5.4 Answers

A-Level Pure Mathematics: Year 2
Differential Equations|

5.4.1 Solution to 5.2 The Coffee Stain example

(a)

(b)

(d)

(i) C=2ar (i) A= nar?
[ 2marks]

The question is asking foa?TCt: which is not immediately accessible.

., dC dC dC dr
Strategy : Flnd? and then used—t = o X o
C=2ar = —dC = 27
dr

dc _ dc  dr
dt  dr dt
27 x 0.04
0.251 mm st

[ 3marks]

dA _dA odr
dt dr dt
2ar x 0.04
27 X 8 x 0.04 whenr = 8 mm

2.01mmés?

[ 3marks]
The major assumption is that the radius is growing at a constant rate.
Each increase creates a concentric ring of the same width as previous rir
but with an ever greater area, requiring ever larger amounts of coffee to ¢
Compare the red area with the green in this diagram.

The modelling assumption may be realistic over a restricted time span, s
4<t< 8 seconds. Making the rate of increase in area the constant may b
a more realistic modelling assumption or the rate of increase of radius
inversely proportional to the radius better still.

[ 3marks]



5.4.2 Solutionsto 5.3 Exercise

Answer 1

av

dL

Also, L = %/V and sowheriv = 800Q L = %/ 8000 = 20mm
dL dL dv

(i) v=L>= = 317

at - av  dt
1

= — X 2700
3L
1
= ———— X 2700
3 x 207
= 2.25mm ht
Note that this rate is not constant, it's only the rate whei8000 mrd
[ 4 marks]
(i) Told to assume the volume melting is constant at 2708 pemhour
0 = 8000 - 2700t
t = 2963
t = 2 hours and 58 minutes
[ 1mark ]
Answer 2
(1) Let A be the cross sectional area (a circle of ragium which case,
A= = % = 271X
ax
dx dx dA
Furth — = — X ——
urthermore pm A X pm
= 1 x 0.032
27X
= 1 x 0.032
21 x 3
= 0.00170cm st
[ 4 marks]

(i) LetV be volume of rod (a cylinder, radiyslength 1.%), in which case,
V = 75 x 15x = 157x° = ?j—\; = 457 %

avodx

dx dt

457 x 3% x 0.00170
0.216cm3st

Furthermore,d—v
dt

[ 4 marks]



Answer 3
Assembling the pieces...

V o= %nhz(QO— h)

_ 30k - okl
3
dv dv

Hvo_ _ 2 dvo_ 1
p 607zh — 7 h Told pm 180cmis

dh dh o dv
dt dv dt

1
= —— %x 180
607h — 7h?
= ! x 180 whenh = 15cm
607 x 15— 715
= 0.085cm st
[ 5marks]
Answer 4
4 \Y \
(a) V = Enrs = ?j_r = 471>  Told (?j_t = 3cmist
dr_drodv
dt  dv dt
1
= 3
4o 12 %
-1 43
4y x 42
= 0.0149cm st
[ 4 marks]
(b) S=drr®= % = &rr
ds _ ds  dr
dt  dr dt
= 8xr x 0.0149
= 8t x 4 x 0.0149
= 1.500cn¥st?

[ 2marks]



Answer 5

1 _1
(i) v=(rPs+16)?-a= N 16, 16) Z6r°
dh 2
1
Vv h8 + 16
dv 3x 2°
Whenh = 2, =
dh 26+ 16
__9% V5
-~ 4V5 T 5
= 24? m3ht (= 10.73m3h?)
[ 3marks]
(ii)  Told that(jj—\: = 8gm3hl
dh  dh _ dv
dt  dv dt
5
= 2ays *®
_ V5
-3
= 0.75m st
[ 3marks]
Answer 6
V = iazr?’ = v 4rr®  Told — = 10cmBst
3 dr
S= 42 = B _ gy
dr
Also r = \/i sowhenS = 327, r = 3o V8 = 2V2
47 47
ds _ ds dv _ dr
dt — dr dt dv
~ gar x 10X ——
4ar
_ 20
o
_ 2 V2
2V 2 V2
= 5v/2 cmPst (= 7.07cnRsY)

[ 5marks]



V_x3:>0|—V:3x2
dx

s- 6 = IS -1
dx

Told that % = 0.45cn?¥s!?

dv _dv dx dS
dt  dx ds dt

352 x —1_ x 045
12X

0.112%

When x = 8§, C(Ij—\t/ = 0.9cm3s?

[ 5marks]
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