5.3 Answers
A-Level Pure Mathematics: Year 2

Integration 11
5.3.1 Solution to Example N° 2 (Teaching Video)
9x2 A B C
= + +
(6X + 1)(3x + 1)2 (6x + 1) (3x+ 1) (3 + 1)2
X% [ ......] OA[. ] B[....] Clon..]

[(6x+ 1)(3x+ 1)2]  (6x+1) = (3x+1) &« (3x+1)2
9x2 A(3x+1)2+B(6x+1)(3x+1)+C(6x+1)

Letx=—%:1=C(—1):>C=—1
Letx=—i:i:A(i):>A=1
6 4 4

Letx=0:0=A+B+C =B=0

1
I mar

| 9x° dx = | d
(6X + 1)(3x + 1)2 S ex+ 1

= %f6(6x+1)_1dx—%'|'3(3x+ 1)_2dx

1 1 (3 + 1)1
= Znlex+ 1] - = x>

5 n|6éx + 1| 3~ = +C
=iln|6x+1|+—+c

6 3(3x+ 1)

[ 8 marks]



5.3.2 Solutionsto 5.2 Exercise

Answer 1

(i)

(i

J

)

1

0 (2x+1) (x+4)

(10x + 19) ... ... 1 _ AL ]+B[ ...... ]
[(2x+ 1)(x+ 4)] (2x + 1) (X + 4)

10x+19=A(x+4)+B(2x+ 1)
letx =-4:-21=B(-7 = B=3

1 7
Let Xx = —— 14:A(—) A=4
X > > =

10x + 19 4 3

(2X+ 1)(x+4)  (2%x+1) * (X + 4)

[ 4 marks]

10x + 19 1 4 3
X f + dx
0 (2x+1) (X+ 4)

1,1 _1 1 _1
4XEIOZ(2X+1) dx+3fo(x+4) dx

1
[2In]2x + 1| + 3In(x + 4)]
0

2In3 + 3In5-2In1 - 3In4

In32 + In53 -0 - In26
32 x 53
26

In O

[ 6 marks]



Answer 2
(X+2)[ .. ... ] _ AL ], Bl ]
[(x=1)(2x+1)] (x—1) (2x + 1)
A(2x+1)+B(x-1)
Letx=1: 3=A®0 = A=1
Letx=—%:%:8(—%) = B=-1

X+ 2 1 1

X+ 2

(x-1)(2x+1) (x-1) (2x + 1)

4 X+ 2 4 1 1
f dx:f - dx
2 (x=-1)(2x+1) 2 (x-1) (2Xx+ 1)

4 1 (4
_ a1 = -1
_jz(x 1) dx - j22(2x+1) dx

1 4
[Inlx—ll—?ln|2x+ 1|}
2

1 1
IN3— —In9—-1In1+ —1Inb5
2 2

1 1
IN3 -1n92 — 0 + EInS
1
=In3-1In3 + ?InS

1
= —In5 O
2
[ 10 marks]



(1)
1 A B C
= b — 4+ —
(2x — 1) x2 (2x — 1) X X2
10d  _ Alew] | Bluw] | Cle.]
[ (2x — 1)x?] (2x — 1) X X2

1=AX +B(X-1)x+C(2x-1)
Letx=0:1=C(-1) = C=-1

Letx:—:le(i) = A=14
2 4

letx=1:1=A+B+C => B=-2
That is,

1 4 2

1
(2x—1)x2  (2x-1) X X2
[ 4marks]

(i) Leaving out the limits for now (to reduce clutter),

1 1 1 1
J‘mdx:{[b{_ldx—ZJ‘;dx—J‘?dx

4 x %J‘Z(Zx— 1)_l dx — fo_ldx—fx_zdx

:2In|2x—1|—2In|x|+%+c

With an upper limit oR and a lower limit of 1,

=2In3 - 2In2 + i —2Inl + 2In1 - i
2 1
= In::’»2 - In22 - i
2
=1n9 - 1In4 - 1
2
4 2

[ 6 marks]



(a)
1 A B C
= — +
X(3x — 1)2 X (3x - 1) (3x — 1)2
10 ... ... ] _ AL ] , Bl.... ] , Cl.. ]
[x(3x - 1)2] X (3x - 1) (3x — 1)2
1:A(3x—1)2+Bx(3x—1)+Cx
letx = 0 : 1 = A(-1? - A=1
1. ,_¢(r _
Letx:g.l—C(?)) = C=3
Let X = 1=4A+2B+C = B=-3
That is,
1 1 3 . 3
X(3x — 1)2 X (3 - 1) (3x — 1)2
[ 4 marks]
(b) (i)

1 1 3 3
Imdx = f;dx—j(sx—_“dx+fmdx

=[x tdx - [3(3 - 1) dx+ [ 3(3x - 1) dx

_1yv1
:In|x|—ln|3x—1|+M+c
-1
1
= In|x| - In|3x - 1] - +c
X-1
[ 3marks]
(i) With an upper limit oR and a lower limit of 1,
2 2
I;de:[ln|x|—ln|3x—1|— ! }
1 x(3x-1) X —-11;
:In2—ln5—i—ln1+ln2+i
5 2
:i—i+2ln2—ln5
2 5
g * (5]
= — + In{—=
10 5
[ 3marks]
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