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Lesson 1
A-Level Pure Mathematics: Year 2
Integration 11

1.1 Calculus Compounded
Initial studies of Calculus focus upon the Differentiation and Integration of
polynomials using The Power Rule.

The Calculus Power Rule

- dy n-1
|f = n th _— =
(1) y =X en Ix nx
n+1
(i) I y=x" then fydx=:+1+c n=-1

wheren is a constant, andlis “the constant of integration”

In the Year 2 A-Level course, it was discovered that several other elementary
functions, not just the polynomials, where amenable to being differentiated.
For example, exponential, logarithmic and trigonometric functions all have
derivatives. The chain, product and quotient rules widened further the variety
of expressions that could be differentiated.

Here is a reminder of four key results that were obtained, vehisra constant;

Exponential
dy ax
o y=¢€ en ix ae
Natural Logarithm
dy 1
If y=1 then — = —
. y = In|ax| then ™ <
Sine
. dy
e If y = gn(ax) then vl acos(ax)
Cosine
dy .
e If y = cos(ax) then vl —asn(ax)

Our ability to differentiate has become much further advanced than our ability
to integrate. The time has come to balance this state of affairs !



The key to progressing our knowledge of integration is a result already known;

The Fundamental Theorem of Calculus
The process of integration ( finding areas under curves )
is the inverse of
the process of differentiation ( finding gradients of curves)

In consequence, each of the four differentiation statements just made can be
rephrased as an integration statement simply by “thinking backwards”.
Againa s a constant and, in addition, as with the polynomials, there will be
“a constant of integration”, usually denoted

Exponential

1
If yv=e* th dx = — X
o Yy e en_[yx ae + C

Natural Logarithm

o If y:% thenjydx:ln|x| +c

Sine

e If y=sn(ax) then Iydx = —%cos(ax) +C

Cosine

e If y = cos(ax) then J‘ydx = % sin(ax) + ¢

Note: 1) RADIANS must be used whenever trigonometry and calculus mix.
2) With the natural logarithm function a step was missed out

More preciselys If y = % then J'ydx = In|ax| + k
= In|x| + In|a] + k
= In|x| + ¢

because one unknown number| a|, plus a second unknown
numberk, add together to give a third unknown numicer,



1.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1
Write down the integral of each of the following.

(i) j4x+%dx

[ 2 marks]

(i) [ cos(4x) dx

[ 2marks]
(i) [ eXdx

[ 2 marks]
(iv) jﬁ — s§in(0.5x) dx

[ 4 marks]
v f(1e L] o

X
[ 4 marks]

Top Tip : For each of the above, differentiating the answer should reverse
the integration and get you back to the question. This is a handy
way of checking any answer that you're not sure about.



Question 2

The graph is of the curve = %

Use integration to show that the area shaded, bounded by the curve,
thex-axis and the linex=1 andx =8 is exactly3In2

[ 5marks]



Question 3

The graph is of the curve = e+ X2

Use integration to show that the area shaded, bounded by the curve, the

. . . 1
x-axis, they-axis andx = 1 is exactlyg(e3)

[ 5marks]



Question 4
Find the exact area under the following curve between the bounding lines given

y = 9c0s(2X) X =0, X = —

[ 5marks]

Question 5

(1) Show that the area under the cugve- 12e% petweenx = 0 and

X =2Iis exactIyZ(e12 - 1)

[ 5marks]

(i) Give this area as a decimal correct to three decimal places.

[ 1mark ]



Question 6
Find the area under the curve between the bounding lines given
1 . ( X ) 7
y=—s8n|— X =0, X = —
9 2
Give your answer correct to 3 significant figures.

[ 5marks]
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1.3 Answersto 1.2 Exercise
A-Level Pure Mathematics: Year 2

Integration 11

Answer 1
(i) J.4x+%dx:2x2+ln|x|+c

[ 2marks]
(i) '|'cos(4x) dx = %sin(4x)+c

[ 2marks]
(i) [e*dx=—= 5X+c

[ 2marks]
. . 1 .
(iv) J‘\/Y — sin(0.5x) dx = '|'x2 — sin(0.5x) dx

2,3
= )3( + 2c0s(0.5x) + ¢
[ 4 marks]
2
(v) ﬂ1+i) dx = Jl+£+i2dx
X X X
= fl + 2 + X 2 dx
X
= x+2Inx-xt+c
[ 4 marks]

Answer 2
8
Area = '[ idx
1 X
= [In|x]]
1
=In8 - Inl
- n2’-o0
= 3In2 O

[ 5marks]



Answer 3

1 1 311
J'Oe3x+x2dx = {—e3x+ —}

3 31y
1[3x 3]
= —| e + X
3 0
:%[e3+1—e0—0]
1
= 3(93)
[ 5marks]
Answer 4
%
Area = fo 9 cos(2x) dx
3 g[sin(ZX)}%
2 0
= 3sin(i)—o
2 2
_ 2
2
[ 5marks]
Answer 5
(i)
2 6X
Nea:jo 12e7dx
2
_ 2[e6x]
0
_ 2(e12—e0)
= 2¢(e? - 1) 0
[ 5marks]
(ii)
325507.583

[ 1mark ]



Answer 6

o

|
N

Q

o)

(%2
—_—
N | x
S~—
| I—
[op)

0
1 7T
= 3{ (—ZCOS(E) ) — (-2cos0) }
= 0.00757 (3 significant figures

[ 5marks]
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L esson 2
A-Level Pure Mathematics: Year 2

Integration 11
2.1 Thinking Backwards
6
Wheny = (4% )7 is differentiated the result is
dy  6(4+ 5x)° .
o 5 x 5 by the chain rule
= 5(4 + 5x)°
n+1
Wheny = HRACID is differentiated the result is
(n+1)
n
dy = (n+ D) [TX] x f7(X) by the chain rule
dx (n+1)

= [fx]"

By The Fundamental Theorem of Calculus,

The Chain Rule Backwards

n+1
J'f’(x)[f(x)]ndx:[f((nx)—jl)+c n=-1

The two key consequences of this result are;
e Every time a new integration question is tackled, a mental scan
must be made to see if it is in the form of a function raised to a
power with the derivative of that function sitting in front.

In other words, watch out fof” (x) [f(x) ]"
e An alertness needs to be maintained for situations in which the

desired set up of (x) [f(x) ]" can be created by making use
of a “fiddle factor”. See example’® and example N3.

ExampleN° 1

Determine: f 7(7X + 2)3 dx
[ 3marks]
Solution : It is spotted that with (x) = 7x + 2 = f’(X) = 7 and that this
situation is that of a chain rule backwards witk: 3

4
Thus,j7(7x+2)3dx = %+c



The teaching video will talk through Examplé Rland Example N3

Teaching Videohttp://www.NumberWonder.co.uk/v9045/2.mp4

[=]

.l.'|.l'|

-.*'

*Ti

e

[=],3 1

Example N° 2

Determine: f(3x + 1)4dx

[ 3marks]
ExampleN° 3
J- 24

Determine: ——dx
(4x — 2)%

[ 3marks]


http://www.NumberWonder.co.uk/v9045/2.mp4

2.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

In each question use The Chain Rule Backwards to perform the integration given
Most questions will require that a “fiddle factor” be introduced.

Question 1
f (3 + 2)5 dx
[ 3marks]
Question 2
[ (7 - 3)%
[ 3marks]
Question 3
60 [ (4 + 5¢)° dx
[ 3marks]
Question 4

f (3—2x)5dx

[ 3marks]



Question 5

Question 6
18 f v 1+ 4x dx

Question 7

j(%+8) dx

[ 3marks]

[ 3marks]

[ 3marks]



Question 8

1
J ox 178 &

Question 9
f6(2x— 1)_2dx

Question 10

X -1

[ 3marks]

[ 3marks]

[ 3marks]



Question 11

J.;de
4 (x+ 3)

Question 12
[1a(3+ 2x)"? dx

Question 13

Nlw

(1-2x)

[ 3marks]

[ 3marks]

[ 3marks]



Question 14

1 4
-[o (4x + 1) dx

[ 3marks]
Question 15
4
Jo V2x + 1 dx
[ 4 marks]
Question 16
5
f 1 3 dx
2 (x-1)
[ 4 marks]
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2.3 Answers
A-Level Pure Mathematics: Year 2
Integration 11
2.3.1 Solutionsto 2.1 Examples (Teaching Video)

Example N° 2

Add in a fiddle factor of% X 3

|
=
—_—
w
—_
+
=
N
~
o
X

f (3 + 1)4dx =

X ————— + C

[ 3marks]
ExampleN° 3

Add in a fiddle factor of% x 4

24 -
Imdx = 24J‘(4X -2) 4dX

1 —4
= 24x [ 4(ax-2)%dx

-3
ZBXM'FC
=3

= —2(x-2y3+c

T(ax—2@
[ 3marks]

2.3.2 Solutionsto 3.2 Exercise

Answer 1

Add in a fiddle factor of% x 3

j(3x+2)5dx j3(3x+2)5dx

1
3
1 (3x+2)°
— X ———+¢
3 6

6
_ (X + 2) L e

18

[ 3marks]



Answer 2

Add in a fiddle factor of% X 7

f (7x—3)3dx

- 3
7[7(h—3)w

_ 4
_ 1 (x=3)

+C
7 4
(7x — 3)4
=g + C
[ 3marks]
Answer 3
Add in a fiddle factor of% x5
mj(4+&ﬁdx:60x%j5(4+&ﬁdx
4
— 12XM+C
4
= 3(4+5x)4+c
[ 3marks]
Answer 4
Add in a fiddle factor of—% X —2
j(s—yfw:—%jbaus—yfw
1 (3-2x)
=-3 X 5 +C
_ 6
__ =22 .
12
[ 3marks]
Answer 5
Add in a fiddle factor of—2><—%
6 6
f (7— ix) dx = (—Z)J‘ (—i)(Y— ix) dx
2 2 2
7
22
7
7
_ _3(7_ix) s
7 2

[ 3marks]



Answer 6

Add in a fiddle factor of% X 4

1
18j\/1+4xdx 18><%J4(1+4x)2 dx

3
2

9 2 (1+ 4x)
= X ————— +¢C

2 3
3
=3(1+4)?+c
[ 3marks]
Answer 7
. i 3 2
Add in a fiddle factor Of? X 3
2% 3 32/ 2x 3
'|'(—+8) dx:—j—(—+8) dx
3 2 3\ 3
3
2X 2
245~ + 8
I B i
2 3
2X %
=(— 8) +C
[ 3marks]

Answer 8

Add in a fiddle factor of% X 2

J.(ZX—il)Ade = J.(ZX— 1)_4dX

1 B
Ejz(zx—l)“dx

1 (2x-1)3

= —X————+¢C
2 (-3

.t +C

B (2x-1)3

[ 3marks]



Answer 9

Add in a fiddle factor of% X 2

[6(2x- 1)"? dx 6 [ (2x- 1)"? dx

1 -2
6x j2(2x—1) dx

3[2(2x—1)‘2dx

a1
:3X(2X—1)+C
-1
3 +C
(X -1)
[ 3marks]
Answer 10
Add in a fiddle factor of% x 3
6 -3
‘[de=6j‘(3X—l) dx
1 -1
=6x§j3(3x—1)2dx
_1
=2[3(3-1) ? dx
1
=2x2(3-1)2 +c
=4y 3X-1+cC
[ 3marks]
Answer 11
No fiddle factor needed !
1 1 )
J‘deZZJ‘(X—FB) dx
-1
_1 x93 L.
4 (- 1)
S S
 4(x+3)

[ 3marks]



Answer 12

Add in a fiddle factor of% X 2

[14(3+ 2x)"? dx

=7X

Answer 13

Add in a fiddle factor of- % X —

J

dx

1
(1- 2x)?

Answer 14

Add in a fiddle factor of% X 4

1 4
Io (4x + 1) dx

2

1
_?I (-2) (1 - 2x)

_ 1
4

14[(3+ 2x)"? dx
14 x ij2(3+2x)‘zo|x
2

7J.(3 + 2x)_2 dx

(3 + 2x)‘1
-1
7
(3 + 2x) e
[ 3marks]

_3
2

dx

1 2(1-2
-1

1
2

+ C

[ 3marks]

%Jﬁ 4(4x+1)4dx
[ (4x + 1)° } 1
5 0

F{ el -[ ]}

1562
[ 3marks]



Answer 15

Add in a fiddle factor of% X 2

4 1 .4 1
-[0 vV2x + 1 dx:?f02(2x+1)2 dx

3
_i[ 2(2x+1)2}4
-2 3 0

1 31 4
:3[(2x+1)2] .

= < {[27] - [1])

_E or 82
3 3
[ 4marks]
Answer 16
No fiddle factor needed !
5 1 5 _3
-"2 ()(——]_):ng_J.Z (X—l) dx
[ (x — 1) 2 }5
(=2 2
)
20 (x=1)2 ],
- H[#]-3)
2 16 1
1 { 15}
= —— X - —
2 16
_ 15
32
[ 4 marks]
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Lesson 3
A-Level Pure Mathematics: Year 2

Integration 11
3.1 Unlocking The Backwards

The Chain Rule Backwards

n+1
J.f’(x)[f(x)]”dx:[z(nx)—jl)+c n#=-1

Initial problems involving The Chain Rule Backwards kiepd) as a simple
linear function. That id,(X) = mx + ¢
However, this limitation will now be removed !

ExampleN° 1

4
Determine:'|‘120x3(3x4 + 7) dx

Teaching Videohttp://www.NumberWonder.co.uk/v9045/3a.mp4

[ 3marks]


http://www.NumberWonder.co.uk/v9045/3a.mp4

Example N 1 is all that's needed for the first six questions in Exercise 3.2
So you may prefer to do those questions first then watch the Examgle N
video ahead of Question 7 onwards.

Example N° 2

3
Determine: _[64( X — 2)(x4 — 8x) dx

Teaching Videohttp://www.NumberWonder.co.uk/v9045/3b.mp4

o

]

Ly
'

[ 4 marks]

3.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

In each question use The Chain Rule Backwards to perform the integration given
Most questions will require that a “fiddle factor” be introduced.

Question 1

4
Determine: J150<<3x2 + 1) dx

[ 3marks]


http://www.NumberWonder.co.uk/v9045/3b.mp4

Question 2

3
Determine: ISGX(XZ — 5) dx

Question 3

6
Determine: f42x2(2 - x3) dx

Question 4

Determine: f12x Vv X2 + 6 dx

[ 3marks]

[ 3marks]

[ 3marks]



Question 5
21x

Determine: j (1 2)
+ X

2dx

[ 3marks]

Question 6

Determine'fLXs dx
Y3+ x4

[ 3marks]

Question 7

Determine:jGO(x2 — 1)(x3 - 3 + 7)4 dx

[ 4 marks]



Question 8
X+ 1

7 dx
X2 + 2x + 3)

Determine:f (

[ 4 marks]

Question 9
2
Xs+ 2
Determine;] —— dx
J. vV x3 + 6x

[ 4 marks]



Question 10

(1) Differentiatey = sin(x3 + 9x)

[ 3marks]
(i) With part (i) in mind, find_[(x2 + 3) cos(x3 - 9x) dx

[ 3marks]
(i) Determine:J' X cos(4x3 - 7) dx

[ 4 marks]
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3.3 Answers
A-Level Pure Mathematics: Year 2

Integration 11
3.3.1 Solutionsto 3.1 Examples
Example N° 1
Add in a fiddle factor of% x 12
3( 4 b 4 3( o b 4
[120°(3x* + 7) dx = 120 [ x*(3x* + 7) dx
B 1 3( oA 4
= 120 x Ej12x (3x*+7) dx
(354 + 7)°
=10x ———— +¢C
5
4 5
= 2(3x + 7) + C
[ 3marks]

Example N° 2

Add in a fiddle factor of% X 4

jG4(x3 — 2)(x4 — 8x)3 dx

64f(x3— 2)(x4— 8x) dx

1 3 4
64xzj4(x —2)(x —8x) dx

16f (4x3 — 8)(x4— 8x) dx

(x4 — 8x)"*

16 x —+¢cC

4(x4—8x)4+c

[ 4 marks]



3.3.2 Solutionsto 3.2 Exercise

Answer 1

Add in a fiddle factor of% X 6

4
f150<(3x2 +1) dx

Answer 2

Add in a fiddle factor of% X 2

3
J-56X(X2 - 5) dx

Answer 3

4
150j x(3x° + 1) dx

4
— 150 x %jax(3x2+ 1) dx

= 25x
5

5
:5(3x2+1) + C

1 2 3
:56x?f2x(x ~5) dx
5 4
= 28 x (x* - 5) +c
4
4
:7(x2—5) +C

Add in a fiddle factor of(— %) X (—3)

6
f42x2(2 — x3) dx

6
42fx2(2 — x3) dx

42 X (—%)J‘ (—3)x2(2 - x3)

(2-x)
7

7
—2(2—x3) +C

—-14 x

(3x2 + 1)

+ C

+ C

6

dx

[ 3marks]

[ 3marks]

[ 3marks]



Answer 4

Add in a fiddle factor of% X 2

leX\/x2+6dx_ )? d

|
=
N
'—a
><
+
CD

Il
N
—
><I\J
+
[ep)
~
(@]

[ 3marks]

Answer 5

Add in a fiddle factor of% X 2

-2
J‘ﬁdx 21f x(l + xz) dx
+ X

1 2\~ 2
21x5f2x(1+x) dx

-1
21 (1+ x2)
=—X —————+¢C
2 (- 1)
-2 .
o 2(1+ x2)

[ 3marks]

Answer 6

Add in a fiddle factor of% X 4

_1
j 12x3(3 + x4) % dx

J- 12x dx
V3+ x4

ml»—\

12J' 3+x dx

[N

_ 1 3 4
_12><Z_[4x (3+x) dx
1
2
=3 X 2(3+X4) +C
1
=6v3+xt +¢C

[ 3marks]



Answer 7

Add in a fiddle factor of% X 3

_[60(x2 — 1)(x3— 3X + 7)4 dx = 60_|.(x2 — 1)(x3— 3X + 7)4 dx

4
60x = [3(& - 1)( - 3+ 7)" dx

20 (3% = 3)(x° - 3x + 7)4dx

(3 - 3 + 7)5
5

4(x3—3x+7)5+c

= 20 x

[ 4 marks]

Answer 8

Add in a fiddle factor of% X 2

X+ 1 2 -4
dx = [(x+1){x"+2x+3) dx
J‘(x2+2x+3)4 '[( )\ )
1 2 -4
:?J‘Z(X+l)(x +2x+3)  dx
—4
:%J‘(Zx+2)(x2+2x+3) dx
1 (@ +2x+3)° .
S 2 (-3
1
= - T +cC

6(x2 + 2x + 3)
[ 4marks]



Answer 9

Add in a fiddle factor of% X

J

X2 4+ 2

—dx
vV x3 + 6X

3

N

x2+2

( )(x3+6x)_ dx

J

N

2

X~ + 2)(x3 + 6x)_

_1
(3x2 + 6)(x3 + 6x) % dx

3( dx

—_—

N

2(x3 + 6x)
1

VX3 + 6X + C

X

Wl Wk wlk w|e

[ 4 marks]
Answer 10
(i) % = (3x% + 9)cos (x® + 9)
[ 3marks]
(ii )f (x2 + 3)cos(x3 + 9x) dx = %f?»(xz + :3)cos(x3 + 9x) dx
= %I(sz + 9)cos(x3 + 9x) dx
= %sin(x3 + 9x) + ¢ From part (i)
[ 3marks]
(iii ) szcos,(4x3 ~7)dx = % [ 1252 cos(4x3 - 7) dx
= 1i25in(4x3 - 7) +C
[ 4 marks]
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Lesson 4
A-Level Pure Mathematics: Year 2
Integration 11

4.1 TheHoleln The Sequence
Mathematician's like integer sequences, and they absolutely love it when there

is a mysterious hole in a sequence; a term that should be there but isn't !

Here is a Calculus integer sequence of derivatives;

Function Derivative
f (X) f (%)

The Hole x 1
x-1 2
x—2 -3
i X

The reason for the hole is that the function sequence is hitting a division by zero;

Fortunately, from our work on differentiationt is known what is in the hole.

. . : 1 .
In other words, we know what function dlfferentlates)—(to it'sIn(x).

Consequently, the statement of The Chain Rule Backwards can be extended
to include this special case;

The Chain Rule Backwards

[f(o"+?

+C n=-1
(n+ 1)

ff%m [f(x) 1" dx

'ff’(x) [(f)] tdx=1In|fx)|+c i.e. withn = -1

T Differentiation Ill, Lesson 7



Example

2
Determine: f 436X dx

x3 -9

Teaching Videohttp://www.NumberWonder.co.uk/v9045/4.mp4

[ 3marks]

4.2 Exercise

Any solution based entirely on graphical

or numerical methods is not acceptable

Marks Available : 30

Question 1

40%3
Determine: | ———— dx

-f 1+ 2x4

[ 3marks]


http://www.NumberWonder.co.uk/v9045/4.mp4

Question 2

. 35x4
Determine: f -5 dx
3-X
Question 3
3
) 1
Determlne:J'L dx
+ 4X
Question 4
8x3

dx

Determine:f Cr 12 _1)

[ 3marks]

[ 4 marks]

[ 4 marks]



Question 5

(i)

(i)

(iii )

X+ 3
X2 + X
application of The Chain Rule Backwards.

Explain why findingJ. dx can not be done by a straight forward

[ 2marks]
Prove that X2+ 3 = 3__2
X4 + X X X+ 1
Begin your proof “RHS ="
[ 2marks]
Use the part (ii) result to shovj' X+ 3 dx = In‘x—3
P X2 +x (X + 1)2

[ 4 marks]



Question 6
Show that,

3 6x3+ 5 17
f 5 X = In
13x4+5x2+1

[ 8 marks]

This document is a part ofathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedi&pendent School of the Year 2020”
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



4.3 Answers

A-Level Pure Mathematics: Year 2

4.3.1 Solution to 4.1 Example (Teaching Video)

Add in a fiddle factor of% x 12

dx

f 36x2

_36x° 2( 43 o)t
yp 36 [x°(4x’ - 9) " dx

-1

3 1252 (4x3 - 9)" 1 dx

3In|4x3— 9| +C

4.3.2 Solutionsto 4.2 Exercise

Answer 1

Add in a fiddle factor of% X 8

40x3 3 a1
J‘mdx 4OJ‘X(1+2X) dx

1 3 a1
40><§j8x(1+2x) dx

5In|1 + 2x4| +C

Answer 2

Add in a fiddle factor of(- %) x (~5)

35x* -1
J. W dx = 35'[X4(3 — XS) dx

-1

—7In|3— 5| +C

1 2( 443 _
36 x 12f12x(4x 9) " dx

35 x (—%) '[(—5) x4(3 - x5) dx

Integration 11

[ 3marks]

[ 3marks]

[ 3marks]



Answer 3
Add in a fiddle factor of% X 4

X3+ 1 3 4 -1
fmdx_f(x +1)(x +4x) dx

-1
%j4(x3+ 1)(x4+ 4x) dx

%j(4x3 + 4)(x4 + 4x)_l dx

iIn|x4+4x| +C
4

[ 4 marks]
Answer 4
Add in a fiddle factor of% x 4
8x3 X3
dx = 8 | —4——d
-[(x2+1)(x2—1) X J-x“—l X
B 1 3(.4 -1
—8><ZJ-4X (x —1) dx
3( 4 -1
=2f4x(x —1) dx
= 2In|x4—1| +C
[ 4 marks]
Answer 5
. X+ 3 2 -1
dx = 3 d
(i) fx2+x X _[(x+ )(%% + x) “dx
o If f(x) = X+ X thenf’ (x) = 2x + 1
e But we havex + 3 where we wangx + 1
e Thex + 3isn't adjustable int@x + 1 by a fiddle factor
[ 2marks]
(i) RHS = 3__2
X X+ 1
3 X+ 1 2 X
= — X - X —
X X+ 1 X+ 1 X
X+ 3- X
X(X+ 1)
B X+ 3
oX(x+ 1)
= LHS O

[ 2marks]



(iii )

3 3 2
I%dx:j;dx—f)urldx

SJ.%dx—ZJ.Xildx

3In|x| - 2In|x+ 1| + ¢

In|x|3— In|x + 1|2+ C
n x
(X + 1)2

[ 4 marks]

Answer 6

Add in a fiddle factor of% X 2

3 6x3+ 5x 3, o . , .
.[1 3x4+5x2+1dx Jl(GX +5X>(3x + 5X +1) dx

-1
?j 6x3+5x)(3x4+5x2+1) dx

-1
%j 1253 +10x)(3x4+5x2+1) dx

1 4 2 3
—[In|3x + 5x° + 1|]
2 1

%[In|289|—ln|9|]
1 (289)

S
2 '\ 9

(289)%
= In{——
9

o) o

[ 8 marks]
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Lesson 5
A-Level Pure Mathematics: Year 2
Integration 11

5.1 Partial Fractions: The Comeback

The “special case” of The Chain Rule Backwards, wihenr- 1, occurs more
often than might initially be expected. This is because complicated algebraic
fraction integrations are handled by first rewriting them using partial fractions
with the resulting integrations often being the= — 1 case.

Here is an example to give an overall idea of how patrtial fractions, used at the
start, gives rise to “special case” integrations. Don't worry about the details as
these will be revised shortly. This first example is just to give a feel for the
direction of travel.

Example N° 1

4 + 1 1 3
J'(x+1)(x—2)dx_-'.x+1dx+-|‘x—2dx

f(x+ 1)_1dx+ 3'[(x— 2)_1dx

In|[x + 1| + 3In|x-2| + ¢

B MARL ANDEZSON WINY ANDEETOONS . CoM

_—

“To show you how well I understand fractions,
I only did half of my homework.”

~ Only a fraction of you will find this funny ~



The Chain Rule Backwards

n+1
_[f’(x) [f)]"dx = [f((r])()—+]1)+c n#=-1

ff'(x) [f0] Tdx =In[f|+c i.e. withn = -1

Example N° 2

9x?

Determinef (oxt 1)(x+ 1)2 dx

Teaching Videohttp://www.NumberWonder.co.uk/v9045/5a.m{art 1)
http://www.NumberWonder.co.uk/v9045/5b.m(#art 2)

D40

i

[ 8 marks]


http://www.NumberWonder.co.uk/v9045/5a.mp4
http://www.NumberWonder.co.uk/v9045/5b.mp4

5.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1
(1) Find the value oA and the value dB, given that,
10x + 19 A B

(2x+ 1) (x+4)  (2x+1) - (X + 4)

[ 4 marks]

1
(i) Hence show thatf_ = 101;“( i9+ Fdx=1n

[ 6 marks]



Question 2
(X+2)
(X -1)(2x+ 1)

The graph is on the functiorf, (x) =

fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff
\\\\\
777777777777777777777777777777777777777777777777777777777777777777777777777777

\\\\\\\\
777777777777777777777777777777777777777777777777777777777777777777777777777777

4 1
Show thatj2 f(9dx = —In5

[ 10 marks]



Question 3
(1) Find the values of, B andC given that,
1 A B C

= + — + —
(2x — 1)x? (2x—1)  x X2

[ 4 marks]

2
(i) Hence show that'f1 (2x—11)x2 dx = In(g) - %

[ 6 marks]



Question 4
A-Level Examination Question from June 2012, Paper C4, Q1
1 A B C

PO = 12 ~ X T D) T (%172

(a) Find the values of the constartsB andC

(b) (1) Hence find
J‘ f(x) dx

[ 4 marks]

[ 3marks]



2
(i) Find | f(x) dx leaving your answer in the form + Inb
1

wherea andb are constants

[ 3marks]
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5.3 Answers
A-Level Pure Mathematics: Year 2

Integration 11
5.3.1 Solution to Example N° 2 (Teaching Video)
9x2 A B C
= + +
(6X + 1)(3x + 1)2 (6x + 1) (3x+ 1) (3 + 1)2
X% [ ......] OA[. ] B[....] Clon..]

[(6x+ 1)(3x+ 1)2]  (6x+1) = (3x+1) &« (3x+1)2
9x2 A(3x+1)2+B(6x+1)(3x+1)+C(6x+1)

Letx=—%:1=C(—1):>C=—1
Letx=—i:i:A(i):>A=1
6 4 4

Letx=0:0=A+B+C =B=0

1
I mar

| 9x° dx = | d
(6X + 1)(3x + 1)2 S ex+ 1

= %f6(6x+1)_1dx—%'|'3(3x+ 1)_2dx

1 1 (3 + 1)1
= Znlex+ 1] - = x>

5 n|6éx + 1| 3~ = +C
=iln|6x+1|+—+c

6 3(3x+ 1)

[ 8 marks]



5.3.2 Solutionsto 5.2 Exercise

Answer 1

(i)

(i

J

)

1

0 (2x+1) (x+4)

(10x + 19) ... ... 1 _ AL ]+B[ ...... ]
[(2x+ 1)(x+ 4)] (2x + 1) (X + 4)

10x+19=A(x+4)+B(2x+ 1)
letx =-4:-21=B(-7 = B=3

1 7
Let Xx = —— 14:A(—) A=4
X > > =

10x + 19 4 3

(2X+ 1)(x+4)  (2%x+1) * (X + 4)

[ 4 marks]

10x + 19 1 4 3
X f + dx
0 (2x+1) (X+ 4)

1,1 _1 1 _1
4XEIOZ(2X+1) dx+3fo(x+4) dx

1
[2In]2x + 1| + 3In(x + 4)]
0

2In3 + 3In5-2In1 - 3In4

In32 + In53 -0 - In26
32 x 53
26

In O

[ 6 marks]



Answer 2
(X+2)[ .. ... ] _ AL ], Bl ]
[(x=1)(2x+1)] (x—1) (2x + 1)
A(2x+1)+B(x-1)
Letx=1: 3=A®0 = A=1
Letx=—%:%:8(—%) = B=-1

X+ 2 1 1

X+ 2

(x-1)(2x+1) (x-1) (2x + 1)

4 X+ 2 4 1 1
f dx:f - dx
2 (x=-1)(2x+1) 2 (x-1) (2Xx+ 1)

4 1 (4
_ a1 = -1
_jz(x 1) dx - j22(2x+1) dx

1 4
[Inlx—ll—?ln|2x+ 1|}
2

1 1
IN3— —In9—-1In1+ —1Inb5
2 2

1 1
IN3 -1n92 — 0 + EInS
1
=In3-1In3 + ?InS

1
= —In5 O
2
[ 10 marks]



(1)
1 A B C
= b — 4+ —
(2x — 1) x2 (2x — 1) X X2
10d  _ Alew] | Bluw] | Cle.]
[ (2x — 1)x?] (2x — 1) X X2

1=AX +B(X-1)x+C(2x-1)
Letx=0:1=C(-1) = C=-1

Letx:—:le(i) = A=14
2 4

letx=1:1=A+B+C => B=-2
That is,

1 4 2

1
(2x—1)x2  (2x-1) X X2
[ 4marks]

(i) Leaving out the limits for now (to reduce clutter),

1 1 1 1
J‘mdx:{[b{_ldx—ZJ‘;dx—J‘?dx

4 x %J‘Z(Zx— 1)_l dx — fo_ldx—fx_zdx

:2In|2x—1|—2In|x|+%+c

With an upper limit oR and a lower limit of 1,

=2In3 - 2In2 + i —2Inl + 2In1 - i
2 1
= In::’»2 - In22 - i
2
=1n9 - 1In4 - 1
2
4 2

[ 6 marks]



(a)
1 A B C
= — +
X(3x — 1)2 X (3x - 1) (3x — 1)2
10 ... ... ] _ AL ] , Bl.... ] , Cl.. ]
[x(3x - 1)2] X (3x - 1) (3x — 1)2
1:A(3x—1)2+Bx(3x—1)+Cx
letx = 0 : 1 = A(-1? - A=1
1. ,_¢(r _
Letx:g.l—C(?)) = C=3
Let X = 1=4A+2B+C = B=-3
That is,
1 1 3 . 3
X(3x — 1)2 X (3 - 1) (3x — 1)2
[ 4 marks]
(b) (i)

1 1 3 3
Imdx = f;dx—j(sx—_“dx+fmdx

=[x tdx - [3(3 - 1) dx+ [ 3(3x - 1) dx

_1yv1
:In|x|—ln|3x—1|+M+c
-1
1
= In|x| - In|3x - 1] - +c
X-1
[ 3marks]
(i) With an upper limit oR and a lower limit of 1,
2 2
I;de:[ln|x|—ln|3x—1|— ! }
1 x(3x-1) X —-11;
:In2—ln5—i—ln1+ln2+i
5 2
:i—i+2ln2—ln5
2 5
g * (5]
= — + In{—=
10 5
[ 3marks]
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Lesson 6
A-Level Pure Mathematics: Year 2
Integration 11

6.1 Beyond The Power Function
Suitable integrald, that can be determined by applying The Chain Rule Backward
have been spotted by identifying the key situation;

| = aff’(x) [T ]n dx  wherenandaare constants

That power oh can be thought of as a function in its own right.
With g(x) = X" another way of expressing what we've been looking for is;

l=aff'og[fm]

There is no reason why functigrhas to be a power function; The Chain Rule
Backwards can be wielded whegtis other functions such aesorsin

The Chain Rule Backwards

[fo 1"t
(n+1)

+C n=-1

[ 00 [f001"dx

In| fx) | + ¢ i.e. withn = -1

[F00 [Foo17t ax

ff’(x) cos[f(X) ] dx = sin[f(X)] + ¢C

_[f’(x)sin[f(x)] dx = —cos[f(X)] + ¢

J.f'(X) e[f(X)]dX _ e[f(x)] rc

Example

Determine: _[ 63x2e’® dx

Teaching Video:http://www.NumberWonder.co.uk/v9045/6.mp4

Eli'lﬂlil

def, 1:-!
. |.:'|.

[ 3marks]


http://www.NumberWonder.co.uk/v9045/6.mp4

6.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

Determine f30x % dx

[ 3marks]

Question 2
2 3
Evaluate: '|'0 %2 & dx

Give the answer to the nearest integer.

[ 4 marks]



Question 3

Determine: flOOxg cos( 6 + 5x4) dx

[ 4 marks]
Question 4
Determine: J'% Xsin (x2) dx

[ 4 marks]
Question 5
Determine : j % dx

[ 4 marks]



Question 6

The graph is of the functiori (x) =

Find the area shown shaded in the graph which is bound by the cuneaxile
and the vertical linex=1 andx=5

[ 7marks]



Question 7

The graph is of the functiong(x) = xsin

Find the exact area of the 'bump' shown shaded in the graph which is bounded
by g(x), thex-axis and the linex=0 andx=2vx

[ 7marks]



Question 8

f(x) = e
(i) Find f’(X)

[ 2marks]
(i) Evaluate to 3 decimal places;
4 oVX
f dx
1 vVx
[ 5marks]
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6.3 Answers
A-Level Pure Mathematics: Year 2

Integration 11
6.3.1 Solution to 6.1 Example
, 1
Apply a fiddle factor sz x 21
_[ 63x%e’® dx = 63_[ 2 e™ dx
1
= 63x [ 213%™ dx
=3 f 21%e”™ dx
-3e™ ¢
[ 3marks]
6.3.2 Solution to 6.2 Exercise
Answer 1
Apply a fiddle factor oflio x 10
[30xe> dx = 30 [ xe* dx
1 5X2
= 30 x — [ 10xe”* dx
10
-3 4 ¢
[ 3marks]

Answer 2

Apply a fiddle factor of% x 3

2 1 .2
_[ 2 e dx = —_[ 3x2 e dx
0 370

_ 1112
- 51
- {1}

= 993 to the nearest integer
[ 4 marks]



Answer 3

Apply a fiddle factor ofziO x 20

f100x3cos(6 + 5x4) dx = 100_[ x3cos(6 + 5x4) dx

100 x L f20x3cos(6 + 5x4) dx
20

= 5_[20x3cos(6 + 5x4) dx

59n(6 + 5x4) +C

[ 4 marks]
Answer 4
Apply a fiddle factor of% X 2
3 . 2 3 1 . 2
j?xsn(x)dx: EXEJ.szm(x )dx
= % fosin(xZ) dx
= 2 (coos(x®) ) + ¢
4
= —icos(xz) +C
[ 4 marks]

Answer 5

Apply a fiddle factor of2 x %

I%dx = J'x_%cos(x‘ﬂ dx

2 '[ %X_%COS<X%> dx

N

23in(x )+ C

[ 4 marks]



Answer 6

Apply a fiddle factor of% x 3

15___23___ dx =
13+ 1 B

Answer 7

Apply a fiddle factor of2 x %

J'()Zﬁxsin

X2

4

o

1
2

5 _
12[1(3x+ 1) Z dx

1
2

1 (5 -
12x§f13(3x+1) dx

203+ 1)2 |5
4[( +>}
1 1

8[(3x+1)%] °
1

8{4-2}

16
[ 7marks]

2V 1 ] X2
— Xsn{—| dx
0 2 4

Lenf)] 7

(-2){ [cosn] - [cosO ] }
=a{[n]-[1]}
-2 {-2}

4

[ 7marks]



Answer 8

(i)

y =e’X
dy _ 1 -4 %
ax 27 °°
- 2VXx
[ 2marks]
(i)
4 aVX 4 VX
f © dx:2f e—dx
1 VX 1 2vVx
4
= 2[eV¥]
1
:2{e2—e1}
= 9342 to 3 decimal places
[ 5marks]
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