4.3 Answers
A-Level Pure Mathematics: Year 2
Differential Equations|
4.3.1 Solution to Example

dm

o - M
This is a Type Two differential equation with theeplaced withm, and thex with t.
dm
— = -3m
dt
Invert both sides
a __ 1
dm 3m

Integrate both sides with respectiio

dt 1 1
amim =g [y

t = —iln|m|+c
3

As mass cannot be negative the modulus signs can be dropped

-3t =Inm- 3c
Inm= -3t + 3c
m = e—3t+3c
m = e 3t ¢
m= Ag ! is the general solution

Butm = 12 whent = 0, .. A = 12
m= 12¢ 3! is the particular solutian

That is, A

12, k = 3

[ 6 marks]



4.3.2 Solutionsto Exercise

Answer 1
dy _ &
dx vy
Type 3 : Separate the variables
dy 2X
— = ¢
Y dx
Integrate both sides with respectxo
dy o [.2x
J.y& dx = fe
2
[y ay=[e*
2o
— = —+C
2 2
v = €+ A is the general solution
Given thaty = 3 whenx = 0 = F=-1+A o A=28
v = € + 8 s the particular solution
[ 6 marks]
Answer 2
ﬂ + csc?3x = 0
dx
d
Yo — csc? 3x
dx
Type 1 : Integrate both sides with respeckto
Idydx:—f csc3x dx
_ L a2
f ldy = 3 '[3( CSC 3x) dx
1 . .
y = 3 cot 3x + ¢ is the general solution
Given thaty = 1 whenx = % =
1 1 4
1= +c=1=—+c¢C cC=—
3tan (%) - 3
1 4 . . .
y = 3 cot 3x + 3 is the particular solution

[ 6 marks]



Answer 3

: dP
— = KP
(i) @
5=K x50 ~ K=01
dP
— = 01P
dt
[ 2 marks]
- dP
— =01P
(ii) S
Type 2 : Invert both sides
da _ 10
P~ P

Integrate both sides with respectRo

—dP—j—dP

[ 1dt = 10 f — dpP
P
= 10In|P| + ¢
0.1t = InP + 0.1c P, population, is always positive

InP = 0.1t — 0.1c
P — e0.1t—0.lc

p = g0lt ;0lc

P = A isthe general solution
But P = 50 whent = 0, ... A= 50

P = 506>t s the particular solution

[ 6 marks]
(iii)  Whent = 24,P =551 rabbits.
[ 1mark ]
Answer 4
(a) 1 x[..] _ AX[..] N B x[...]
[P(5-P)] P 5-P

1=A(5-P)+B(P)

LetP=O:>A=%andIetP=5:>B=%

1 1/1 1

P(5-P) &5\P ©5_p
[ 3marks]



(b)

dpP 1
— = —P(5-P
dt 15 ( )
Type 2 : Invert both sides
£:15(;)
dpP P(5-P)
dt 1 (1 1
=15k o (£ )
P *5\PTE5_p
Integrate both sides with respecfto
io|F>:3ji+ L
dpP P 5-P
jldtzsji F—1 _ap
P 5-P
%tzln|P|—In|5—P|+K
1 : "
_Et =In(5-P)-In(P)-K Pis always positive
1 5-P
K- —tzln( )
3 P
K-1Lt 5-P
e 3 =
P
~1
eKe t:3—1
P
£_1+eK e 3
P
P 1
- _ —
5 1+eKe 3
P = % is the general solution
l+ce 3
ButP = 1whent =0, -.c=4
5
P = T
1+4e 3

(c)
_1
Ast = o, € 3t — OandsoP — 5

As Pis in thousands the populatior» 5000

[ 8 marks]

[ 1mark ]



Answer 5

(a) 1 3 1
4-x2  (2+x)(2-X)
1 x[..] _Ax[..] +B><[...]
[(2+Xx)(2-X)]  (2+X) (2 —X)
1=A(2-X)+B(2+X)
LetP:2togetB:%
1
Let P=-2 togetA:Z
1 1 1 1
f—zdx:—f( + )dx
4 — x 4 2+ X 2 —X
1
:Z(In|2+x|—ln|2—x|)+c
1 ‘2+x‘
4 2 — X
[ 4 marks]
(b)
dx 2
— = 10(4 -
" (4-x)
Type 2 : Invert both sides
a1
dx ~ 10(4 - x2)
Integrate both sides with respectxo
1 1
[1d=— 5 dx
10 Y 4 — x
1 2 + X c
t:—In—|+—
40 2 - X 10
As0O < x < 2 the modulus signs can be dropped
40t:In(2+X)+4c
2 — X
Aot _ A(2+Xx)
(2-X)
Asx = Owhent =0, A=1
e40t(2—x)=2+x
260t _ 2 = x4 x
) 2(ef0t _ 1)
(P04 1)

[ 6 marks]



1
(a) u=4-+vh @ u=4-h? (Alsovh = 4-u)
du 1 -1
—_— — _—h 2
dh 2
B 1
~ 2vh
_ 1
~ 2(4-u)
B 1
- 2(u-4)
1 1
J‘Wdh—"‘UZ(U—ll)du
u-4
=2 d
[ au
4
=2|1-—d
Ji-ga

= 2[u-4In|u|] +¢

= 2u - 8In|u| + ¢

= -8Inl[4-vh|+2(4-+vh)+c
= -8Inl[4a-+vh|+8-2vh +¢

= -8In[4-+h]|-2vh +k O

[ 6 marks]

(b) It's in the nature of a tree to increase in height so the rate of change of
height will need to always be positive.
dh

" T >0
t0.25(4_ \/F) S 0
20
The timet can never be negative so we require that,
(4-vh)>o0
-vh > -4
vh < 4
0 < h < 16metres

[ 2marks]



(c) Solving the differential equation,
dh 1925 (4-Vh)

dt 20
Separate the variables, keeping part (a) in mind,
1 dh 1 o025
4-+h dt 20

Integrate both sides with respectto

1 _ 1 o025
f4—x/ﬁdh_ 20jt dt
1 t1‘25
—8Inla-vh|-2Vh +k = — k
n| | T 515 T

12 = —200In|4 - V1 | - 50V N + ¢
Using the initial conditions, thdt = 1whent = 0,
0 =-200In3-50+ c
c = 200In3 + 50

. t+2% = —200In|4 - vh | - 504/h + 200In3 + 50

Whenh = 12, t2° = —200In|4 - V12 | - 50V 12 + 200In3 + 50
= 221280
-t = 75.2years

[ 7marks]
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