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Lesson 1
Additional Mathematics

A-Level Pure Mathematics : Year 1
Binomial Expansion
1.1 Pinball
Sixteen steel ball bearings are released into a mathematical pinball machine.
The balls roll down the inclined surface, ending up in baskets at the bottom.
At each pin it is equally probable that a ball will pass to the left or to the right.
Work out how many ball bearings end up in each of the bottom baskets.
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Teaching Videdttp://www.NumberWonder.co.uk/v9062/1.mp4
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[ 6 marks ]

1.2 Distribution On Average
Mathematicians would call the result “the distribution of the balls in the baskets”.

It's an “on average” result.
To achieve it in reality, the 16 steel ball bearings would be run through the machi
many, many, times and the results averaged.


http://www.NumberWonder.co.uk/v9062/1.mp4

1.3 Exercise
Marks Available : 30
Question 1
Four steel ball bearings are released into a pinball machine.
At each pin it is equally probable that a ball will pass to the left or to the right.
(1) Above each pin write the total number of balls arriving at that pin
(i) Work out how many ball bearings end up in each of the bottom baskets.

Vo

AANAN

[ 2 marks ]

Question 2

Eight steel ball bearings are released into a pinball machine.

At each pin it is equally probable that a ball will pass to the left or to the right.
(1) Above each pin write the total number of balls arriving at that pin

(i) Work out how many ball bearings end up in each of the bottom baskets.

Vo

[ 4 marks ]



Question 3

Thirty-two steel ball bearings are released into a pinball machine.

At each pin it is equally probable that a ball will pass to the left or to the right.
(1) Above each pin write the total number of balls arriving at that pin

(ii) Work out how many ball bearings end up in each of the bottom baskets.

N/

[ ]
[ ] [ ]
[ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] [ ]
[ 8 marks ]
Question 4
Use the table below to summarize your results
Starting Distribution
Number of Balls of Balls in Baskets

4

8

16 146 41

32

[ 4 marks ]



Question 5

AANAWANAWANAW,

(1) Write down a prediction of the distribution that would result, on average,
if 64 steel ball bearings were run through the above machine.

[ 2 marks ]
(ii) Optional

If you feel it would be helpful is checking your part (i) answer, work
through the intricate details of what happens at each pin.

[ 0 marks ]



Question 6

Investigate expanding the following sequence of brackets.
To help you get started the first three results are given.
There is a connection with the pinball machines !

(1+x)0=1
(1+x)1=1+x

(1+x)2:1+2x+x

(1+x)3=

(1+x)4:

(1+x)5:

(1+x)6:

[ 6 marks ]

Question 7
Find out about “Pascal's Triangle” and briefly explain its relevance to the pinball

machines of this lesson and the expansiori bf+ x)"

[ 4 marks ]
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1.4 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
1.4.1 Solution to 1.1 Example (Teaching Video)

Ve

°
8 8
° °
4 8 4
° ° °
2 6 6 2
° ° ° °

[ 6 marks ]



1.4.2 Solution to 1.3 Exercise

Answer 1
(1) The number of balls arriving at each pin is,

Vo

N
L]

A
(i) The distribution of the balls across the baskets is,
1 2 1

Answer 2
(1) The number of balls arriving at each pin is,

o/

8
°
4 4
° °
2 4 2
° ° )

AANANAN
(i) The distribution of the balls across the baskets is,
1 3 3 1

[ 1 mark ]

[ 1 mark ]

[ 2 marks ]

[ 2 marks ]



Answer 3
(1) The number of balls arriving at each pin is,

Ve

16 16
° °
8 16 8
° ° °
4 12 12 4
° ° ° °
2 8 12 8 2
° ) ° ° °

AT
(i) The distribution of the balls across the baskets is,
1 5 10 10 5 1

Answer 4
Starting Distribution
Number of Balls of Balls in Baskets
4 121
8 1 331
16 1 46 41
32 1 51010 5 1
Answer 5

The distribution of the balls across the baskets will be,
161520156 1

[ 6 marks ]

[ 2 marks ]

[ 4 marks ]

[ 2 marks ]



Answer 6

(L+x)°0 =1

(1+x)1:1+1x
(1+x)2:1+2x+ e
(1+x)3:1+3x+ 3+ 1
(1+x)4:1+4x+ 6x° + 4x + 1x

(1+x)5: 1+ 5x+ 10% + 10 + 5x* + 1x°

(1+ x)6 146X+ 15%° + 205C + 15X + 6x° + 1x°

[ 6 marks ]

Answer 7

Pascal's Triangle is an array of numbers.

Any non-edge number is the sum of the number immediately above it to the left
and the number immediately above it to the right.

The numbers in the array are called the “binomial coefficients”

Each row gives the coefficients of the powers iof the expansion of 1 + x)"

[ 4 marks ]
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Lesson 2
Additional Mathematics

A-Level Pure Mathematics : Year 1

Binomial Expansion
2.1 Making Use Of Pascal's Triangle

Pascal's Triangle, initially seeming curiosity, turns out to be extraordinarily
useful. It is a hub at which many topics converge; probability and algebra
initially and, later on, trigonometry and complex numbers.

For example, it ishe wayto expand the brackets o6flL + x)5

Teaching Video:http://www.NumberWonder.co.uk/v9062/2.mp4

;
4&,

[ 3 marks ]

2.2 Exercise

Marks Available : 50
Question 1

Here is Pascal's Triangle up to Row 9

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126| 126 | 84 36 9 1

Using Pascal's Triangle, or otherwise, expand the brackéts ef x )8

[ 3 marks ]


http://www.NumberWonder.co.uk/v9062/2.mp4

Question 2

Pick a number in the diagonal that goes, 1, 2, 3,4,5,6,7,8, 9, ...

Colour it blue.

Colour the six bricks around it in alternating green and red.

Multiply together the three red numbers and, separately, multiply together
the three green numbers.

Now add together the blue, the red product and the green product.

The number you get is always of a certain type.

What type of number do you always get ?

For Example
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126| 126 84 36 9 1

3+46x1x2+4x1x3=27

A copy of Pascal's Triangle for you to do a few on...

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126| 126 84 36 9 1

[ 6 marks ]



Question 3

Using Pascal's Triangle, or otherwise, expand the brackéts ef x)10

[ 4 marks ]
Question 4

Twenty-seven steel ball bearings are released into a pinball machine.

At each pin the probability a ball will go left is half that of it going right.

(1) Above each pin write the total number of balls arriving at that pin

(ii) Show that the resulting distribution in the bottom basketsis 1 6 12 8

(4

[ 4 marks ]

AAWAWAWY

On the following copy of Pascal's Triangle, highlighitthe Triangular Numbers.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126| 126 84 36 9 1

[ 3 marks ]



Question 6

Eighty-one steel ball bearings are released into a pinball machine.

At each pin the probability a ball will go left is half that of it going right.

(1) Above each pin write the total number of balls arriving at that pin

(ii) Work out how many ball bearings end up in each of the bottom baskets.

Y

AANAWAWAN

[ 6 marks ]

Question 7

You are giventhat (1 — x)O 1

(1-x)t =1 1x
(1-x2=1-2x+ 1%
(1—x)3:1—3x+ 3~ 1

(1—x)4 1-4x+ 6xX°— 4X° + 1%

Using Pascal's Triangle, or otherwise, expand the brackéts efx)7

[ 3 marks ]



Question 8

Two Hundred and Forty-Three steel ball bearings are released into a pinball mac
At each pin the probability a ball will go left is half that of it going right.

(1) Above each pin write the total number of balls arriving at that pin.

(ii) Work out how many ball bearings end up in each of the bottom baskets.

v

o
o o
o o o
o o o o
o o o o o
[ 11 marks ]
Question 9
Use the table below to summarize your results from Q4, Q6 and Q8
Starting Distribution
Number of Balls of Balls in Baskets
27 1 6 12 8
81
243

[ 4 marks ]



Teaching Interlude

The pattern summarized in the table is not so easy to spot.

There is another triangular array of numbers that results but it turns out it's not ne
Before looking at why it's not needed observe that there is connection with expar

the brackets of( 1 + 2x )n and the pinball machine ball distributions.
For example, witm = 3,

(1+ 2x)3 =1+ 6X+ 12x2+ 8x3
where the 1 6 12 8 was the distribution from the pinball machine of question 4.

Clearly, as mathematicians we'd like an easy way to expand expressions such as

(1+ 2x )3 and the good news is that we only need Pascal's Triangle to do it.

Here is how,
e Use Pascal's Triangle for 1 + x)3 =1+ 3X%+3¢%+%X

e Replace thein that with (2x)

Thus, (1+ 2x )3 =1+ 3(2x + 3(2x)2 + (2x)3

=1+ 6X+ 12x2+8x3
And there isthe “1 6 12 8"

Question 10

Show how to use the above method to expahdr 2x )4
This should match the distribution from question 6

[ 3 marks ]
Question 11
Show how to use the above method to expahd- 2x )5
This should match the distribution from question 8

[ 3 marks ]
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2.3 Answers

Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion

2.3.1 Solution to 2.2 Making Use of Pascal's Triangle (Teaching Video)

To expand the brackets 6fL + x)5 use Row 5 of Pascal's Triangle.
Note that Row 5 is actually the 6th row, but the 1st row is Row Zero.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1

(1+x)5=1+5x+10x2+10x3+5x4+x5

[ 3 marks ]



2.3.2 Solutions to 2.2 Exercise

Answer 1
(1+ x)8 = 1+ 8x+ 28%° + 56X + 70x* + 56x° + 28x° + 8x’ + X8
[ 3 marks ]
Answer 2
The result is always a cube number.
[ 6 marks ]

Out of interest, here is an A-Level standard proof.
A more accessible version of this (for GCSE students) should be easy to formula
as it only involves triangular numbers, counting numbers and the number 1.

3 _[(n+1}(n—-1\(n n+ 1\(njfn-1 n
T2 )(0)+ 1 2)( 0 )*(1)
Proof
n+1(n-1(n) _ (n+1)n _
[ [ EELE S LA
_(n+1)n(n-1)
- 2
n+ 1\(nj(n -1} _ n(n-1)
1)2)(0)—(n+1)><—2 x 1
_(n+1)n(n-1)
B 2
The sum is thus,
n+ 1\{n - 1}(n n+1\(n\(n-1 n
2 1)0Jr 1 2)(o)+(1)
(n+1)n(n-1) N (n+1)n(n-1) n
- 2 2
=(n+1)n(n-1)+n
:(nz—l)n+n
=n®-n+n
=n’ O
Answer 3
(1+x)0°

= 1+ 10x + 45¢ + 120¢ + 210¢ + 252¢C + 2108 + 120¢ + 45¢ + 10¢° + x1©
[ 4 marks ]



Answer 4
(i)and(ii)

[ 4 marks ]

Answer 5

1 9 36 84 126 126 84 36 9 1

[ 3 marks ]



Answer 6

A

Answer 7

(L-x) = 1-7x+21x% - 35 + 35x* — 21x° + 758 — ¥

Answer 8

v

243
o

81 162

27 108 108

\2 /o =/

[ 6 marks ]

[ 3 marks ]

[ 11 marks ]



Answer 9

Starting Distribution
Number of Balls of Balls in Baskets

27 16 12 8
81 1 8 24 32 16
243 1 10 40 80 80 32

[ 4 marks ]

Answer 10
(1+ 2x)4 =1+ 4(2x) + 6(2x)2 + 4(2x)3 + (2x)4

=1+ 8 + 24x2 + 32x3 + 16x4

And there isthe “1 8 24 32 16"
[ 3 marks ]

Answer 11
(1+2¢x)° = 1+ 52% + 10(20° + 10(20° + 5(20% + (20°

— 1+ 10X + 40%% + 80x° + 80X* + 32X°

And there is the “1 10 40 80 80 32"
[ 3 marks ]
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Lesson 3

Additional Mathematics
A-Level Pure Mathematics : Year 1

Binomial Expansion
3.1 Pascal To The Max

Pascal's Triangle is turning out to be useful, not just in expanding the brackets
of expressions of the foreril + x)" for positive integer values of but also of

expressions of the formil + ax)" whereais a constant.

For example, it ishe wayto expand the brackets 6fL — 4x )3

Teaching Video:http://www.NumberWonder.co.uk/v9062/3.mp4

[ 4 marks ]
3.2 Exercise
Marks Available : 40
Question 1
Expand the brackets; 1 + 3x)4
[ 4 marks ]

Question 2

Expand the brackets; 1 — 2x )5

[ 4 marks ]


http://www.NumberWonder.co.uk/v9062/3.mp4

Question 3

Pick a number in the diagonal that goes, 1, 2, 3,4,5,6,7, 8,9, ...

Colour it blue.

Colour the six bricks around it in alternating red, green, purple.

For each colour work out the difference between the two numbers of that colour
Add up these three colour differences.

The number you get is always of a certain type.

What type of number do you always get ?

For Example
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126| 126 84 36 9 1

(20-1)+(7-5)+(15-1) = 36

A copy of Pascal's Triangle for you to do a few on...

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1

[ 4 marks ]



Question 4
Twenty-five steel ball bearings are released into a pinball machine.

At each pin the probability a ball will go Ieft%and go right is%

(1) Above each pin write the total number of balls arriving at that pin
(ii) Show that the resulting distribution in the bottom basketsis 4 12 9

e/

AANANY

Expand (1 + 6x )7 in ascending powers afup to the term in° and simplify.

2+dx3+ex4+...

[ 4 marks ]

Question 5

Note :

Ascending powers ofmeans a + bx + cXx
e The constants, b, ¢, d, e .... are called the coefficients
e This question only wanta + bx + cx’ + dx> < STOP!

e Simplify means bracketed things Ii(@()3 in the answer will cost marks

[ 4 marks ]



Question 6
Twenty-five steel ball bearings are released into a pinball machine.

At each pin the probability a ball will go Ieftiésand go right is%

(1) Above each pin write the total number of balls arriving at that pin.
(i) Work out how many ball bearings end up in each of the bottom baskets.

=

[ 6 marks ]

AANAWAWY

Additional Mathematics Examination Question from June 2010, Q2 (OCR)

Expand(1 — x)12 in ascending powers afup to the term i

Simplify your answer.

[ 3 marks ]



Question 8
A-Level Examination Question from January 2019, C12, Q5 (Edexcel)
Find the first 4 terms, in ascending powers,aff the expansion of

(1-3)
2
Give each term in its simplest form
[ 4 marks ]
Question 9
You are given that  (x + y)O =1
(x+y)1 =1x+ 1y
(X + y)2 = 1x° + 2XY + 1y2
(X + y)3 =1 + 3x2y+ 3xy2 + 1y3
(X + y)4 = 1x* + 4x3y+ 6x2y2 — 4xy3 + 1y4

Using Pascal's Triangle, or otherwise, expand the brackéts e)fy)7

[ 3 marks ]



Question 10
Using the result that,

(X + y)3 =1+ 3x2y + 3xy2 + 1y3
expand the brackets of,

(2 + 3x)°

It you get this correct, and got question 6 correct, the two answers will have
the same distribution of balls in baskets as coefficients of

If they are not the same, one or the other or both are wrong !

[ 4 marks ]
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3.3 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion

3.3.1 Solution to 3.1 Pascal To The Max (Teaching Video)

From Pascal's Triangle,

(1+x)3=1+3x+3x2+x3

with thex replaced with(— 4x) is obtained,

(1-4x)°% = 1+ 3(=4%) + 3 (=40 + (- 4x)°
= 1 — 12X + 48%° — 64X
[ 4 marks ]
3.3.2 Solutions to 3.2 Exercise
Answer 1
From Pascal's Triangle,
(1+x)4= 1+ 4x+ 65X + 45 +x°
with thex replaced with(3x) is obtained,
(1+30% = 1+ 43 + 6302 + 4(3%° + (3x*
= 1+ 12 + 54x° + 108xX° + 81x*
[ 4 marks ]

Answer 2
From Pascal's Triangle,
(1+x)° =145+ 10 + 10 + 55 + xX°
with thex replaced with(— 2x) is obtained,
(1-2x)° =1+ 5(=2%) + 10(-=2%? + 10(= 20> + 5(-20* + (- 2x°

— 1 - 10x + 40%% — 80x° + 80x* — 32%°
[ 4 marks ]



Answer 3
The result is always a square number.

[ 4 marks ]
Out Of Interest : A Proof

This could be proven using the formula for Triangular Numbers.
(Row)(Row — 1)

TROW: 2
In Row 6, for example,
1, = 8%X5 _ 45
2
Which is correct: 1 615 20 15 6 1
In general
1
1 n-1
1 n n(n2-1)
1 n+1 —(n-gl)n
1
1 -1
M_l +((n+l)_(n_1))+ M_l
2 2
n+n -2 4 n_-n-2
2 2 2
P +n-2+4+nP-n-2
B 2
B 2 n?
2
2



Answer 4

(i1)and(ii)
25
e
10 15
e e
ANAWAN
[ 4 marks ]
Answer 5
From Pascal's Triangle,
(1+x)7 = 14 7x+21%° + 35 + ...
with thex replaced with(6x) is obtained,
(1+6x) =1+ 7(6x) + 21(6%)° + 35(6x)° + ...
= 1+ 42X + 756%X° + 75605° + ...
[ 4 marks ]
Answer 6
(1)and(ii)

A

[ 6 marks ]



Answer 7
The sign will alternate,

1 — 12X + 66X — 2205 + ...

[ 3 marks ]
Answer 8
From Pascal's Triangle,
(1+x)8 = 148X+ 28X° + 56XC + ...
with thex replaced With(— %) is obtained,
8 2 3
X X X X
1-—| =1 -—| + 28— — ——)
( 2) +8( 2)+ 8( 2)+56( o) T
= 1A+ TR T+
[ 4 marks ]
Answer 9
(x+y)
= x"+ 7x6y + 21x5y2 + 35x4y3 + 35x3y4 + 21x2y5 + 7xy6 + y7
[ 3 marks ]
Answer 10
(2 +3)° = 22+ 32230 + 3(2) (32 + (°
= 8+ 36X + 54X + 27
[ 4 marks ]
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Lesson 4
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
4.1 Slay Those Brackets

When expanding brackets using Pascal's Triangle the working can become
cluttered thus making it easy to make an error, and also hard to tack one down
However, there is a robust and reliable way to set out the calculations. That's the
focus of this lesson.

4.2 Example
Expand the brackets 68 — 2x )4

The Solution :

Teaching Videohttp://www.NumberWonder.co.uk/v9062/4.mp4

Simplifying,

(3 - 2x)4 =

[ 4 marks ]


http://www.NumberWonder.co.uk/v9062/4.mp4

4.3 Exercise

Question 1

Use the template below to help expand the bracketstof 3x )3

(5+ 3x)° =
+
+
+
Simplifying,
(5+3x)% =
Question 2

Use the template below to help expand the bracket{s2of 5x )5

(2 - 5x)° =
n
+
n
n
+

Simplifying,
(2 - 5x)° =

10

10

Marks Available : 30

[ 4 marks ]

[ 5 marks ]



Question 3

3
Expand the brackets 064 + x2)

[ 4 marks ]
Question 4
(1) Expand the brackets and simplify the terms;
4
(x5
X+ —
X
[ 4 marks ]
(i) In the expansion, if a term is without any positive integer power of

x then that term is said to be “independent’of
Which is the term of the expansion whichndependent of 8

[ 1 mark ]



Question 5

. n
On your calculator find the button marke@,
It's often, but not always, above the multiplication button.

Use this button to work out the following,
“co “cy “cy “ca “cy

Hopefully, you have now realised that Pascal's Triangle is in your calculator !

[ 2 marks ]

Question 6
A-Level Examination Question from January 2015, C12, Q4(a) (Edexcel)
Find the first 4 terms in ascending powerx of the binomial expansion of

10
(E X)
4

giving each term in its simplest form

[ 5 marks ]



Question 7
Additional Mathematics Exam Question from June 2018, Paper 1, Q9(i) (Cambric
8

Find the first 3 terms in the expansion( — %) in descending powers f

[ 5 marks ]
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4.4 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
4.4.1 Solution to 4.3 Example (Teaching Video)

(3-2x)* = 1 x (3 x  =x)P
v 4 x (3 x (=20t
+ 06 x (3% x (=)
+ 4 x 3 x o ex)?®
+ 1 X (3)0 X (—2x)4

So,

(3 - 2x)" = 81 — 216¢ + 216X° — 96x° + 16X
[ 4 marks ]

2.5.3 Solutions to 2.4 Exercise

Answer 1
(5+ 3x)° = 1 x (5 x (P
+ 3  x (5% x (3
+ 3 x5 x ()2
+ 1 x5 x  (3x)P
Simplifying,
(5 + 3x)3 = 125+ 225 + 135X + 27X
[ 4 marks ]
Answer 2
(2 - 5x)° = 1 x  (2Y x )
+ 5 X (2)4 X (- 5x)1
+ 10 X (2 )3 X (— 5% )2
+ 10 x (2% x  (=5¢)°
+ 5 x (23} x =)
+ 1 x (20 x  =x%)P
Simplifying,

(2 = 5x)° = 32 — 400k + 2000x° — 5000x° + 6250x* — 3125x°
[ 5 marks ]



Answer 3

3 0
(4+x2) = 1 X (4)3 X (xz)
1
+ 3 X (4)2 X (xz)
2
+ 3 X (4)1 X (x2)
3
+ 1 X (4)0 X (XZ)
Simplifying,
3
(4+ XZ) = 64 + 48%% + 12x* + X8
[ 4 marks ]
Answer 4
(1)
4 0
(x+ i) = 1 X (x)4 X (i)
X X
1
+ 4 X (x)3 X (i)
X
2
2 1)
6 —
+ X (X) X ( ™
3
1 1
4 )
+ X (X) X ~
4
0 1)
1 J—
+ X (X) X ( »
Simplifying,
4
1 4 2 4 1
=\ = 4 L=
(X+X) X+X+6+x2+x4
[ 4 marks ]
(i) The term which is independentxfs the 6
[ 1 mark]
Answer 5
“Co =1 ‘i1 =4 “Cr = 6 “Ca =4 “Cy=1



Answer 6

0cy = 1 10c; = 10 10c, = 45 10c; = 120
10 0
(2+i) - 1 x (2 x (i)
4 4
1
+ 10 x (2 x (1)
4
2
+ 45 x (2)8 x (1)
4
3
+ 120 x  (2) x (i)
4

+

Simplifying,

4
(2 + %) = 1024+ 128 + 7202 + 240%° + ...

[ 5 marks ]
Answer 7
8 0
(2x——1 ) = 1 x  (2)® x (——1 )
16x 16x
+ 8 X (2x)7 X (—i)l
16x
2
+ 28  x  (2x)® x (—i)
16x
+
Simplifying,

8
(2x - i) = 25658 — 64x8 + 7X* + ...

[ 5 marks ]
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Lesson 5
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
5.1 Homework
Marks Available : 23
Question 1

LLASSWIZ

. 15
Check that your calculator glve'l:SCo =1, 15C1 =15 and Cp = 105
(1) Use your calculator to write down the value of,

15C3 15(:4 15C5

[ 3 marks ]

(i) Hence write out the first six terms of the the expansion of,

(1+x)15

[ 2 marks ]

Question 2
A-Level Examination Question from January 2006, P2, Q1(a) (Edexcel)

Write down the binomial expansion, in ascending powexsobf( 1 + 6x )4

[ 3 marks ]



Question 3
A-Level Examination Question from January 2008, C2, Q3(a) (Edexcel)

10
Find the first 4 terms of the expansion Gl + %) giving each term

in its simplest form.
10

Hint : (1 + %) = 1OCo X (1)10 X (%)

0

+ 10¢; x (1)? x (%)
+10C2 X (1)8 X (%)
+10c5 % (1) x (%)

+ ..

[ 4 marks ]

Question 4
A-Level Examination Question from January 2010, C2, Q1 (Edexcel)
Find the first 3 terms, in ascending powers,ajf binomial expansion of

(3-x)°
and simplify each term.

[ 4 marks ]



Question 5
A-Level Examination Question from October 2016, C12, Q5 (Edexcel)
(a) Find the first 4 terms, in ascending powerg,aff the binomial

expansion of,
ax
-5
23

wherea is a positive constant. Give each term in its simplest form.

5

[ 4 marks ]

Given that, in the expansion, the coefficienkdd equal to the coefficient of
(b) find the exact value d in its simplest form

[ 3 marks ]
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5.2 Answers to 5.1 Homework
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion

Answer 1
(i)
15c5 = 455 15, = 1365 13¢5 = 3003
[ 3 marks ]
(i) (1+x)% =1+ 15 + 105x° + 455x> + 1365x* + 3003x°
[ 2 marks ]
Answer 2
(1+6x)" = 1 x (Y x  (ex)
4 x (1 x (&)t
+ 6 X (1)2 X (6x )2
+ 4 X (1)t X (6x)°
+ 1 X (1)0 X (6x)4
Simplifying,

(1+6x)% = 1+ 24x + 216x° + 864X + 1296x*
[ 4 marks ]

Answer 3
10 0
(1+ 1) - 1x (10« (1)
2 2
1
+ 10 x (1)? x (i)
2
2
+ 45 x (18 x (i)
2
3
+ 120 x (1) x (%)
+ .
Simplifying,

10
(1+%) :1+5x+%x2+15x3+...

[ 4 marks ]



Answer 4

(3-x)% = 1 x (3% x x°
+6  x (3P  x (=0t
115 x (3 x (x)?
+
Simplifying,
(3 - x)® = 729 - 1458 + 1215%° — ...
[ 4 marks ]
Answer 5
5 0
ax 5 ax
o= 5[ - ixor g
(a) (3-2 x @ x (-2
1
+5x 3 x (—3)
2
2
+ 10 x (3)3 x (— ﬁ)
2
3
+ 10 x (3)2 X (— ﬂ)
2
+ .
Simplifying,
5
(3 — ﬂ) = 243 - 405ax + 135 X — ﬁa3x3 + ...
2 2 2
[ 4 marks ]
(b)
_ 4 3__405
4~ 2
Multiply through by (- 4)
45a° = 810a
& = 18 OK to divide bya as‘a is a positive constant”

3V2

Q
Il

[ 3 marks ]
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Lesson 6
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
6.1 Spinning Coins
A coin is spun three times
Each time it may spin heads, or tails,T
Here is a tree diagram that shows all the possible outcomes,

1st Spin 2nd Spin 3rd Spin Summary

H | HHH
H<
T | HHT

H
HTH
T
H THH
HTT
H
THT
T
H TTH
T<
T TTT

Of particular interest is the summary where there is,
¢ 1 way of spinning three heads and zero tails
e 3 ways of spinning two heads and one tail (if the order does not matter
e 3 ways of spinning one head and two tails (if the order does not matter
¢ 1 way of spinning zero heads and three tails

T

_|

_|

ONORNORG

It is not a coincidence that these numbers are Row 3 of Pascal's Triangle.
The implication is that Pascal's Triangle is going to be very useful in tackling
probability questions beyond GCSE.

From the fact that( x + y)3 = 1x3yO + 3x2y1 + 3x1y2 + 1x0y3
with x replaced wittH andy replaced withl we get,

(H+T) = 113710+ 3H?T! + 3HIT2 4+ 1HOT3
This is an mathematical algebraic model for spinning a coin threeltimes

The term3H? T? tells you that there are three ways of spinning two heads and
one tail (if the order in which the heads and tails occur does not matter)



6.2 Example
A coin is biased such that, when it is spun, the probability of it showing heads is
twice the probability of it showing tails;

In other words, PH) =

P(T) =

wlk w|n

When spun three times what is the probability that two heads and one tail occur *

http://www.NumberWonder.co.uk/v9062/6.mp4
n h_i'i'ﬂ n

o

(LT

[ 4 marks ]

6.3 Exercise
Marks Available : 50
Question 1
A coin is biased such that, when it is spun, the probability of it showing heads is
three times the probability of it showing tails;

In other words, P(H) = %
1

P(T) = —

(T) 2

~

When spun four times what is the probability that two heads and two tails occur 7
Give your answer as an exact fraction.

[ 4 marks ]


http://www.NumberWonder.co.uk/v9062/6.mp4

Question 2
A coin is biased such that, when it is spun, the probability of it showing heads is
half the probability of it showing tails;

In other words, PH) =

P(T) =

w|N W]k

When spun six times what is the probability that four heads and two tails occur ?
Give your answer correct to three decimal places.

[ 4 marks ]
Question 3
A coin is biased such that

P(heads) = 0.2
P(tails) = 0.8
It is spun three times.

What is the most likely number of tails to occur ?
Back up your answer with mathematical calculations.

[ 5 marks ]



Question 4
A fair coin is spun nine times.
What is the percentage probability that exactly seven heads and two tails are spt

[ 4 marks ]

Question 5

A fair coin is spun six times.

Show that the probability that more heads are spun than tails is roughly a third.
Show your working.

[ 5 marks ]



Question 6
When a learner driver takes their practical driving test, experience suggests that
the probability of them passing is 0.6
(1) What is the probability of them failing ?
[ 1 mark ]

(ii) At a test centre, ten students take their driving test in a day.
What is the percentage probability that exactly eight pass ?

[ 5 marks ]

Question 7

In a multiple choice test each question presents four options, only one of which is
correct. In a twelve question test what is the probability that a person, picking ans
at random, gets less than two questions wrong ?

Give your (very small) answer correct to three significant figures.

[ 5 marks ]



Question 8

Additional Mathematics Examination Question from June 2018, Q9 (a) (OCR)
The proportion of people who are left-handed is 20%

For a group of 10 students chosen at random, use the binomial distribution to
find the probability that

(1) no student is left handed

[ 2 marks ]

(i) exactly 4 students are left handed

[ 3 marks ]
Question 9
Additional Mathematics Examination Question from June 2013, Q6 (OCR)
Amanda throws 3 fair dice.

What is the probability that,
(1) exactly 2 sixes are thrown

[ 3 marks ]

(i) at least 1 six is thrown ?

[ 3 marks ]



Question 10

Additional Mathematics Examination Question from June 2017, Q8 (OCR)
Four ordinary six-sided dice are rolled.

Find the probability that at least 2 sixes are obtained.

[ 6 marks ]
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6.4 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
6.4.1 Solution to 6.2 Example (Teaching Video)

The model for spinning a coin three times(i$] + T )3
(H+T) = 1 x (H)®  x (1)
+ 03 x  (H®  x (Tt
+ 03 x (Y x (T2
+ 1 x  (H x (T
Simplifying, (H + T)° = 1H3T% + 3H?TY + 30 T? + 1HOT3
The term corresponding to two heads and one tail is coloured red.
P(2heads, 1tail ) = 3H?T!

2x (5] < [3)

4

9

[ 4 marks ]
6.4.2 Solutions to 6.3 Exercise

Answer 1

The model for spinning a coin four times (& + T )4

(H+T) = 1 x (Y x (7)Y
+ 4 x  (HP® x (T
+ 6 x  (H?  x  (Ty?
+ 4 x (Y ox (TP
+ 1 x (H x (T
Simplifying,

(H+ Ty = 1H*TO 4 4137 4+ 6H2T2 + aH T3 + 1HOTA
The term corresponding to two heads and two tails is coloured red.
P(2heads, 2tails) = 6H*T?

2 2
-ox (5] < (3]
4 4
27

[ 4 marks ]



Answer 2

The model for spinning a coin six times (1 + T )6
(H+T)® = 1 x  (H®  x (1P
+ 6 x (H® x (T)
+ 15 x ()Y} x  (T)Y
+ 20 x (H®  x (1)
+ 15 x  (H® x (7
+ 6 x ()Y x  (T)Y
+ 1 x ()Y x (TP
Simplifying,
(H+T)°
= 1HOTO + 6H>T! + 15H* T2 + 20H3T3 + 15H? T4 + 6HI T + 1HOTO
The term corresponding to four heads and two tails is coloured red.
P(4heads, 2tails) = 15H*T?

4 2

1 2
= 15x(3) < (3)
“\3) * 3

20

[ 4 marks ]

Answer 3

The model for spinning a coin three times(ig] + T )3
(H+T)° = 1 x  (H®  x (7)Y
3 x  (H® x (T
+ 3 x (W x (7)Y
1

x (WY x (1)’
Simplifying,
(H+T)% = 113710 4 3H?T! 4+ 3H T2 4+ 1HOT3

P(3H, OT) = 1 x 0.2° = 0.008

P(2H, 1T) = 3 x 0.2° x 0.8 = 0.096

P(1H, 2T) = 3 x 0.2 x 0.8° = 0.384

P(OH, 3T) = 1 x 0.8° = 0512 < *** Three tails is most likely ***

[ 5 marks ]



Answer 4
The model for spinning a coin nine times($4 + T )9
(H+T)° = 1 x () x (7

+ 9 x (¥ x (T
+ 036 x  (H)Y  x  (T)
n

Simplifying,

(H+T)? = 1H T + oHB T + 36HT? + ..
The term corresponding to seven heads and two tails is coloured red.
P(7heads, 2tails) = 36H' T2

sox (3] % (3]

9
= —— A .07
178 (About 0.070)
The percentage probability is 7%
[ 4 marks ]
Answer 5
The model for spinning a coin six times (1 + T )6
(H+T)° = 1 x (¥ x (70

+ 6 x (HY x (Tt

+ 15 x (Y x (T

+

Simplifying,
(H+T)° = 1H®TO + 6HTY + 15H4T2 4 .
6 5 4 2
1 1 1 1 1
P(H>T)=1x[= —| =]+ 15(=) (=
(R>1 X(2)+6(2)(2)+ 5(2)(2)
6
= 22 X (i)
2

_ 2
64
_u
- 32

= 0.34375 which is about a third
[ 5 marks ]



Answer 6
(1) 0.4
[ 1 mark ]
(i) The model for spinning a coin ten times($] + T )10
Passing the driving test can be likeneti¢ads failing it likened tatails

Thus,
(P + F)0= 1 x (PP x  (FY
+ 10 x (P x  (F)t
+ 45 x (PP x  (FY
4
Simplifying,

(P+F)1%=1POF0 4 10P°F + 45P8F2 +
The term corresponding to eight passing (and two failing) is coloured red.

P(8pass 2fail ) = 45P°F?

45 x (0.6)% x (0.4)°

= 0.12093

The percentage probability is 12%
[ 5 marks ]

Answer 7

The model for spinning a coin twelve times($] + T )12

Getting a question correct can be likenetleads getting it wrong it likened ttails
Thus,

(C+ W)= 1 x (o x (w)y

12 x (ot x (W)l

Simplifying,
(C+wW)2=1ct?wl 4+ 1octtwt +
The first two term corresponding to “less than two questions wrong”

P(12correcdorllcorred) = 1 x 0.25'% + 12 x 0.25' x 0.75
- (025% + 12 x (025 x 0.75
0.000002205

[ 5 marks ]



Answer 8

The model for spinning a coin ten times($] + T )10
Being Right-Handed can be likenedhwads being Left-Handed likened tails

Thus,

(R+ L) = 1
+ 10
+ 45
+ 120
+ 210
+

Simplifying,

x (R x (L)

x (R?  x (L}
x  (R®  x (LY
x (R x (L?
x (R°  x (L

(R+ L)% = 1R 4 10RP LY + 45R8L? + 120R" L3 + 210R° L% + ...

(1) The term corresponding to no student is left handed is coloured green.
P(10R OL) = 1ROL°

1 x (0.8)'% x (0.2)°

0.107
[ 2 marks ]

(i) The term corresponding to exactly 4 students are left handed is coloured

P(6R 4L)

210R° L*
210 x (0.8)° x (0.2)*

0.088
[ 3 marks ]



Answer 9

The model for spinning a coin three times(is] + T )3
Throwing a six can be likened beads throwing something else likenedttols

Thus,

(S+E) = 1 x  (SP®  x (Y
3 x (82 x (B
+ 3 x (S} x  (EY
+ 1 ox (8 x  (E?

Simplifying,

(S+E¥ =190 + 35 E + 35 E?2 + 1968
(1) The term corresponding to exactly 2 sixes are thrown is coloured green.
P(2S 1E) = 35 E
2
2x (5] *[5)
6 6

5
-~ (A .0694
— (About 0.0694)

1

[ 3 marks ]

(ii) The terms corresponding to at least 1 six is thrown are coloured green or
P(Atleastlsi® = 1 - 1 ES

0 3
1 5
“\s) 6
= S (About 0.421)
216

[ 3 marks ]



Answer 10

The model for spinning a coin four times (& + T )4
Throwing a six can be likened beads throwing something else likenedttols

Thus,
(S+ E)* = 1 x (S x (B
+ 4 X (S)° X (E)!
6 x (8% x (EY
+ 4 x (S x (B
+ 1 ox (80 x (Y
Simplifying,

(S+EY =19 + 4SE + 6 E2 + 45 B2 + 19 E*
The terms corresponding to at least 2 sixes are coloured red.

P(atleast2sixes = 1S E? + 4SS E! + 6H2T?

4 3 1 2 2
- [5) + (5] (5] +ox(5) <[5
6 6/ \6 6 6
1 20 150
= + +
1296 1296 1296
171
~ 1296
= 19 (About 0.132)
144

[ 6 marks ]
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Lesson 7

Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion

7.1 Investigating Binomial Probability
Binomial means “two state”: A real life “two state” situation is the flipping of a coir

Suppose a biased coin is weighted with a probability of 0.36 of landing tails.
It is flipped 8 times. What is the probability that it lands tails exactly twice ?

HHHHHHTT

HHHHHTHT
HHHHHTTH

HHHHTHHT
HHHHTHTH
HHHHTTHH

HHHTHHHT
HHHTHHTH
HHHTHTHH
HHHTTHHH

HHTHHHHT
HHTHHHTH
HHTHHTHH
HHTHTHHH
HHTTHHHH

HTHHHHHT
HTHHHHTH
HTHHHTHH
HTHHTHHH
HTHTHHHH
HTTHHHHH

THHHHHHT
THHHHHTH
THHHHTHH
THHHTHHH
THHTHHHH
THTHHHHH
TTHHHHHH

To answer this question we begin by wanting to know
how many different ways 2 tails and 6 heads can occur.

Method 1 : List them and observe the list has 28 entries
Takes time and is tricky to get correct.

Method 2 : Write out Pascal's Triangle
Observe that Row 8, Column 2 is 28
Less time but a tedious job for just one numbe

1

4 1

10 10 5 1

15 20 15 6 1

21 35 35 21 7 1
28 56 70 56 28 8 1

PR RRPRRPRRRRR
O~NOUAWNR

Method 3 : Use a calculator
8¢c, = 28

Having got the 28...

Each of the 28 items in the list will be a multiplication

of 0.36x 0.36x 0.64x 0.64x 0.64x 0.64x 0.64x 0.64
(with those same numbers occurring in different orders)
Thus the quick calculation is;

28 x 0.36% x 0.64°

= 28x 0.1296x 0.0687
=0.249 (Give answers to 3 decimal places)

So, when this biased coin is flipped eight times, there is
a 25% probability it will land tails exactly twice.



7.2 Exercise
Marks Available : 60

Question 1

Here is Pascal's Triangle, left justified.
1

1 1

1 2 1

1 3 3 1

1 4 6 41

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 3 3 21 7 1

1 8 28 56 70 56 28 8 1

—~
p—

Circle the entry in Row 7, Column 5
Notice this is in the 8th row and th& 6olumn !

(i) Use your calculator to determir?é:s
This should be your pafti ) answer

Question 2

Here is Pascal's Triangle, left justified.
1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 3 21 7 1

1 8 28 56 70 56 28 8 1
1 9 36 84126126 84 36 9 1

—~
N

Circle the entry in Row 4, Column 0
(i) Circle the entry in Row 5, Column 5
(iii)  Circle the entry in Row 9, Column 3

(iv)  Find a solution pair,r ) to
C, = 70

[ 1 mark ]

[ 1 mark]

[ 1 mark]
[ 1 mark ]

[ 1 mark]

[ 1 mark ]



Question 3

Use your calculator to determiri'éC5

[ 1 mark ]
Question 4
A coin is flipped 6 times.
(1) Describe which calculator buttons you would press in order to determine
the number of ways exactly 2 tails could be obtained ?
[ 1 mark]

(i) Write out enough of Pascal's Triangle so that you can then draw a circle
around the number in it, corresponding to your gadnswer

[ 2 marks ]
Question 5
A coin is flipped 20 times.
In how many ways can exactly 13 tails be obtained ?
HINT : Use a calculator.
[ 2 marks ]

Question 6
A coin is flipped 40 times.
In how many ways can exactly 5 heads be obtained ?

[ 2 marks ]



Question 7

A biased coin is weighted such that it has a probability of 0.45 of landing tails.
Itis flipped 8 times. What is the probability that it lands tails exactly thrice ?
Give your answer to 3 decimal places.

[ 4 marks ]

Question 8

A typist has a probability of 0.99 of typing each letter in a sentence correctly.
What is the percentage probability of exactly two mistakes in a sentence containi
180 letters, if mistakes are made at random ? Give your answer to 3 decimal pla

[ 4 marks ]

Question 9
In a box of Smarties™ there are eight different colours which normally occur in

equal proportions. Sebastian is given 24 Smarties™, and blue ones are his favot
Assume these come from a very large box.

(1) How many blue Smarties™ would he expect to get (on average) ?

[ 1 mark ]
(i) What is the probability that he gets this number ?
[ 4 marks ]
(iii)  What is the probability that he gets fewer than expected ?
[ 4 marks ]
(iv)  What is the probability that he gets more than expected ?
[ 1 mark ]

(v) Explain why the assumption was made that the 24 Smarties™ given to
Sebastian came from a very large box ?

[ 2 marks ]



Question 10

(1) Determine602

[ 1 mark]
(ii) Determine6C4
[ 1 mark ]
(ii)  Explain with the help of Pascal's Triangle Wigp = °C4
[ 2 marks ]
(iv)  Explain, in your own words, whj)Co = "Cj
[ 2 marks ]
(v)  Explain, in your own words, why)C, = "Cp_2
[ 2 marks ]

(vi)  What formula can be written down f6€n, that generalises the
observations made above ?

[ 2 marks ]



The next question is about obtaining the probability distribution curve for a simple
coin flipping situation.

Question 11

A biased coin is weighted such that it has a probability of 0.4 of landing tails.
It is flipped 6 times.

(1) Show that the probability of exactly 4 tails being obtained is 0.138.
That is, about 14% probable.
[ 2 marks ]

(i) Work out the probability of exactly 0, 1, 2, 3, 5 and 6 tails being obtained.
Present your solutions in the table below.

N° of tails 0 1 2 3 4 5 6

Probability 14%

[ 8 marks ]



(i)  Present your table of results as an accurate bar chart.

[ 6 marks ]
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7.3 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion

Answer 1
(1)
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15_6 1
1 7 21 35 3 7 1
1 8 28 56 70756 28 8
[ 1 mark ]
(i) ‘Ccs=21
[ 1 mark ]
Answer 2
(i), (i) and(iii)
1
1
1

1
@ '
10 5
15 20 15 6 1
21 35 35 21 7 1
28 56 70 56 28 8 1

3 126126 84 36 9

O© 00O NO O b WNPF
[EEN
o

e

[1,1, 1 marks]

(iv) 8C4 =70 (Other answers are possiple
[ 1 mark]

Answer 3

Bcg = 1287
[ 1 mark ]



Answer 4
(i) Ocp=15

(i)
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 0 10 5
1 6@20 15
Answer 5

20c13 = 77520

Answer 6
40
Cs = 658008

Answer 7
8C3 x 0.45° x 055 = 0.257

Answer 8
1800, % 0.99'78 x 0.01° = 0.269
That is, 26.9%

=

[1,1, 2 marks]

[ 2 marks]

[ 2 marks]

[ 4 marks ]

[ 4 marks ]



Answer 9

(i) 3
[ 1 mark]
3 21
.. 24 1 7
il C (—) (—) = 0.239
(i) 3x {35 ) *|3
[ 4 marks ]
2 22
24 1 7
¢z x (5] (5]
(i) 2 X 3 X 3
1 23
+ e [g) (3]
8 8
0 24
o x ) (3]
8 8
= 0.229 + 0.139 + 0.041 = 0.409
[ 4 marks ]
(iv) 0.352
[ 1 mark ]
(v) The “very large box” means that the probability of getting any given coloL
remains constant as Smarties™ are taken out of the box and eaten. Yurr
[ 2 marks ]
Answer 10
(i) and(ii) O8cy, ="5cs =15
[1, 1 mark]
(iii)  Pascal's triangle is symmetrical about the central coefficients
|
1
111
1 2 1
1 3|3 1
1 4 6 4 1
1 5 10|10 5 1
1 6 @ 20 6 1
I
[ 2 marks ]
(iv)  "Co(which is the left outside edge) "Cn (which is the right outside edge)
[ 2 marks ]
(v) "Co (A-number in columnl= "Cn_» (A-number in columm — 1)
[ 2 marks ]
(vi) "Cm="Ch.m form<n

[ 2 marks ]



Answer 11

(i)
P(4tails) = °Cy x 0.4% x (1 - 04)°7%
- 15 x 0.4% x 0.6
= 0.138 i.e.About14% O
[ 2 marks ]
(i)
N° of tails 0 1 2 3 4 5 6

Probability 5% 19% 31% 28% 14% 4% 0%

Rounding errors mean we've got 101% but as the table is being used
to produce a bar chart, let's not worry about it !

[ 8 marks ]
(i)
40
2 7] P(tails) = 0.4
%
3 30
o
o
o 20 |
T
c
8 10
[}
o
0 1 2 3 4 5 6
Number of tails
[ 6 marks ]
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Lesson 8
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
8.1 The Binomial Theorem

: T .
Previously, expanding the brackets (@8 — 2x )4 was tackled.
Here is a reminder of the recommended method of setting out a solution;

(3-2x)* = 1 x (3 x  =x)°
+ 4 x (3% x (=20t
+ 6 x (3% x (=7
+ 4 x 3y x =2°
+ 01 ox (30 x =

(3 - 2\)% = 81 - 216¢ + 216x° — 96X + 16x*

This method can be generalised to give The Binomial Theorem,;

x (a)"  x (b)°

Il
=
Q)
o

(a+b)"

+'%c; x(a)"tx (b

+'c, x(a)" % x (b)?
+'%cs x(a)" 3 x (b)3
+ .
+"'c x(a)" " x (b)
+ .
+"Choy x ()t x (b)Y

+'%c, x(a)®  x(b)

The Binomial Theorem (for integem)

(a+b)"=a"+ "cpa" b+ . +"Ca "B + .+ B

This is provided to candidates in Additional Mathematics and A-Level exams

T In Lesson 4. Example 4.2, along with a Teaching Video solution



8.2 Exercise
Marks Available : 40

Question 1
Expand the brackets
(5x - *° )3 = 1 x () x ()
+ 3 X « ) X «C )
+ 3 X ( ) X ( )
+ 1 X ( ) X ( )
So,
(5x - x2 )3 =
[ 5 marks ]
Question 2

In mathematics the pling symbol “I” meaffactorial”

5=5x4x3x2x1

Check, on your calculator, that 5! = 120 (Using the special button marked “!”
Work out

(1) 6! (i) 10! (i) 13!

[ 3 marks ]

Question 3

My calculator gives an error message when | try to work out 94!

The answer is way too big for my calculator to handle.

What is the smallest numbet,for which your calculator cannot calculate?

[ 1 mark]
Question 4
Given calculator limitations, there is no point using one to work out
5000
4999

However, the answer, if you think about it, is easy to obtain using brain power.
What is the answer ?

[ 2 marks ]



Question 5

Work out the following using a mixture of cunning and calculator

. 100 . 101
T (i) o8
Question 6
Simplify

(n+ 4)!
(n+ 1)
Question 7
Simplify
(n+ 1)
(n-1)

(i)

2021
2018

[1,2,3marks ]

[ 3 marks ]

[ 3 marks ]



Question 8
The numbers in Pascal's Triangle are given by
n n!

Cr = rr (n—-r)!

Use this to derive a simplified expression fi@>

Question 9
Expand the brackets;

(2 +x) (4+5¢)°

[ 4 marks ]

[ 8 marks ]



Question 10
Further Mathematics Specimen Exam Paper 1, June 2020, Q16 (AQA)

The coefficient of the<* term in the expansion of 2x + a)6 is 60
Work out the possible values af

[ 5 marks ]
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8.3 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion

Answer 1
3 0
(5x—x2) = 1 X (5x)3 X (—xz)
+ 3 X (5x )2 X (— XZ)1
+ 3 X (5x)1 X (— x2)2
+ 1 X (5% )0 X (— x2)3
So,
(5x — X2 )3 = 12553 — 75x* + 15x° — x°
[ 5 marks ]
Answer 2
(1) 720 (i) 3628 800 (i) 6227 020 800
[ 3 marks ]
Answer 3
70! is a likely answer
( Biggest that works on CASIO fx-991EX ClassWiz is 69! =x17°8)
[ 1 mark ]
Answer 4
5000 ~ 5000x 4999 x 4998x .. x 2 x 1
4999 4999
_ 5000 x 4999
- 4999
= 5000
[ 2 marks ]
Answer 5
(1) 100 (i) 999 900 (i) 8242 405980
[1, 2, 3 marks ]
Answer 6
(n+4H (n+4)(n+3)(n+ 2)(n+ 1)
(n+1) (n+ 1)
=(n+4) (n+3) (n+ 2)
[ 3 marks ]
Answer 7
(n+1)  (n+1)(n) (n-1)!
(n-1) (n—1)
=(n+1)n

[ 3 marks ]



Answer 8

n n!
C2 = Sno 2
n(n-1) (n-2)!
2 (n-=2)!
n(n-1)
- 2

This is a formula for triangular numbers so the above is a proof that
column 2 of Pascal's triangle will contain the triangular numbers.

[ 4 marks ]
Answer 9
(4 + 5x)° = 1 x (4° x (5x)°
+ 03 x (4% x (st
+ 3 X (4t X (5x)?
+ 1 x (4P x (5x)°
S0 (4+ 5x)° = 64+ 240 + 300%° + 125x°
(2+x) (4+50)°% = (2 + x) (64+ 240 + 3005% + 125x°)
— 128 + 480« + 600X% + 250%°
+ 64X + 240%% + 300x° + 125x*
— 128 + 544x + 840X + 550%° + 125x*
[ 8 marks ]
Answer 10
(2x+a)6: 1><(2x)6><(a)O
+ B x(2X)° x (a)y
+ 15 x (2x)4 X (a)2 cee
+
- 24082 % = 60X
2= L
4
1
a==*—
2
[ 5 marks ]
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Lesson 9
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
9.1 Coefficient Conundrums

...AND THE PROFESSOR
SAID, "THE
COEFFICIENT IS
5, NOT 4."

When using the binomial theorem the expansion of the brackets typically leads tc
a series in ascending powersxoThe number in front of any given powenxobk
termed the coefficient of that powerxf

For example, consider the expansion;

(1—x)5:1—5x+10x2—10x3+5x4—x5

e The coefficient ofx* is 5 e The coefficient ofx3 is— 10

Exam questions sometimes include a puzzle to do with the coefficients.

9.2 Example

When (a + 3x)3 is expanded the coefficient »is the same as that i
What are the two possible values of the constént

Teaching Videohttp://www.NumberWonder.co.uk/v9062/9.mp4

[ 5 marks ]


http://www.NumberWonder.co.uk/v9062/9.mp4

9.3 Exercise
Marks Available : 40

Question 1

When( a + 5x )4 is expanded the coefficient »is the same as that fo?
What are the two possible values of the consignt

[ 5 marks ]

Question 2

When( 2 + ax )3 is expanded the coefficient »is the same as that f?
What are the two possible values of the considnt

[ 5 marks ]



Question 3
A-Level Examination Question from May 2007, Paper C2, Q3 (Edexcel)

(a) Find the first four terms, in ascending powers,ah the binomial

expansion of( 1 + kx)6 wherek is a non-zero constant.

[ 5 marks ]

Given that, in this expansion, the coefficientx ahdx? are equal, find
(b)  the value ok

[ 2 marks ]

(c) the coefficient ofx®

[ 1 mark]



Question 4
A-Level Examination Question from June 2009, Paper C2, Q2 (Edexcel)

(a) Find the first three terms, in ascending powers of the binomial

expansion of( 2 + kx)7 wherek is a constant
Give each term in its simplest form

[ 5 marks ]

Given that the coefficient o<|2 is 6 times the coefficient of
(b) find the value ofk

[ 2 marks ]



Question 5
(a) Find the first three terms, in ascending powerns of the binomial

expansion of( 5 + px )30 wherepis a non-zero constant
There is no need to simplify the terms.

[ 2 marks ]

(b) Given that in this expression the coefficienkdfs 29 times the
coefficient ofx find the value ofp

[ 4 marks ]



Question 6
AS Examination Question from May 2018, Q11 (Edexcel)
(a) Find the first 3 terms in ascending power,aff the binomial expansion of

2- %)

giving each term in its simplest form

[ 5 marks ]

9

f0) = (a+ bx) (2— 116)

Given that the first two terms, in ascending powers of the series expansion of
f (x) are 128 and 36
(b) find the value of

[ 2 marks ]

(c) find the value ob

[ 2 marks ]
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9.4 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion

9.4.1 Solution to the 9.2 Example (Teaching Video)

(a+3x)° =1x(a)dx (3x)°
+3x (a)? x (3x)!
+3x (a)t x (3x)?
+1x (a) x (3x)°

= a3 + 9a2x + 27ax2 + 27x3

The question tells us tha@,a2 = 27
a =3

a=+v3

[ 5 marks ]

9.4.2 Solutions to the 9.3 Exercise

Answer 1
(a+50% = 1x (a)* x (5x)°
+4x (a)® x (5x)t
+ 6 X (a)zx (5x)2
+ 4% (a)l x (5x)°

+1x(a) x (5)°
= a4 + 20a3x + 150a2x2 + 500ax3 + 625x4

The question tells us thal>,0a3 = 500a
a® = 25

a==5
[ 5 marks ]



Answer 2
(2+ax)® = 1x (23 x (ax)°
+3x(2) x (ax)t
+3x (2) x (ax)?
+1x (2% (ax)?

= 8+ 12ax + 6a2x2 + a?’x3

The question tells us thaela,3 = 12a

a =12
a==v12
a==*2v3
[ 5 marks ]
Answer 3
(a) (1+k0f= 1 x (1) x (k)
+ 6 x (1Y x (k!
+ 15 x (1Y x (kx)?
20 x (1 x  (k0°
+
= 1+ 6kx + 15K %% + 20K3C + ...
[ 5 marks ]
(b) 15 = 6k
15« = 6  nodivision by zero as tokl # 0
k=2
5
[ 2 marks ]
3 23
(c) 20k =20X(€)
_ 2
- 25

[ 1 mark ]



Answer 4

(a) (2+ko'= 1 x (2 x  (kx)°
+ 7 x (2% x  (ko?
21 x (2 x (kx)?
+ 035 x (2 x (k)
N

= 128 + 448X + 672K>3% + 560K + ...

(only the first three terms are required)

[ 5 marks ]
(b) 672k% = 6 x 44&
divide both sides b§72
k? = 4k
k- 2k =0
k(k-4)=0

Either k = 0 or k=14

(I suspect thek = 0 answer was not intended by the question setter)

[ 2 marks ]
Answer 5
(a)  (5+p)* = 1 x50 x ()
+ 30 x (5% x  (pot
+ 435  x (58 x ()
+ 4060 x (5% x  (px)°
+
= 50, 529 30px + 528 x 435p2 ¥ + 527 x 4060p3x3 + ..
(only the first three terms required)
[ 2 marks ]
(b) 528 x 435p% = 29 x 522 x 30p
Divide through by529 and also byas we're tolgp = 0
87p = 29 x 30
p= 10

[ 4 marks ]



Answer 6

(a)
9 0
(Z—L) = 1><(2)9><(—L)
16 16
1
8 X
9% (2 (__)
+ X (2) X 16
2
7 X
36 2 (——)
+ X (2) X 16
+ ..
— 512 — 144 + 18%° + ...
x |\ 2
(a+ bx) (Z_E) = (a+ bx) (512 - 144x + 18X + ...)
= 5122 — 144ax + 512x + ...
[ 5 marks ]
(b)
512a = 128
1
a= —
4
[ 2 marks ]
(c)
—-144a + 512b = 36
— 36+ 512 = 36
72
b = 512
9
b—_
64
[ 2 marks ]
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Lesson 10
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
10.1 Put It In The Bin

When a mathematical expression starts to get complicated, one of the ways to
reduce the complexity is to think carefully about which parts of the expression
are dominant and which, if any, are so insignificant they can be thrown away.

Suppose we have a variablevhich, although unknown, is likely to be small,
say, definitely positive and less than 1.

Supposex = 0.1 in which case: 01° = 1

01! = 01

012 = 001
0.13 = 0.001
0.1* = 0.0001
0.1° = 0.00001
0.1° = 0.000001

The implication of this observation is thatxifs sufficiently small, large powers of
x can be ignored without making much difference to an answer that is only requir:
to a few significant figures.



Here is the mathematical way of making that observation:

The Powers Of Smallx Rule
If —1<x<1 thenx' - 0 asn — o

10.2 Example
(1) Find the first three terms of the binomial expansion, in ascending powers
8

of x, of the expressior( 2 + %)

(ii) Use your expansion to estimate the valu@ or7s> giving your answer
to the nearest integer.

Teaching Videohttp://www.NumberWonder.co.uk/v9062/10.mp4

Of£ad0

[ 4, 3 marks ]


http://www.NumberWonder.co.uk/v9062/10.mp4

10.3 Exercise
Marks Available : 50

Question 1

(1) Find the first three terms of the binomial expansion, in ascending powers

(11

of x, of the expressior( 3+ 3)

[ 4 marks ]

(iii)  Use your expansion to estimate the valuﬁ.@Illgiving your answer
to six significant figures.

[ 4 marks ]

Question 2
Find the constant term (the term independen) af the expansion of

(32
_+_
2 X

[ 4 marks ]



Question 3
(1) Find the first four terms, in ascending powers,aff the binomial

expansion of (1 — 3x)5
Give each term in its simplest form

[ 4 marks ]

(b) If xis small, so that’ and higher powers can be ignored, show that

(1+x) (1-3x)°~1- 14x

[ 4 marks ]



Question 4
There are many fascinating relationships hidden in Pascal's Triangle.
This question explores one of these

(1) Work out 2Co + 22C1 + 4202

[ 2 marks ]
(i)  Workout °Co + 23c; + 43¢, + 83¢c3
[ 2 marks ]
(i)  Guess the answer, then work out
“Co + 29C1 + 4%C, + 8%C3 + 167Cy
[ 2 marks ]

(iv)  Write out the next calculation in this sequence and predict the answer
ahead of working it out

[ 2 marks ]



Question 5
Find the constant term (the term independem) @i the expansion of

9
2-2]
2 X

[ 5 marks ]



Question 6

(i)

(i)

(i )

f(x) = (1— 5x)%
Find the first four terms, in ascending powers,ah the binomial
expansion of f (x)

[ 4 marks ]

Use your answer to part (i) to estimate the value.e95>°
giving your answer to 6 decimal places

[ 3 marks ]

Use your calculator to evalua995°C and calculate the percentage
error in your answer to part (i)

[ 3 marks ]



Question 7
Additional Mathematics Examination Question from June 2016, Q8 (OCR)

(1) Write down the binomial expansion dfl + o )3

[ 2 marks ]

(i) Hence explain why, i is small,( 1 + 6)3 ~ 1+ 30
[ = means “is approximately equal to” |

[ 1 mark]

You are given that the equatioﬁ — 0.9x — 0.206 = 0 has aroot very
closetox=1

(i)  Substitutex=1 +0 into the equation and use the approximation in
part (ii) to find an estimate of this root, correct to 3 significant figures.
Show all your working.

[ 4 marks ]
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10.4 Answers
Additional Mathematics
A-Level Pure Mathematics : Year 1
Binomial Expansion
10.4.1 Solution to 10.2 Example (Teaching Video)

(1) (2+%)8= 1><(2)8x(%)o
+ 8><(2)7><(%)1

+ 28 % (2)% x (%)z

+ ..

— 256+ 256¢ + 112%° + ...

(six terms terms with higher powers)ofthrown away”)

[ 4 marks ]
(i) We require,
24+ 2 - 2075
4
X~ 0075
4
x =03
8
(2.075)% = (2 + %)

256 + 256 x 0.3 + 112 x 0.3% + ...
34288 which is 343 to the nearest integer

Incidentally :

2075 = 3436725208. (direct from a calculator

which is confirmation that, even having throwing away six terms,
an approximately correct answer was obtained.

So, wherx is small, throwing away most of the terms containing
higher powers ox is a valid thing to do, as a reasonable approximation

to the exact answer is still obtained.

A small amount of accuracy has been sacrificed for a big reduction
in complexity.

[ 4 marks ]



10.4.2 Solution to 10.3 Exercise

Answer 1
(1)
(3+ %)11 - 1x (3« (%)O
+ 11 x (3)10 x (%)1
+55x% (3)° x (%)Z

+ ...

= 177147+ 7217K + 13365 + ... (9 terms thrown away)

[ 4 marks ]
(i) We require,
X
3+ — =301
9
X
— = 0.01
9
x = 0.09
11
(301)tt = (3 + &)
9
= 177147+ 72171x 0.09 + 13365x 0.09 + ...
= 1837506465 which is183751to 6 sig fig
Incidentally :

301 = 1837517363.. (direct from calculator

which is confirmation that, even having throwing away nine terms,
an approximately correct answer was obtained.
[ 4 marks ]



Answer 2
It's possible to simply target the required term.
However, here's the full expansion,

(5o 2 = (3] (2]
—+— | =1x|(=] x|—
2 X 2 X
3 1
ax (G <[5
2 X
2 2
~ox (5] x(3)
2 X
1 3
vax(af < (3
2 X
0 4
s (5) < (5
2 X
_ﬁ+x_2+24+_128+_256
- 16 2 X2 x4
The constant term is the 24
[ 4 marks ]
Answer 3
(i) (1-%°= 1 x (1 x x)?°
+ 5 x () x 3!
+ 10 x  (1)® x  (=3x)
+ 10 x (1% x  (=3x°
+ )
(1-3x)° =1 - 15 + 90x° — 270%° + ...
[ 4 marks ]
(i)

(1+x)(1 = 3x)

(1+x) (1- 15+ 90x° — 27053 + ...)
1 — 15¢ + 90X° — 270%° + ...

+ x—15% + 90x° — 270x* + ...

= 1 - 14x + 75x% — 180x° + ...

1

1- 14 O

[ 4 marks ]



Answer 4

(1)

(i)

(iii)

(iv)

2Co + 2%C1 + 4°C,
1+2x2+4x1
9

which is 32

3co + 23c; + 4%, + 833
1+2x3+4x3+8x1

which is3®

27

4Co + 2%y + 4%C, + 8%C3 + 16%Cy
1+42x4+4x6+8%x4+16x1
81

which is3*

5%Co + 2°C1 + 4°C, + 8°C3 + 16°C, + 32°Cs

1+2x54+44x10+8x10+16x5+32x1

243  which is3’

This works because,

Answer 5

n
(1+x)" =Y "cx
r=0

and withx = 2 this becomes

Targeting the relevant term,

9 3
2] e B ) (- 2)
— - — ] = ..+ Cegx|—| xX|——]| +
2 X 2 X
6
= +84><X—><6§'+.
X
= + 672 + ...

So the constant term is 672

[2,2,2,2marks |

[ 5 marks ]



Answer 6
(1)
(1-50°= 1 x (¥ x (=)
+ 30 x (1P x (=)t
+ 435 x (1 x (o)
+ 4060 x (1% x (3

+
So,
(1-5¢)%0 = 1 - 150« + 10875 — 5075005 + ...
[ 4 marks ]

(ii) We require that,
1 - 5x = 0.995
5x = 0.005
x = 0.001

0995% = (1 - 5 x 0.001)*°

1 — 150 x 0.001 + 10875x 0.001° — 507500 x 0.001> + ...
1 - 0.15 + 0.010875- 0.0005075 + ...

0.8603675

That is, 0.860368 to six decimal places

U

[ 3 marks ]
(i)
0.99530 = 0.860384 direct from calculator

0.860384 — 0.860368
0.860384

0.001859%
i.e. 0.002%

% error x 100

[ 3 marks ]



Answer 7

(i) (1+0)°%=1+3+36°+6
[ 2 marks ]

(ii) If 6 is small then, in comparison to the numberleand &% will

be negligible. If the term8 52 and 63 are “thrown away” what

remains is;
(1+0)° =143 0
[ 1 mark ]
(iii)

x> = 0.9x — 0.206 = 0

(1+06)°-09(1+6)—0206=0

1+30-09-09 -0206=0

216 - 0106 = 0O

2.16 = 0.106
o = 0.05
*. the root is 1.05 to 3 significant figures

[ 4 marks ]
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