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A-Leve Pure Mathematics

Year 1, Year 2 Revision
Grade Grabber 1

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 34
Question 1
Given that

k
Y (Tm+3) = 777
m=1

determine the value of the integer constant

[ 4 marks]

Question 2
Sid claims that it's always true that

X < (x+1)2

Exhibit a counter-example that shows Sid's claim is not true

[ 2marks]



Question 3
The equation

5x° + k = 3 + 7
has two distinct real roots.
Find the range of possible values kor

[ 4 marks]
Question 4
A circle of radiug cm is divided by two radii into two sectors.
The smaller sector has perimeterr @24 ) cm and the larger sector has area 12 crr
Calculate the value arcorrect to 3 decimal places.

[ 6 marks]



Question 5

: : . . 1 N
(1) Use the binomial theorem to erte(l—x)3 as a polynomial, in

ascending powers af up to and including the term it

[ 4 marks]

(i) By spotting a connection with the triangular numbers, state the coefficien

in the expansion of®

[ 2marks]

Question 6
Given that

fo)=e*-1, xelR

find f_l(x) and state its domain

[ 4 marks]



Question 7

With respect to a fixed origi®, the pointsA andB have coordinates-(4, 0)

and (12, 12) respectively.

The mid-point ofAB is M.

Find an equation of the line in the plane of the coordinate@x@sdOy which
passes throughl and is perpendicular #B.

Hence, or otherwise, find, in cartesian form, an equation of the circle which passe
throughO, A andB.

[ 8 marks]
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A-Leve Pure Mathematics
Year 1, Year 2 Revision
Grade Grabber 1 Solutions

Answer 1

k
Y (Tm+3) = 777
m=1

10+ 17+ 24+ ...+ (7k+ 3) = 777

The sequence is is Arithmetic Progresseors; 10, d = 7, n = k

um = %{2a+ (n - 1)d}

7

g{zo + k=17

20k + 7k% — 7k = 1554
7K + 1% — 1554 = 0
~13+ /12 - 4 x 7 x (- 1554

k =
2x7
=14 or - 111
Z
k=14
[ 4 marks]
Answer 2
letx = -1 : Thenx® = 1 and (X + 1)2 =0
This makes the given statement FalSe
In fact, any x < —0.5 makes the given statement false
[ 2marks]

Answer 3
5x% + K = 3X + 7
52 -3 +k—-7=0
To have two distinct real roots the Discriminant must be positive
D>0
b® - dac > 0
(-3% - 4x5x(k=7)>0
9-20k + 140> 0
20k < 149

k < 745
[ 4marks]



Answer 4
ArcLength : r6 = 4

1
Sector Area ErZ(Zn—e) =12

Combining by substitution yields %rz (Zn — é) =12

a2 - 2r —12=0

o 2= J 22 - 4 (-12)

27
r = 2298 or - 1.662
o= 2298cm
[ 6 marks]
Answer 5
(1) The binomial theorem states;
(L+x)" =1+ nx+ nn-1 e, n=HM=2) 5,
2! 3!
...with n = —3 and x replaced with(- x) yields..
_ -3) (-4 -3)(-4H(-5
(102 = 14 (9x + LAY (g2, CICHEY
=1+ 3+ 6x+ 10X + .. valid for |x| <1
[ 4 marks]

(1) The coefficients are the triangular numbers....
(1-x)°
= 143+ 6xX + 10X + 15x* + 21x° + 28x% + 36%x + 45x8 + ..

.. Coefficient of x8 is 45

[ 2marks]
Answer 6
y = e5x _1
x=¢eY-1 swapping input and output
Xx+1=¢”
In(x + 1) = 5y
1
= —Inx+ 1
5 ( )
-1 1 :
f (x):gln(x+1) X e R, x> -1 « Domian

[ 4 marks]



Answer 7

-4+ 12 12
M:( + 0+

2 ’ 2
= (4.6)
oo__12-0
AB T 12— (-4
3
T4
) 4
--rinERP—_E

ABwill have a perpendicular bisector with an equation of the fgrea mx + ¢

4
6=-—x4+cC
3

Strategy

The strategy is now to repeat the above process.

Pick two more points on the circumference of the circle, then get the perpendicul:
bisector of the line segment between those two points.

The centre of the circle is then where the two different perpendicular bisectors
intersect.

Incidently, this is how you would physically do the question with a straight edge
pencil and compass !

There is a clever way of getting tkeoordinate of the circle's centre using the fact
that the circumference passes through b&th4, 0) andO( 0, 0) both on the
x-axis, so the perpendicular bisector of the line segment between those two point
will be the vertical line with equatior = — 2.

As the circle centre must be somewhere on that perpendicular bisector the circle
centre hag=—-2

To find wherex = —2 andy = —%x + % intersect
4 34
= — —(=2)y+ =
y 3 (-2) + 3

y =14



Here is a diagram of the situation,

200

Use Pythagoras' Theorem to get the radjug: 2)2 + 142

The equation of the circle is thusx + 2)2 + (y - 14)2 = 200

[ 8marks]
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A-Level Pure Mathematics
Year 1, Year 2 Revision

Grade Grabber 2

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 26

Question 1
A geometric series has first teran 20 and common rati@os 26

where0<0<%

Show that the sum to infinity of this seriesadst 0

[ 4 marks]



Question 2
Consider the equation;

13sin6® + 8cosh =11 0 < 6 < %

This question is about solving this equation in two different waysappeoximate,
the other exact.

(a) You are reminded that éf is small and measured in radians,
o sno ~ 0 o
2
0
e (C0SO ~1- — o
2
e tanf =~ 6 o
Use the small angle approximations to show that;

46°-139 +3 =10
and hence find a valid approximate solutions to

13sin6 + 8cosf® = 11 0 < 6 < %

[ 4 marks]



(b) Assume that

T

2
Determine the value of and the value dR and hence solve

13snf + 8coséd = Rsn (6 + «) 0 < ac<

13snf + 8cosf = 11 0< 0 < el

[ 4 marks]



Question 3

The graph shows a plot of the curve with equation

4
- " xeR
Y= &1 €

The area of a finite region, bounded by the curvey{tes, thex-axis,
and the line with equatiox= 0.5 is of interest.
(1) On the diagram, shade in the area of interest.

[ 1mark ]

(i) Use the substitutiom = € to show that the area of interest
can be given by

b 2
[f—2
a u(u+1)
wherea andb are constants to be found



[ 3marks]

(iii)  Hence use algebraic integration to show that the exact area
of the region of interest is
2

Area — In( 2e )

e+ 1

[ 5marks]



Question 4

One root of the following equation is 2;
C+k<+4=0

(1) Find the value ok

[ 1mark ]

(i) Find the exact values of the other two roots.

[ 4 marks]
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A-Leve Pure Mathematics
Year 1, Year 2 Revision
Grade Grabber 2 Solutions

Answer 1
For a geometric progression

a
1-r

sin 260
1 - cos26

28n6 coso

cos? O + sin?h — (cos26 — sin26)
2sin6 coso

2sin?6
coso
sne
cot ]

aUm, =

[ 4 marks]



Answer 2

(a)
13sin6 + 8cosH = 11
92
139 + 8|1 - 7) = 11  using small angle aooroximations
130 + 8 — 40% = 11
460°-139 +3 =10 O
(40 —1)(6-3) =0
s 0 e {025 3}
The angle of 3 radians is too large to be a small angle approximation
and so is rejected leaving = 0.25 radians as the only solution.
[ 4 marks]
(b)

Rsn (6 + a) = Rsinfcosa + Rcosf sina

Comparison with13sin@ + 8cos#6 yields

Rsina 8
Rcosa 13
o = arctan(i)
B 13
a = 05517
R=+8+ 1%
= 15264

Thus,
13sin® + 8cosfd = 11

15.264sin (6 + 0.5517) = 11
sin (0 + 0.5517) = 0.7206
0 + 0.5517 = arcsin0.7206
0 + 0.5517 = 0.8047
0 = 0.253

Notice that the small angle approximations did a good job and got the
correct answer to two decimal places.
[ 4 marks]



[ Lmark ]

Answer 3
)

(

whenx = 0, u =1

imits:

Change |

whenx = 05 u = e

du

1u+1 2u

du

lu(u+1)

[ 3marks]



(i) By partial fractions
2 é+ B
u(u+1) u u+1
2=A(u+1)+Bu

A=2andB = -2

e
=[2Inu-2In(u+1)]
1

use the rule of logs here to avoid a 2 becoming isolated

:[Zln(uil)}:

Il
| —
—_—
[
+ |
H
~—

N

L 1
= (0]

Il
S
—_—

)
+|o
=
S—
|
=]
—_—
ok N[

I
—_
N
@D
~—~——
O

[ 5marks]



Answer 4
(1) As 2 is a root, replacingwith 2 will make the equation true (by the
factor theorem)

Il
o

2% + k@) + 4
8+2k+4=0
k=-6
(ii)
X2 + 2x — 2
X — 2| x3 + 0x2 — 6x + 4

x3 — 2x2
+ 2x2 — 6X
+ 2x2 — 4
- X + 4
- 22X + 4
0

XX~ Bx + 4 = (x—2)(x2+2x—2)
for the quadratic factar

—2+22-4x1x (-2
2x1

X=-1++3

[ 4 marks]
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A-L evel Pure Mathematics

Year 1, Year 2 Revision
Grade Grabber 3

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30

Question 1

The graph is of the curvg = 4xIn x. and the vertical linex= e
Find the exact area bounded by the curvextaris, and the linex=1 andx=e

[ 6 marks]



Question 2

Prove that
— 1
Z in 1 2
n=0 - X
[ 4marks]
Question 3
A curve has parametric equations
X=7- 3 y=8+1
4t
Show that the Cartesian equation of the curve can be expressed in the form
S
y = b - x

wherea, b andc are constants to be found

[ 7marks]



Question 4

The flowchart describes a functidn

X—>

+1

—»

Reciprocal

—

4/

—>

+1

L f(x)

(1) Show that the function described can be written as

(ii)  Use algebraic manipulation to firfd™* (x)

X #

-1

[ 3marks]

[ 4 marks]



The task now is to use the flowchartfad obtain your part (ii) answer.

X—p| +1

—>

Reciprocal

—>

+1-

—

+1

L f(x)

(iii)  Explain your strategy, drawing an appropriately modified flowchart,

and so verify your pafii) answer from this alternative method.

[ 6 marks]
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A-L evel Pure Mathematics
Year 1, Year 2 Revision
Grade Grabber 3 Solutions

Answer 1
Ar e4I d
ea—J.l X In(x) dx
4 eI d
= -[1 n(x) x dx
L I D I
r 2 e 2}
X 1 X
=4 |n(X)7—J‘l;X7
2 e
=4 x“Ine 1 xdx}
L 2 2 J1
2 2 e
_ 4 x“Inx _x_}
L 2 4 1,
e
= [2x2Inx— x2]
1
— (26 -€°]1-[0-1]
:e2+1
[ 6 marks]
Answer 2

D =0 8+
n=0

This is a geometric progression with initial term 1 and commonxatio

The sum to infinity when® < 1 exists and is given by
a
1-r
1
1 - x2

UM, =

[ 4 marks]



Answer 3

y=8+1
y-1=28t
y-1
t= 2 —
8
o 3
Substitution into X = 7_Tt
: 3x8
gives X =7 —
4y-1)
24
X = _
4(y-1)
X=7- 6
y-1
6,
y_
y-1 1
6  7-X
6
-1 =
Y 7 — X
6
= +1
y 7 —X
_ 6 7 - X
y 7 — X 7 - X
13- x
= X#7
7 —X
So,a=13, b=7 andc=7
[ 7marks]
Answer 4
(i) Moving through the flowchart, left to right...
1 1
X=>Xx+1= = - = — +1
Xx+1 X+ 1 X+1
Now, - 1 -1  x+1
X+ 1 X+ 1 X+ 1
X
= X#-1 O
X+1

[ 3marks]



(i)

f = -1
® X+ 1 X
X
Y= X+ 1
y o
= t and output
X v+ 1 swapping input and outpu
x(y+1) =y
Xy+Xx=y
y-Xxy =X
y(l-x) = X
X
Y=7-x
-1 X
f = 1
(X) T X #
[ 4 marks]
(iii)
Reversing the flow through the flowchart...
-1
f (X)<— -1 [«—|Reciprocalj€—| +/- [€¢—| -1 |€&— X
x:x—l:—(x—l):;:;—l
-(x-1) -(x-1)
Now, ;—1= 1 -1
—(x-1) 1-x
1 1-x
C1-x  1-x
o 1-(1-x)
B 1-x
X
o 1-x
And so we have again that,
-1
f = 1
(X) 1 x X #
[ 6 marks]
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A-Leve Pure Mathematics

Year 1, Year 2 Revision
Grade Grabber 4

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30

Question 1
(1) Show that
COS X 1-snx Nz
- + = ksecx X% —, Nel
1-39nx COS X 2

wherek is a constant to be found

[ 4 marks]

(i) Hence explain why the equation
COS X 1-snx

- + = 0.8
1 - 9nx COS X

has no real solutions

[ 2marks]



Question 2
A curve has parametric equations= 6sint y = 5cos2t

Find the Cartesian equation of the curve in the fgrm ax’ + bx + ¢
wherea, b andc are real number constants.

[ 4 marks]

Question 3
The functionf is defined by

6X

= >
f (x) <13 xeR, x>0
Show that
4x
ff =
* 2X + 1

[ 4 marks]



Question 4

The gradient of a curve at any poirty) on the curve is directly proportional
to the product ok andy. The curve passes through the point (1, 1) and at this
point the gradient of the curve is 4.

Form a differential equation xandy and solve this equation to exprgsa
terms ofx

[ 8 marks]



Question 5

y = tanx sect®x

This question is about finding the integralyah two different ways.

(1) Use the fact that
_[ydx = f (secx tanx) (secx)15 dx

and “the chain rule backwards” to determine an algebraic answer for
the integration

[ 4 marks]

(i) Show that
fydx = (—1)f (—sinx) (cosx)_17 dx

and hence, by means of “the chain rule backwards”, determine an
algebraic answer for the integration. Manipulate your anwers to
show that it is the same as that obtained in (Dart

[ 4 marks]
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A-Leve Pure Mathematics
Year 1, Year 2 Revision
Grade Grabber 4 Solutions

Answer 1

CcosX 1-snx  cos?X + (1 - sinx)?

(i) . -

1 - snx COS X (1 - sinx) cosx

CoZX + 1 — 28inX + sin?x

(1 - 8inx) cosx
2 —2snx
(1 - sinx) cosx
2(1-snx)
(1 - sinx) cosx

= 2%eCX O

Thatis,k = 2
[ 4marks]
COS X 1-sinx

- + 0.8
1 - 9nx COS X

(i)

0.8
COS X 1
2 08
cosx = 2.5

This has no solutions as the maximum value of the cosine curve is 1
[ 2marks]

2 SeCc X

Answer 2
y = 5cos2t

5 (coszt - sin2t)

50052t - 55in2t

501 - sinzt) _ 5sn’t

5— 10sint

10x2

62

B 1Ox2
36

:—ix2+5 Thatis.,a:—i b=0andc =5

18 18’

= 5_

=5

[ 4 marks]



Answer 3

£ (%) f( o )
2X + 3
_ 6 (3x3)
2(p0r3) +3
36x
12x + 3(2x + 3)
36x
18x + 9
36X
9(2x + 1)
4x
2X + 1

[ 4 marks]
Answer 4
dy
-2 - K
dx Xy

dy
when x y an ™

4=Kx1x1l=K-=4
dy

dx
separate the variables

1 dy

y dx

= 4X

integrate both sides with respecito

J‘%dy=_|‘4xdx

Iny = 25% + ¢

y = er2+c
_ e2xzec
- A?®
but x =1 wheny=1= 1= Aé® > A=¢ 2
y = (_:‘—2€2x2
2x2-2

y=¢€
[ 8marks]



Answer 5
(1)

16x dx

—_—
<
o
X
Il

ftanx sec

15

=ftanxsecxsec X dx

f (secxtanx) (s;ecx)15 dx

SEClGX

= ——+¢C
16

[ 4marks]

(i)

16x dx

—
<
o
P
Il

jtanxsec

dx

J' sinx y 1
COSX cosl6x

(- 1) f (—sinx) (cosx)” %7 dx

16
_ e S5 X
-16

1

— +cC
16 cosl6 x

sec16 X

= ——+c¢C
16

[ 4 marks]
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A-L evel Pure Mathematics

Year 1, Year 2 Revision
Grade Grabber 5

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
The gradient of a curve at any poing {/ ) on the curve is inversely proportional
to the product ok andy. The curve passes through the point ( 1, 1 ) and at this
point the gradient of the curve is 7.

Form a differential equation xandy and solve this equation to expg%skn
terms ofx

[ 7marks]



Question 2
Relative to a fixed origii®, the pointd? andQ are such that

N 7 N 11
OP =112 oQ =| 2
-1 a
wherep is a constant, and the poilRandS are such that
QR = | -16 PS = (| -11
12 16

(1) Find the position vector of the poist

[ 2marks]
(ii)  FindOR in term ofa

[ 2marks]
(iii) FindSR in term ofa

[ 2marks]
(iv) FindPQ in term ofa

[ 2marks]

(v) Given that Ris parallel td?Q, find the value o&

[ 3marks]



Question 3
Two trigonometry identities involving;os2 0 andsin® 0 are;

cos§ + sn‘ o = p

cos’§ — snf 6 = q
wherep is a constant anglis a trigonometric function ié

(1) Write out the two identities with andq replaced appropriately

[ 2marks]

(i) Treating the two identities as simultaneous equations, combine them

by addition to obtain an expression fws’ 0

[ 2mark ]

(1)  Hence, or otherwise, evaluate
jz cos? 6 do

[ 3marks]



Question 4
Given that

X = —3coty - — <Y< —

show that

dy __a
dx x2+b

where a andb are integer constants to be found

[ 5marks]
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A-L evel Pure Mathematics
Year 1, Year 2 Revision
Grade Grabber 5 Solutions

Answer 1
dy K
o xy
when x = 1, y = 1andﬂ =7
dx
7 K
1x1
K=7
dy _ 7
dx Xy
separate the variables
dy _ 7
dx X

integrate both sides with respecito

'fydy:YJ‘%dx

7In|x| + ¢

V> = 14In|x| + A
but x =1 wheny =1
1=14In1+ A

LA=1

v = 14In|x| + 1
[ 7marks]



Answer 2

(i)

(i)

(iii )

(iv)

(v)

—> —> —>
OS = OP + PS
7

=112
-1

8
=11
15

OR = 0Q + QR

11
=2
a

+

—+

14
= -14
a+ 12

— —>

O + OR

-8
= -1
~15

6
=| —-15
a-3

Bl

+

PQ=P_(>)+_OB

~7
=|-12
1

4
= -10
1+ a

+

—>

R = 15P0

~a—-3=15(1+ a)

a-3=15+ 15a

a=-9

3
-16
12

1
-11
16

14
-14
a+ 12

11
2
a

|

|

|

[ 2marks]

[ 2marks]

[ 2marks]

[ 2marks]

[ 3marks]



Answer 3

(i)

(ii)
(i)
Answer 4

00520 + sin26 =1

cosze—sinzf) = C0S20
[ 2marks]
2c0329 = 1 + cos20
1 1
00326 = — + — cos260
2 2
[ 2marks]
f cosze do = j%i i cos 20 do
02 2
[i S|n2¢9 ]%
2
0
_ T
4
[ 3marks]
X = —3coty
dx 2
— = 3csC
dy y
= 3(cot2y+ 1)
2
X
(e
3
2
X 9
= 3(—+—
9 9
3 (.2
= —(xX+9
3 (o)
3 X2 +9
3
d _ 3
dx X2+ 9
Thusa = 3andb = 9
[ 5marks]
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