6.4 Answers
A-Level PureMathematics: Year 2
Differential Equations|
6.4.1 Solution to 6.2 Will The Sink Overflow ?

. .
—— = ratein — rateout
dt
Y
?j—t — 3025/ Type Two
dt 1

dv 3 -0.25
Integrate both sides with respecMo

1
[y J L g
dv 3 - 0.25V
1 1
1dt = ————— | (=02 ———dv
J (— 025 J 029 x 35
1
t+c = In|3 — 0.25V |
(- 0.25)
-0.25% - 0.25 = In|3 - 0.25V |
|3 - 0.25v| = ¢ 025t g 025¢
- Be 2% forBe R, B>0
3 - 025/ = Cce 0% for C e R

025/ = 3 — Ce 025t

V =12- Ae 2% forA e R isthe general solution

e 0.25t

AsSt — oo — 0 and soV — 12litres.

As the sink has a capacity of only 11 litres, it will overflow.
[ 8 marks]



6.4.2 Solutionsto 6.3 Exercise

Answer 1
(a) Volume of water is given byy = 3 x 8 x h

dv
V=2h=— =24
~ Tdh
dv .
—— = ratein — rateout
dt
= 0.48 — 0.1h
dn _ dh  av
dt ~ dv dt
1
= 27 % (0.48 — 0.1h)
Multiply both sides by 1200
1200% = 50(0.48 — 0.1h)
120090 = 24 _ 5 O
dt

[ 4 marks]
(b) Type 2, so invert both sides and integrate with respdtct to
1 dt 1
—— | —dh = | —————dh
1200 ’ dh f 24 — 5h

1 1 1
1200jlcjlt = (_E)I (=9 x o5, dn

t 1
—— = [-=|In|24 - 5h

1200 (5)”| i+ o
—2+40=In|24—5h|+cz

__t

e 290 = B|24-5h| forBe R, B> 0

__t

e 240 = A(24-5h) forAe R

This is a good moment to use the fact that 2 whent = 0
1 =A(24-10)

Al L
14
__t
14e 240 = 24 — 5h
n_24 14t
5 5

_ L
h=48-28e 2%

[ 6 marks]



_t
(c) Ast - «, e 220 —» 0 and soh — 4.8 metres (from below)

As the tank is 5 metres high, it can never become full.

[ 2marks]
Answer 2
dh 1 1
(a) E:k(h—Q)2 = —-11=k(130-9)2 . k=-01
[ 2marks]
dh 1
b — = -01(h-9)2
(b) " (h—-9)
Type 2, so invert both sides then integrate both sides with resgect to
9 h = —10 [(h=9)2dn
dh
1
t=-10x2x(h-9)2 +¢
t=-20vh-9 +c General Solution
Told that whent = 0, h = 200
0=-20x+v191 +c
c =20V 191
t=-20vh -9 + 20V 191 Particular Solution
So, wherh = 50,

t =-20Vv41 + 20V 191

= 14834 minutes
[ 6 marks]



Answer 3
(a) Various methods are possible; here's the pedantic way of getting it...

dx
== -k
dt
Invert both sides and integrate both sides with respect to
dt 1
- = — |1
Ix dx ” f dx
t=>+c
ok
Butwhent = 0, x = 0 c=0
(X
Tk
Butwhent = 2, x = 15 ...k = 0.75
4x
t = —
3
[ 2marks]
(b) t = 4hours
[ 1 mark ]
(c) Type 2, invert, then integrate both sides with respext to
a7
dt  (2x+ 1)
dt 1
&dx: 7f2x+1dx
t = %(x2 + x) +C General Solution
We know thatt = 0 whenx =0 ... ¢c =0
2
t = X ;X Particular Solution
[ 3marks]
(d) Use the fact that wheh=2, x=1.5
2
P 15+ 15
2
_ 15
- 8
[ 1mark ]
8(3% +3
(e) t= 8(&+3) 1; ) = 6.4hours

Time is thus 10:24 pm (= 22:24)
[ 2marks]



Answer 4

(a) The question tells us th&(t;TS = 8cn¥s!?

For a cube with edge length S = 6x° = % = 12x

dx dx ds

dt ~ ds " dt
1
= Tox x 8
-2 k=2 1
3x 3
[ 4 marks]
1
(b) Also,V = X = ‘i—\; = 3x% andx = V3
v _odvodx
dt ~ dx ~ dt
= 35 x i
3x
= 2X
1
=2V:3 O
[ 4 marks]
(c) Type 2, invert both sides and integrate both sides with resp¥éct to
dt 1 -1
—dV = = [V Zav
av &V =3 [V
SV%
t = 2 +C The general solution
Using the fact thav = 8 whent = 0 givesc = -3
2
3
t = 3\4{ -3 The particular solution
3
WhenV = 16v2 = (2V2)
(= 3x8 _3
4
= 3seconds

[ 7marks]



Answer 5

o (3-9)
(a) at = 125
L 49 _ 4008
3-0 di

Integrate both sides with respectto

(- 1) j % do = j 0.008dt

~In|3 -6
In|3 -6
|3-06

| = 0.00& + ¢
| = —0.00& - ¢

| = Bg 0008t forBe R, B> 0

3-0 = De_O'OOSt_C forD € R

0 =-De

—0.008t 43

6 = Ae_o'008t +3 forAe R

(b) Whent =0, § = 16°C

16 =
A =

When 6 = 10°C,

10 =

. 0.008t

—0.008t

t

Ae—0.008x0 L3

16 - 3
13
136—0.008'[ 43

| %)

77 minutes

O
[ 4 marks]

[ 5marks]



Answer 6
4 3 dv 2

(a) VIETEI’ :>W=4.7'[r

[ 1mark ]
dr_dr o odv
dt dv dt
1 9000z
4t r2 X
(t+81)
2250

r2(t + 81)

(b)

5
Y3

5
yi

[ 2marks]
(c) Separate the variables...
2 dr
dt
And integrate both sides with respect.to

frzdr
3

-
3
r3 = —27000(t + 81)

We're told that wheh=0,r = 3,
27000

/81
k = 9027

5
7

= 2250(t + 81)°

_5
2250j(t +81) 4 dt

N

+ C

2250 x il(t +81)

1
4 4+ k

27 = — + k

_1
r= %/9027— 27000(t + 81) 4
[ 6 marks]
(d) Whent = 175 in the part (c) formula,= 13.2 cm
[ 1mark ]
(e) Whent = 175 in the part (b) formula,

dr 2250

dt  1322(175+ 81)
= 0.0126 (0.0127if more accurate used)

5
4

[ 2marks]
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