A-Level Pure Mathematics
Year 2

TRIGONOMETRY V

Trigonometric Identities
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Lesson 1

1.1 Trigonometric “Exact Values”

A-Level Pure Mathematics : Year 2
Trigonometric ldentities

The following two simple right angled triangles are of great utility, for they can be

used to determine exact values for $hve cosandtan of certain angles.

A

The left triangle has a base of length exactly 1 unit and a height of exactly 1 unit.
On this triangle in the appropriate place write the exact length of the hypotenuse
the exact size of the two non right angled angles.

The right triangle is equilateral with sides of length exactly 2 units, but has been ¢
in half. The focus is upon the upper half which has a hypotenuse of exact length

2 units and height of exactly 1 unit. On this triangle in the appropriate place write
exact length of the base and the exact size of the two non right angled angles.

Complete the following “Exact Values” table without using a calculator,

OO

30°

45°

60°

90°

sing

CcCos6

tan 0

[ 5 marks ]



1.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 40
Question 1
A right-angled isosceles triangle has two sides of length 5 cm.

5cm 5cm

h

Use the theorem of Pythagoras to find the exact length of its hypoténusas
simplified a form as possible.

[ 2 marks ]

Question 2

A right angled isosceles triangle has a hypotenuse of length 30 cm.
30 cm

Use the theorem of Pythagoras to find the exact length of one of the othebsidles,
as simplified a form as possible.

[ 3 marks ]



Question 3
A right-angled isosceles triangle has two sides of lebgitim.

(1) Use the theorem of Pythagoras to find the exact length of its hypotenuse
h, in terms ob, in as simplified a form as possible.

[ 2 marks ]

(i) Rearrange your part (i) answer to mékie subject of the formula and
present your answer with a rational denominator.

[ 2 marks ]

(i)  Given that a right-angled isosceles triangle has two sides of length5L,+
write down the exact length of the hypotenuse by using part (i)'s answer.

[ 1 mark]
(iv)  Given that a right-angled isosceles triangle has a hypotenuse ¢f,1 +

write down the exact length of each of the other sides using part (ii)'s ans
Any denominator in your final answer should be rational.

[ 2 marks ]



Question 4

In the diagram the previous two triangles have been placed back to back.
An extra green triangle has been added such that the entire shape is a right-angl
isosceles triangle with two angles o045

(1) On the diagram write in the values of the two non right-angled angles
of the green triangle.

[ 1 mark ]

(ii) By considering the entire shape, which has a hypotenuse of exact length
1 ++/3, write down an expression for the length of either of the other side

[ 1 mark]

(iii)  Hence, or otherwise, determine the exact length of the side of the green
triangle markeck

[ 3 marks ]
(iv)  Without using a calculator, find an exact valuediorl5®

[ 2 marks ]



(v)

(vi)

Without using a calculator, complete the following “Exact Values” table.
Show necessary working, especially fan 6.

15°

75°

sin@

Ccos6

tan 0

The cosine rule (reversed) states that in any triahBle,

COSA =

b + 2 — a2

2bc

[ 5 marks ]

Apply this to a suitable triangle to obtain an exact expressicco&i05’

[ 3 marks ]



Question 5

36°

72° 72°

1 1

To the left is drawn an isosceles purple triangle with base angleS.of 72

The base is 1 unit in length and the congruent sides are of kength

The angle bisector of the bottom-left base angle is drawn, cutting the original
triangle into two triangles, one pink, one blue, as shown right.

These remarkable property of both being isosceles, and so the pink triangle
has two sides that must be of length 1 which in turn forces the blue triangle
to also have two sides of length 1.

This then means that the base of the pink triangle4s 1

(1) The original blue triangle and the new pink triangle are similar because

they both have angles of 772 and 386.
Use this fact to find the exact numerical value of

[ 5 marks ]



1 1

The bisector of the 10&ngle in the blue triangle is now drawn.

This results in two congruent right angled triangles, one green and one yellow.

(i) Use the diagram above right, and your knowledge of right angled
trigonometry, to find an exact value foos36°

[ 3 marks ]

(iii)  Show that the exact value afn 36is

10 - 25
4

[ 3 marks ]



Question 6
Tom is wondering about how to expand the brackets of,

sn(A+ B)
Lucy suggests that it might always be,

sSnA + snB
for all values ofA andB.

(1) Show that Lucy's suggestion is not correct by finding suitable
“counterexample” values fék andB taken from an “Exact Values” table.

[ 2 marks ]

Prof Triggy Brain tells Tom that the correct expansion is;
sn(A+ B) = sinAcosB + cosAsnB

(i) Provide an illustration that this could be correct by picking suitable values
for A andB from an “Exact Values” table.

[ 2 marks ]
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1.3 Answers

1.3.1 Solutions 1.1 Trigonometric “Exact Values”

0° | 30° | 45° | 60° | 90°
. 1 [ N2 | V3
siné 0 ) 3 ) 1
V3 | V2 1
cosé 1 ) 5 ) 0
tan 6 O \/73 1 \/ 3 EZ;ined




1.3.2 Solutions to 1.2 Exercise

Answer 1
h =5v2cm

Answer 2

Answer 3

(1)

(i)

(i ) h

(iv) b

30 = b% + b°
900 = 2b°
b? = 450
b = 15V 2
h? = b% + b?
- 2p°
h=+v2b
h
b =
vz~
_N2h
2
V2 (1++5)
V2 (1++3)

[ 2 marks ]

[ 3 marks ]

[ 2 marks ]

[ 2 marks ]

[ 1 mark]

[ 2 mark ]



Answer 4

(1)

(i)

(i)

(iv)

V2 (45 60°

45° 1 30°
1 V3

VZ(1+V3) _ VB +VZ
2 2

[ 1 mark ]

[ 1 mark]
It can now be deduced that,
VT 4 x = Y2LLANVI)

X = \/?(12"‘\/?) V2

VZ+VE -2VZ
B 2
_ V6 -vV2

2

[ 3 marks ]
sni5 =

5"
5

[ 2 marks ]



(v)

cos15s = sn75 = (M)+ 2

2
_ V6 +v2
4
s+ [ | (512
V6 - V2 2

> *U6+v2
VE-VZ  VE-vZ
V6 + V2 V6 —v2
6 —V12 - V12 + 2

6-2
_ 8-4V3
B 4
=2-+V3
B 1 2+V3
tan75 = 2_\/§>< >+ V3
_2+V3
- 4-3
=2+43
15° 75°
sing V6 — V2 | V6 +V2
4 4
oSO \/sz/f \/_;\/7

tanf| 2 -3 2 ++3

[ 5 marks ]



(vi)

45°

45°

The 108 is the (45 + 60°)angle in the diagram

X

60°

B 30°

cos 105

V3

2+ (V2) - (1+V3)
2x2xV2
4+2—-(1+2v3 +3)
4V'2
4+2-1-2/3-3
a2
2 -2V3
a2
1-V3 V2
2V2 V2
V2 -V6
4

[ 3 marks ]



Answer 5

(1) Looking at the Length Scale Factor moving from the small (pink)
triangle to the big purple triangle,
1 x-1
x 1
Multiply through byx
1=x-x
X -x-1=0
[¥*-x]-1=0
2
(-3 - 3] 10
2 4
(-3 -5
2/ 4
X — i — iﬁ
2 2
« = V5 +1
- 2
This is¢, the golden ratio
[ 5 marks ]
(i) coszo= X o Y5+L
2 4
[ 1 mark]

V5 +1

(iii)  Using the Theorem of Pythagoras, the fact {%at: )

and the trigonometric identity thaps’ 6 + sin“6 = 1,

sn36° = v 1 - cos?36

_\/1_(\/€+1)2

B 4
_\/16—5—2\/€—1

B 16

_ [10-2V5

B 16

_ 10—42\/§ -

[ 3 marks ]



Answer 6
(1) Many counter examples are suitable.
For example leA = 30° and B = 60 in which case,

sn30° = % and sn60® = gand sn9® =1
1 V3
but —+ — # 1
2 2
so sn30° + sn60° # sSn9®
. sSinA+ 9nB # sn (A + B) in general
[ 2 marks ]
(i) With A=3C and B = 6 the claim is that,
sin (30 + 60) = sin30cos60 + cos30sn60
LHS = sn (30 + 60) RHS = sin30cos60 + cos30sn60
. 1 1 3 V3
= sin90 = - X — 4 — x ——
2 2 2 2
4 4
=1
As LHS = RHS it is true that,
sin (A+ B) = sinAcosB + cosAsnB
whenA = 30¢° andB = 60°
[ 2 marks ]

This document is a part of\athematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2022 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



Lesson 2
A-Level Pure Mathematics : Year 2
Trigonometric ldentities
2.1 Law Breaker
Many brackets in mathematics can be expanded by using the Distributive Law.
It states that multiplying a number by a group of numbers added together is the
same as doing each multiplication separately.

The Distributive Law

ax(b+c)y=axb+axc
For example,

3x(4+5) = 3x4 + 3XxX5

To show that the distributive law does not apply to trigopnometric functions,
let A=30 and B=60 such thatA + B = 90 in which case,

sn(A+B) # snA+ snB
because

N30 = = §n60 = 3 §n9o = 1and = + Y3 41
2 2 2 2
The correct way that the brackets do expand is as follows,

sn(A+ B) = sinAcosB + cosAsnB
A visual proof of this is given over the page.

This formula for expanding the bracketssof ( A + B) is one of six formulae
that are collectively known as The Addition Formulae,

The Addition Formulae

sn(A*xB) = snAcosB * cosAsnB
cos (A £ B) = cosA cosB ¥ snAsnB

nA + tanB
tan(Ax B) = ta ta

1% tanA tanB




2.2 Visual Proof
The diagram below is a “proof without words” that,

sn(A+ B) = snAcosB + cosAsnB
and

cos (A+ B) = cosAcosB — snAsnB
It's a great diagram to pin up on a wall and think about.

cos(A+B) snAsnB
A+B

gS0d Y Uss

sin (A+B)

g uis \ S0d

COSA cosB



2.3 Proving Your Identity

A trigonometric identity is a relationship between trigonometric functions that is
essentially true for all values of angle. There may be a necessary technical restrit
on the domain to avoid, for example, a division by zero.

All six of the Addition Formulae are trigonometric identities and so too are,

cos’§ + sn’6 = 1, 0 e R
and

tano = 0 e R, 6 #9011+ 2n)forne Z

cosfO’

Faced with an unfamiliar trigonometric identity, the immediate task is often to pro
that it is true.

2.4 Example
Prove thatcos(90° — 6) = sno

Teaching Video http://www.NumberWonder.co.uk/v9040/2.mp4

Watch the Teaching Video which shows the correct technical manner in which to
write out the proof.

[]

[ 3 marks ]


http://www.NumberWonder.co.uk/v9040/2.mp4

2.5 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available 38

Question 1
Prove the following identity.

Be sure to start “LHS” and conclude with “= RHS” along with the special
symbol used to indicate the conclusion of the proof.

sn(90° + ) = cosé

[ 3 marks ]

Question 2

Prove the following identity.

Be sure to start “LHS” and conclude with “= RHS” along with the special
symbol used to indicate the conclusion of the proof.

sn (180 — 6) = sné

[ 3 marks ]



Question 3
Prove that

sn(A+ B) +sn(A-B) = 2snAcosB

[ 3 marks ]

Question 4
Prove this identity;

cos(A—-B) — cos(A+ B) = 2snAsnB

[ 3 marks ]



Question 5

Prove,
SNA*B) _ nA+tanB A B 2 90°@1L+20, ne Z
cosAcosB
[ 3 marks ]
Question 6

By letting B = A in the addition formulasin (A + B) = sinA cosB + cosAsinB
prove that;

SSN2A = 2SnAcosA

[ 3 marks ]



Question 7
Using a similar technique to that of question 6, prove that;

cos2A = cos’A — sin?A

[ 3 marks ]

Question 8
2tanA

Prove that tan2A = ——— Az45(1+ 2n), n
1 - tanZ2A ( ) < Z

[ 3 marks ]



Question 9

The three formulae, proved in questions 6, 7 and 8 are called “The Double Angle
Formulae”. They are important and useful, and need to be memorised for recall a
any moment.

Write out the three double angle formulae.
You may claim a bonus mark if you can do it from memory !

[ 3 marks ]
[ 1 Bonus ]

Question 10

Explain carefully, giving an example of each, the difference between
a trigonometric identity and a trigonometric equation.

[ 4 marks ]



Question 11
Solve the following trigonometric equation fobetween ©and 360

2sinx = cos (X + 60°)

[ 6 marks ]
The Visual Proof o6in(A+B) seems to have it's origins in a diagram fiospired By Maths

This document is Licensed for use by staff and stude@kratvsbury School, England
To obtain a Licence please visit www.NumberlsAll.com
© 2020 Number Is All



2.6 Homework

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 35

Question 1
Solve the following trigonometric equation fobetween 0and 360

sn(x-30°) = %cosx

[ 6 marks ]



Question 2

(1) Study the following diagram.
The aim is to work out the exact size of anQED, and then deduce an
exact value fotan CEDthat will involve a square root.

A E

B C D

The green triangleyA ABCis isosceles and right angled with sidésandBC
both of length 1. The red triangl®ACE, is also isosceles with sid&€ andAE
having the same length. The blue triangd&DC is right angled.

All three triangles form a rectangl&BDE, as shown.

Determine the exact value of an@&D, and the exact value tdn CED.

[ 5 marks ]



(i) Solve the following trigonometric equation fobetween ©and 360

cos (X — 45°) = cosx

[ 6 marks ]



Question 3
Solve the following trigonometric equation fobetween ©and 360

3sn(x+ 10°) = 4cos (x — 10°)

[ 6 marks ]



Question 4

tan(C + D) — tanC
1+tan(C + D) tanC
HINT: Let(C+ D) =A andC = B, then use théan addition formula backwards.

Prove that, = tanD

[ 5 marks ]



Question 5
Given that

prove that

This document is Licensed for use by staff and stude®@kratvsbury School, England

SnN(Xx—a) =cos(X+ a)

tanx = 1

To obtain a Licence please visit www.NumberlsAll.com
© 2020 Number Is All

[ 7 marks ]



2.7 Answers

2.7.1 Solution to 2.4 Example (Teaching Video)

The Addition Formulae
sn(AxB)

sinA cosB + cosAsnB

cos (A =+ B) = cosA cosB ¥ snAsnB
tanA + tanB

+ =
tan (A= B) 1 ¥ tanA tanB

LHS

cos(90 - 0)

cos90° cosf + Sn90°sind

O0x cos® +1xsno

siné
= RHS ([
[ 3 marks ]

2.7.2 Solutions to 2.5 Exercise

Answer 1
LHS = sn (9C° + 6)

sin90cos® + cos90sing

1x cosf + 0 x sind
cos @
= RHS O

[ 3 marks ]

Answer 2
LHS

sn (18 - 0)
sin180cos® — cos180sin O

0 x cosf — (—1) x sind
= sno
RHS l

[ 3 marks ]



Answer 3

LHS = sin(A + B) + sin(A - B)
= SinAcosB + cosAsinB + sinAcosB — cosAsnB
= 2sinAcosB
= RHS O
[ 3 marks ]
Answer 4
LHS = cos(A - B) — cos(A + B)
= cosAcosB + sinAsinB — [ cosAcosB — sinAsinB]
= CoSAcosB + sSinAsinB — cosAcosB + snAsinB
= 2snAsnB
= RHS O
[ 3 marks ]
Answer 5
LHS — sn(A+ B)
cosAcosB
_ sinAcosB + cosAsinB
cosAcosB
_sSinAcosB N cosAsinB
cosAcosB cosAcosB
= tanA + tanB
= RHS O
[ 3 marks ]
Answer 6
LHS = sn2A
=sn(A+A)
= SINACOSA + CcosAsSnA
= 2sSinAcosA
= RHS U

[ 3 marks ]



Answer 7
LHS = cos2A

= cos (A + A)
= COSACOSA — SinAsinA
= cos’A — sSn’A
= RHS O
[ 3 marks ]

Answer 8

LHS tan2A

tan (A + A)

tanA + tanA

1 - tanAtanA
2tanA

1 - tarfA

= RHS O

[ 3 marks ]

Answer 9

The Double Angle Formulae
SiN2A = 2snAcosA
CoS2A = COS’A — sin*A

2tanA

tan2A = ———
1 - tarfA

[ 3 marks ]
[ 1 Bonus]

Answer 10

A trigonometric identity is a statement that is true for all values of

(Sometimes with a technical exclusion)

A trigonometric equation is a statement that is only true for a certain special value
of 0 that, typically, are to be found.

Plus an example of each.
[ 4 marks ]



Answer 11

2sinx = cos (X + 60°)

29nX = cosxcos60 — sinxsin 60
. 1 NE

2sinx = ?cosx — Tsmx

multiply through by 2

4snX = COSX — V3 snx

sinx (4 + vV3) = cosx
snx 1 « 4 -3
cosx 4++vV3 ~ 4-+3
4-+3
tanx = ————
16 - 3
4-+3
tanx = —————
13
tanx = 0.1745
X = 9.9°, 1899°

[ 6 marks ]
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2.7.3 Solutions to 2.6 Homework

Answer 1
) 1
sn(x - 30°) = Ecosx
) ) 1
sinxcos30 — cosxsn30 = Ecosx
Esinx - icosx = icosx
2 2 2
NE
——9NnNX = COSX
2
snx 2
cosx V3
2V3
tanx = ——
3
x = 1.155
= 491°, 2291°
[ 6 marks ]
Answer 2
(i) tan225 =+2 -1
[ 5 marks ]

(i)
cos (X — 45°) = cosx
cosxcos45 + snxsin45 = cosx

V2

V2 .
——— COSX + —— SiNX = COSX
2 2

multiply through by2
V2 cosx + V2 sinx = 2cosx
V2 sinx = 2cosx — \/2 cosx
V2 sinx = cosx (2 -+v2)

sinx 2 -\V2 V2
cosx | N2 V2
2\2 -2

2
V2 -1
X = 225°, 2025°

tanx

[ 6 marks ]



Answer 3
3sn(x+ 10°) = 4cos (x — 10°)
3sinxcos10 + 3cosxsin10 = 4cosxcos10 + 4sinxsin10
3sinxcos10 — 4sinxsin10 = 4cosxcos10 — 3cosxsin10

sinx (3¢cosl10 — 4sin10) = cosx (4cos10 — 3sin10)
4cos10 - 3sn10

tanx = .
3c0s10 - 49n10
= 1513
X = 56.5°, 2365°
[ 6 marks ]
Answer 4
LHS — tan(C + D) — tanC
1+tan(C + D) tanC
=tan((C+D)-C)
= tanD
= RHS
[ 5 marks ]
Answer 5
SnN(Xx—a) =cos(X+ a)
SINXCOSa — COSXSNa = COSXCOSa — SNXSna
SINXCOSa + SINXSNa = COSXCOSa + COSXSha
SinXx (cosa + Sina) = COSX (COSa + Sina)
sSnx _ cosa + Sina
COSX  cosa + Sina
tanx = 1 O
[ 7 marks ]
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Lesson 3

A-Level Pure Mathematics : Year 2

Trigonometric ldentities
3.1 The Double Angle Formulae

In the A-Level examination, candidates are given The Addition Formulae
but not The Double Angle Formulae. They should be memorised !

The Double Angle Formulae
sin2A = 2snAcosA
CoS2A = COSPA — Sin’A

2tanA

tan2A = ——
1 - tarA

3.2 Proof: Forsin 2A

sn(A+ B) = sinA cosB + cosA snB
LetB=A

sn(A+ A) = sSinA cosA + cosA sinA

sin2A = 2sin AcosA O

3.3 Proof : Forcos 2A

cos(A + B) = cosA cosB - snAsnB
LetB=A

cos(A + A) = cosA cosA — sSinA sinA
cos2A = cos’A — sin?A O

3.4 Proof: Fortan 2A
tanA + tanB

tan(A+ B) =
1 - tanA tanB
LetB=A
tan(A + A) = tanA + tanA
1 - tanA tanA
tanZA — ﬂ D

1 - tan2A



3.5 Example

Prove that,

Cos 2A

1-sn2A

Teaching Video http://www.NumberWonder.co.uk/v9040/3.mp4

Watch the Teaching Video, write out the proof.

[]

1+ sn2A

[ 5 marks ]


http://www.NumberWonder.co.uk/v9040/3.mp4

3.6 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 30

Question 1
By changing the 1 focog A + sir? A, or otherwise, prove this identity;
LZA — tanA
1 + cos2A
LHS =
[ 3 marks ]
Question 2

By changing both 1s focog A + sir? A, or otherwise, prove this identity;

LHS =

[ 3 marks ]



Question 3
By use of a difference of two squares, or otherwise, prove this identity;
cos 2A

- = COSA — SinA
COSA + SnA

LHS =

[ 3 marks ]

Question 4
By use of a difference of two squares, or otherwise, prove this identity;

cos'A — sin*A = cos2A

LHS =

[ 3 marks ]



Question 5
Prove that;

cos3A = 4cos’A — 3cosA

If you need help with this question there are several video's available as it's a “cle
Search the internet usingds3A”.

[ 6 marks ]



Question 6
(a) By changing the 1 focos A + sir? A, prove this identity;

1 - 2sn’X = cos2x

[ 2 marks ]
(b)
B
ABCis an isosceles triangle
AB=AC=1
M is the midpoint oBC
(1) Use trigonometry to find an expression, in terms, dér BM
[ 1 mark]
(ii) Hence write down an expression, in termg,dbr BC
[ 1 mark]

(iii)  Use the cosine rule to find an expression, in term®e2x, for BC?

[ 2 marks ]

(iv)  Hence show thatcos2x = 1— 2 sir? x

[ 2 marks ]



Question 7
Prove that;
3tanA — tan®A
1 — 3tan?A

tan3A =

[ 4 marks ]
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3.7 Answers
3.7.1 Solution to 3.5 Example (Teaching Video)

Cos2A
1+ sn2A
cos A — Sin?A
Cos? A + SiN°A + 2sinAcosA
(CcosA — sinA)(cosA + snA)
(COSA + sinA)?
(cosA — snA)(cosA + sinA)
(cosA + sinA) (CcosA + sinA)
(CosA — SnA)
(CcosA + snA)
(CosA — snA) o (CosA — snA)
(CosA + SinA) (CosA — sinA)
(cosA — sinAY?
Cos’ A — sinA
Ccos’ A — 2SiNACosA + sin?A
cos 2A
1 - sn2A
cos 2A
= RHS O

LHS =

[ 6 marks ]

As an end-of-lesson filler, here is another way of doing this question,
cos2A
1+ sn2A
cos2A y (1-sn2A)
(1+ sin2A) (1-sn2A)
C0s2A (1 — sin2A)
1 - sin?2A
Cos2A (1 — sin2A)
cos? 2A + Sin?2A — sin? 2A
Cos2A (1 — sin2A)
cos’ 2A
1-sn2A
COoS2A
= RHS O

LHS =




3.7.2 Solutions to 3.6 Exercise

Answer 1
LHS =
Answer 2
LHS =
Answer 3
LHS

sin 2A

1 + cos2A
2sin AcosA

CoOS’ A + SINA + co?A — SinPA
2sin AcosA

2co?A
sinA
COsA
= tanA

= RHS O

[ 3 marks ]

/ 1 — cos2A

1 + cos2A
\/ CO?A + SN2A — (COP A — SIN2A)
COS?A + Sin?A + cos?A — SinfA

2sin?A
\ 2cos?A
\ tar? A

tanA
RHS O

[ 3 marks ]

cos 2A
COSA + SinA
CoOsA — SIPA
COsA + SinA
(cosA + sinA) (cosA — sinA)
COsA + SnA

= COSA — sSinA
= RHS O
[ 3 marks ]



Answer 4
LHS = cos'A — sin*A
(co2A) - (sn2AY
= (co? A — sin?A)(cos’A + sin?A)
(cos’A — sin“A)(1)
cos 2A
= RHS O

[ 3 marks ]

Answer 5
LHS = cos3A

= cos(2A+ A)

= COS2ACOSA — sin2AsinA

= (cos’A — sin?A) cosA — 2sinAcosAsinA
= cos’A — sinAcosA — 2sin AcosA

= cos’A — 3sin°AcosA

= cos’A — 3(1 - cosA) cosA

= cos’A — 3cosA + 3cos’A

= 4cos’A — 3cosA

= RHS U
[ 6 marks ]

Answer 6

(a) LHS = 1 — 2sin®x

= COX + SiN’X — 28N’ X

cos x — SN’ x

COsS 2X

= RHS U
[ 2 marks ]



(b) (1) sinx:¥:>BM:sinx

[ 1 mark ]
(i) BC = 2BM = BC = 2sinx
[ 1 mark]
(i) BC*=1"+1"-2x1x1xcos2x
BC® = 2 — 2cos2x
2cos2x = 2 — BC?
cos2x = 1 — %BC2
[ 2 marks ]
(iv) COS2X = 1—%(23inx)2
1 .
=1-—xXx4x9n°Xx
2
= 1-2sin’x
[ 2 marks ]
Answer 7
LHS = tan3A
= tan(2A + A)
_ tan2A + tanA
1 - tan2AtanA
_ roags + tanA % (1 - tarfx)
1- g2aas x tanA (1 - tarPx)
_ 2tanA + tanA (1 — tarfx)
1 - tar’x — 2tarrA
_ 2tanA + tanA — tar’ A
1 - tarx — 2tarfA
_ 3tanA - tar’A
1 - 3tarrA
= RHS O
There is a connection with Pascal's Triangle, 1 33 1
[ 4 marks ]
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Lesson 4
A-Level Pure Mathematics : Year 2

Trigonometric ldentities
4.1 Homework

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 40
Question 1

Here is a table of exact trigonometric values that most mathematicians know “off
by heart”;

Exact values table:

0° 30° | 45° | 60° | 90°
. 1 V2 | V3
— - | — 1
sing 0 ) > )
V3 | V2 1
1 —_— —_— —_
coso ) 3 ) 0
tan 0 0 \/33 1 \/ 3 gz;ined

Show, using the formula fosin (A— B) and the table of exact trigonometric values
that

V6 -2
4

snl1l% =

Remember to start, LHS =

[ 5 marks ]



Question 2
(a)  Write down the exact value of (i) sin4%°
(i) cos45

[ 2 marks ]

(b)  On one graph sketch the curveyafsin xandy = cos x for 0° < x< 360°

[ 2 marks ]

(c) Use the fact thasin 45° = cos45° to prove that
sn(6 +45) = cos (6 — 45)

[ 5 marks ]



Question 3

Prove that, C.OSA _ SnA = CO.S(A+ B)
snB cosB snBcosB

[ 5 marks ]



Question 4
Prove that;

cos (A + B) cos (A - B) = cos?A — sin’B

[ 5 marks ]



Question 5

1 - 2
Prove that, %Se = tané@

[ 5 marks ]



Question 6
Prove that;

2cos’0sng + 2sin®0cosd = sin20

[ 5 marks ]



Question 7

Prove that, s.n30 - C0s 36 =2
sne cos 6

[ 6 marks ]
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4.2 Answers

Answer 1
LHS = sn1%
= sin(45 - 30)

= sin45cos30 — cos45sn 30
_VZ V3 _VZ 1

2 2 2 T2
_VE-VZ
4
= RHS O
Answer 2
V2

(a) (l) S|n45027

(b)

LHS = sin15

= sin(60 — 45)
= sn60cos45 — cos60sn45
_ V3 vZ 1 V2

2 2 2 2
_VE-VZ
4
= RHS O
[ 5 marks ]
V2

(i) Ccos4y = -
[ 2 marks ]

[ 2 marks ]



(c)

Answer 3

Answer 4
LHS

LHS = sin( 6 + 45)
= Sin6f cos45 + cosH sin45
= Sn6#sn45 + cosh cos45
= €0S6 cos45 + sinf sn45
= cos( 6 — 45)

= RHS ]
[ 5 marks ]

LHS = cpsA B SnA

snB cosB

COsA y cosB B SinA y snB

snB cosB cosB snB

cosAcosB — ssnAsnB
snBcosB

cos (A+ B)

sin BcosB
= RHS O

[ 5 marks ]

cos(A + B)cos(A - B)
(cosAcosB — sinAsinB)( cosAcosB + snAsinB)

Difference of two squares
cos” Acos’B — sin“Asin°B
cos’A(1 - sn’B) — (1 - co?A) sSin°B
cos’A — cos’ Asin’B — sin’B + cos’ Asin’B
cos’A — sin’B
RHS O

[ 5 marks ]



Answer 5

Answer 6

Answer 7

LHS

1 — cos26
sin 260
cos’f + sinff — (cos?h — sin’h)
2sn6 coso

29n%6
2sn6 coso
sné
cos 6

tané

RHS O
[ 5 marks ]

LHS = 2cos®0sing + 2sin®0 coso

LHS

= 2sinfcosO (cos’ O + sin’H)
= 2s8n6 cosé
= sn20
= RHS O
[ 5 marks ]

sin 36 cos 30
sno®  cosé
sin 36 y cosf  cos30 o sné
sné cos 6 cos 6 sné
sin36 cosf® — cos30 sin6
sin@ cosh
sn (30 - 0)
siné cos 6
sin 20
siné coso
2sn6 coso

sin 0 coso
2

RHS O

[ 6 marks ]
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Lesson 5
A-Level Pure Mathematics : Year 2

Trigonometric ldentities
5.1 The Reciprocal Trigonometric Functions
The reciprocal trig functions are;
1 1

sechd = CCh = — =
cos6 sIne@ tané@

A further two new identities, derived from an old favourite immediately follow;
cos’f + sin°0 = 1 This is the old favourite which yields,

se6  upon dividing through the old favourite bgs’ 6, and,

1 + tar’e
cot’0 + 1 = csc?6  upon dividing through the old favourite ki’

5.2 Example
Prove that, csc6 (cosfcotf + sind) — 1 = cot’6

Teaching Video http://www.NumberWonder.co.uk/v9040/5.mp4

After watching the Teaching Video, write out the proof,

[

[ 3 marks ]


http://www.NumberWonder.co.uk/v9040/5.mp4

5.3 Proofs Strategy

When tackling proof questions involviisgco, csc 6 andcot 6;

¢ If no powers are involved, changecd, csc 6 andcot 6 into the more familiar
trigonometric ratios using

1 1
seco =

, csch = — and cotf =
cos 6 sno

tané

e As soon as powers occur, especially a square, try to make use of any of,
cos’ 6 + sinf = 1

1 + tan’o

®eF 0
cot’0 + 1 = csc? 6

sin@ cos o
¢ |t follows from the fact thattan9 = —— thatcot§ = —

sné

5.4 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable

Marks Available 40
Questionl

Prove that, sh0 (cscd — sinf) + cosO (secd — cosh) = 1

[ 3 marks ]



Question 2
siné (sin® — csch)

Prove that, = cot?6
cosf (cosf — sech)
[ 3 marks ]
Question 3
1-sn 1+ sn
Prove that, ( o) ( ) _ coe

(1-cosf) (1+ cosh)

[ 3 marks ]



Question 4
Prove that, se6 — tarf6 + csc?6 — cot’0 = 2

[ 3 marks ]

Question 5
Prove that, secf (cos@ + sinftanf) = se0

[ 3 marks ]



Question 6

1 .
Prove that, : = dn’6
cscH (cos@cotd + sInb)

[ 3 marks ]

Question 7

Prove that, 1 + L =1
(tarfo + 1) (cot20 + 1)

[ 3 marks ]



Question 8
Prove that, (secf — 1) (csc?0 —1) =1

[ 3 marks ]

Question 9
Prove that, (secf + tanf) (secd —tand) = 1

[ 3 marks ]



Question 10
cos o N siné
V1 + tarko V1 + cot26

Prove that,

[ 3 marks ]



Question 11
Prove this identity, cot6 — tanf = 2cot 20

[ 5 marks ]

Question 12
Prove this identity, cot6# + tanf = 2csc260

[ 5 marks ]
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5.5 Answers

5.5.1 Solution to 5.2 Example (Teaching Video)

LHS = csch (cos@cotd + sind) — 1

+sn6| -1

1 ( cos 6
= — cosf x
sné

= ;Orig +1-1
( cos 6 )2

sno
= cot’ 6

= RHS O

[ 3 marks ]

5.5.2 Solutions to 5.4 Exercise

Answer 1
LHS = 9nf (csch — sinf) + cosh (sech — cosb )

Sine(SiTlG - sin0)+cos¢9($ — cos6
1-sn’6 +1 - cos’0

1+1-(sn?6 + cos?6)

1+1-1

=1

= RHS O

[ 3 marks ]



Answer 2

Answer 3

Answer 4

LHS

LHS

LHS

sinf (sih® — csco)
Ccosf (cosf — sech)

SN (sinf — si;
cos6 (CoSO — —ig)
snfg -1

cos?h - 1

snf — cos’f — sin’h
cos?f — cos?H — sin? o
—cos’

—sin? o

cot? 6

RHS O

[ 3 marks ]

(1-snfd) (1 +sn0h)
(1-cosf) (1+ cosh)
1 - sin?0

1 - cos?0

cos’f + S @ — sin’h
cos?f + Sin? O — cos? 6
cos’ 4

sin?6
cot’ 0

RHS O

[ 3 marks ]

sec 6 — tarf 0 + csc’ 6 — cot’ 6

1+ tarf6 — tan’6 + cot’6 + 1 — cot’6
1+1

2

RHS O
[ 3 marks ]



Answer 5
LHS = sech (cosf + snftand)

1 ) sné
= cosf + InH X
cos6 cos 6

N sin?6
cos? 6
=1+tarfo
= 26
= RHS O

[ 3 marks ]

Answer 6
1

csch (cosfcoth + sind)
1

sh7(cosO x L4 + sino)

_1

1
cot?0 + 1
1
csc? 6

LHS =

= sn’ o
= RHS O
[ 3 marks ]

Answer 7
1 N 1
(tar + 1) (cot?26 + 1)
1 1
+
e o csc? 6
cos’f + sin’ o
1

RHS O

LHS

[ 3 marks ]



Answer 8

LHS = (se6 — 1) (csc?0 — 1)
(1+tanfd —1) (cot?’0 +1—1)
tar’ 0 cot’ 0

= tanf 6 x

tar? 0
=1
= RHS O
[ 3 marks ]

Answer 9
LHS = (sech + tanf) (sechd — tand)

= s - tarf o

=1+ tarf6 — tar 6

[ 3 marks ]

Answer 10
cos o sné
V1 + tart e " V1 + cot26
cos 6 sno
Vsedo " v csc? 6
cos 6 N sno
seco csc o
= cos’ 0 + sin“ 6
=1
= RHS O

LHS =

[ 3 marks ]



Answer 11

LHS = cotf6 — tané

_ cosd sino
" §n6®  cosé
_ coso cosf  siné 9 sinf

sné cos 6 cos 6 sné
_ cos’H — sSin*0 . 2

sin @ cosé 2
_ 2(cos6 —sin*0)
B 2sin6 cosé
_ 2c0s26
~ sin26
= 2cot 20
= RHS O
[ 5 marks ]
Answer 12
LHS = cotf + tané

_ cosé sino
~ sné cos
_ cosé o cos 6 sné o sné

sné cos 6 cos 6 sné
_ cos’H + sSin*6 . 2

siné cosé 2
_ 2(cos’6 + €n*0)
a 2sin6 cosd
3 2
~ sin26
= 2csc26
= RHS O
[ 5 marks ]
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Lesson 6
A-Level Pure Mathematics : Year 2
Trigonometric ldentities
6.1 Examination Questions
A typical examination question will revolve around the solving of a trigopnometric
eqguation that is in essence a quadratic equation. In order to obtain the quadratic
it may well be required to use one of the equations,

cosh + d§no = 1
1+ tarfd = eF0
cot’0 + 1 = csc? 6

6.2 Example
C3 Examination question from January 2012, Q5.

Solve, for0 < 6 < 18®°,  2cot®39 = 7cosec3d — 5
Give your answers in degrees to 1 decimal place.

Teaching Video http://www.NumberWonder.co.uk/v9040/6a.mp4
o3[

Watch the video from “Exam Solutions”
Write out a solution to the question.

[

[ 10 marks ]


http://www.NumberWonder.co.uk/v9040/6a.mp4

6.3 Exercise

Each question comes with Video Support from “Exam Solutions”
You are not expected to watch these videos.

They are there for when you need a helping hand.

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 55

Question 1
C3 Examination question from January 2011, Q3

Find all the solutions of2c0os26 = 1 — 29n@ intheinterval0 < 6 < 36Q°
[ 6 marks ]

Need help with Question 1 ?
http://www.NumberWonder.co.uk/v9040/6b.mp4

el

[=]
(=]



http://www.NumberWonder.co.uk/v9040/6b.mp4

Question 2

C3 Examination question from January 2010, Q8

Solve, cose2x — cot2x = 1

Need help with Question 2 ?

for 0 < x < 187

http://www.NumberWonder.co.uk/v9040/61.mp4

[ 7 marks ]


http://www.NumberWonder.co.uk/v9040/6l.mp4

Question 3
C3 Examination question from June 2011, Q6
1 cos 20

(a) Prove that, Sn20  Snzo tanao, 60 #90n°, ne Z
[ 4 marks ]
(b) Hence, or otherwise
(i) show thattan 15° = 2 -v/3
[ 3 marks ]

(ii) solve, for0 < x < 36(°, cosec4d — cot46 = 1
[ 5 marks ]



Need help with Question 3 ?

http://www.NumberWonder.co.uk/v9040/6¢c.mi§Rart 1)
http://www.NumberWonder.co.uk/v9040/6d.mRart 2)
http://www.NumberWonder.co.uk/v9040/6e.mRart 3)

PesE ed B
Ry L] R
e ST b

Part 1 Part 2 Part 3



http://www.NumberWonder.co.uk/v9040/6c.mp4
http://www.NumberWonder.co.uk/v9040/6d.mp4
http://www.NumberWonder.co.uk/v9040/6e.mp4

Question 4
C3 Examination question from June 2006, Q6
(a) Using sir? 0 +cog6 =1, show thatcoseé 0 —cot 0= 1
[ 2 marks ]
(b) Hence, or otherwise, prove that
cosec§ — cot?6 = cosed 6 + cot?
[ 2 marks ]
(c) Solve, for 90 < 0 < 180,
cosec' f — cot’9 = 2 — cot
[ 6 marks ]



Need help with Question 4 ?
http://www.NumberWonder.co.uk/v9040/6f.mp4 (Part 1)
http://www.NumberWonder.co.uk/v9040/6g.mp4(Part 2)



http://www.NumberWonder.co.uk/v9040/6f.mp4
http://www.NumberWonder.co.uk/v9040/6g.mp4

Question 5
C3 Examination question from June 2008, Q5
(a) Giventhatsint @ +cog6 =1, show that 1 €otf? 6 =coseé 6

[ 2 marks ]
(b)  Solve, for 0< 6 < 180, the equation
2cot’6 — 9cosech = 3
giving your answers to 1 decimal place.
[ 6 marks ]

Need help with Question 5 ?
http://www.NumberWonder.co.uk/v9040/6h.mp4(Part 1)
http://www.NumberWonder.co.uk/v9040/6i.mp4 (Part 2)

e
ey "’5
SR S

Part 1 Part 2



http://www.NumberWonder.co.uk/v9040/6h.mp4
http://www.NumberWonder.co.uk/v9040/6i.mp4

Question 6
C3 Examination question from June 2010, Q1
(a) Show that

sin 20

———— = tand
1 + cos26

[ 2 marks ]
(b) Hence find, for— 180 < 6 < 180, all the solutions of
2sn20
1 + cos260

Give your answers to 1 decimal place.
[ 3 marks ]

Need help with Question 6 ?
http://www.NumberWonder.co.uk/v9040/6].mp4 (Part 1)
http://www.NumberWonder.co.uk/v9040/6k.mp4 (Part 2)

(]34 [ ﬁ_.#,

Sl Sl

Part 1 Part 2



http://www.NumberWonder.co.uk/v9040/6j.mp4
http://www.NumberWonder.co.uk/v9040/6k.mp4

Question 7
C3 Examination question from January 2007, Q1
(a) By writing sin36 assin( 20 + 6 ), show that

sn39 = 3sinf — 4sin®6

(b) Given that sné = find the exact value aofin 36

V3
4

Need help with Question 7 ?
http://www.NumberWonder.co.uk/v9040/6m.mp4Part 1)
http://www.NumberWonder.co.uk/v9040/6n.mp4(Part 2)

(=]~ [m = "'EI

b r il ._'. .,T.' l
Eidaan ﬁﬁ"uﬂ

All examination questions are © Pearson Education Ltd
and have appeared in the Edexcel GCE (A level) Pure Mathematics examination papers
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[ 5 marks ]

[ 2 marks ]


http://www.NumberWonder.co.uk/v9040/6m.mp4
http://www.NumberWonder.co.uk/v9040/6n.mp4

6.4 Homework
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 32
Question 1
A-Level Paper 1 Examination question from June 2018, Q8
The depth of wate) metres, in a harbour on a particular day is modelled by
D=5+2sn@0t)° 0<t<?24
wheret is the number of hours after midnight.
A boat enters the harbour at 6.30 am and it takes 2 hours to load its cargo. The k
requires the depth of water to be at least 3.8 metres before it can leave the harbc

(a) Find the depth of the water in the harbour when the boat enters the harbc

[ 1 mark]

(b) Find, to the nearest minute, the earliest time the boat can leave the harbc

[ 4 marks ]



Question 2
A-Level Paper 2 Examination question from June 2018, Q12 (a) edited
Prove that

(2n + 1) 18C

1 - cos20 = tan@sn20 0 # 5 ,

ne Z

[ 3 marks ]



Question 3
A-Level C3 Examination question from June 2017, Q9
(a) Prove that

sSin2x — tanx = tanxcos2x Xz @2n+ 1D, ne Z

[ 4 marks ]

(b) Given thatx# 90° and x# 270° solve for X x< 360

sin2x — tanx = 3tanxsinx
Give your answers in degrees to one decimal place where appropriate

[ 5 marks ]



Question 4
A-Level Paper 1 Examination question from June 2019, Q6
(a) Solve, for - 180° < 6 < 180, the equation

5sn20 = 9tané
giving your answers, where necessary, to one decimal place.

[ 6 marks ]

(b) Deduce the smallest positive solution to the equation
5s9n(2x — 50°) = 9tan(x — 25°)

[ 2 marks ]



Question 5
A-Level Paper 2 Examination question from June 2019, Q12
cos 30 sn360

a Prove, - + = 2cot 20 6 = (90n)°, n
(2) sno cos 6 (50 € Z

[ 4 marks ]
(b) Hence solve, for 90 6 < 180, the equation
cos 30 N sin 36

sno cos 6
giving any solutions to one decimal place

[ 3 marks ]

All examination questions are © Pearson Education Ltd
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6.5 Answers

6.5.1 Solution to 6.2 Example (Teaching Video)

2cot’39 = 7csc30 — 5
2(csc®39 — 1) = 7csc30 - 5
205’39 - 2 - 7cc30 +5=0
2¢sc’30 — 7¢sc30 + 3 =0
(2csc30 — 1)(csc39 -3) =0
Either 2csc30 -1 =0 or c¢cx30-3=0

Ccsc 30 = % csc30 = 3
1 1 1 3
sin 360 2 sin 30 1
sn39 = 2 sn30 = L
No solutions 30 = 195, 1605, 3795, 5205

0 = 6.5°, 535°, 1265°, 1735°

[ 10 marks ]

6.5.2 Solutions to 6.3 Exercise

Answer 1

2cos260 = 1 - 2sné
2(cos’0 — sin0) = 1 — 2sné
2(1-sn’0 —sn’0) =1 - 2sn6
2 - 4sn’0 = 1 - 2sn6

4sin’9 —2sn® -1 =0

2+ (=22 -4x4x (-1
2x4

snfg =

2 =420
=
1++5
—
0 = 54, 126>, 198, 342

[ 6 marks ]



Answer 2

csc?2x — cot2x = 1
cot’2x + 1 — cot2x = 1
cot’2x — cot2x = 0
cot2x (cot2x — 1) = 0

Either cot2x = 0 or cot2x = 1
cot 2x = Owhen tan2xis undefined2x = 90, 270

X = 45 135
cot 2x = 1when ! =1, . whentan2x = 1; 2x = 45 225
tan2x
X = 225, 1125
Solutions ar25°, 45°, 1125°, 135
[ 7 marks ]
Answer 3
1 cos 26
a LHS = —
(a) sin 20 sin20
_ (cos’0 +sin”H) — (cos’6 — sin*6 )
B 2sn6 cosé
_2sn6
~ 2sin6cosh
_sng
~ cos@
= tané@
= RHS O
[ 4 marks ]
(b) (i) tan1y = —= _ CS3¢
sn30° sn30°
=2-+V3
[ 3 marks ]
(i) cosec4h —cotdo = 1
1 cosdd _ 1
sin46 sn46
tan20 = 1

20 = 45 225 405 585

0 = 225°, 1125°, 2025°, 2925°
[ 5 marks ]



Answer 4

(a) sn’f + cosh = 1
Divide through bysin® 6
sn’o cos’ 6 1
- + — = —
sin?é sin2é sin2é

1+ cot’0 = csc? 6

- csc?h — cot’e = 1 O
[ 2 marks ]
(b) LHS = csc'6 — cot o
2 2
= (csc?0) - (cot?0)
= (csc®0 + cot’0) (cesc?6 — cot’6)
= (csc?0 + cot’6) x 1
= ¢’ 6 + cot’ 6
= RHS O
[ 2 marks ]
c cosec’ 6 — cot’0 = 2 - co
o t'0 = 2 t o

csc? O + cot’6 = 2 — cot 0

cot’6 + 1 + cot?’6 = 2 — cot 6
2cot’f + cotd —1 =0
(2cot® —1)(cotd +1) =0

Either cot 9 or cotd = -1

N N

tanf =

0 = 135
[ 6 marks ]



Answer 5

(a)

(b)

Answer 6

(a)

(b)

sn6 + cos?o = 1

Divide through bysin® 6

sin?6 cos’ 1
- + — = —
sin2é sin?é sin2é
1+ cot’0 = csc?0 O
[ 2 marks ]
2cot’f — 9csch = 3
2(csc? — 1) - 9csch = 3
2¢csc’h — 9¢csch — 5 =0
(2cscd +1)(csch —5) =0
Either csco = —% or cscf =5
sng = -2 snfg = i
5
No solutions 0 = 115° 1685°
[ 6 marks ]
LHS = sin 20
1 + cos26
3 2s9n0cosf
COs?0 + Sin?H + cos?h — sin?é
B 2sn0Ocosf
2cos? 0
_sné6
"~ cosé
= tanéd
= RHS O
[ 2 marks]
2sn26 _ 1
1+ cos20
1
tanf = —
2

0 = —1534°, 26.

60

[ 3 marks ]



Answer 7
(a) LHS = sn3p
= sn(20 +0)
= Sin260 cosh + cos260sn6
= 28n6 cosé cosH + (00529 — sin29)sin9
= 25n0cos’H + cosLASnO — sin> o
= 3snfcos’H — sn 0
= 3sin9(1—sin29) — §n°9
= 3sn6 - 3sin°0 — sin°0

= 3sn@ - 4sin36

= RHS O
[ 5 marks ]
3
(b) sn30 = 3(£)—4 E)
4 4
3V3  4x3V3
T4 4x16
1283 3V3
- 16 16
9V3
T 16
[ 2 marks ]
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6.5.3 Solutions to 6.4 Homework

Answer 1
(a) At6.30am, D

4.5 metres

(b) Solve, 5+ 2sn(30t) = 3.8

2sin (30t) =
sin (30t) =
30t =

t =

5+ 2sn (30 x 6.5)

[ 1 mark]

-1.2

- 0.6

2169, 3231 + 36(n
7.23 10.77

The boat is not ready to leave at 7.14 am when the tide falls below the de
needed and so has to wait until 10.46 am on the rising tide.

Answer 2
LHS

1 - cos26

2sn?0

cos 6
cos 6

= 29n% 60 x
sin@
cos o
tano sin 20
= RHS

[ 4 marks ]

(cos’6 + sin6) — (cos” 6 — sin“6)

X 29n0coso

[ 3 marks ]



Answer 3

(a)

(b)

LHS = sin2x — tanx

tanx(sin2x>< ! —1)
tanx

. COS X
tanx(Zsmxcosxx - — 1)
sinx

tanx (2cos’x — 1)

= tanx (2cos’x — (cos’x + sin’x) )
= tanx (cos’x — sin®x)

= tanxcos2x

= RHS O

sin2x — tanx = 3tanxsinx
tanxcos2x = 3tanxsinx
tanxcos2x — 3tanxsinx = 0
0

Either tanx = 0 or cos2x — 3sinx = 0

tanx (cos2x — 3sinx)

No solutions ax = 0°, 180° or cos’X — sin®x — 3sinx = 0
1-2sn’x — 3sinx = 0

25n’°x + 3snx -1 =0

[ 4 marks ]

-3+yF-4x2 -1
sinx = \/ x2x(h

2% 2

=3+ V17
B 4

= —1.7808 0.2808

X = 16.3°, 1637°
Solutions areQ°, 16.3°, 1637°, 180°

[ 5 marks ]



Answer 4

(a) 58n26 = 9tané
sno

cosf
Multiply through bycos 6

10sin@ cos’® — 9sing = 0
sn6(10cos’6 — 9) = 0
Either sin® = 0 or 10cos’d — 9 = 0

10sinf cosf — 9 x

0 = —18Q0 0, 180 or cosze=i

10
cosf = i\/%
_ . 3V10
10
= +0.9487
6 = +184
Solutions — 18, —184°, 0°, 184°, 180
[ 6 marks ]
(b) 59n(2x — 50°) = 9tan(x - 25’
= 59n2(x - 25°) = 9tan (x — 25°)
. Smallest positive solution isx — 25 = - 184
X = 6.6°

[ 2 marks ]



Answer 5
cos 30 N sin 360
sné cos 6
_ cos30cosf + sSn30sn6 o 2
sin@ coso 2
cos (30 — 60)
2sin6 coso
cos 260
sin 260
2 cot 20

= RHS O

(a) LHS =

[ 4 marks ]

(b) cos 36 N sin 360 _ 4

siné cos o
2 cot 20

cot 260

Il Il
N b

tan26

20
0

26.6, 2066, 3866, ...
1033

[ 3 marks ]
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Lesson 7
A-Level Pure Mathematics : Year 2
Trigonometric ldentities
7.1 Addition of Trigonometric Waveforms
A surprising omission in the trigonometric expressions considered thus far are
simple sums o$ineandcosinesuch as, for example,

y = 3sné + 7cos6

What makes this tricky to get a grip of is that there are no squares of trigonometr|
functions to manipulate. As a fallback strategy, graphs can be considered.
The obvious question to ask is “how complicated is the resulting waveform” ?

*************************************** R R Lt b b Rk b E b R |

HEEEEEEEEE RN

The resulting waveform foy = 3sin0 + 7cosé is surprisingly simple !



The waveform fory = 3sn6 + 7cosé is not complicated at all !
It's asinewave moved left about 8and height between 7 and 8.

Knowing that the resulting wave issmmewave is the key to getting an exact answer
because the form of the answer has to be,

Rsn (6 + a)
wherea is the shift left, an® is the height oamplitude

Question: Express3sinfd + 7cosé inthe formRsn(0 + a) for 0 < a < 9C°

Answer:
Rsin(# + a) = Rsnfdcosa + Rcosf sna

which is required to b8sin6 + 7cosé

~.Rcosa = 3 and Rsna =7
Solving these two equations simultaneously by division,
Rsina 7

Rcosa 3
(7)
a = arctan | =
3

a = 66.8°
For reasons to be explained shortly,

R=+7%2+32

= 71.62

Conclusion :
3sinfd + 7cosf = 7.62sn( 0 + 66.8°)



7.2 Why applying Pythagoras' theorem gives the value &

J (Rsina)? + (Reosa )2 = VRsn?a + Rco a

7.3 Example
Write 8sin6 + 15cosé inthe formRsin(6 + a) for 0 < a < 9C°

= \/RZ(Sinza + cos a )

VR

R

because cofa + sinfa = 1

Teaching Video http://www.NumberWonder.co.uk/v9040/7.mp4

;) 5]
'.r=- T g

1 d

After watching the Teaching Video, write out a solution in the space below,

[

[ 4 marks ]


http://www.NumberWonder.co.uk/v9040/7.mp4

7.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 40
Question 1

(i)  Write 2sin® + +/5 cos6 inthe formRsin( 0 + a) for 0 < a < 90°

[ 4 marks ]

(i) Keeping in mind that the maximum thah( 6 + a) can be,
regardless of, is 1, what is the maximum value ofsi2 6 ++/5 cosf ?

[ 1 mark]

(i)  Keeping in mind that the minimum thatn( 6 + « ) can be,
regardless of, is— 1, what is the minimum value of sh 6 ++/5 cosd ?

[ 1 mark ]

(iv)  Solve the equatiosin® + v/5 cosd = 1.5
Give both solutions that are in the interval <0 < 360°

[ 4 marks ]



Question 2
(i)  Write V3 sin6 + cosé inthe formRsin(6 + a) for 0 < a < 90°

[ 4 marks ]
(i) What is the minimum value of 3 sind + cos ?
[ 1 mark]
(ii)  What is the maximum value @&sin6 + /3 cos6 ?
[ 1 mark]

(iv)  Solve the equation/3 sin@ + cosd = /2
Give both solutions that are in the interval <®¥ < 360°

[ 4 marks ]



Question 3
(1) Write sinf + cosé in the formRsin(6 + a) for 0 < a < 9C°

[ 3 marks ]
(i) What is the minimum value ofsiné + cos6 ?
[ 1 mark ]
, , 1
(i)  What is the exact maximum value ef ?
sné + cosé + 3
[ 2 mark ]

(iv)  Solve the equatiosin® + cos® = 1 over the intervalD < 6 < 360°
giving all solutions as exact values.

[ 4 marks ]



Question 4
Find a formula forx in terms ofA andB whenA sin 0 + B cosé is written

inthe formRsn(® + a) for 0 < a < 9C°

[ 3 marks ]

Question 5
(1) Expand the brackets;os( 6 + a)

[ 1 mark]

(i) Write 9 co® — 12siné in the formR cos( 6 +a ) for O< a < 9C¢°
Give a accurate to three significant figures.

[ 3 marks ]

(iii)  Solve the equation 9 cés- 12sind =15 for O< 6 < 360

[ 3 marks ]
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7.5 Answers

7.5.1 Solution to 7.3 Example (Teaching Video)
Rsn(# + a) = Rsnfdcosa + Rcosf sina
which is required to b&sin6 + 15cos 6

~.Rcosa = 8 and Rsina = 15
Solving these two equations simultaneously by division,

Rsina B E
Rcosa 8
arctan(lS)
o = —
8
a = 619°
R=+v8 + 1%
= 17

Conclusion :

8sn6# + 15cosf = 17sn(6 + 619°)
[ 4 marks ]



7.5.2 Solutions to 7.4 Exercise

Answer 1
(1)
Rsin(6 + o) = Rsinfcosa + Rcosf sha
which is required to b@ sin6 + \/'5 cos6

- Rcosa = 2 and Rsina = \/5
Solving these two equations simultaneously by division,

Rsina 3 V5
Rcosa 2

5

a = arctan | —

2
a = 482°

R = 22+(\/€)2

=3

Conclusion :
2sin® + /5 coso

3sin(6 + 482°)

[ 4 marks ]
(i) 3

[ 1 mark]
(i) (=3

[ 1 mark ]
(iv)

2sn6 + 5 cosf = 15
3sn(H +482) = 15

Sn(O + 482) = %
0 + 482 = 30, 150 390, ...
0 = 1018°, 3418°

[ 4 marks ]



Answer 2
(i)
Rsn(6 + a) = Rsn6cosa + Rcosd sina
which is required to ba/3 sin6 + cosé

..Rcosa = v/3 and Rsina = 1
Solving these two equations simultaneously by division,

Rsina 1
Rcosa V3
a—arctan(i)
- V3
a = 30°
R=. (V3)+12
=2

Conclusion :
V3 sno + cosf = 2sin( 6 + 30°)

[ 4 marks ]
(ii) (-2
[ 1 mark ]
(ii) 3sin® ++v3cosd =3 (v/3sinb + cosb)
=43 x 2sn(0 + 30)
which has a maximum value &/ 3
[ 1 mark]

(iv)
V3 sn6 + cosh = V2
2sin(0 + 30) = V2

Sn(6 + 30) = %
6 + 30 = 45 135 405 ...
6 = 15, 105

[ 4 marks ]



Answer 3
(i)
Rsin(6® + a) = RInfdcosa + Rcoshd sina
which is required to b&ind + cos6

~.Rcosa =1 and Rsina =1
Solving these two equations simultaneously by division,
Rsina 1

Rcosa 1

a = arctan (1)

45°

a

V1% + 12
=2

R

Conclusion :

snd + cosf = /2 sin(0 + 45)
[ 3 marks ]
(i) (-v2)
[ 1 mark ]
1 1

ili =
(i) snd +cos® +3  V2s€n(O +45) +3

. ) 3+4vV2
which has a maximum value of

1
X7 +3 F 312
3+V2

7

[ 2 mark ]
(iv)

Il
[ERN

sné + cosé

V2 sin(6 + 45)
. 1
S|n(0 + 45) = W
45 135 405 ..

0°, 90, 360°

Il
[ERN

0 + 45
0

[ 4 marks ]



Answer 4
Rsn(6 + a) = Rsnfcosa + Rcosd sina

which is required to bAsind + Bcosé

.. Rcosa = A and Rsina = B
Solving these two equations simultaneously by division,
Rsina B

Rcosa A

)
a = arctan| —
A

[ 3 marks ]
Answer 5
(1) cos(0 + a) = cosfcosa — SinPsina
[ 1 mark ]
(i)
Rcos(6# + a) = Rcosf cosa — RSnfdsina
which is required to b&cosé — 12sin6
.. Rcosa = 9 and Rsina = 12
Solving these two equations simultaneously by division,
Rsina 12
Rcosa 9
a = arctan(i)
- 3
a = 531°
R=+V%+ 12
= 15
Conclusion :
9cosf — 12sinf = 15cos( O + 531°)
[ 3 marks ]
(i) 9cosfh — 12snd = 15
15cos( 0 + 531) = 15
cos(f +531) =1
0 + 531 = 0, 360 ..
0 = 3069°
[ 3 marks ]
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Lesson 8
A-Level Pure Mathematics : Year 2
Trigonometric ldentities

8.1 Waveforms Expressed aBsin (9 +a) or Rcos (0= a)
In lesson 7 we looked at rewriting expressions of the form

asin® + bcoso
as

Rsin (6 + a)
This is one of four possible variations on the same theme.

Here are all four rewrites, given treaindb are positive valued;
o asin® £ bcosé = Rsn (6 = a)
o acosfd + bsnfd = Rcos (0 ¥ a)
withR> 0 and 0 < a < 9O°

where Rcosa = a and Rsna = b and R = +Va2+ b?

The recommended method of tackling problems involving such rewrites is to, as
we did in lesson 7, use the addition formula to expand whichewsan 66 = a )
orcos( 6 ¥ ) is desired, then equate coefficientsiof® andcosé.

8.2 Example
Express4cosf + 3sn6 inthe formRcos(0 — a) forR > 0and0 < a < 9C°

Teaching Video http://www.NumberWonder.co.uk/v9040/8.mp4

After watching the video
write out a solution to
the example

[

[ 4 marks ]

Note : Rearranging the expression an® + 4cos6O gives rise to a rewrite of
5sin( 60+ 53.F). The two answers are equivalent becaase =sin( ¢ + 90°)


http://www.NumberWonder.co.uk/v9040/8.mp4

8.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 40
Question 1

(1) Express15cosé + 36sin6 inthe formRcos(6 — a)
whereR > 0 and0 < a < 9°

[ 3 marks ]

(i) Hence solve, fo0 < 6 < 360°, the equationl5cos® + 36sind = 13

[ 3 marks ]



Question 2
C3 Examination Question from January 2006, Q6

f(X) = 12cosx — 4snx
Given thatf (x) = Rcos(x + a), whereR > 0 and0 < a < 9(°
(a) find the value oR and the value of

[ 4 marks ]
(b) Hence solve the equatiat? cosx — 4sinx = 7
for 0 < x < 360, giving your answer to one decimal place.
[ 5 marks ]
(c) (1) Write down the minimum value af2cosx — 4sinx
[ 1 mark ]

(ii) Find, to 2 decimal places, the smallest positive valuefof
which this minimum value occurs.

[ 2 marks ]



Question 3
C3 Examination Question from January 2009, Q8

(a) Express3cosf + 4sin6 inthe formRcos(6 — a), whereRanda

are constant® > 0 and0 < a < 9O

[ 4 marks ]

(b) Hence find the maximum value &cosf + 4sn 6 and the smallest
positive value of) for which this maximum occurs.

[ 3 marks ]

The temperaturd,(t), of a warehouse is modelled using the equation
f(t) = 10+ 3cos (18) + 4sn (1%)

wheret is the time in hours from midday afl< t < 24

(c) Calculate the minimum temperature of the warehouse as given by this m

[ 2 marks ]

(d) Find the value of when this minimum temperature occurs.

[ 3 marks ]



Question 4
(a) Express
58’0 — 3cos’H + 6Sin6 cosh
in the form

asin20 + bcos20 + ¢
wherea, b andc are constants to be found.

[ 3 marks ]

(b) Hence find the maximum and minimum values of
55’6 — 3cos’ 6 + 6sin6 cosd

[ 3 marks ]



(c) Solve5sin’6 — 3cos’® + 6sinfcosd = —1

for 0 < # < 180 rounding your answers to 1 decimal place.

[ 4 marks ]
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8.4 Answers

8.4.1 Solution to 8.2 Example (Teaching Video)
Rcos(0 — a) = Rcosh cosa + Rsinf sina
which is required to b& cosf + 3sné
.. Rcosa = 4 and Rsina = 3

Solving these two equations simultaneously by division,
Rsina 3

Rcosa 4

(3)
a = arctan | —
4

a = 369
R= V& + 2
=5

Conclusion :

4cosf + 3sinf = 5cos(0 — 36.9°)
[ 4 marks ]



8.4.2 Solutions to 8.3 Exercise

Answer 1
(i)
Rcos(0 — a) = RcosO cosa + Rsnfsina
which is required to bd5cos6 + 36sin6

~.Rcosa = 15 and Rsina = 36
Solving these two equations simultaneously by division,

Rsna _ 36
Rcosa 15
(%)
a = arctan | ——
5
a = 674°
R =+ 1% + 3¢
= 39

Conclusion :
15cos6 + 36sn® = 39cos( 0 — 67.2°)

[ 3 marks ]
(i)

15cos6 + 36sn6 = 13

39cos(6H — 674°) = 13

cos(0 — 674°) = L

3

6 — 674 = 705, 2895
6 = 1379°, 3569°

[ 3 marks ]



Answer 2

(a)
Rcos(0 + a) = Rcosf cosa — RSnfsina
which is required to bd2cosf — 4sin6
.. Rcosa = 12 and Rsna = 4
Solving these two equations simultaneously by division,
Rsna 4
Rcosa 12
o = arctan(i)
B 3
a = 1843
R=+V122 + 42
= 44/ 10 (As a decimal, 12.6)
Conclusion :
12cos® — 4sn6 = 4+/10 cos( 6 + 1843)
[ 4 marks ]
(b)
12cos@ — 4snf = 7
4410 cos( 6 + 1843 ) = 7
cos(6 + 1843 ) = 0.5534
6 + 1843 = 56.40, 30360
6 = 38, 28572°
[ 5 marks ]
(c) (1) - 4+/10
[ 1 mark ]

(i)
cos(6 + 1843 = -1
6 + 1843 = 180

6 = 16157
[ 2 marks ]



Answer 3

(a)

(b)

(c)

(d)

Rcos(0 — a) = Rcosf cosa + RInfsna
which is required to b&cosd + 4sin6

.. Rcosa = 3 and Rsina = 4
Solving these two equations simultaneously by division,

Rsina 4
Rcosa 3
a=arctan(i)
3
a = 5313
R=V&+&
=5

Conclusion :
3cosf + 4sinf® = 5cos(0 — 5313)

[ 4 marks ]
Maximum value is 5 which occurs when,
cos(f —5313) =1
0 —5313 =0
0 = 5313
[ 3 marks ]
f(t) = 10 + 3cos (18) + 4sn (1%)
= 10+ 5cos( 15 - 5313)
. The minimum temperature of the warehouse is 5
(degrees Centigrade, perhaps)
[ 2 marks ]
This minimum will occur whergos( 15 — 5313) = -1
15 — 5313 = 180
1% = 23313
t = 1554

This is 15 hours and 32 minutes after midday which is

3.32 am the following morning
[ 3 marks ]



Answer 4
(a) The immediate problem is the different numbesiof 6 andcos’ 6

They can be evened up as follows,

5sin°6 — 3cos’ 6 + 6sin6 coso

= 4sin’0 + sin0 — 3cos’ 6 + 6sin6 cosh

= 4sn°6 + (1 - cos’0) — 3cos’6 + 6Sn6 coso
(-4 (cos’ —sin"f) + 1 + 3 (2sinfcosh)
(—4) cos20 + 1 + 3 x sn20
3sn20 — 4cos20 + 1

ie.a=3 b=-4andc =1

[ 3 marks ]

(b)

Rsn(20 — a) = RsIn20 cosa — Rcos26 sna
which is required to b&sin 20 — 4 cos26

.. Rcosa = 3 and Rsina = 4
Solving these two equations simultaneously by division,

Rsina 4
Rcosa 3
a=arctan(i)
3
a = 5313
R=VZ+&
=5

Conclusion :
3sn260 — 4cos20 = 59n(20 — 5313)

3sin20 — 4cos26 + 1
5sn(20 — 5313) + 1

which will have a maximum value of 6 and a minimum valué¢-of)

59n°0 — 3cos’H + 656 cosH

[ 3 marks ]



(c)

5sn°0 — 3cos’H + 6sin@cosfd = —1
3sn20 — 4cos20 +1 = -1
5sn(20 — 531F) + 1 = —1
5d9n(20 — 5313) = -2
) 2
sin(20 — 5313 ) = —E
20 — 5313 = — 2358, 20358
20 = 2955 25671
60 = 14.8°, 1284°

[ 4 marks ]
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Lesson 9

A-Level Pure Mathematics : Year 2
Trigonometric ldentities

9.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 50
Question 1
(1) Find the four solutions to the following equation,
sinezg for 0° < 6 < 720¢°

(ii) Hence, or otherwise, solve,

sin(20 + 10°) = g . 0° <0< 360

Question 2
Prove the identity,

(cos@ + sinf)(cosh —sinf) + 1 = 2cos’ 0

[ 4 marks ]

[ 2 marks ]

[ 5 marks ]



Question 3

Here is a table of exact trigonometric values that most mathematicians know “off
by heart”;

Exact values table:

0° 30° | 45° | 60° | 90°
. 1 V2 | V3
— - | — 1
sing 0 ) 3 )
V3 | V2 1
1 —_— —_— —_
coso ) 3 ) 0
tan 0 0 \/33 1 \/ 3 gz;ined

Show, using the formula faran( A + B) and the table of exact trigonometric value

that

3++V3

3-V3

Rationalise the denominator to further show that for some integer vala@sdb,
tan7% = a+ by3

Clearly state the value afand the value db.

tan75 =

[ 6 marks ]



Question 4
Prove the identity

CSC? O + e O = cC2 O e 6

[ 5 marks ]



Question 5
(1) ExpressSsinx + 12cosx in the formRsin(x + a),

where R>0 anda is the smallest positive angle possible.
In your answer expressin degrees and accurate to one decimal place.

(i) Hence, or otherwise, solve the following equation ovexk ¥< 360°

59nx + 12cosx = 9

[ 8 marks ]



Question 6
The depth of wate) metres, in a harbour on a particular day is modelled by the
formula
D=7+3sn@0)° 0<t<?24
wheret is the number of hours after midnight.

(a) High tide is the time at which the depth of water is at it's greatest.

On the day being modelled there are two high tides.
Find the times of these high tides.

[ 2 marks ]

(b) A boat enters the harbour at Noon.
It must leave before the depth of the water in the harbour falls below 6 m

By what time, to the nearest minute, must the boat have left the harbour -

[ 8 marks ]



Question 7
(1) By expressing &in the form 2 + 6, prove that,

cos30 = 4cos®6 — 3cosh

(i) Hence, or otherwise, solve the equation,
cos30 + cosh = 0 for 0° < 0 < 360F°

[ 10 marks ]
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9.2 Answers

Answer 1

(i) 60, 120, 420°, 480°

(i) 26 + 10

20 =

0 =
Answer 2

LHS
Answer 3

[ 4 marks ]
60, 120, 420, 480
50, 110 410 470

25°, 55°, 205, 235
[ 2 marks ]

(cosf + snf)(cosh —snb) + 1
cos’h — sin“0 + 1

cos’f — (1 —cos’) + 1

cos’f — 1+ cos’ 6 + 1

2c0s” 6

= RHS Ul

[ 5 marks ]

LHS tan75

tan( 45 + 30)

tan45 + tan30
1 - tan45tan30

1+§ 3
T 1-1x3E 3
_ 3+4V3 -
- 3-+V3

3+4V3 3++V3
T 3_-V3 3+v3
_ 9+6V3 +3

9-3

12 + 6V3
- 6
=2++3

iie.a=2andb =1
[ 6 marks ]



Answer 4
LHS = ¢csc?6 + sed 6
1 1
_ +
sinZé cos? 0
cos?h + sSin’6

sin @ cos’ 0
3 1
~ sin?20 cos?
1 1
= - X
sin? 6 cos? 0
= csc’ 9 sed 6
= RHS O
[ 5 marks ]
Answer 5
(1) Rsn(6 + a) = RInfdcosa + Rcosh sina
which is required to bBsin® + 12cos6
.. Rcosa =5 and Rsna = 12
Solving these two equations simultaneously by division,
Rsna 1_2
Rcosa 5
5]
a = arctan | —
5
a = 674°
R=+v5+ 12
= 13
Conclusion :
589n6 + 12cosf = 13sn( 6 + 674°)
[ 4 marks ]

(i) 5sn6 + 12cosh = 9
13sin(6 + 674) = 9
sin(6 + 674) = 0.6923
0 + 674 = 4381, 13619, 40381
0 = 6879, 33641°

[ 4 marks ]



Answer 6

(a) ForD to be a maximungin(30t) = 1
30t = 90, 450 ...
t =3 15 ..

i.e. High tide at 3 am and 3 pm
[ 2 marks ]

Depth of harbour water in metres

Nunber of hours after ni dnight

(b) To find the critical times,
7+ 3sn(30t) = 6

3sn@3E) = -1
. 1
sn(30) = - —
(300) 3

30t = 1995, 3405, 5595, 7005

t = 6.65 11.35 1865 2335 hours
The boat must leave before 18 hours, 39 minutes

i.e. Before 6.39 pm
[ 8 marks ]



Answer 7
(i)
LHS = cos36
= Cos (20 + 0)
= €0S26 cosf® — sn20sné
= (cosf — sinH) cos® — 2snH cosO sn6
= c0s’0 — sinf cosh — 2sin*6 cosh
= cos’0 — 3sin’6 cosé
= cos’0 — 3(1 - cos’H) cosb
= c0s’0 — 3cosf + 3cos’H
= 4cos’0 — 3coso

= RHS O
[ 5 marks ]
(i)

cos36 + coso

4c0s’0 — 3cosO + cosh

4cos’H — 2coso
2cos6 (2cos’o — 1)
Either 2cos® = 0 or 2cos’6 —

0

0

0

0

1=0

6 = 90, 270 cos’ O = %
cosf = i%

0 = 45, 135, 225, 31%

.. Solutions arel5°, 90°, 135, 225, 270°, 317
[ 5 marks ]
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Lesson 10
A-Level Pure Mathematics : Year 2
Trigonometric ldentities

10.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available: 50
Question 1
(1) Find the four solutions to the following equation,
cosf = g for 0° < 6 < 720°
[ 4 marks ]
(ii) Hence, or otherwise, solve,
c0s(20 + 15°) = g . 0° <6< 360
[ 2 marks ]

Question 2
Prove the identity,

45n°0 cos’O + cos20 = 1

[ 5 marks ]



Question 3

Here is a table of exact trigonometric values that most mathematicians know “off
by heart”;

Exact values table:

0° 30° | 45° | 60° | 90°
. 1 V2 | V3
— - | — 1
sing 0 ) 3 )
V3 | V2 1
1 —_— —_— —_
coso ) 3 ) 0
tan 0 0 \/33 1 \/ 3 gz;ined

Show, using the formula foran (A— B ) and the table of exact trigonometric value:
that

3-+v3
3++3

Rationalise the denominator to further show that for some integer vala@sdb,

tanl5 = a+ b+y/3
Clearly state the value afand the value db.

tanls =

[ 6 marks ]



Question 4
Prove the identity
sné® + coso sn® — coso

- + == 2Csc 26
sno cosé

[ 5 marks ]



Question 5
(1) Expressl5sinx + 8cosx in the formRsin(x + a ),

where R>0 anda is the smallest positive angle possible.
Give your answer in degrees and accurate to one decimal place.

(i) Hence, or otherwise, solve the following equation ovex ¥< 360°

15sinx + 8cosx = 13

[ 8 marks ]



Question 6
The depth of wate) metres, in a harbour on a particular day is modelled by the
formula
D =5+ 3cos (301)° 0<t< 24
wheret is the number of hours after midnight.

(a) Low tide is the time at which the depth of water is at it's least.

On the day being modelled there are two low tides.
Find the times of these low tides.

[ 2 marks ]

(b) A boat enters the harbour at Noon.
It must leave before the depth of the water in the harbour falls below 3 m

By what time, to the nearest minute, must the boat have left the harbour -

[ 8 marks ]



Question 7
(1) By expressing &in the form 2 + 6, prove that,

sn39 = 3sind — 4sn°6

(i) Hence, or otherwise, solve the equation,
sn3 —-snd = 0 for 0° < 6 < 360

[ 10 marks ]
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10.2 Answers

Answer 1
(1) 30°, 330, 390, 690
[ 4 marks ]

(i) 20 + 15 = 30, 330 390 690
20 = 15 313 373 675
0 = 7.5° 1575°, 1875°, 3375°

[ 2 marks ]
Answer 2

1st Proof : LHS = 4sin®0 cos” 0 + cos” 20
= (2sin6cosh ) + cos’ 20
= sin’260 + cos” 20
=1
= RHS O

2nd Proof:  LHS = 4sin*f cos” 6 + cos’ 20
_ 45?0 co0 + (cof o — snto)’
= 4sn°6cos’ O + cos'H — 2sin°H cos’ O + sin* O
= cos'0 + 2sin“H cos’ O + sin*6
= (cos20 + sin?0)’
=12
= RHS Ol

3rd Proof : LHS = 4sin’0 cos” + cos’ 20
= 45?0 co 6 + (co 6 — sinto )
— 45?6 cos?0 + (cof6 — (1 - cosh) )
= 4sin6cos’ 0 + (2cos’ O — 1)2
= 45’ cos’0 + 4cos' @ — 4cos" 6 + 1
= 4co 0 (sin6 + cos?H — 1) + 1
=4co50 (1-1)+1
=1

= RHS O
[ 5 marks ]



Answer 3
1st Method

LHS

tan15
tan( 45 - 30)
tan45 — tan30

1 + tan45tan 30

11— L3
1+1x¥% 3

_3-v3
3+V3

3-v3 3-+3

3+v3  3-v3

9-6v3 +3
9-3

12 - 63
6

=2-43

iie.a=2andb = -1

2nd Method
LHS = tan15
= tan( 60 - 45)
tan60 — tan45
1 + tan60tan45
V3 -1 V3
1+v3x1 V3
3-V3
3++V3
3-V3
3++V3 %
9-6vV3 +3
9-3
12 - 6vV3
6
=2-43

iie.a=2andb = -1

I
O

V3
V3

3 -
3 -

[ 6 marks ]



Answer 4
Method 1

LHS

Method 2
LHS

sinf + cosf N sinf — cosf
sné cos o

sin@ N coso N sin@ coso

sné sné cos o cos 6@
cosé siné

1+ — + -1
sIneé cos6

cos @ N sné@

sné cos @

coso cos o sin@ sné

_ X + X —

sné cos o cos o sné

cos? 6 + sin? 6

siné coséh
1 2
sinf cosé X 2
2
sin 20
2csc 20
RHS O
siné + cos6 N siné — cos6
sné cos o
sin® + coso o cos o N sin® — coso sne
sné cos o cos 6 sne
Sin@ cosd + cos O + sinH — sinh cosé
sinf coso
cos?h + St 6
siné cosh
1 2
siné cosé % 2
2
sin 26
2csc 20
RHS O

[ 5 marks ]



Answer 5
(1) Rsn(6 + a) = Rsnédcosa + Rcosf sina

which is required to b&5sn 6 + 8cos6

.. Rcosa = 15 and Rsha = 8
Solving these two equations simultaneously by division,

Rina _ 8
Rcosa 15
(1)
a = arctan | —
15
a = 281°
R=V1F+ &
=17

Conclusion :
15sn6 + 8cosh = 17sin( 6 + 281°)

[ 4 marks ]
(i) 15sn6 + 8cosd = 13
179n(6 + 281) = 13
sn(® + 281) = 0.7647
0 + 281 = 499, 1301
0 = 218°, 102

[ 4 marks ]



Answer 6

(a) ForD to be a minimumgos(30t) = -1
30t = 180 54Q ...
t =6, 18 ..

i.e. Low tide at 6 am and 6 pm

[ 2 marks ]

— —
| oo| | =] | ~

| =]

Depth of harbour water in metres
| =|

| |

0 I 2% I 4% I Gi I 8i i li[] \ 1;2 i 1%4 I liﬁ \ 1‘8 \ 2%0 I 2%2 \ 2;4
Nurber of hours after mi dnight

(b)  Tofind the critical times,
5+ 3cos(30t) = 3

3cos(30t) = -2
2
cos(30t) = — —
(30) 3

30t = 1318, 2282, 4918, 5882

t = 439 7.61, 1639 1961 hours
The boat must leave before 16 hours, 23 minutes

i.e. Before 4.23 pm
[ 8 marks ]



Answer 7

(i)
(a) LHS = sin3p

= sn(20 + 6)

= Sin260 cos + cos26 sino

= 2sinfcosf cosh + (cos’® — sin“ 6 )sino

= 2sinfcos’d + cos’Hsinf — sin’H

= 3sinfcos’ 6 — sin*6

= 3sn6 (1 -sn?0) - sn®6

= 3sinf — 3sin°0 — sin®6

= 3sind — 4sin°0

= RHS O

[ 5 marks ]

(i)

sn3f —snd =0

3sin® — 4sin°0 — sn6 = 0

2sinf — 4sn°0 = 0

2sind (1 - 2sin’0) = 0
0 =

Either 2sin® = 0 or 1 — 2sn° 0

6 = 0°, 180, 360° sn’g = %
. 2
sne = ig

0 = 4%, 135, 225, 315

.. Solutions aré°, 45, 135, 18(°, 225, 315, 360°
[ 5 marks ]
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