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Lesson 1
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV

1.1 Graph Assisted Equation Solving
To solve equations that involemn, cos andtan a calculator and, from memory, a
sketch of the appropriate graph is required. Here are the graphs needed "in mind



http://www.NumberWonder.co.uk/v9044/1a.mp4

1.2 Example

The Question : Solve the equatiorcosx = —0.283 0° < x < 360

The Solution @ It's tempting to start by using your calculator to get that
X = arccos(—0.283
= 1064°

This is a solution, but it's not ALL of the solutions. Far better to begin by
always getting the acute working angle by initially ignoring the minus sigr

Thus; cosx = 0.283

X arccos0.283

X

736° <« The working (or principle) angle

The solutions sought in the rangfe < x < 360 will be two of
X 180 — x 180 + x or 360 — x

Now sketch the appropriate graph, eitherdar cos or tan
In this case we wany = cos x

From the sketch graph, solution sought are-183.6 and 180 + 73.6
. X = 1064°, 2536°

[ 6 marks]
Teaching Video http://www.NumberWonder.co.uk/v9044/1b.mp4
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http://www.NumberWonder.co.uk/v9044/1b.mp4

1.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
(a) Find both solutions to the equatimosx =0.417 for O< x< 360°
Your solution should include a sketch of the grapi ofcos x

[ 4 marks]

(b) Find both solutions to the equatimosx =—0.728 for 0<x< 360

[ 4 marks]



Question 2

(i)

(i)

Sketch the graph of =sinx for ® <x< 360

[ 2marks]
With the help of your part (i) sketch, find all solutions in the
interval 0 <x< 36Q of the following equations;
(a) sinx = 0.622

[ 2marks]
(b) sinx = —0.383

[ 2marks]
(c) 5snx = 3445

[ 2marks]



Question 3

(i)

(i)

Sketch the graph of =tanx for ® <x< 360

[ 2marks]
With the help of your part (i) sketch, find all solutions in the
interval 0 <x< 36Q of the following equations;
(a) tanx = 4.718

[ 2marks]
(b) tanx = —1.383

[ 2marks]
(c) 1ltanx = 8

[ 2marks]



Question 4
Additional Mathematics Examination Question from June 2007, Q4 (OCR)
Find all the values of in the range 0< x< 360 that satisfy

sinX = —4cosx

Hint : Divide both sides bgosx. Itis OK to do this becauseosx = 0 is nota

: - sinx
solution so we're not dividing by zero. Then use the#gcc)ast; = tanx.

[ 6 marks]
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1.4 Answers to 1.3 Exercise
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
Answer 1
(a) 65.4, 294.6 (b) 136.7, 223.3
[ 4, 4 marks]

(ii) (a) 38.5°, 1413 (b) 202.5, 3375 (c) 43.6°, 136.4
[2,2,2, 2marks]

-

125.9, 305.9 (c) 36.°, 216.0
[2,2,2 2marks]

(i) (a)



Answer 4
sSinXx = —4cosX
Divide both sides bgosx

(which is OK agosx = 0is not a solution

sinx
= -4
CoS X
tanx = -4
X = arctan(-4)

X = 104, 284

[ 6 marks]

This document is a part ofathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votediépendent School of the Year 2020”
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



L esson 2
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
2.1 In Disguise

) -

Faced with an unfamiliar mathematical situation, a technique frequently deployec
is to seek a way to transform it into a more familiar situation for which a method ¢
solution is already known.

Here is a seemingly more complicated trigonometric equation to solve;

4coszx+ cosx —3=0 for 0° < x < 360
How might this be handled ?

Using a graphics calculator or a graph plotter would give some idea of the
situation in which the problem is embedded.

It would seem that there is one solution arount dBother around 325and
possibly one or two more close to 2&0though it's not clear if the curve gets
to or crosses the-axis near 180



Of course, what is sought is a mathematical method of solving the trigonometric
equation which the teaching video will now reveal,

Teaching Video http://www.NumberWonder.co.uk/v9044/2.mp4

[ 6 marks]
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2.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
The graph is of the trigonometric equation,

f(x) = 28X + snx — 1
with a focus on the red piece on the intervak @ < 360°

(1) From looking at the graph, write down the possible approximate
values ofx that would satisfy the equation

2sin’x +snx—-1=0, 0° < x< 360
[ 4 marks]

(i) Use the mathematics ofgaadratic in disguise to solve the equation

2sn’x +snx—-1=0 0° < x < 360

[ 6 marks]



Question 2
The graph is of the trigopnometric equation,

f(x) = 2cos”x — 3cosx + 1
with a focus on the red piece on the intervak @ < 360°

fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff

o & W X

(1) From looking at the graph, write down the four approximate values
of x that would satisfy the equation

200°x — 3cosx+1 =0, 0° < x< 360
[ 4 marks]

(i) Use the mathematics ofgaadratic in disguise to solve the equation
2c052x—3005x+1= 0, 0° < x < 360

[ 6 marks]



Question 3
The graph is of the trigonometric equation,

f(x) = 158n°x — 11sinx + 2
with a focus on the red piece on the intervak @ < 360°

It's not clear from the graph how many, if any, solutions there are as the
minimum points could be above or below #haxis.

By viewing the following equation asgaadratic in disguise find the solutions,
if there are any, to the equation

15sin’x — 11sinx + 2 = 0, 0° < x < 360°



[ 10 marks]
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2.3 Answers
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
2.3.1 Solution to 2.1 Example (Teaching Video)

When a mathematician writess” x they actually mear( cosx)2

Unfortunately, this sloppy practice is widespread and you need to learn to live wit
So,

4coszx+ cosx —3=0 for 0° < x < 360°
is better written as,

4((:osx)2 +cosx—-—3=0 for 0° < x < 360
which makes it more obvious that this is really a quadratic equation, but in disguit
Let z = cosx to get
472 +2-3=0
(4z2-3)(z+1)=0
Either4z-3 =0 o0or z+1 =0

z=§or z=-1
4

For cosx = —1 the answer is read off from the sketch graptkxas 180°

- ( 3)
Forcosx = — = X arccos| —
4 4

= 414, 360 - 414
= 414, 3186

The three solutions to the original equation aiet°, 18(0°, 3186°
[ 6 marks]



2.3.2 Solutionsto 2.2 Exercise

Answer 1
(1) From the graph it would seem that there is one solution arotind 30

another around 150and possibly one or two more close to270
although it's not clear if the curve gets to or crosses-theés near 270

[ 4 marks]
(i) 2(snx)>+snx-1=0 for 0° < x < 360
Let z = sinx to get
2Z2+2-1=0
(2z-1)(z+1)=0
Either2z-1=0 or z+1=0
For sinx = —1 the answer is read off from the sketch grapkxas 270°

For sinx = i = X = arcsin(i)
2 B 2

30, 180 - 30
30, 150

The three solutions to the original equation age, 150, 27¢°

[ 6 marks]



Answer 2
(1) From the graph it would seem that there is one solution arotind 60

another around 300and possibly one or two more close tafd
likewise close to 360although it's not clear if the curve gets to or

crosses th&-axis near ®and 360
[ 4 marks]

(i) 2(cosx)2 —3cosx+1=0 for 0° < x< 360

Let z = cosx to get
27 -32+1=0
(2z-1)(z-1)=0
Either2z-1 =0 or z-1=0

1
2
1
2

Z = orz=1

COSX = or cosx = 1

For cosx = 1 the answers read off from the sketch graphxare 0°, 360°

; 3)
For cosx = — = X arccos|—
2 2

60, 360 — 60
60, 300

The four solutions to the original equation &¥ 60°, 30C¢°, 360°

[ 6 marks]



Answer 3

15 (sinx)? — 11sinx + 2 = 0

Let z = sinx to get
157 - 112+ 2 = 0
(3z-1) (5z2-2) =0

Il
o

Either 3z—-1 =0 or 5z- 2

()
X = arcsin(—
3

x = 195° 180 - 195 or X = 236, 180 - 236

s X o= 195°, 236°, 1564°, 1605°

[ 10 marks]
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Lesson 3

3.1 Exactitude

Additional Mathematics
A-Level Pure Mathematics: Year 1

Trigonometry IV

The following two simple right angled triangles are of great utility, for they can be
used to determine exact values for $tre cos andtan of certain angles.

A

The left-hand triangle has a base of length exactly 1 unit and a height of exactly :
On this triangle in the appropriate place write the exact length of the hypotenuse
the exact size of the two non right angled angles.

The right-hand triangle is equilateral with sides of length exactly 2 units, but has |
cut in half. The focus is upon the upper half which has a hypotenuse of exact lent
2 units and height of exactly 1 unit. On this triangle in the appropriate place write
exact length of the base and the exact size of the two non right angled angles.

Watch the teaching video and complete this “Exact Values” table without a calcul

X

OO

30°

45°

60°

90°

sin X

COS X

tan x




Teaching Video http://www.NumberWonder.co.uk/v9044/3.mp4

;,ﬁg

E’:.E: a .:

[ 5marks]
3.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
(1) Sketch the graph o = sin x over the interval 0< x< 360
[ 2marks]

(i) Use the symmetry of your part (i) sketch, and the “Exact Values” table
from the Teaching Video to complete this “Extended Exact Values”
table forsin x. You may like to use a calculator to check your answers.

X 0 30 45 60 90 120 135 150
sin x

X 180 210 225 240 270 300 315 330
sin x

[ 4 marks]


http://www.NumberWonder.co.uk/v9044/3.mp4

Question 2
The graph is of the trigonometric equation,

f(x) = 4sn’x + 4sinx + 1
with a focus on the red piece on the intervak @ < 360°

Use the mathematics ofgaadratic in disguise to solve the equation

ASn®x + 4sinx +1 =0, 0° < x < 360
Check that your answers accord with what is suggested by the above graph.

[ 6 marks]



Question 3
The graph below is of the function

f(x) = 3sn’x + sinx + 1
with a focus, marked in red, on the interval<Xk < 36Q

(1) Explain how, from looking at the graph, it can be seen that it would
be futile to try and solve the equation,
3sn’x + §nx+ 1 =0 for 0° < x < 360
[ 2marks]
(i) Is trying to solve the equation
3sn’x + §nx+ 1 =0 for —180 < x < 54¢

a more worthwhile endeavour ?

Explain your answer.

[ 2marks]
(iii)  On the graph draw the horizontal straight Iyne 5

By looking at the graph, now with your added line on, write down
a probable solutions to the equation,

3sin2x+sinx+1:5 for 0° < x < 360

[ 2marks]



(iv)  Use the mathematics ofgaadratic in disguise to solve the equation

3sin’x +snx+1=5  0°<x< 360
Begin by forming a quadratic equation that equals zero before
factorising that into two brackets.

You are expecting the mathematics to give you the solution identified
in part (iii) but something must happen, mathematically, that prevents

any other solutions from appearing.

Good luck on this voyage of discovery !

[ 6 marks]



Question 4
The graph is of the trigopnometric equation,
f(x) = (2cosx —v3)(2cosx + V2)

with a focus on the red piece on the intervak @ < 360°

Solve the equatiofi2cosx — V3 )(2cosx + V2 ) = 0 for 0° < x < 360°
Check that your answers accord with what is suggested by the above graph.

[ 6 marks]
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3.3 Answers

3.3.1 Solution to 3.1 Teaching Video

Additional Mathematics
A-Level Pure Mathematics: Year 1

Trigonometry IV

X 0° | 30° | 45° | 60° | 90°
. 1 | V2 | V3
SN X — r— —_—
0 ) > > 1
V3 | V2 1
COS X 1 —
2 2 2 L
tanx | 0 %3 1 | V3

3.3.2 Solutionsto 3.2 Exercise

Answer 1
(i)
[ 2marks]
(i)
X 0 30 45 60 90 120 135 | 150
: 1 72 3 3 12 1
snx | 0 v 5 3 1 3 5 vi
X 180 | 210 | 225 240 | 270 | 300 315 | 330
: 1 72 73 73 72 1
snx | O | -5 |- |- | 1| -3 |- |7




Answer 2
4(sinx)2+ 4sn +1 =0 for 0° < x < 360

Let z = sinx to get

47 +4z+1=0
(2z+1)(2z2+1) =0
L 22+1 =0

1

zZ=—-——

2

snx = —i

2

For sinx = +i = X = arcsin(i)
2 B 2

30 « Working Angle

The solutions sought in the rangfe < x < 360 will be two of
X 180 — x 180 + x or 360 — x

From they = sin x sketch graph, solution sought are %8B0 and 366- 30
X = 210, 330

Alternatively, these could have been grabbed from the table made
in answer to question 1

[ 6 marks]



Answer 3
(1) The graph does not cross thaxis over the domain of& x< 36
That is, there is no value gffor which the function has no height.

The equation33in2x + snx + 1 = 0 will have no real solutions

. Trying to find solutions is indeed futile.
[ 2marks]
(i) Over the expanded domain ef180 < x < 540 the equation will
still have no real solutions. This is because the function is made up
of further copies of that already considered betwéefqix)< 360°.
to both the left and the right of that interval.
[ 2marks]
(iii)  Here is the graph with the horizontal straight Ime 5 added,

The straight line intersects the curve at abo@t 80d so that is the
probable solution to

2

39n“x+snx+1=5 for 0° < x < 360

[ 2marks]

I
(&)

(iv) 3sn’x + sinx + 1
3sn’x + sinx—4 = 0
Let z = sinx to get
372+2z-4=0
(3z+4)(z-1)=0
Either3z+ 4 =00or z-1=0

. 4 . ) .
snx = — 3 has no solutions because that's less than it's minimum valui

snx=1 givesx= 90 as the only solution
[ 6 marks]



Answer 4
(2cosx — V3 )(2cosx+v2) =0
Either (2cosx — V3 ) = 0 or (2cosx+v2) =0

COSX =

X 180 — x 180 + x or 360 — x
s X =30 or x = 330

V2
Forcosx = + 7

X 180 — x 180 + X or 360 — x
s X =135 or x = 225

Thus, in total there are four solutior3(°, 135, 225, 330¢°

[ 6 marks]
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Lesson 4
Additional Mathematics
A-Level Pure Mathematics: Year 1

Trigonometry IV
4.1 An ldentity

When a trigonometric equation is solved, such as,
15sin’x — 11sinx+2 = 0, 0° < x < 360°
the task is in finding the few valuesothat make the equation true.
For this example, those values axex= 19.5°, 236°, 1564°, 1605° T

A trigonometric identity is a very different beast : It is true for all values of
The perfect example of a trigonometric identity is the following:

A Key Trigonometric ldentity

2 2

COS“ X + 9n“x =1

Proof
Consider a right angled triangle with sides labelled;
O for Opposite angle
A for Adjacent to angle
H for Hypotenuse

H
O
X n
A
LHS = cos’x + sn’x
AV [0\
= (51 + (%)
H H
A2 02
T HZ TR2
A2 4 2
= —:'20 By Pythagoras' Theorem? + 0% = H?
42
T 2
=1
~ RHS 0

T This equation was solved in Lesson 2, Exercise 2.2, Question 3



4.2 Example
Solve the following trigonometric equation;

5snx = 2cos?X — 4 0° < x < 360°

Teaching Video http://www.NumberWonder.co.uk/v9044/4.mp4

[ 6 marks]


http://www.NumberWonder.co.uk/v9044/4.mp4

4.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1
A-Level Examination Question from January 2010, Paper C2, Q2 (Edexcel)
(a) Show that the equation

59nx =1+ 20032x
can be written in the form

2sn°x + 5sinx -3 =0

[ 2marks]
(b) Solve, for 0<x< 360

23in2x +53nx-3=0

[ 4 marks]



Question 2
Find all the solutions, in the interval< < 36, of the equation

2

coszx — 3Cc0sX = InN“x+ 4

[ 6 marks]



Question 3

The next most useful trigopnometric identity aftms® x + sn’x = 1 is;
Another Key Trigonometric I dentity
sinx .
= tanx ( Providedcosx # 0)
COS X
Your task now is to prove that this result is true.
Your proof will be in a similar style to that faos’x + sin’x = 1

To get you started here are the first few parts of the proof;

Proof
Consider a right angled triangle with sides labelled;
O for Opposite angle
A for Adjacent to angle
H for Hypotenuse

H
O

sinXx
COS X

LHS =

Complete the proof, started above.

[ 3marks]



Question 4

Additional Mathematics Examination Question from June 2014, Q9 (OCR)

1 — cos?x 2

[ Show that———=— = tan
(1) W 1 - sin?x X

1 — cos? x

(i) Hence solve the equatiofA———— = 3 — 2tanx for values

1 - sinx
of x in the range 0<x< 180

[ 1mark ]

[ 4 marks]



Question 5
A-Level Examination Question from October 2016, Paper C12, Q10 (edited) (Edexcel)
(a) Given that

8tanx = —3cosx
show that

3sn?x — 8sinx - 3 = 0

[ 3marks]

(b) Hence solve, for & x < 360,

8tanx = —3cosx
giving your answers to one decimal place, as appropriate.

[ 5marks]



Question 6
A-Level Examination Question from January 2005, Paper C2, Q4 (Edexcel)
(a) Show that the equation

5cos’ X = 3(1+ sinx)
can be written as

5sn?x + 3sinX — 2 = 0

[ 2marks]
(b) Hence solve, for 0< x< 360, the equation

5cos’ X = 3(1+ sinx)
giving your answers to 1 decimal place where appropriate.

[ 5marks]



Question 7
A-Level Examination Question from January 2011, Paper C2, Q7 (Edexcel)
(a) Show that the equation

33in2x + 79nXx = coszx -4

can be written in the form

4sin2x +79nx +3=0

[ 2marks]
(b) Hence solve, for 0< x< 360°
3sn’x + 78nX = cos*x — 4
giving your answers to 1 decimal place where appropriate.
[ 5marks]
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4.4 Answers
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
4.4.1 Solution to 4.2 Example (Teaching Video)

55nx = 2cos’ X — 4
59nx = 2(1—sin2x)—4
55nx = 2 — 2sin’x — 4
2sin’x + 5sinx + 2 = 0
(2snx+ 1) (snx+2) =20

Either2snx +1 =0 or snx+2 =0

. 1 .
sSnxXx = —— Inx = -2
2

X = arcsin(%) X = arcsin(-2)
x = 30° (working angle No solutions
Solutions are{ 180 + 30, 360 — 30}
ie. {210, 330}

[ 6 marks]



4.4.2 Solutionsto 4.3 Exercise

Answer 1
(a)
5snx = 1 + Zcoszx
5snx = 1+ 2(1 - sinzx)
5snx =1+ 2 - Zsinzx
25in2x+55inx—3: 0 O
[ 2marks]
(b)
(2snx —1) (shx +3) =0
Either2snx —1 =0 or snx+3 =0
: 1 .
snx = — snx = -3
2
x = 30° (working angle) No solutions
x e {30°, 150}
[ 4 marks]
Answer 2

2% + 4

coszx — 3cosx = dn

cos”X — 3COSX = (1 - coszx) + 4
2cos’X — 3cosx — 5 = 0

(2cosx — 5)(cosx+ 1) =0

Either2cosx — 5 =0 or cosx = -1

5 ) . .
But cosx = > has no solutions as the max value ofdb®@ne function is 1

The only solution come fromosx =—-1 = x= 180
[ 6 marks]



Answer 3

Another Key Trigonometric I dentity
snx

= tanx ( Providedcosx # 0)

Proof

Consider a right angled triangle with sides labelled;
O for Opposite angle
A for Adjacent to angle
H for Hypotenuse

H
O

A

sin X
COS X

LHS =

sSinX =+ COSX

Il

>|o T|o T|O
X
> T|>

[ 3marks]



Answer 4
1 — cos?x
1 - sin?x
2

(i) LHS =

sin‘ x
cos? X

= tanx
= RHS O
[ 1mark]
(ii) 19X 5 2tanx
tan®x = 3 — 2tanx
tan’x + 2tanx — 3 = 0
(tanx + 3)(tanx — 1) = 0

Eithertanx + 3 =0 or tanx -1 =0

tanx = -3 or tanx = 1

tanx = 3 = x = arctan(3) = x = 716° working angle
Thus fortanx = —3 we wantl80 — 71.6 = 1084°
tanx = 1 = x = arctan(l) = x = 4%

So, two answerg, € {45°, 1084° }
[ 4 marks]



Answer 5

(a)
8tanx = —3cosx
8 x SnX = —3C0sX
COS X
Multiply both sides byos x
8snx = —30032x
8snx = —3(1 - sinzx)
8snx = -3 + 33in2x
3Sin2X—88inX—3= 0 O
[ 3marks]
(b)
8tanx = —3cosX
3sn’x — 8sinx— 3 = 0 from part (a)

(3snx +1)(sinx—-3) =0

Either3snx+1 =0 or snx-3=0

. 1 . :
snx = -3 or snx = 3 (No solutions)

Solving sSinx = +% = X = arcsin(%) = X = 195° « working angle

.. For sinx = —% we'll havex = 1995°, 3405°

So, two answersx e { 1995°, 3405° }
[ 5marks]



Answer 6

(a)

5 cos? X 3(1+ sinx)

5(1— sinx)

5 - 55in2x = 3 + 3sinXx

3+ 3snx

5snx + 3snXx -2 = 0 O

[ 2marks]
(b)

(5shx — 2)(snx+1) =0

Either5snx -2 =0orsnx+1=0

. 2 :
SnXx = E or snx = -1

snx = 0.4 gives 236°, 1564°

snx = —1 gives 27¢°
So, three answerx e { 236°, 1564°, 270 }
[ 5marks]



Answer 7

(a)
35in2x + 78nXx = coszx -4
3sin’x + 7sinx = (1—sin2 )—4
4sin2x+7sinx+3: 0 O
[ 2marks]
(b)

(4ssnx+3) (sinx+1) =0

Either 4sinx + 3 =0 or snx +1 =0

Solving sinx = +% = X = arcsin(%) = X = 486° « working angle

.. For snx = —% we'll havex = 2286°, 3114°

The other solutiorsinx = —1 givesx = 270

So, three answerx e{ 2286°, 27(°, 3114° }
[ 5marks]
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Lesson 5
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
5.1 Solving Quadratic Equations
The solution methods for trying to solve quadratic equations include,
e Factorising into two pairs of brackets
e Completing the square
¢ Using the Q Formula

The Q Formula
A quadratic equation that is written in the form

ax2 +bx+c=0 where a, b andc are constants

has real solutions, if any exist, given by the formula,

—b + v b? - dac

2a

In the Q Formula, the expression under the square root sigmﬁ thelac piece,
is called the discriminanD, as it determines how many real solutions there are.

o |f b2 — 4ac > 0 then there are two distinct real solutions

o If b% — 4ac

0 then there is one (repeated) real solution
e If b” — 4ac < Othen there are no real solutions
Given that some trigonometric equations can be viewgdaatics in disguise

it should come as no surprise that the underlying quadratic may, in some questio
not factorise into two guessable brackets; instead, the Q formula may be needed

Try the following example, then check your answer with mine, over the page;

5.2 ExampleFor You To Try

For the equation(2 +x-1=0

(1) What is the value of the discriminai,?

[ 2marks]
(i) How many solutions will the equation have ?

[ 1mark ]



b? — 4ac
DISCRIMINATING

5.3 Answer to 5.2 Example

For the equation(2 +x-1=0

(1) What is the value of the discriminait,?

a= 1 b =1, ¢ = —1so the discriminanD, will be;
D = b - 4ac

=1° - 4x1x (-1
=1+14
=5

[ 2marks]
(i) How many solutions will the equation have ?

As D > 0, the equationx2 + x — 1 = 0 will have 2 distinct solutions

Notice that you were not asked to solve the equation !
[ 1mark ]



5.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1

For the equatioer2 +4x+2=0
(1) What is the value of the discriminai,?

[ 2marks]
(i) How many solutions will the equation have ?
[ 1mark ]

Question 2
By considering the discriminard, of the underlying quadratic equation, prove
that the following trigonometric equation has no solutions;

2tan2x —5tanx+4 =0

[ 3marks]

Question 3
(1) Use a trigonometric identity to turn the following equation into
one suitable for analysing agjaadratic in disguise;

2

sn“x + 3cosx —8 =0

[ 3marks]

(i) By considering the discriminarid, of your part (i) equation show that

2

sin“X + 3cosx — 8 = 0 has no solutions.

[ 3marks]



Question 4

A quadratic equation of the formax? + bx + ¢ = 0

—b++b? - 4ac

2a

can be solved by using the formula =

(1) Show how to use this formula to find teseact solutions to the equation

3x% - 4V3x+3 =0
giving your answers in the forkm/ 3 for rational values of

[ 5marks]

(i) Hence, or otherwise, solve over the intervak& < 360° the equation

3tan’x — 4+/3tanx + 3 = 0

[ 4 marks]



Question 5
(1) Show how to use the Q Formula to find the solutions to the equation

7X +5V7x+6=0
giving your answers in the forkm/7 for rational values of.

[ 5marks]

(i) Hence, or otherwise, solve over the intervak& < 360° the equation

7sn?x + 5V 7 sinX+ 6 = 0

[ 4 marks]
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5.5 Answersto 5.4 Exercise
Additional Mathematics

A-Level Pure Mathematics: Year 1
Trigonometry IV

Answer 1
(i)
3 +4x+2=0
a=3b=4andc =2

D = b? - 4ac
=16-4x3x%x2
=16- 24
= -8
[ 2marks]
(i) As D < 0, the equation will not have any real solutions
[ 1mark ]

Answer 2
2tan’x — 5tanx + 4 = 0
Let z = tanx to reveal the underlying quadratic equation as,
27 -52+4=0
a=2 b=-5andc =4

D = b® - dac
=25-4x2x14
= 25- 32
= -7

As D < 0, the equation will not have any real solutions]
[ 3marks]



Answer 3

(1) The trigonometric identity referred to must lwszx +sinx = 1
sn’x + 3cosx — 8 = 0
(1—coszx)+3cosx—8 =0
1—coszx+3005x—8= 0
cosx — 3cosX + 7 = 0
[ 3marks]
(ii) a=1b=-3andc =7
D = b° - 4ac
=9-4x1x7
=9-28
= -19

As D < 0, the equation will not have any real solutions]
[ 3marks]



Answer 4
(i)
3x° — 4v3x+3=0
a=3b=-4v/3 andc = 3
—b + b2 - 4ac
2a
43 ++/48 -4 x3x3
2x3
4/3 + /48 - 36
6
43 + 12
6
4\/3 + V4 x 3
6
4\3 + 23
6

6vV3 23
6 6

ﬁor%

[ 5marks]



(i)

3tan’x — 4+/3tanx + 3 = 0
Either tanx = v/3 or tanx = g
= tanx

For tanx = V/3 = x = 60° as working angle
Then, from the graplx, = 60°, 240¢°

For tanx = g = x = 30° as working angle
Then, from the graplx, = 30°, 210°

In total, four solutionsx € { 30°, 60°, 210, 240 }

[ 4 marks]



Answer 5

(i)
7% + 5V7x+6 =0
a=7 b= 57 andc = 6
‘- —b + v b2 - 4dac
a 2a
_ =5V7 +V175-4x7x6
B 2x7
_ -5V7 = V175- 168
B 14
_=5VT7 V7
B 14
_ AT 8T
14 14
__2vTr o _3vT
B 7 7
[ 5marks]
(i)
. 7 . : .
For sinx = —#: No solutions as th&n x curve is never less thanl
For sinx = +27—\/7 X = 491° is the working angle
From the graph this gives two answgrs:{ 229.1°, 3109° }
[ 4 marks]
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L esson 6
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
6.1 Beware The Multi-Angle

2\ A
|t )::

= e
O

Suppose that the following trigonometric equation is to be solved;

2sin(2x) = -3, 0 < x < 360°
This equation contains a Multi-Angle, tBe, buried inside thain function.
The Teaching Video shows how to solve this equation and the importance of
ignoring the Multi-Angle until the very end of the solution.

Teaching Video http://www.NumberWonder.co.uk/v9044/6.mp4

[ 6 marks]


http://www.NumberWonder.co.uk/v9044/6.mp4

6.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
Find all solutions to the following equation for<& < 360°
4 cos(2x) = -3
Give your answers to one decimal place.

[ 6 marks]

Question 2
A-Level Examination Question from June 2005, Paper C2, Q5b edited (Edexcel)

Solve cos(2x) = —0.9 for 0° < x < 360
Give your answers to one decimal place.

[ 4 marks]



Question 3
A-Level Examination Question from June 2008, Paper C2, Q9b edited (Edexcel)
Solve

1

cos(3x) = - 0° < x < 360

[ 6 marks]
Question 4

. . 1
Solve the equation sin°(2x) = 5 for 0° < x < 360°

[ 6 marks]



Question 5
tan®(3x) = 2tan(3x) — 1 0° < x < 360°

[ 8 marks]
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6.3 Answers
Additional Mathematics

A-Level Pure Mathematics: Year 1
Trigonometry IV

6.3.1 Solution to 6.1 Example (Teaching Video)

2sin(2x) = —-V3 0 < x < 360°
sin(2x) = —g = Solve sin(2x) = +g for the working angle

(2x) = 240 300, 600, 660 from the sketch graph of = sinx
x = 12, 15¢°, 30, 330

[ 6 marks]
6.3.2 Solutionsto 6.2 Exercise
Answer 1
4cos(2x) = -3 0 < x < 360°
cos(2x) = —% = Solve cos(2x) = +% for the working angle
(2x) = 1386, 2214, 4986, 5814  from the sketch graph of = cosx

X = 69.3° 1107°, 2493°, 2907°
[ 6 marks]



Answer 2

cos(2x) = —0.9 = Solve cos(2x) = + 0.9 for the working angle
(2x) = 258°

(2x) = 1542, 2058, 5142, 5658 from the sketch graph of = cosx

X = 771° 1029°, 2571°, 2829°
[ 4 marks]

Answer 3

1 1 .
cos(3x) = -5 = Solve cos(3x) = ) for the working angle

I
' '
777777777777777777777777777777777777777777777777777777777777777777777777777777777777777

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
| | |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,

(3x) = 120 240, 480, 600, 840 960 from the sketch graph of = cosx

X = 40, 80°, 160, 200, 28C°, 320°
[ 6 marks]



Answer 4

(2x) = 30, 150, 390 510 from the sketch graph of = sinx
15°, 75°, 195, 253

X
Il

[ 6 marks]



Answer 5

tan’(3x) = 2tan(3x) — 1
tan®(3x) — 2tan(3x) + 1 = 0
(tan(3x) — 1) (tan(3x) — 1) = 0
(tan(3x) - 1) = 0
tan(3x) = 1

)
=
I

45 for the working angle

(3x) = 45 225 405 585 765 945 from the sketch graph of = tanx

x = 1%, 7%, 133, 193, 253, 31%
[ 8 marks]
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Lesson 7
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
7.1 From The Examination Hall

Here's some wand waving wizard mathemagic that mysteriously proves 2 = 1

TheClassic Proof that 2=1
Given any numbelx, lety be the same number.

0) In other words X =y
1) Multiply both sides by 2 = xy
2) Subtract? from both sides -y = xy - Y
3) Factorise both sides (X+yY)(X=-Yy)=yX-Y)
4) Divide both sides by x — y) XX =Y) ¥ (X=y)
(X=Y) (X—-Y)
5) Simplify (X+y)=Yy
6) Recall thax =y (y+y) =y
7) Simplify 2y =y
8) Divide both sides by vy _y
y y
9) Simplify 2=1 O

Clearly, this proof cannot be correct. On which line is there a mistake ?
The lines are numbered frohto 9.
Write down the line number containing a mistake :



7.2 An Examination Temptation
An old examination question that tried to tempt candidates into making the
same mistake as in the false proof is this;

Solve the equation tan°x = tanx  for 0° < x < 360

Teaching Videohttp://www.NumberWonder.co.uk/v9044/7.mp4

[ 5marks]

7.3 TheEquation asnx = bcosx

In spite of the worry over dividing by zero, in practice it's often not the primary
focus in examination questions.

In particular look out for the following popular question, easily tackled by
dividing both sides bgos 0

Example: Solvesinx = v/3 cosx for 0 < x < 360°

[ 4 marks]
Solution :

sinx = v/ 3 cosx
Divide both sides bycos x

(OK ascosx = 0 is not a solution, i.ex = 90° is not a solution)

snx
COSX
tanx = /3
X = 60°, 240 (From a sketch graph gf= tanx)

[ 4 marks]


http://www.NumberWonder.co.uk/v9044/7.mp4

7.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 43

Question 1
Additional Mathematics Examination Question from June 2016, Q3 (OCR)

Find all the values of in the domain0 < x < 360 that satisfy,

3sinX = 4cosx

[ 4 marks]

Question 2
Additional Mathematics Examination Question from June 2007, Q4 (OCR)
Find all the values of in the range 0< x < 360 that satisfy

sinxXx = —4cosx

[ 5marks]



Question 3
Additional Mathematics Examination Question from June 2011, Q4 (OCR)
Solve the equation

58n2x = 2c0s2x
in the interval O<x< 360°
Give your answers correct to 1 decimal place.

[ 5marks]

Question 4
A-Level Examination Question from January 2018, Paper C12, Q5(i) edited (Edexcel)

Solve, for0 < x < 90°

5sin(3x) — 7cos(3x) = 0
Give each solution to 3 significant figures

[ 5marks]



Question 5

A-Level Examination Question from January 2009, Paper C2, Q8 (Edexcel)
(a) Show that the equation

2

49n“Xx + 9cosx — 6 =0
can be written as
40052x —9cosx+2 =0

[ 2marks]

(b) Hence solve, for O< x< 720°

4sin’X + 9cosx — 6 = 0
giving your answers to 1 decimal place.

[ 6 marks]



Question 6

Solve coszx = COSX for 0° < x < 360

[ 5marks]

Question 7
A-Level Examination Question from January 2006, Paper C2, Q8b edited (Edexcel)
Find all the values of, to 1 decimal place, in the intervaf ©x < 360" for which

tanzx =4

[ 5marks]



Question 8
3tan*x — 10tan®x + 3 = 0 0° < x < 360°

[ 6 marks]
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7.5 Answers
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
7.5.1 Solution to 7.2 An Examination Temptation (Teaching Video)

Th mistake to avoid is dividing both sidesthy x because this would be
dividing by zero.

In other words,tanx = 0 is a solution to the equation for théan’x = 0
and the LHS = RHS.

Instead, subtractan x from both sides and factorise.
tan’x = tanx
tan’ X — tanx = O
0

tanx (tanx — 1)
Either tanx = 0 = x = 0, 180 : Reject360as it's not in the domain
Ortanx—-1=0 = tanx = 1 = x = 45 225
Answersx e {0°, 45, 180, 225 }

[ 5marks]

7.5.2 Solutionsto 7.4 Exercise

Answer 1
3sinx = 4cosx
snx 4
cosx 3
tanx = 4
3
X = arctan(i)
3

x = 531°, 2331° (From a sketch graph gf= tanx)
[ 4 marks]



Answer 2

sinX = —4cosx
sinx
= -4
COS X
tanx = —4 Solvetanx = +4

X = arctan(+4)
= 76° working angle
X = 104, 284 (From a sketch graph of = tanx)

[ 5marks]
Answer 3
53n2x = 2cos2x
sn2x _ 2
cos2x 5
tan2x = 3
5
2X = arctan(i)
5
2x = 21.8°, 2018°, 3818° 5618°
(From a sketch graph gf= tanx)
x = 10.9°, 1009°, 1909°, 2809°
[ 5marks]
Answer 4
5sn(3x) — 7cos(3x) = 0
5sin(3x) = 7cos(3x)
sni3) _ 7
cos(3x) 5
7
tan(3x) = —
(3) -
X = arctan(l)
5

3x = 545°, 2345°
(From a sketch graph gf= tanx)

x = 182°, 782°
[ 5marks]



Answer 5

(a)

(b)

Answer 6

Answer 7

4sin2x + 9cosx — 6
4 (1 - coszx) + 9cosx — 6
4 — 40052x + 9cosx — 6

4coszx — 9cosx + 2

2x + 9cosx — 6

49n
4coszx — 9cosx + 2

(4cosx — 1) (cosx — 2)

Either cosx = i
4
( ; )
X = arccos| —
4

X = 755°, 2845°,

COS2 X

COSZX — COSX

cosx (cosx — 1)

=0
=0
=0
=0 O
[ 2marks]
=0
= 0 from part (a)

or CosX = 2

cosx = 2 (No solutions)

4355°, 6445° (From sketch graph)

[ 6 marks]

Either cosx = 0 = x = 90, 270

Orcosx =1 = x =

0

(360is not in the domain for the question)

- Answer :x € {0, 90, 270}
[ 5marks]
tan’x = 4
tanx = £2
x = arctan( + 2)
X = 634°, 1166°, 2434°, 2966°

[ 5marks]



Answer 8
Let z = tan®x in which case the given equation becomes,

32-10z+3=0

(3z-1)(z-3)=0
Eitherz:% or z=3
tan2x=% or tanzx:3
1 V3

tanx = + — X — or tanx = =4 3
V3 3 £
=i—\/§
3

x = 30°, 15¢°, 21C°, 330 x = 60, 120 240 300

x e {30°, 60°, 120°, 15C°, 21C°, 24C°, 300°, 330" }

[ 6 marks]
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L esson 8
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV

8.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

(a) (1) Sketch the graph of =sinx over the interval 0< x< 360°

[ 2marks]

(ii) Correctly place § 9C°, 180, 270, and 360 on thex-axis.
[ 1mark ]

(iii)  Correctly place— 1, 0, and + 1 on theaxis
[ 1mark ]

(b) Calculate the values afin the domain 9<x< 360> for which
snx = —-0.416

[ 4 marks]



Question 2
You are given that

2
COSX = —
3

with 0° <x< 9

(a) Use the identitycoszx + §n’x = 1 to find anexact value for sinx

and, if appropriate, simplify your answer.

[ 3marks]

(b) Use the identitytanx = X and your part (a) answer to find

anexact value fortan x and, if appropriate, simplify your answer.

[ 3marks]



Question 3
Find the four values ofin the domain 0< x < 360° that satisfy the equation

4
Cos(2x) = —
(29 = <
Give your answers to 1 decimal place.
[ 5marks]
Question 4
Solve, for 0<x< 360
Sex = 3
4

[ 5marks]



Question 5
(a) Show that the equation

50052x + 16snx -8 =0
can be written as
5sn°x — 16sinx + 3 = 0

[ 3marks]
(b) Hence solve, for O< x< 720

5c0° X + 165nx — 8 = 0
giving your answers to 1 decimal place.

[ 6 marks]



Question 6
Solve, for 0 <x< 360Q

tanx (tanx — 2) = 3

[ 6 marks]



Question 7
A-Level Examination Question from June 2009, Paper C2, Q7b (Edexcel)
Solve for 0 <x< 360

49nx = 3tanx

[ 6 marks]



Question 8

a

Using the triangle, or otherwise, prove that, for<& < 90°

tan2x X coszx + coszx -1=0

[ 5marks]
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8.2 Answers

Answer 1

(a)

Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV

(b) 204.6, 335.2

Answer 2

. 5
(a) snx = 3

Answer 3
18.#, 161.6, 198.4, 341.6

Answer 5

(a)

50052x + 16snx — 8
5(1 — sinzx) + 16sinx — 8
5 - 5sin2x + 16sinx — 8

55in2x —16snx + 3

(b) 11.5, 168.5, 371.3, 528.3

Answer 6
71.6, 135, 251.6, 31%

(b) tanx=§

Answer 4
60°, 120, 240, 300

Il
o O o o

Answer 7

[ 2,1, 1marks]

[ 4 marks]

[ 3, 3marks]

[ 5, 5marks]

[ 3marks]

[ 6 marks]

0°, 41.4, 180, 318.6, 360

[ 6, 6 marks]



Answer 8

LHS = tanzxxcoszx+coszx—l
2 2 2
3T
a c c

T axc? c2
b2 a2
SZte !
b2+ a? L
- >
2
_ <
c
=1-1
=0
= RHS O

[ 5marks]
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Lesson 9
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV

9.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

(a) (1) Sketch the graph oy = cos x over the interval 0< x< 360

[ 2marks]

(i) Correctly place § 9¢°, 180, 270, and 360 on thex-axis.
[ Lmark ]

(iii)  Correctly place— 1, 0, and +1 on theaxis
[ 1mark ]

(b) Calculate the values afin the domain 9< x< 360 for which
cosx = —0.728

[ 4 marks]



Question 2
You are given that

sinx—E
6

with O° < x< 9

(a) Use the identitycoszx + sn’x = 1 to find anexact value for cos x

and, if appropriate, simplify your answer.

[ 3marks]

nx .
x and your part (a) answer to find

(b) Use the identitytanx =

anexact value fortan x and, if appropriate, simplify your answer.

[ 3marks]



Question 3
Find the four values ofin the domain 0< x < 36(° that satisfy the equation

. 3
sn(2x) = —
() = 5
Give your answers to 1 decimal place.
[ 5marks]
Question 4
Solve, for 0<x< 360
2
cofx = =
3

[ 5marks]



Question 5

(a)

(b)

Show that the equation

7sin2x — 19cosx — 1
can be written as

I
o

70052x + 19cosx — 6

I
o

[ 3marks]
Hence solve, for O< x< 720

7sn’x — 19cosx — 1 = 0
giving your answers to 1 decimal place.

[ 6 marks]



Question 6
Solve, for 0 <x< 360

tanx (tanx + 4) = 5

[ 6 marks]



Question 7
Solve for 0 <x< 360

4cosx = 15tanx

[ 6 marks]



Question 8

a

Using the triangle, or otherwise, prove that, fr<& < 90°

tan2x - sin2x - tan2x X sin2x =0

[ 5marks]
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9.2 Answers
Additional Mathematics
A-Level Pure Mathematics: Year 1
Trigonometry IV
Answer 1

(a)

[2,1, 1 marks]
(b) 136.7, 223.3

[ 4 marks]
Answer 2
V11 5v 11
(a) COSX = ——— (b) tanx =
6 11
[ 3, 3marks]
Answer 3 Answer 4
24.3, 65.7, 204.3, 245.7 35.3, 1447, 215.3, 324.7
[ 5 5marks]
Answer 5
(a)
7sin’x — 19cosx — 1 = 0
7(1— coszx) —19cosx -1 =0
7 - 7cos’x — 19cosx — 1 = 0
7cos’ x + 19cosx — 6 = 0
[ 3marks]
(b) 73.4, 286.6, 433.4, 646.6
[ 6 marks]
Answer 6 Answer 7
45°, 101.3, 225, 281.3 14.5°, 165.5

[ 6,6 marks]



Answer 8

2 2

x—tanzxxsinx
(o (2] (2] ()
N — N — - X N
a c a c
xb?  @xb®  bx b
c?2xa? a?x c? a2 x c?
b?(c? - &) - b? x b

LHS = tanzx — gn
2

c? x a2
_b? x b2 - b2 x b2
- >
=0
= RHS m

[ 5marks]
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