A-Level Pure Mathematics
Year 2

Applications
of
Trigonometry

On ancient Egyptian calendars, there were 360 days in the year.
Five days of festivities followed the end of each calendar year before the start of the n
Possibly, this is the origin of there being 3@®a circle



Lesson 1
A-Level Pure Mathematics : Year 2
Applications of Trigonometry

1.1 Measuring Angles In Degrees
Ancient Persian (Iranian) and Egyptian calendars had 12 months of 30 days in a
year. It's speculated that this is how our division of a circle into 360 degrees aros
with each day allocated 1 degree. The Persians and Egyptians appreciated the
mathematical properties of 360, particularly its abundance of factors.

The 24 Factors of 360 :
1,2,3,4,5,6,8,9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90, 120, 180, 3

Every six years, the Persians added®rbdnth to keep their calendar synchronized
with the seasons, whereas the Egyptians had five additional days of festivities be
the end of one year and the start of the next.

1.2 Measuring Angles In Radians

From the mathematician's point of view, it turns out that to divide a circle into 360
parts is not the most natural. Instead, it makes more mathematical sense to breal
into 27 parts. These mathematical parts are called radians.

oneradian = 57.29577951. degrees

Many mathematical properties, formulae and theorems are far more elegantly
presented when the angles involved are expressed in radians, rather than degree
Some of these will be encountered soon.

1.3 The Definition of a Radian
One radian is the angle subtended at the centre of a circle by an arc whose lengt
is equal to the radius of the circle.

Angleé is 1 radian

1.4 Two Elegant Formulae

Arc Length and Sector Area
Arclength = r6°

1
Sector area = > r2°




1.5 Example
The circle shown, centi@, has radius 5 cm

B
The area oAABC is 12 cmd. Find, to three decimal places,
(1) the angle marked, in radians,

(ii) the area of the segment shaded,
(i)  the perimeter of the shaded segment.

Teaching Video http://www.NumberWonder.co.uk/v9057/1a.mi§Rart 1)
http://www.NumberWonder.co.uk/v9057/1b.mRart 2)
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After watching the teaching video write out a solution to the question.

[

[ 7 marks ]


http://www.NumberWonder.co.uk/v9057/1a.mp4
http://www.NumberWonder.co.uk/v9057/1b.mp4

1.6 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
Put your calculator into RADIAN mode
Find, accurate to four decimal places, the value of,
(1) sin 1.5 (i) cos 0.8

[ 2 marks ]

Question 2

6 cm

8cm

C
(1) Determine the area @fABC, to 2 decimal places, by using the formula,

Area A = %absincC

[ 2 marks ]

(i) Find the length oAB, to 2 decimal places, by using the formula,

2 = a2 + b? - 2abcosC®

[ 2 marks ]



Question 3

(i)

(ii)

(iii)

(iv)

8cm

B

Find, in radians, the angle marked

Find the area of the sectaBC

Find, to 2 decimal places, the areaA&BC

Find the area of the minor segment, shaded green

Find the area of the major segment, shaded purple

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 mark ]

[ 2 marks ]



Question 4
Put your calculator into RADIAN mode.
Work out the acute angle, in radians and correct to three significant figures, of,

(1) arccos 0.9 (i) arcsin 0.92
[ 2 marks ]
Question 5
Convert the following angles from degrees into radians.
Write each answer in terms of
(1) 3¢ (ii) 45° (i) 9o
[ 3 marks ]
Question 6
A
0
15cm
7cm
C
B 12 cm
(1) Determine, in radians, the angle markdoly using the formula,
b% + c2 — a2
CosSA =
2bc
[ 3 marks ]

(i) Find the area oAABC by using the formula,

Area A = %bcsinAC

[ 2 marks ]



Question 7
A-Level Examination Question from June 2018, Q3
The diagram shows a secf®B of a circle with centr® and radius cm
The angleAOB is 6 radians
The area of the sect&OB is 11 cm
A

I cm

cm

B

Given that the perimeter of the sector is 4 times the length of tABafnd
the exact value af

[ 4 marks ]
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1.7 Answers
A-Level Pure Mathematics : Year 2
Applications of Trigonometry
1.7.1 Solution to 1.5 Example (Teaching Video)

. 1 .
(1) Area A = ?absmC

12 :%x5><5><sint9

$ng - 12 x 2
5x5
= 0.9600
0 = arcsin0.9600
= 1.287

(i) Area Segment Shaded = Area Se&BC — AreaAABC

- L1
2

- % x 52 x 1.287 — 12

4.088cnv

(i)  Perimeter Segment Shaded = Arc Lengji+ LengthAB

To get LengthAB use The Cosine Rule,
¢® = a + b% - 2abcosC
= 5%+ 5° - 2 x 5x 5 x c0os1.287
= 25+ 25 - 14000
= 36

. C=6cm
ArclLength = ré
= 5x 1287

= 6.435cm

Perimeter = 12.435cm

[ 7 marks ]



1.7.2 Solutions to 1.6 Exercise

Answer 1
(1) 0.9975 (i) 0.6967

Answer 2

. 1 .
(i) Area A = ?absmcC

%x6x8xsin0.4

9.35cn?

(i) & =a’+b°-2abcosC
= 6°+8 - 2x6x8x cos0.4
- 36 + 64 — 88422

= 11578
c = 3.40cm
Answer 3
(1) ArcLength = r 6
= 59
0 = 16
N 1 -
(i) Area Sector = Er 0
1 2
= — x5 x16
2
= 20cn?

(i) Area A = %absinc

1 )

) X 5x5x49nl16
12.49cn?

20 — 1249 = 7.51cn?¥

(iv)  AreaMinor Segment

(v) AreaMajor Segment = AreaO — 7.51 = 57 — 751

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

= 71.03cn?
[ 2 marks ]



Answer 4
(1) 0.45%

Answer 5
JT

(&

Answer 6

(1)

(i)

(i)

Area A

A

(i) 1.16%
[ 2 marks ]
— ili —
2 (i)
[ 3 marks ]
b? + ¢ — a2
2bc
1R 4 72 - 122
 2x15%x 7
~ 130
- 210
= 0.6190
= arccos0.6190
= 0.9033
[ 3 marks ]
1 bcsin A
2

% x 15 x 7 x sin0.9033

412cn¥
[ 2 marks ]



Answer 7

O Xcm

Ncm
B

X+ 2r =4 = r = 1.5x

ArclLength, X =10 = r = %
Combining these two resultbbx = % = 60 = —

Area Sector, 11 = %rzx% = r =+/33cm

[ 4 marks ]
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Lesson 2
A-Level Pure Mathematics : Year 2
Applications of Trigonometry
2.1 Arc Length and Sector Area Problems
All of our Non-Right Angled Triangle Formulae work equally well whether the unit
of angle measurement are Radians or Degrees.

Non-Right Angled Triangle Trigonometric Formulae

C
b a
A
c B
The Sine Rule
a b ¢
snA  snB  snC

Known : One side length & two (and. three) angles
Seeking :Any side length

The Upside Down Sine Rule
sSnA snB snC

a b c
Known : Two side lengths & an excluded angle
Seeking :The other excluded angle

The Cosine Rule

a2 = b2+ cZ—ZbccosA

Known : Two side lengths & the included angle
Seeking :The third side length

The Reversed Cosine Rule

b? + ¢ — a2

2bc
Known : Three side lengths
Seeking :Any angle

COSA =

Useful Area of a Triangle Formula

Area A = %absinc




2.2 Radian, Degrees Conversion Diagram
The following diagram may be of use in getting a feel for the relationship betweer
radians and degrees. Mathematically the key fact to memorise ig tha80

2.3 Video Support

Most of the questions in Exercise 2.4 come with a video solution feo@m
Solutions”. It's time consuming to watch lots of video's and you are not expected
to do so. After trying a question, should you need help, then watch the video.
From experience, students find Question 5(b) tricky.

2.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 45

Here is a reminder of the formulae for Arc Length and Sector Area.
Angles MUST be in radians.

Arc Length and Sector Area
Arclength = r6°

1
Sector area = > r2g°




Question 1

A-Level Examination Question from the C2 Paper, January 2011, Q2

In the triangleABC, AB =11 cm,BC =7 cm andCA =8 cm

(a) Find the size of angl€, giving your answer in radians to 3 significant figure

[ 3 marks ]

(b) Find the area of trianglaBC
Give your answer in chto 3 significant figures

[ 3 marks ]

Need help with Question 1 ?
http://www.NumberWonder.co.uk/v9057/2a.mp4
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http://www.NumberWonder.co.uk/v9057/2a.mp4

Question 2
A-Level Examination Question from the C2 Paper, January 2007, Q9

S

6m 6m

Q

Shown is a plan of a patio.
The patioPQRS s in the shape of a sector of a circle with ce@ti@nd radius 6 m.

Given that the length of the straight liBR is 61/ 3 m,
(a) find the exact size of angROR in radians

[ 3 marks ]
(b)  Show that the area of the paBQRSis 127 m?

[ 2 marks ]



(c) Find the exact area of the trianl®R

[ 2 marks ]
(d) Find, in n¥ to 1 decimal place, the area of the segrR&8

[ 2 marks ]
(e) Find, in m to 1 decimal place, the perimeter of the RRORS

[ 2 marks ]

Need help with Question 2 ?

http://www.NumberWonder.co.uk/v9057/2b.mpéPart (a))
http://www.NumberWonder.co.uk/v9057/2c.mpéPart (b))
http://www.NumberWonder.co.uk/v9057/2d.mp@Part (c))
http://www.NumberWonder.co.uk/v9057/2e.mpdPart (d))
http://www.NumberWonder.co.uk/v9057/2f. mpfPart (e))
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http://www.NumberWonder.co.uk/v9057/2b.mp4
http://www.NumberWonder.co.uk/v9057/2c.mp4
http://www.NumberWonder.co.uk/v9057/2d.mp4
http://www.NumberWonder.co.uk/v9057/2e.mp4
http://www.NumberWonder.co.uk/v9057/2f.mp4

Question 3
A-Level Examination Question from the C2 Paper, May 2015, Q4

D < 7cm » C

(A
o

A
v

16 cm

Shown is a sketch design for a scraper blade.

The bladeAOBCDA consists of an isosceles trian@eD joined along its equal
sides to sector®BC andODA of a circle with centr® and radius 8 cm.
AnglesAOD andBOC are equal.

AOB is a straight line and is parallel to the IDE.

DC has length 7 cm.

(a)  Show that the angl€OD is 0.906 radians, correct to 3 significant figures.

[ 2 marks ]



(b) Find the perimeter AAOBCDA, giving your answer to 3 significant figures.

[ 3 marks ]

(c) Find the area oAOBCDA, giving your answer to 3 significant figures.

[ 3 marks ]

Need help with Question 3 ?

http://www.NumberWonder.co.uk/v9057/2g.mpéPart (a))
http://www.NumberWonder.co.uk/v9057/2h.mp@Part (b))
http://www.NumberWonder.co.uk/v9057/2i.mp{Part (c))
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Part (a) Part (b) Part (c)


http://www.NumberWonder.co.uk/v9057/2g.mp4
http://www.NumberWonder.co.uk/v9057/2h.mp4
http://www.NumberWonder.co.uk/v9057/2i.mp4

Question 4
A-Level Examination Question from the C2 Paper, June 2017, Q4

Diagram not
C drawn to scale

The sketch represents the cross-section of a largerBGDEF
AB andDE are line segments of equal length
Angle FAB and angldDEF are equal
F is the midpoint of the straight lilkE andFC is perpendicular tAE
BCD is an arc of a circle of radius 3.5 m with centr€ at
It is given that

AF=FE=3.7m

BF=FD=35m

angleBFD = 1.77 radians

Find
(a) the length of the arBCD in metres to 2 decimal places

[ 2 marks ]

(b) the area of the sectBBCD in m? to 2 decimal places

[ 2 marks ]



(c) the total area of the cross-section on the tent?itord@ decimal places

Need help with Question 4 ?
http://www.NumberWonder.co.uk/v9057/2].mpfAll Parts)

All Parts

rlL

[ 4 marks ]


http://www.NumberWonder.co.uk/v9057/2j.mp4

Question 5
A-Level Examination Question from the C2 Paper, May 2011, Q5
O

6 cm

A B

The shape shown is a pattern for a pendant

It consists of a sect@AB of a circle centr®, of radius 6 cm, and angkOB = z

The circleC, inside the sector, touches the two straight edg&sndOB and the
arcAB as shown.

Find

(a) the area of the sect@AB

[ 2 marks ]

(b) the radius of the circl€

[ 3 marks ]



The region outside the circ@and inside the sect@AB is shown shaded.
(c) Find the area of the shaded region

[ 2 marks ]

Need help with Question 5 ?

http://www.NumberWonder.co.uk/v9057/2k.mplPart (a))
http://www.NumberWonder.co.uk/v9057/2l.mp4(Part (b))
http://www.NumberWonder.co.uk/v9057/2m.mpéPart (c))
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http://www.NumberWonder.co.uk/v9057/2k.mp4
http://www.NumberWonder.co.uk/v9057/2l.mp4
http://www.NumberWonder.co.uk/v9057/2m.mp4

Question 6

(1) Sketch a circle of radius with a chord”Q added.
Within the sectoPOQ, of angled, shade the sector between chB
and ard”Q and label its are#

[ 2 marks ]

(i) By considering the formula for the area of a sector and the area of a trian
show that

A= %rz(e—sine)

[ 3 marks ]
This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School
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2.5 Answers
A-Level Pure Mathematics : Year 2

Applications of Trigonometry
2.5.1 Solutions to 2.4 Exercise

Answer 1
(a) Sketch of the triangle,
B
11 cm
7cm
0
C 8cm A
a2 + b? — 2
cosC = 2ab
72 + 82 - 112
B 2x7x8
1
T 14
C = 164
[ 3 marks ]
(b)

Area A = %absinC

= % X 7 %X 8 x 9nl1.6423

= 279cnm?
[ 3 marks ]



Answer 2

(a)

(b)

(c)

(d)

(e)

2 2
PP+ri-g
cosQ =
Q 2pr
62+ 62— (6v3 )
2X6X6
__1
2
C = %radians *exact*
1 2
Area Sector = Er 0
= i><62xﬁ
2 3
= 127 m? O
1 .
Area A = EabsmC
:ix6x6xsin(ﬁ)
2 3
— 18x£
= 943 M2
Area Segment = Area Sector — Area A

Perimeter Sector

127 — 94/3

2

2.1 m?

6 + 6 + ArcLength

12 + r6
27
12 + 6 x —
3
246 m

[ 3 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]



Answer 3
(a) In ACOD,

d? + 2 - o2

2xdxc
82 +8 -7
2x8x8
79
128

O = 0.906radians to 3 significant figures O

cosO

[ 2 marks ]
(b)
ZCOB = /DOA = x
s 2X + 0.906 = 7 asAOB s a straight line
x = 1l.118radians
ArcLengthBC = ArclLengthAD = ré
8 x 1.118 = 8.942m
Total Perimeter = 16 + 8.942 + 7 + 8.942
409 cm

[ 3 marks ]
(c)

Area Sector COB = Area Sector DOA = %rze

% x 8% x 1.118 = 357767
1
Area A = EabsmC

1 .

= E X 8 x 8 x 9n0.906

— 25185m2

Total Area = 35776 + 25185+ 35776
— 967

[ 3 marks ]



Answer 4

(a)

(b)

(c)

ArcLength = r @

= 35 x 1.77
= 6.20m
[ 2 marks ]
1 -
Area Sector = Er 0
-l ax177
2
= 10.84n?
[ 2 marks ]

ZAFB = ZEFD = X
2x + 1.77 = & asAE is a straight line
X = 0.6858

Area AAFB = Area AEFD = %absinC

% x 3.7 x 35 x sin0.6858 = 4.101m?

Total Area = 4101 + 1084 + 4101

19.04 m?

[ 4 marks ]



Answer 5

(a)
Area Sector

(b)

(c)
Area Shaded

29

-

4
x_
3

(18.85m?)

><62

2 Nk N|R

m2
[ 2 marks ]

6cm

2cm
[ 3 marks ]

Area Sector — AreaCircle
1

Ersze — nrcz
67 — 7 x 2°
6m — 4n

2n

6.28 m?

[ 2 marks ]



Answer 6

(i)

P
[ 2 marks ]
(i)
Area A = AreaSector — Area A
%rze—%xrxrxsine
15 .
= —r°(6 —snob
> ( )
[ 3 marks ]
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Lesson 3
A-Level Pure Mathematics : Year 2
Applications of Trigonometry

3.1 Conversions Between Radians and Degrees
The key relationship between radians and degrees is the fact that

n° = 180C°

3.1.1 Radians— Degrees
If both sides of the key relationship are divideddoye get that;
[0}
1C:(180) . D:R><180
JT JT
Thus, to convert radians degrees, multiply by 180 and divide by

3.1.2 Degrees> Radians
If both sides of the key relationship are divided by 180 we get that;
7 \° Dxuxn
ol = = w
180 180
Thus, to convert degrees radians, multiply byr and divide by 180

3.1.3 Example

Convert these small angles, given in radians, into degrees to one decimal place
0 radians 0.1 0.2 0.3 0.4 0.5
0 degrees

[ 5 marks ]
3.2 An Investigation
Complete the following table, whefeis measured in radians.
Work to 3 decimal places

0° 0.1 0.2 0.3 0.4 0.5

sin @

cos 6

tan 6

2
ra
1-5

[ 5 marks ]



3.3 Small Angle Approximations
The table suggests that wheirs small and measured in radians

° snf = 0 .

02
e cosf ~1-— .
2

° tanfd = 6 °

By 'small' is meant either “relatively close to zero” or “much less that whatever el
is around”. The table suggests that when the angle has a size of more than half ¢
(about 30 degrees) the approximation is becoming too inaccurate to be of practic

The angles at which the relative error exceeds 1% are;
0.24% or 14 for thesin 6 approximation
0.664 or 38 for thecos 6 approximation

and 0.176 or 10 for thetan # approximation

Although these small angle approximations are useful in some situations, they ar
not a substitute for trigonometric manipulations that provide exact solutions to
problems regardless of the size of the angle.

3.4 Example
(1) When@ is small and measured in radians, show that
SnO + sn20 + sin30 + sin46
0
(ii) Whené = 0.X (about 6) what is the percentage error introduced by
using the small angle approximation &om 6 ?

~ 10

Teaching Video http://www.NumberWonder.co.uk/v9057/3.mp4

What the video.
Write out the solution.

[]

[ 6 marks ]


http://www.NumberWonder.co.uk/v9057/3.mp4

3.5 Exercise

Any solution based entirely on graphical

or numerical methods is not acceptable

Marks Available : 40
Question 1
(1) Whené is small and measured in radians, show that
4sn30 — tan 260
20

~ 5

[ 2 marks ]

(ii) When# = 0.X (about 8) what is the percentage error introduced by
using the small angle approximations ?

[ 3 marks ]
Question 2
(1) When# is small and measured in radians, show that
cos4d — 1 _4
0 sn20
[ 3 marks ]

(i) Wheno = 0.1 (about 8) what is the percentage error introduced by
using the small angle approximations ?

[ 3 marks ]



Question 3
A-Level Paper 1 Examination Question from June 2018, Q1
Given thatf is small and measured in radians, use the small angle approximation:
find an approximate value of
1 — cos4o
20sin30

[ 3 marks ]
Question 4
(1) Show that, whei® is small and measured in radians,

cos20 — sin®30 ~ 1 — 1162

[ 2 marks ]

(i) Explain why, if@ is small in relation to the number 1, the
term involving62 can be ignored.
[ 1 mark ]

(iit)  Hence determine the percentage error in using the approximate value of
cos20 — sin®30 when 6 = 0.1°

[ 2 marks ]



Question 5
(1) Show that, whe® is small and measured in radians,
4c0s30 — 2 + 5sn6
1-sn20

can be written as
99 + 2

[ 3 marks ]

(ii) Wheno = 0.Z (about 12) what is the percentage error introduced by
using the small angle approximations ?

[ 2 marks ]

Question 6
(1) Use the small angle approximations to derive an expression for

cos6 + tan o
when@ is small and measured in radians.

[ 2 marks ]

(i) Hence explain why the small angle approximations give that

cosf + tan’ 0 ~ 1
whend is small and measured in radians

[ 1 mark ]



Question 7
(1) Use the small angle approximations to solve the equation

5sn20 + tan30 = 0.39

[ 2 marks ]
(i) In view of your par{( i ) answer, was the use of the small angle
approximations valid ?
Explain your answer.
[ 2 marks ]
Question 8
(1) Show that, whe® is small and measured in radians,
sin50 — cos20 + tan 26
can be approximated by an equation of the form
a6’ +bo +c
wherea, b andc are integer constants to be found
[ 3 marks ]

(ii) Jason claims that the approximation will have a valuevdiien
0 is small because the termsgifiand® can be ignored.
By NOT ignoring these terms show that Jason is wrong Whef.1¢

[ 1 mark ]



Question 9

0.6 cm

B

(1) Determine the size of anghe making use of the small angle approximation
where appropriate.

[ 4 marks ]

(ii) Justify the use of the small angle approximations in deriving your
part(i) answer

[ 1 marks ]
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3.6 Answers
A-Level Pure Mathematics : Year 2
Applications of Trigonometry

3.6.1 Solutions to 3.1.3 Introductory Example

0 radians 0.1 0.2 0.3 0.4 0.5

0 degrees 5.7 115 17.2 22.9 28.6

[ 5 marks ]

3.6.2 Solutions to 3.2 Investigation

oc° 0.1 0.2 0.3 0.4 0.5
sin 6 0.100 0.199 0.296 0.389 0.479
cos 6 0.995 0.980 0.955 0.921 0.878
tan 6 0.100 0.203 0.309 0.423 0.546
- 972 0.995 0.980 0.955 0.920 0.875
[ 5 marks ]

3.6.3 Solutions to 3.4 Example
(i)
sSnf + sn20 + sn30 + sin4o
0
0+ 20 + 30 + 460

LHS =

[ 3 marks ]

(ii) whend = 0.1,
sin0.1 + sn0.2 + sn0.3 + sn0.4

= 90.834
0.1

Y%bageerror = % x 100 = 1.7%

[ 3 marks ]



3.6.4 Solutions to 3.5 Exercise

Answer 1
(1)
4 sin30 — tan 260
20

4 x 30 — 20

20
100
20
=5
RHS O

LHS

[ 2 marks ]
(i) whenf = 0.1,
4sn0.3 - tan0.2
0.2

= 4.899

Ybageerror = SZTA;;QQ x 100 = 2.1%

[ 3 marks ]
Answer 2
(1)
cos40 — 1
0 sin260

[1-197) s
262
1-86%-1
202
262
-4
RHS O

LHS =

[ 3 marks ]
(i) whenf = 0.1,
cosO.4'— 1 _ _3973
0.1 x sn0.2

Y%ageerror = % x 100 = 0.68%

[ 3 marks ]



2
40)
_ 1- (1 _ (—)
Answer 3 ! .00540 =~ 2
20 sin 30 20 x 30
8 62
6 62
4

3

[ 3 marks ]
Answer 4

(i) LHS = cos26 — sin® 30
2
_ (1_<2L>

2
- 1-20%-96°

)—(39)2

= 1-116?
= RHS O
[ 2 marks ]
(i) When# is small,62is negligible in comparison with the number 1
[ 1 mark]
(iir)  wheng =0.r

sin®30 — cos20 = 0.8927343853
1 — 0.8927343853

Yageerror = x 100 = 12%
0.8927343853

[ 2 marks ]
Answer 5
(i)
4 cos30 — 2 + 5sn6

LHS = -
1-9n260

4(1—@)—2+5@
1- 26
4-186% -2 + 50
1-26
2 + 50 — 1862
1- 26
(2+90) (1-20)
(1-20)
=90 + 2
= RHS O

[ 3 marks ]



(i) whenf = 0.2
4c0s0.6 — 2 + 59in0.2

= 3758201847
1-sn04
Y%ageerror = 38 - 3758201847 100 = 1.11%
3.758201847
[ 2 marks ]
Answer 6
(i)
cos6 + tan® 0
62 2
~ |1-——|+6
2
2
=1+ o
2
(ii) When# is small and measured in radians the ter@#finan be
ignored and so the required approximation is obtained.
ie. cosf +tan’f ~ 1
[ 2,1 marks ]

Answer 7
(i)

5sin20 + tan30 = 0.39
for small values o becomes.....

5x 20 + 30 = 0.39
139 = 0.39

6 = 0.03°
(ii) Use of the small angle approximations was valid for this solution
as it is small relative to the period of the trigonometric waveform

under consideration.
[ 2, 2 marks ]

Answer 8
(i)
sin50 — cos20 + tan20
2
=~ 5 —|1- (Zi)+ 20
—20°+70 -1

[ 3 marks ]



(i) Jason claim that the approximation will have valie
however, whe® = 0.1,
2x01°+7x01—-1=-028
.. Jason is incorrect

In general it's incorrect to ignore a termpirbecaus® then has to be
so small for the approximation to be valid that it's no longer useful.
[ 1 mark ]

The Edexcel A-Level Pure Mathematics textbook has this wrong on
page 134 where the incorrect Example 21 inspired this question

Answer 9
(i)
ArclLength = r 6

using the small angl e appr oximation

od — 0.36
0
-0 = 0.015°

[ 4 marks ]

(i) Whené is small we're effectively saying that the area of the triangle

is roughly the same as the area of the sector, and that the area of the
segment is negligible.

[ 1 mark ]
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Lesson 4
A-Level Pure Mathematics : Year 2
Applications of Trigonometry

4.1 Trig Equations In Radians

For GCSE many formulae were learnt, such as The Sine Rule and The Cosine R
As was seen in Lesson 2, these formulae work just as well whether radians are ir
use or degrees. Similarly, all of the techniques learnt in the Year 1 A-Level cours:
solve trigonometric equations work equally well in radians or degrees.

In the A-Level examination, a questions may be presented with the angles in radi
along with an expectation that the answer will be given in radians. Such a questic
can be tackled entirely in radians or, at the start, the angles converted to degrees
problem then tackled, and the answers in degrees convert to radians. It's crucial
underestimate how many answers there are in the given interval; the key step wt
care is needed is the point at which you talgsin, arccosor arctan.

4.2 Example
Solve the following equation over the interval< < 2z
Give exact answers in termsof

Zcos(3x+%) =1

Teaching Video http://www.NumberWonder.co.uk/v9057/4.mp4

Watch the video.
Write out a solution.

[

[ 5 marks ]


http://www.NumberWonder.co.uk/v9057/4.mp4

4.3 Exact values table

0° 30° | 45° | 60° | 90°
. 1 | V2 | V3
siné 0 ) 3 ) 1
V3 | N2 | 1
cos 6 1 — | 5 | = 0
2 2 2
V3 :
tan 6 0 T 1 \/ 3 ge:ined
OC lc lc £C £C
6 4 3 2
4.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 75
Question 1

Solve the following equation over the interval< 8< 27

Give exact answers in termsgof

Zcos(x+ﬂ)
3

V2

[ 5 marks ]



Question 2
Solve the following equation over the interval< < 2z
Give exact answers in terms;of

\/§tan(2x+%):3

[ 6 marks ]



Question 3
A-Level C2 Examination question from May 2011, Q7.
(a) Solve for 0< x< 360, giving your answers in degrees to 1 decimal place,

3sn(x+45) = 2

[ 4 marks ]
(b) Find, for 0<x< 27, all the solutions of

23in2x + 2 = 7cosx

giving your answers in radians.
You must show clearly how you obtained your answers.

[ 6 marks ]



Question 4
A-Level C3 (R) Examination question from June 2013, Q6
(1) Use an appropriate double angle formula to show that

COSEC 2X = A COSEC X SeC X
and state the value of the constant

[ 3 marks ]
(ii) Solve, for X 6 < 27, the equation

3sec? 6 + 3secH = 2tan’ o
You must show all your working. Give your answers in terms of

[ 6 marks ]



Question 5
A-Level C3 Examination question from June 2012, Q5
(1) Express

4 (:osec2 20 — cose(:2 0
in terms ofsin & and cos @

[ 2 marks ]
(ii) Hence show that

4cose<:2 20 — cose020 = se02¢9

[ 4 marks ]
(i)  Hence or otherwise solve, for<® <z

4cosec? 20 — cosec? O = 4
giving your answers in terms af

[ 3 marks ]



Question 6
A-Level C3 (R) Examination question from June 2014, Q3
(1) (a) Show that
2tanXx — cot X = 5C0sec X
may be written in the form

acos?x + bcosx + ¢ = 0
stating the values of the constaat$¥ andc

[ 4 marks ]
(b) Hence solve, for & x < 2 the equation
2tanx — cot X = 5c0osec X
giving your answers to 3 significant figures
[ 4 marks ]
(i) Show that
tan® + cot & = A cosec 20 f);tnTn, neZz

stating the value of the constant

[ 4 marks ]



Question 7
A-Level C3 Examination question from June 2010, Q7
(1) Express

2sin® — 1.5cosé@
in the form

Rsn (6 — a) whereR>OandO<a<%

Give the value of: to 4 decimal places

[ 3 marks ]

(b) (1) Find the maximum value of
2sin® — 1.5cos6

(i) Find the value o#, for 0< 6 < at which this maximum occurs

[ 3 marks ]



Tom models the height of sea watdrmetres, on a particular day by the equation
H:6+23in(ﬂ)—l.5cos(ﬂ) 0<t<12
25 25

wheret hours is the number of hours after midday

(c) Calculate the maximum value Hfpredicted by this model and the value
of t, to 2 decimal places, when this maximum occurs

[ 3 marks ]

(d) Calculate, to the nearest minute, the times when the height of sea water
predicted, by this model, to be 7 metres

[ 6 marks ]



Question 8
A-Level C3 Examination question from June 2015, Q8
(a) Prove that

CosA + sinA A = @2n+ 1 x

sec 2A + tan2A = 7
COsA — SinA 4 ©
[ 5 marks ]
(b) Hence solve, for € A< 21
Ssec 2A + tan2A = %
Give your answers to 3 decimal places
[ 4 marks ]
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4.5 Answers
A-Level Pure Mathematics : Year 2
Applications of Trigonometry
4.5.1 Solution to 4.2 Example (Teaching Video)

2cos(3x+%) =1

T 1
cos(Sx + 7) =5
3+ T i’ 571, 77t, 117 13r 177 19
2 3 3 3 37 37 37 37
3+ 3 _ 2r 107 14n 227 26n 347 387
6 6’ 6 6 6 6 6 6
3 = Tm 1lr 19t 237 31t 39S
%" &8° 6 6 6 3
« = Tn 11t 19% 23r 3lnr 3o

718’ 187 18° 187 18 187 7
[ 5 marks ]

4.5.2 Solutions to 4.4 Exercise

Answer 1
2005(x+%)=\/?
cos(x+ﬂ)=£
3 2
x+ﬂ:...,£, h, gn’ 15”,...
3 4° 4 4 4
X+E=... 3n 2r 277 4
12 127 127 127 127 7
« = 21t — 81 2771 — 8n
12 ’ 12
137 19
T 120 12

[ 5 marks ]



Answer 2

\/§tan(2x+%):3
7T 3
tan(2x+—) = —
4 V3
tan(2x+%):\/§
7T 7 4 Tn 107 137
2X + — = —, , , , .
4 3 3 3 3 3
2X+37t_4.71 16t 287t 407 527
12 127 127 127 127 12’77
2x—i 13r 257z 377 49
127 127 127 120 120 T
v o 137 25 37t 49
T 247 247 247 247 247 7
[ 6 marks ]
Answer 3
(a)
3sn(x +45) = 2
} 2
sSn(x + 45) = —
X + 45 = 418, 1382, 4018, ...
X = 932°, 3568°
[ 4 marks ]
(b)
Zsinzx + 2 = 7cosX
2(1 — coszx) + 2 = 7cosX
2coszx+ 7cosx -4 =0
(2cosx — 1)(cosx+4) =0
Either cosx = 5 or cosx = -4
X = L E no solutions
- 3’ 3

(As decimals to 3 decimal places, 1.047, 5)236
[ 6 marks ]



Answer 4

(1)

CSC2X = _1
SN 2x
B 1
~ 2dnxcosx
1 1 1
= — X — X
2 SN X COS X
= icsc:xs;ecx
2

) 1
i.e. The value of ISE

[ 3 marks ]
(i)

399(:20 + 3sech = 2tan20

3?0 + 3sec0 = 2 (sec?x - 1)
secze+3se09+2:0
(sech + 1)(secd +2) =0
Either sec = -1 or secH = -2
cosf = -1 or cosez—%
27 4rn
9: s T A Y A~
T T3 T3

[ 6 marks ]



Answer 5
(i)

40302 20 — csc2 0

sn220  sin26

[ 2 marks ]
(i)
~ 4 1 cos® 6
~ 2250260 cos? 0 sin2 o cos? 0
_1-cos?d
"~ &§n?6cos? o
B sn? 6
"~ &§n26cos? 0
_ 1
"~ cos20
= sec20
[ 4 marks ]
(i)
Acsc? 20 — csc? 6 = 4
sec?0 = 4
sech = +2
1
cosh = +—
2
T 21
o = =, =
3 3

[ 3 marks ]



Answer 6

(i) (a)
2tanx — cot X = 5cscx
5cscx + cotx — 2tanx = O
5 COS X 2snx
, + — — =0
sinx sinx COS X
multiply through bysin x cosx
5cosx + coszx - 25in2x =0
cos” X + 5C0SX — 2 (1 — coszx) =0
3(:032x +5cosx-2=0
~a=3 b=5andc = -2
[ 4 marks ]
(b)
2tanx — cot X = 5cscx
30032x +5cosx-2=0
(3cosx — 1) (cosx+2) =20
Either cosx = % or Ccosx = —2
x = 1.231°, 505F or no solutions
. X = 1.23°% 505°
[ 4 marks ]
(i)
tan@ + coty = —nY , ©0S6

cos o sné

sné siné cosé cos o
X — + — X

cos 6 sné sIneé cos6

Sn26 + cos? o
sin @ coso
1 2
sin @ coso 2
2
sin20

2 Csc 260

Which is of the required form O

e. A =2
[ 4 marks ]



Answer 7
(i)
Rsn(6 — a) = Rsnfdcosa — RcoshH sina
which is required to b2sin® — 1.5cos6

~.Rcosa = 2 and Rsina = 15
Solving these two equations simultaneously by division,
Rsina 15

Rcosa 2

a = arctan(E))
- 2

a = 0.6435
R=+22+ 15
=25
Conclusion :
2sin® — 1.5c0s0 = 2.58n(6 — 0.6435)
[ 3 marks ]
(b) (i) 2.5
(i)
sn (6 — 0.6435) = 0
4
0 — 0.6435= —
2
0 = 22143
[ 3 marks ]
(c)
H=26+ Zsin(ﬂ) - 1.5003(ﬂ)
25 25

6 + 2.58in( At 0.6435)
25

The maximum value dfl is thus, 8.5 and it occurs when,

Sin(ﬂ - 0.6435) =1

25
4t 7T
—_— = 0.6435) = —
( 25 2
ﬂ = 2.214%
25
t = 4.4052hours

[ 3 marks ]



(d)  The question amounts to solving this equation,
6 + Zsin(ﬂ) - 1.5005(ﬂ) =7
25 25
6 + 2.55in(ﬂ - 0.6435) =7
25

2.58in(ﬂ - 0.6435) =1
25

4t
sn| — - 0.6435) =04
( 25
4t
E — 0.6435 = 0.4115 2.7301 6.6947 9.0133 ..
451t
75 = 1.055Q 3.3736 7.3382 9.6568 ...

t = 20989 6.7116 145988 192116 ...
t = 206pm, 6.43pm

[ 6 marks ]



Answer 8
(a)
LHS

sec 2A + tan2A
1 N sin2A
cos2A cos2A
1+ sn2A
cos2A
1+ 2sinAcosA
cos? A — SN2 A
cos?A + Sin?A + 2sin ACosA
(cosA — sinA)(CcosA + sinA)

(COSA + sinA)2

(cosA — sinA) (cosA + SnA)

COSA + SnA
COSA — sSinA
RHS O

(b)
sec 2A + tan 2A

COSA + SnA
COSA — sSinA

2CosSA + 2sinA
3snA
shA
COSA

tan A

A =
A =

[ 5 marks ]

Nk N

COsA — sSnA

— CosA

2.8198 59614

2.820, 5961
[ 4 marks ]
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Lesson 5
A-Level Pure Mathematics : Year 2
Applications of Trigonometry

5.1 Revision

Any solution based entirely on graphical

or numerical methods is not acceptable

Marks Available : 40
Question 1
Convert the following angles, written in radians, into their degrees equivalent,
(i) % (ii) % (iii ) —113;
[ 3 marks ]

Question 2

Convert the following angles, written in degrees, into their radian equivalent.
Give exact answers in termssof

(i) 4% (i) 15 (i) 330

[ 3 marks ]

Question 3
Solve the following equation over the interval< < 2z
Give exact answers in termssof

2cos(2x+%) = V2

[ 6 marks ]



Question 4
A-Level Examination question from June 2019, Paper 2, Q3

A
Scm

B

The diagram shows a sec®DB of a circle with centr®, radius 5 cm and
angleAOB = 40°.
The attempt of a student to find the area of the sector is shown below,

1 -

Area of sector ?r 2]

=ix52><40
2

500¢nt

(a) Explain the error made by this student.

[ 1 mark]

(b)  Write out a correct solution.

[ 2 marks ]



Question 5
(1) Whené is small and measured in radians, use the small angle approxima
to show that,
1 - cos30
0 tan 20

=~

9
4

[ 4 marks ]

(ii) Wheno = 0.X (about 8) what is the percentage error introduced by
using the small angle approximations ?

[ 3 marks ]



Question 6
A-Level Examination question from June 2018, Paper 2, Q7 (i)
Solve the equation,

4sSnXx = seCcx for 0

N

>

A
NME]

[ 4 marks ]



Question 7
A-Level Official Mock Examination Question from 2019, Paper 1, Q2

B

1.2rad *

A /7.5cm O 8.5cm C

The shap@®OCBA, shown, consists of a sec®®0B of a circle centr®
joined to a triangl&8OC.

The pointsA, O andC lie on a straight line withO = 7.5 cm andC = 8.5 cm.

The size of angl&OB is 1.2 radians.

Find, in cm, the perimeter &OCBA, giving your answer to one decimal place.

[ 5 marks ]



Question 8
A-Level Examination question from June 2010, C3, Q3
(a) Express ®osx- 3sinx inthe formRcos(Xx+a )

where R>0 and O<a<%7£

[ 4 marks ]



(b) Hence, or otherwise, solve the equation
5cosx — 3sinx = 4
for 0<x< 27, giving your answers to 2 decimal places.

[ 5 marks ]
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5.2 Answers
A-Level Pure Mathematics : Year 2
Applications of Trigonometry

Answer 1
(1) o]0 (i) 15 (i) 19%°
[ 3 marks ]
Answer 2
. 7T .. 7T 11x
(i) Y (i) ) (i) N
[ 3 marks ]
Answer 3
2cos(2x %) V2
( T ) V2
CoS|2X + — | = ——
8 2
( T ) 7 Txn 9m 15x
2X + — = ) )
8 4 4 4 4
7 13x 17n 29n
2X = —, ) )
8 8 8 8
« = T 13 17n7 29x
16" 16 ° 16° 16
[ 6 marks ]
Answer 4

(a) The student has used an angle measured in degrees in a formula that re:
the angle to be in radians.

(b)
1 2
Area of sector :Er 0
_i><5 ><40><L
2 180
B 257
9
= 873cn?
[1, 2 marks ]
Answer 5
2
3
(i) 1—00536~1—(1—%)_902_9

6 tan 20 0 x (20) 402 ~ 4
(ii)  Exactvalue is 2.203320164
2.25 — 2.203320164

%error = x 100
2.203320164

2.12%

[ 4, 3 marks ]



Answer 6

4snXx = seCX
. 1
4snx =
COS X

49nxcosx = 1

29 NXCOSX =
sn2x =

2X = arcsin(i)
2

7 bn
2X = —, —
6 6
7 5
X = —, —
12° 12

[ 4 marks ]

Answer 7
Use the cosine rule to get lendg@,

BC? = 7.5 + 85° — 2 x 7.5 x 85 x cos (7 — 1.2)
= 1747
. BC = 13217

Use arc length formula to get the length of theAB¢
ArclengthAB = 7.5 x 1.2

= 9cm

Perimeter = 13217+ 9+ 75+ 85

= 382cm (one decimal place)

[ 5 marks ]



Answer 8

(a)
5cosx — 3snx = Rcos (X + a)
= Rcosxcosa — Rsnxsina
Rsina
D tanag = —
Rcosa
_3
-5
<)
a = arctan| —
5
= 0.540radians
R=+V3+5
=V 34
= 5.83
Thus,
5cosx — 3sinx = v/ 34 cos (x + 0.540)
[ 4 marks ]
(b)
5cosx — 3snx = 4
vV 34 cos (x + 0.540) = 4
cos (x + 0.540) = 0.686
X + 0.540 = arccos0.686
= 0.815 27 - 0.815
x = 0275, 493
[ 5 marks ]
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Lesson 6
A-Level Pure Mathematics : Year 2
Applications of Trigonometry

6.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1
Convert the following angles, written in radians, into their degrees equivalent,
. 7 .. I 177
[ — i — iii —
() 3 (i) 2 (i)
[ 3 marks ]
Question 2

Convert the following angles, written in degrees, into their radian equivalent.
Give exact answers in termsof

(i) 3 (i) 300 (i) 75
[ 3 marks ]
Question 3

Solve the following equation over the interval< < 2z
Give exact answers in terms;of

ZSin(ZX—%) = V3

[ 5 marks ]



Question 4

A-Level Soecimen Examination Question 2019, Paper 2, Q2

(a) Given thaty is small, use the small angle approximationcfus 6
to show that,

1+ 4cos6 + 3c0520 ~ 8 — 502

[ 3 marks ]
Adele use® = 5° to test the approximation in part (a)
Adele's working is shown below,

Using my calculator
1 + 4cos (5°) + 3cos (5°) = 7.962 (3dedmal places)

Using the approximatior8 — 562 gives8 — 5 (52 = — 117

Thereforel + 4cos@ + 3cos?0 ~ 8 — 562 is not true fol = 5°

(b) (1) Identify the mistake made by Adele in her working

(ii) Show that8 — 562 can be used to give a good approximation
to 1 + 4cos6 + 3cos? 6 for an angle of size°5

[ 2 marks ]



Question 5
A-Level Spoecimen Examination Question 2019, Paper 2, Q2

B

The diagram shows a circle with cene

The pointsA andB lie on the circumference of the circle.
The area of the major sector, shown shaded, is 135 cm
The reflex anglAOB is 4.8 radians.

Find the exact length, in cm, of the minor A&, giving your answer in the form
ar + b wherea andb are integers to be found.

[ 4 marks ]



Question 6
Solve the equation,

4CcOSX = CCX for 0

N

=

A
e

[ 4 marks ]



Question 7
A-Level Examination Question from January 2010, C2, Q4
C

0.6 rad ,
A 5cm B 4 cm D

The emblem shown consists of a triangBC joined to a secta€BD of a circle

with radius 4 cm and centB: The pointsA, B andD lie on a straight line with
AB =5 cm andD = 4 cm. AngleBAC = 0.6 radians andC is the longest side of

the triangleABC.
(a) Show that angl&BC = 1.76 radians, correct to 3 significant figures.

[ 4 marks ]

(b) Find the area of the emblem

[ 3 marks ]



Question 8
A-Level Examination question from June 2008, C3, Q2

f(x) = 5cosx + 12sinx

Given thatf (X) = Rcos(Xx — a) whereR > 0 and0 < a < —

b

(a) find the value oR and the value of to 3 decimal places

[ 4 marks ]



(b) Hence solve the equation

5cosx + 129nx = 6
for 0 < x < 27

[ 5 marks ]
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6.2 Answers

Answer 1
(1) 60°

Answer 2

(1)

6

Answer 3

A-Level Pure Mathematics : Year 2
Applications of Trigonometry

(i) 84° (iii) 255
[ 3 marks ]
.. 5n 5n
(i) 3 (i) ET)
[ 3 marks ]
25in(2x—%)= V3
S|n(2x—£)=—\/§
6 2
(2X—£)—£ 2n Tn 8mx
6/ 3> 3’ 3 3
2X-l 574 5ax 17x
27 67 27 6
x—i 5 5n 17x
40 127 40 12

[ 5 marks ]



Answer 4
(a) METHOD 1 LHS

1+ 4cosO + 300520

2
T)eali-5)

1- —|+3(1-—
2 2

~1+4

4
=1+4-20%+3 1-0%%)
=5—292+3—302+%04

2 3 4
8-500+—20
4

8 - 502 for small values of

L

— RHS O

[ 3 marks ]
METHOD 2  LHS = 1 + 4c0s0 + 3¢cos26
:1+4cose+3(1—sin28)
2

=1+4 1—‘97 +3 - 362

—1+4+4-26%+3-36°

- 8-562

— RHS O
[ 3 marks ]

(b) (1) Adele has used degrees where radians should be used.
(i) 1+ 4cos(5x L) + 3008 (5>< L) ~ 7.962
180 180
2
2 JU
- =8 - —| = 7.962
8-56 8 5x(5>< 180) 96

- 8-50%isa good approximation fdr + 4cos6 + 3cos? § whend = 5°
[ 2 marks ]



Answer 5

2

Area Sector = %r 0

135:%xr2><4.8

(Minor) ArcLength AB = t Opinor

75 x (27 — 4.8)

157 — 36¢cm (It's about 11.1... cm)
~a=15 b =-36

[ 4 marks ]

Answer 6
4COoSX = CCX

4cosx =
4snxcosx = 1

2SNXCOSX =
sSn2x =

2X = arcsin(i)
2

ZXzz,i
6 6
7 5
X=——
127 12

[ 4 marks ]



Answer 7

(a)
Use the sine rule to get angi€B,

snC  snA
c  a
SnC — 5% 3n0.6
4
= 0.706
C = arcsn0.706
= 0.7835

Also 2.358 is a solution but is not needed as we're48HC is the largest angle

.. ZABC = 7 — 0.6 — 0.7835
= 1.76, as expected

[ 4 marks ]
(b)

Area AABC = % X 5x 4 x snl76

= 938

- AreaEmblem = 20.9cn?
[ 3 marks ]



Answer 8
(a)

5cosx + 12snx

Rcos (X — a)
Rcosxcosa + Rsinxsina
Rsna

Rcosa

12

5

Now, tana

%)
o = arctan| —
5
1.176radians

R= V122 + 52

= 13

Thus,

5cosx + 12sinx = 13cos (x — 1.176°)
[ 4 marks ]

(b)

5cosx + 12sinx = 6
13cos(x — 1.176) = 6
cos(x — 1.176) = 0.462
x — 1176

arccos0.462
= -1.091 1.091
X = 0.085 2.267

[ 5 marks ]
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