2y — 36 = 0

[ 2 marks ]
. . . . 2
Normal's “sign changed reciprocal” gradient will be7
[ 1 mark]
y= nmx+c
2 33
3=-—x6+cC C=—
7 - 7
Equation of the normal ig = — % X + ?
Alternatively 7y + 2x — 33 = 0
[ 2 marks ]

[ 2 marks ]



Answer 6
LHS = (x + 1)% +
= (5+ 1)2 + 7 if the circle passes througtb, 7)
=62+ 7
= 36 + 49
= 85
> RHS

- (5, 7) is outside the circle O
[ 3 marks ]
Answer 7

(x-32%+(y+2P =13 andy = 3x — 2
(x =3P +(3x-2+2) =13
x> — BX + 9+ 9x° = 13
10X - 6x -4 =0
divide through by 2
5~ 3x -2 =0
(5X+2)(x-1)=0

Either x = —% orx =1

. . . 2 1
Points of intersection arek = ?6) (1, 1)

[ 6 marks ]
Answer 8

The centre of the circle i63, 2) and the radius is 3
So(xX - 3)2+ (y - 2)2 =9
[ 3 marks ]

Answer 9
The tangent to the curve at the same point must have a gradiedit of

y = (4 - 5)°
= 16X% — 40X + 25

ﬂ=32x—40
dx

s 32X - 40

-8
1 = The pointis(1, 1)

X
Il

[ 4 marks ]



Answer 10

(i)
. 5+3 -2+2
Midpant = , =(4,0
p 5 > ( )
[ 1 mark ]
(ii)
AY -2-2 4
m = = = - — = —2
AX 5-3 2
[ 1 mark ]
(i)
. , . .1
Perpendicular bisector will have gradlezﬂt
y=nmMX+cC
1
0:?><4+c:>c:—2
. . . 1
Perpendicular bisector has equatiypr= > X -2
[ 2 marks ]
(iv)
2+9 4+5 11 9
vidpan = (252, 445)_ (1L 9)
P 2 2 2" 2
AY 4-5 1
m = = = —
AX 2-9 7
Perpendicular bisector will have gradient
y=nmMX+cC
2=—7><£+c:>c:43
2 2
Perpendicular bisector has equatiypn= — 7x + 43
[ 4 marks ]
(v)

%X—2=—7X+43

multiply through by 2
X—4 = -14x + 86
15x = 90
X =06
Centre of the rotation i§6, 1)
[ 4 marks ]



Answer 11

(i) P(5 1)
[ 1 mark]
(i) V(2 1), P(5 1)
Midpantvp = (22 1+1 ) _ M(l, 1)
2 2 2
[ 2 marks ]
(i) T(5 10)
y = x> — 4x + 5
dy
— =2Xx-4
dx
dy
Whenx =5 — =2x5-4
dx
=6
y=nmMX+cC
10=6x5+c=c=-20
Equation of the tangent @tis y = 6x — 20
[ 4 marks ]
(iv)
7
y = 6x — 20 M(?, 1)
7
Doesy = 1 whenx = ??
RHS = 6x — 20
7
=6x—-20
* 72
=1
= LHS
(v) e Draw a lineL, parallel to thex-axis throughv

Drop a perpendicular line fromto the lineL, calling the intersectioR
Calculate the midpoinM, of VP
Draw a line througfi andM which will be the tangent at

[ 3 marks ]
Out Of Interest
| have a proof that this will always work.
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Lesson 13
A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry

13.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 80
Question 1

The equation of a circle is
(x + 11)% + (y — 13)% = 49
State the coordinates of the circle's centre, and its radius.

[ 2 marks ]

Question 2
Write down the equation of the circle with centré5, — 8) which passes

through the origin.

[ 2 marks ]

Question 3
By completing the squarer otherwise, determine the centre and radius of the

following circle;
X2 + Y2 — 12x + 10y — 20 = 0

[ 5 marks ]



Question 4
Differentiate

(i)
y = 9x° - 7X° + 4
[ 2 marks ]
(i)
[ 2 marks ]
(i)
2 9
= —X
Y= 3
[ 2 marks ]
Question 5
The equation of the curve, plotted on the next page, is
3
X
=— -3
Y= 16
(1) Write down the gradient equati ¥ for the curve.
[ 2 marks ]

(i) Use your parti) answer to find the value of the gradient on the
curve wherx = 4

[ 1 mark]

(i)  Use your partii) answer to determine the equation of the tangent
to the curve at the point (4, 1)

[ 2 marks ]



(iv)  Use your partii) answer to determine the gradient of the normal
to the curve at the point (4, 1)
[ 1 mark ]

(v) Find the equation of the normal to the curve at the point (4, 1)

[ 2 marks ]

(vi)  Onthe graph, add your pdiit) tangent, and your paft) normal,
clearly indicating which is which and making sure they both passes
through the point (4, 1)

[ 2 marks ]



Question 6

x2+(y—2)2: g’

Is the point ( 7, 6 ) inside, outside, or on the circumference of this circle ?
Justify your answer.

[ 3 marks ]

Question 7
Find the point(s) of intersection, if any, of the circle

(x+5)2+(y—3)2 = 32
and the line
y =4+ 3

[ 6 marks ]



Question 8

AB s a diameter of a circle, whefas (-2, 4) andBis (6, 8)
Find

(1) the exact length oAB

[ 2 marks ]
(i) the coordinates of the midpoint AB

[ 2 marks ]
(i)  the equation of the circle

[ 3 marks ]
(iv) the gradient of the line throughandB

[ 2 marks ]
(v)  the equation of the tangent to the circl®at

[ 3 marks ]

(vi) the points of intersection of the circle with §raxis

[ 3 marks ]



Question 9
A circle has centre ( 20, 15) and radius 7
Find the length of the tangential line from the origin to the circle.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

[ 6 marks ]



Question 10

A-Level Examination Question from June 2010, Paper C2, Q10 (Edexcel)
The circleC has centrd ( 2, 1) and passes through the p&i{t10, 7 )

(a) Find an equation fo€

[ 4 marks ]

The linel; is the tangent t€ at the poinB
(b) Find an equation fdr

[ 4 marks ]
The linel; is parallel td; and passes through the mid-poini&f

Given thatl; intersect<C at the point$ andQ
(c) Find the length oPQ, giving your answer in its simplest surd form

[ 3 marks ]



Question 11
A-Level Examination Question from January 2016, IAL, Paper C12, Q12 (Edexce

(4+3Vx)
.

(a)  Show thatf (x) = Ax L+ BX 4+ C, whereA, B, C andk are
constants to be determined.

f(x) = x>0

[ 4 marks ]

(b) Hence findf’ (x)

[ 2 marks ]

(c) Find an equation of the tangent to the cuyve f (x) at the point

wherex = 4

[ 4 marks ]



Question 12
A-Level Examination Question from January 2019, IAL Paper C12, Q3 (Edexcel)
A curve has equation

y = V2 X - 6VX +4V2, x>0
Find the gradient of the curve at the pdit2, 22 )

Write your answer in the formy/2, wherea is a constant

[ 4 marks ]
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13.2 Answers

A-Level Pure Mathematics, Year 1
Additional Mathematics

Coordinate Geometry
Answer 1
Centre(-11, 13) Radius 7

[ 2 marks ]
Answer 2

Working out the distance between the centre and the origin, which will be the rad

R=+(15-0)2+ (8- 0)>2

= V1% + 82
=17
(x—15)2+(y+ 8)2= 17
[ 2 marks ]
Answer 3
X +y? — 12+ 10y - 20 = 0
[x® - 1] + [y* + 10y] —20=0
[(x-6Y-36]+[(y+5)%-25]-20=0
(x—6)2+(y+5)2=81
.. Centre( 6, —5) Radius9
[ 5 marks ]
Answer 4
(i) y=9-73+4 = %:45x4—21x2
(i) y=100x0%° o W 5,065
dx
_ 2 9 dy . -10
(i) y= 3x = vl 6 X
[2, 2,2 marks ]
Answer 5
3
i = — -3
(1) Y= 76
dy  3x
dx 16
[ 2 marks ]
. dy
Wh =4, — =3
(i) en x Ix

[ 1 mark]



(i) y=nmx+cC
1=3x4+c=>c=-11

Equation of the tangentig = 3x — 11

[ 2 marks ]
. . . . o1
(iv)  Normal's “sign changed reciprocal”’ gradient WI||—b€3—
[ 1 mark ]
(v) y= MX+cC
1:—ix4+c:>c:1
3 3
. . 1 7
Equation of the normal ig = — 3 X + 3
Alternatively 3y + x — 7 = 0
[ 2 marks ]

(vi)

[ 2 marks ]



Answer 6

LHS = %% + (y — 2)°

7+ (6 - 2)2 if the circle passes through/, 6)
74 42

49 + 16

65

> RHS

- (7, 6) is outside the circle O
[ 3 marks ]

Answer 7
(x+5)2+(y—3)2: 32 andy = 4x + 3
(X+5) + (4x+3-3)° =32
x2+ 10x + 25 + 16x2 = 32
17 + 1k -7 =0
(X+1)(1x-7)=20
e
17
. )

Eitherx = —=1 or x =

Points of intersection are-1, —1), ,
& ) 17" 17

[ 6 marks ]



Answer 8

(i)

(i)

(i)

(iv)

(v)

(vi)

|AB| = /(6 - (-2)2 + (8 — 4)2

= V8 + 42
= v 80
= 45
(This is the diameter)
[ 2 marks ]
Midpdntag = (22 8+4) 5 4
2 2
[ 2 marks ]
(x=2Y + (y—-6) =20
[ 3 marks ]
_AY  8-4 4 1
™e = X " 6-(C2 8 2
[ 2 marks ]
For the tangent, the gradienH£ throughB( 6, 8)
y=m+cC
8=-2x6+c=c¢c=20
The tangent's equation s = —2x + 20
[ 3 marks ]

The circle will cut they-axis whenx =0
(x =22+ (y—-6)° = 20

(0-2Y + (y-6) =20
(y-6) =16
y—6==+4

Eithery = 2 ory = 10

Points of intersection ar¢0, 2), (0, 10)
[ 3 marks ]



Answer 9
The distancel, between the circle's centre and the origin is,

D=4 (20-0)2+ (15-0)2

=\ 202 + 1%
= v 625
= 25

D is the hypotenuse of a right angled triangle with the circle's radius being one of
the shorter sides, and the length soughheing the other.

X =22 -7
= V625 - 49
= /576
= 24

[ 6 marks ]

Answer 10
(a) CentreA( 2, 1), Radius is distance betweé&randB

Radius= / (10 - 2)2 + (7 — 1)2
=\ 8 + 62
- 10

The circle has equatiori x — 2)2 + (y - 1)2 = 100
[ 4 marks ]
AY 7-1 6 3

(b)) Me=- S =T0-2"8 2

The linel; will have gradient % throughB( 10, 7)

y =NMX+C
4 61
7=-—x10+c=>c¢Cc=—
3 3
[, has equatio ——ix+E
1 q y = 3 3

Alternatively, 4x + 3y — 61 = 0
[ 4 marks ]



(c) A rough sketch is helpful in seeing how to answer this part of the questiol

y
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The blue triangle has a hypotenuse that is the radius of the circle, 10
and its other side is half the radius running friato B

%|PQ| =V 10? - &

/100 - 25
V75

5v3
103

|PQ|

[ 3 marks ]



Answer 11

(4 + 3vx)?
X

16 + 244/ X + 9X
X

16 24/ x ox
X X X

24°\/x .
VX x VX
:16x_1+£+9

VX

1 24
=16x "+ —7 +9

XZ

(a) f(x)

- 16X 1+ 9

1
2

— 16X 14 24x 2+ 9

Thatis,A = 16,B = 24 C = 9 andk = _%

[ 4 marks ]

) -3
—-16x © - 12x 2

1612

2 3
X X2

(b) (%)

[ 2 marks ]

f(4) = = = 25
(4 . 2
, 16 12 12 5
=2 -g~-""%"2
42
y=mMX+2C

25=—§><4+c:>c:35

5
=-—+35
y=73
Alternatively,5x + 2y — 70 = 0

[ 4 marks ]



Answer 12

y=vV2x - 6VX +4V2
1
V252 - 6x2 +4V2

1
—:\/?x2x—6x%x2

y 1
Whenx = 2, — V2 XxX2%x2-3X —
dx X ex x V2

3 V2
RRACEES vy 3
=4\/7_¥
_ 8v2 -3V2
B 2
_ 5V2
2

5
= =2
V2

5
Thatis,a = —
2

[ 4 marks ]
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