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Lesson 1

A-Level Applied Mathematics
M echanics: Moments: Year 2

1.1 The Moment Of A Force

In Mechanics we often assume that the forces under consideration act upon ¢
point which is typically described as being a patrticle.
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However, in the physical world forces act on “lumps of stuff”.
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This can result in a “lump of stuff” rotating.

In this course we are primarily concerned with either preventing such rotation or
in using the fact that an object is not rotating to deduce information about some
of the forces applying.

The “lumps of stuff” are calledigid bodiesand the turning effect of a force
about a pivot is termed moment If an object is described as being in
equilibrium then the overall turning effect upon it must be zero. We say that “the
sum of the moments is zero” or equivalently that “the sum of the clockwise
moments must equal the sum of the anti-clockwise moments” (about any given
pivot).

A see-saw makes use of moments and, in particular, the fact that a lighter
person, a child, can approximately balance a heavier person, its mother, if the
lighter person is further away from the pivot that the heavier person.
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The sea-saw makes it clear that moments depend upon two factors;
(1) The magnitude of the force applied
(i) The distance of that force from the pivot

The mathematical relationship is as simple as could be hoped for;

moment = forceapgdied x distancefrom pivot




1.2 Example

Robert and George are trying to push in opposite directions through a door.
Robert applies a force of 50 N at a distance of 0.6 m from the door's hinge.
George applies a force of 70 N at a distance of 0.4 m from the door's hinge.

A bird's eye view from above the door is shown.

50

Rober

0.4

George
70

Who will win this pushing battle ?
Justify your answer.
Teaching video http://NumberWonder.co.uk/Video/v9069(1a).mp4



http://NumberWonder.co.uk/Video/v9069(1a).mp4

1.3 Example

A lever consists of a uniform steel r&@ of mass 6 kg and length 3 m, which

rests on a small smooth pivot at a p@ntA load of mass 8 kg is suspended from
the end B of the rod by a light rope. The lever is held in equilibrium in a horizonta
position by a vertical force applied at elidas shown in the diagram.

Given thatBC = 0.75 m find the magnitude of the forég, applied aiA.

< 3m >

Teaching Video http://www.NumberWonder.co.uk/Video/v9069(1b).mp4



http://www.NumberWonder.co.uk/Video/v9069(1b).mp4

1.4 Exercise

Question 1

Emma, Lucy and Lucy's friend Tracy (who's not very bright) are trying to push in
opposite directions through a door.

Emma applies a force of 70 N at a distance of 0.8 m from the door's hinge.

Lucy applies a force of 60 N at a distance of 0.7 m from the door's hinge assistec
by Tracy who applies a force of 50 N at a distance of 0 m from the door's hinge.

A bird's eye view from above the door is shown.

70

Emma

0.8

Tracy Lucy

50 60

(1) Who will win this pushing battle, Emma or Lucy & Tracy ?
Justify your answer.

(i) If Emma and Lucy push as before, where would Tracy have to push in
order for the door to be in equilibrium ?



Question 2

A lever consists of a uniform steel r&@ of mass 7 kg and length 4 m, which

rests on a small smooth pivot at a p@ntA load of mass 12 kg is suspended from
the end B of the rod by a light rope. The lever is held in equilibrium in a horizonta
position by a vertical force applied at elidas shown in the diagram.

Given thatBC = 1.25 m find the magnitude of the forég, applied afA.

v

“ 4m
F\



Question 3

A large Christmas decoration is made from a uniform Ad&J,of mass 3 kg and
length 3.5 metres.

It is suspended & where lengthAC is 1.5 metres.

Cut out stars hang from the rod each of rmasBour stars af\, one fromC and
two fromB.

Given that the decoration is in equilibrium, calculate the mass of arstar,

< 3.5

v
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A C B




Question 4
A-Level Examination Question from January 2004, M1, Q2

< 2m >

A B

A lever consists of a uniform steel réd, of weight 100 N and length 2 m,
which rests on a small smooth pivot at a p&irdf the rod. A load of weight
2200 N is suspended from the ddf the rod by a rope. The lever is held in
equilibrium in a horizontal position by a vertical force applied at thefend
as shown. The rope is modelled as a light string.

Given thaBC = 0.2 m,

(a) find the magnitude of the force appliedfat

[ 4 marks]

The position of the pivot is changed so that the rod remains in equilibrium
when the force aA has magnitude 120 N.

(b) Find, the the nearest cm, the new distance of the pivotBiom

[ 5marks]
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1.5 Answers

A-Level Applied Mathematics
Mechanics: Moments: Year 2

1.5.1 Solution to 1.2 Example

0.6 x 50 Momentgeorge = 0.4 x 70
30Nm 28 Nm

Momentrogerr

- As 30 > 28, Robert wins the pushing battle

1.5.2 Solution to 1.3 Example

To begin with questions involving moments will feature a single long, straight bea
It might be made out of wood, metal or plastic and may be described as a rod,

a plank, a pipe or a pole, for example.

It will be assumed that it does not bend or break under load.

A key idea, used repeatedly, is that when the beam is describadam all

of its mass can be considered to act half way along its length.

In this question you could think of the uniform steel rod as being a see-saw, with
its pivot atC, offset from the centre by 0.75.m

< 3m

v

6 x9.8

8 x 9.¢

Take moments abo@
6 x 98 x 075+ Fy x 225 = 8 x 9.8 x 0.75

441 + 2.25F, = 588
147

Fp = —o

AT 225

6.53N



1.5.3 Solutionsto 1.4 Exercise

Answer 1
(1) Emma wins because,

Momentgyma > Moment, ycy + Momenttracy
0.7x 70 > 08 x 60+ 50x 0
49 > 48

(i) Let x be the distance from the pivot at which Tracy applies her force,
0.7 x 70 = 0.8 x 60 + 50 x x

49 = 48 + 50x
50x = 1
X = 0.02metres

i.e 2cm in from the pivot (Hinge)

Answer 2

7 x98

12 x 9.¢

Take moments abo@
12x 98 x 1.25=7%x 98 x 0.75+ Fy x 2.75

147 = 5145 + 2.75F,

9555
2.75

347N

FA:



Answer 3

4mx 9.8 3x9.8 2mx 9.¢

Take moments abo@
The star hanging fror@ can be ignored as it is 0 m frddn
The force in the string attached@tan be ignored for the same reason

Imx 98 x 15 =3x98x 025+ 2m x 9.8 x 2.0

588m = 7.35 + 39.2m
196m = 7.35
7.35
m= ——
196
= 0.375kg

Answer 4

(a)

100 2200

Take moments abo@
The force acting on the pivot @tcan be ignored as it is 0 m fran

2200x 0.2 = 100 x 0.8 + Fo x 1.8

440 = 80 + 1.8F,

360
18

200N

FA:



(b)

100 2200

Let D be the new location of the pivot at a distarndem B,
2200x x = 100(1 - x) + 120(2 - x)

2200k = 100 — 10k + 240 — 12
242k = 340
340
X = ——
2420
= 0.14metres
i.e. 14 cm
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Lesson 2
A-Level Applied Mathematics
Mechanics: Moments: Year 2

2.1 Equilibrium

When a rigid body is in equilibrium, the resultant force in any direction is zero anc
the resultant moment about any point is zero.

In practice, these two general facts are typically is applied as the more specific;

O The sum of the forces 'up' must balance the sum of the forces 'down’
O The sum of the moments anticlockwise about any pivot equal those clock
2.2 Example

An M1 Examination Question from June 2005, Q6

3m >

A C B

A A

A uniform beamAB has mass 12 kg and length 3 m.

The beam rests in equilibrium in a horizontal position, resting on two smooth sup
One support is at erd the other at a poir@ on the beam, whe®@C =1 m.

The beam is modelled as a uniform rod.

(a) Find the reaction on the beamGat
Teaching video http://www.NumberWonder.co.uk/Video/v9069(2a).mp4

[ 3marks]


http://www.NumberWonder.co.uk/Video/v9069(2a).mp4

A woman of mass 48 kg stands on the beam at the Point
The beam remains in equilibrium.
The reactions on the beamfaandC are now equal.

(b) Find the distancAD
Teaching Video http://www.NumberWonder.co.uk/Video/v9069(2b).mp4

[ 7marks]


http://www.NumberWonder.co.uk/Video/v9069(2b).mp4

2.3 Exercise

Question 1

A uniform plank of woodAB of length 5 m and mass 30 kg is used to form

a bridge across a stream in a forest. The plank of wood rests on two rocks,
C andD, which are each 1 m in from the ends of the plank, as shown.

A lumberjack of mass 75 kg stands on the bridgevahereAE =2 m.

(a) By taking moments abo@, determine the magnitude of the
reaction force ab.

(b) By equating the total force upwards with the total force downward
determine the reaction force@t



Question 2

M1 Exam question, 12th January 2005, Q2
A A

B
A C l
< 3m >

A plank AB has mass 40 kg and length 3 m. A load of mass 20 kg is attached
to the plank aB. The loaded plank is held in equilibrium, wiaB horizontal,

by two vertical ropes attachedAaandC, as shown. The plank is modelled as

a uniform rod and the load as a particle. Given that the tension in the ©pe at
is three times the tension in the ropéatalculate

(a) the tension in the rope @t

[ 2marks]
(b) the distanc€B

[ 5marks]



Question 3
M1 Examination Question, 19th May 2003, Q1

4m

3m ——

v

A C B

A A

A uniform plankAB has mass 40 kg and length 4 m. It is supported in a horizonta

position by two smooth pivots, one at the éndhe other at the poif@ of the plank
whereAC =3 m.

A man of mass 80 kg stands on the plank which remains in equilibrium.
The magnitudes of the reactions at the two pivots are each edriaétotons.
By modelling the plank as a rod and the man as a patrticle, find

(a) the value oR

[ 2marks]

(b) the distance of the man frof

[ 4 marks]



Question 4
M1 Examination Question, 19th January 2011, Q3

v

6m
I m—

A C B

— A A

A uniform beamAB has mass 20 kg and length 6 m. The beam rests in equilibriur
in a horizontal position on two smooth supports. One supporCsvetiereAC =1 m,
and the other is at eri2l The beam is modelled as a rod.

(a) Find the magnitudes of the reactions on the bed®eatd atC

[ 5marks]
A boy of mass 30 kg stands on the beam at the point
The beam remains in equilibrium.
The magnitudes of the reactions on the beabhaatd atC are now equal.
The boy is modelled as a particle.
(b) Find the distancé&D

[ 5marks]



Question 5
M1 Exam question, 15th January 2010, Q4

A A

1.8m B
A C ;
< 3m >

A pole AB has length 3 m and weigt newtons. The pole is held in a
horizontal position in equilibrium by two vertical ropes attached to the
pole at the pointé andC whereAC = 1.8 m, as shown. A load of weight
20 N is attached to the rodBtThe pole is modelled as a uniform rod,
the ropes as light inextensible strings and the load as a patrticle.

(a) Show that the tension in the rope attached to the p@asat
( 5 100
— W + —

N
6 3

[ 4 marks]



(b) Find, in terms oW, the tension in the rope attached to the poke at

[ 3marks]

Given that the tension in the rope attached to the p&easagight times the
tension in the rope attached to the polA,at

(c) find the value of\.

[ 3marks]
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2.4 Answers

A-Level Applied Mathematics
Mechanics: Moments: Year 2

2.4.1 Solutionsto 2.2 Example
(a)

< 3m >

Take moments abow,
12x98x 15=R x 2

R = 882N

(b)

48 x 9.8 12 x 9.8

Balancing linear forces vertically,
R+ R =48x 98 + 12 x 9.8

2R, = 2R = 588
R = R = 294TN

Take moments abow,
R x2=48x98xx+12x 98 x 15

294x 2 = 47k + 176

X 0.88 metres



2.4.2 Answersto 2.3 Exercise

Answer 1
A clear working diagram is an enormous help in understanding the question.

7/5x9.8 30x9.38

(a) Taking moments abo@,

Rx3=75x98x1+30x98x 15
3R = 735+ 441
R = 392N

(b) Balancing forces vertically,
R+R =75%x98+ 30x 9.8

R + 392 = 735+ 294
R = 637N



Answer 2

40 x 9.8 20 x 9.¢

(a) Balancing forces vertically,
Ta+ Tc = 40 x 98 + 20 x 9.8

TA + 3TA = 392+ 196

4TA = 588
Ta = 147N
. Tc = 441N

(b) Taking moments abo(,
Te X X+ Tax3=40x%x 98 x 15

441x + 3 x 147 = 588
441x = 147

X = imetre
3



Answer 3

80x9.8 40x9.8

(a) Balancing forces vertically,
R+ R = 80x 98+ 40 x 9.8
2R = 784 + 392
R. = R = 588N

(b) It's strategically unsound to take moments about any point other than
the end-points of the plank when an unknown distance is involved.

Taking moments abou,
Rx3=80x98xx+40x 98 x 2
3 x 588 = 784x + 784
784x = 980

X = 1.25metres



Answer 4

< om >
<~ 1m—
R R
A C B
20 x 9.8

(a) Take moments abo is valid although taking moments ab®&uis
marginally easier to get correct. So, taking moments aébout

R x5=20x98x 3
R = 118N

Balancing forces vertically,
R+ R =20x 98

R = 196 - 118
= 78N
(b)
< om >
<~ 1m—
A C B

«— X—»

30 x9.820x9.8

Balancing forces vertically,
R+R=30x 98+ 20x 98
2R = 294 + 196
R = R = 245N
Taking moments abou,
Rx5=30x98x(6-x)+20x98x 3
1225 = 1764 — 294x + 588
294 = 1127

X 3.83metres



Answer 5

1.8 1.2 B
A 15 C

W 20

(a) Take moments abow,
Tex18=Wx15+20x 3

1.5W 60
TC = +
1.8 1.8
_ 15,y , 800
18 18
= EW+ 100 O
6 3
(b) Balancing forces vertically,
Ta+Tc = W+ 20
5 100
Ta=W+20- —W - —
Az T 6 3
_lw_o 40
6 3
(c)
TC = 8TA
5 100 1 40
—W+ — =18 (—W - —)
6 3 6 3

Multiply through by 6
5W + 200 = 8 (W - 80)

200 + 640 = 8W — 5W
3W = 840
W = 280N
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Lesson 3
A-Level Applied Mathematics
Mechanics: Moments: Year 2

3.1 On theEdge Of Tipping

Example

A 250 kg mass is bolted onto the end of a uniform plank of wdddf
length 8 m and mass 45 kg.

The plank rests on two supportsfaandC whereAC = 3 m.

The plank is in equilibrium and horizontal.

Teaching Video http://www.NumberWonder.co.uk/Video/v9069(3).mp4

(a) By taking moments about determine the reaction force@t


http://www.NumberWonder.co.uk/Video/v9069(3).mp4

(b) By equating the total force upwards with the total force downward
determine the reaction force/Aat

The plank of wood is being used as a diving board.

(c) By taking moments abo@, determine the maximum mass that can
be atB with the plank remaining in equilibrium ?

(d) In the light of your previous answers, what advice would you give
regarding the safe use of this diving board ?



3.2 Exercise
Question 1

m-——-

A A

A uniform plank of mass 100 kg and length 10 m rests horizontally on two smoott
supportsA andB, as shown. A man of mass 80 kg starts walking from one end of
the plank A, to the other end. When he is a distaxnpastB the plank starts to tip.

(1) Draw a diagram showing all significant forces on the plank when it
is on the verge of tipping.

[ 2marks]

(i) When the plank is about to tip, what will be the reactioh at
[ 1mark ]

(iii)  When the plank is about to tip, what will be the reactioB at
[ 1 mark ]

(iv)  Find the distance, the man can walk paBtbefore the plank starts to tip.

[ 4 marks]



Question 2
A uniform rod of mass 14 kg rests on two supports as shown below.

1m 6m ‘ 3m ‘
[

A A

(a) The reaction at the left hand support is 75 newtons.
What, in newtons, is the reaction at the other support ?

(b) A massm, is now placed an the right hand end of the rod, such that the
rod is on the point of tipping about the right hand support.

(1) What, now, is the reaction at the left hand support ?

(i) What, in kg, is the masm) ?

(iii)  What, in N, is the reaction at the right hand support ?



Question 3
M1 Exam question, 12th January 2007, Q2

“ 3m
<—Im—=<Xm—

A C D B

A A

A uniform plankAB has weight 120 N and length 3 m.

The plank rests horizontally in equilibrium on two smooth supgoeedD,
whereAC=1 m andCD =xm.

The reaction of the support on the planbdtas magnitude 80 N.
Modelling the plank as a rod,

(a) show thatx = 0.75

v

[ 3marks]
A rock is now placed @ and the plank is on the point of tilting ab@ut

Modelling the rock as a patrticle, find
(b) the weight of the rock

[ 4 marks]

(c) the magnitude of the reaction of the support on the plabk at

[ 2marks]

(d) State how you have used the model of the rock as a particle

[ 1mark ]



Question 4
A-Level Examination Question from January 2019, IAL, M1, Q4

v

< bm

Q
P R

<—3m—>_

A boy sees a box on the eQdbf a plankPQ which overhangs a swimming pool.
The plank has mass 30 kg, is 5 m long and rests in a horizontal position on two b
The bricks are modelled as smooth supports, one acting on the pRaak@bne
acting on the plank &, wherePRis 3 m. The support & is on the edge of the
swimming pool, as shown. The boy has a mass 40 kg and the box has mass 2.5
The plank is modelled as a uniform rod and the boy and the box as patrticles.

The boy steps on to the plankRaaind begins to walk slowly along the plank
towards the box.

(a) Find the distance he can walk along the plank fRobefore the plank
starts to tilt.

[ 4 marks]



(b) State how you have used, in your working, the fact that the box is modell
as a particle.

[ 1mark ]

A rock of masdM kg is placed on the plank &t The boy is then able to walk
slowly along the plank to the box at the épavithout the plank tilting.
The rock is modelled as a particle.

(c) Find the smallest possible valueMf

[ 4 marks]
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3.3 Answers

A-Level Applied Mathematics
Mechanics: Moments: Year 2

3.3.1 Solution to theIntroductory Example

As the rod iuniform, the 45 kg mass of the plank can be assumed to act at the
midpoint of therod, at it'scentre of mass
Thus, the working diagram becomes;

(a)

(b)

(c)

(d)

AR, AR
A

250v>< 0.8 45 x 9.8

Taking moments about (as forces af then have moments of zero)
45x 98 x4 =3 xR

Rc = 588N

Balancing forces vertically;
Ry + Rc = 250 x 9.8 + 45 x 9.8

= 2891
- Ry = 2303N

At tipping point, reaction aA will be zero
Taking moments abo@

250 x 9.8 x 3
M

45x 98 x 1+ Mx98 x5
141kg

An adult typically has a mass of 70 kg
A skinny man typically has a mass of about 48 kg
An obese man typically has a mass of 141 kg

. Don't let move than one person at a time use the diving board !

Also : Jumping at the end, as divers do, considerably adds to the
maximum force, the impulse, being exerted on the board.



3.3.2 Solutionsto 3.2 Exercise

Answer 1
(1) In the diagranRa could be omitted as it will be O N on the point of tipping.

100 x 9.8 80 x 9.¢

(i) When the beam is on the point of tippifiyg,= 0 N

(iii)  Balancing forces vertically,
R+ R = 100x 9.8 + 80 x 9.8
0+ R = 980+ 784
R = 1764N

(iv)  Taking moments abols,
80x 9.8 x x = 100x%x 9.8 x 2
784x = 1960

X = 2.5metres



Answer 2

(a)

I:QLEFT I:QRIGHT

14 x 9.8
Balancing forces vertically,

Rerr + Ruoer = 14 x 9.8

%IGHT = 137— 75

= 62N
(b)
I:\)I_EFT RRIGHT
‘1m 6m 3m

14x9g8 Mx9.t
(i) ON

(i) Taking moments about the right hand support,
Rerr X6+ mMx 98 x 3 =14%x98x%x 2

0+ 294m = 274
9.33kg

m

(iii)  Balancing forces vertically,
Rerr + Reohr

0 + Rughr

I:?QIGHT

14 x 98 + mx 9.8
137 + 9.33 x 9.8
229N



Answer 3

(a)
Taking moments abo@,
R x x = 05x 120
80x = 60
x = 0.75metres
(b)

120

Taking moments abol@, and ignoringRc as it is equal to zero,
W x 1.25 = 120 x 0.25

W = 24N

(c) Balancing forces vertically,
R = 120+ 24

144N

(d) The weight of the rock is assumed to act preciseB; at
In practice a slight vibration might cause the rock to fall off the plank.



Answer 4

30x9.8 40 x 9.8 2.5 x 9.¢

(a) Let x be the distance between the boy and sugpatien the plank is
on the point of tipping. This choice of what to cals based on the
experience gained in Question 1.

When on the point of tippindze will be O N
Taking moments aboR,
40x 98 x x+25x98x 2 =30x98x 05
392 + 49 = 147

0.25m
FromP this will be a distance of 3.25 metres along the plank.

X

(b) I've assumed that the weight of the box is all at the very end of the plank
whereas in the diagram the box is depicted in a manner that suggests the
centre of mass of the box is a little in from the end of the plank.

Mx9.8 30x9.8
Again, on the point of tippind®e will be 0 N
Taking moments abo(R,

Mx98x3+30x98x05=40x98x2+ 25x98 x 2

294M + 147 = 784 + 49
M = 233kg
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Lesson 4
A-Level Applied Mathematics
Mechanics: Moments: Year 2

4.1 The Nonuniform Rod

The assumption that a rod is uniform allowed for its weight to be considered as
acting half way along its length. Given a sawn scaffolder's plank of wood it is
reasonable to model it as a uniform rod. However, when a tree trunk is used as a
bridge, for example, one end of the tree trunk will typically have less circumferent
than the other; it will have a centre of mass that is more towards the end with the
greater circumference. In modelling such a tree trunk with a rod, the rod would be
described asonuniform The centre of mass of the rod is still the place where

all of the rod's weight can be considered to act, but that centre of mass is now at
an unknown distance along the rod.

B = T

4.2 Example

A nonuniform logAB of mass 15 kg and length 8 metres is used as a bridge acros
ariver. The log is supported RandQ, whereAP is 2 metres an@B is 1.5 metres.
The reaction aP is twice the reaction &.

Find the distance of the centre of mass of the beamAtom

Teaching Video http://www.NumberWonder.co.uk/Video/v9069(4).mp4



http://www.NumberWonder.co.uk/Video/v9069(4).mp4

4.3 Exercise

Question 1

A nonuniform baiAB of length 5 m has end supportsfzndB

When a man of mass 65 kg stands at the centre of the bar the reactions at suppc
A andB are 525 N and 700 N respectively.

(1) Draw a diagram marking on the key forces and lengths.

(i) By considering all vertical forces, determine the mass of the bar

(iii) By taking moments abow, find the distance of the centre of mass
of the bar fromA



Question 2

Molly and Mac are sitting on a nonuniform I8d3 of mass 260 kg and length 4 m.
The plank is pivoted &, the midpoint ofAB.

The centre of mass @B is atC, whereACis 1.95 m.

Molly has mass 24 kg and sitsAat

Mac has a mass of 38 kg.

Where must Mac sit for the log to be in horizontal equilibrium ?



Question 3
A-Level Examination Question from October 2018, IAL, M1, Q2

< 5m >

—3m ——

A C B

A A

A nonuniform plankAB has weight 60 N and length 5 m. The plank rests horizonta
in equilibrium on two smooth supportsAandC, whereAC = 3 m, as shown.

A parcel of weight 12 N is placed on the planBand the plank remains horizontal
and in equilibrium. The magnitude of the reaction of the suppérbatthe plank is
half the magnitude of the reaction of the suppo@ ath the plank.

By modelling the plank as a nonuniform rod and the parcel as a particle,

(a) find the distance of the centre of mass of the plank #om

[ 6 marks]

(b) State briefly how you have used the modelling assumption
(1) that the parcel is a particle
[ 1mark ]

(i) that the plank is a rod
[ 1mark ]



Question 4

A-Level Question from January 2014, 1AL, M1, Q3

A beamAB has length 15 m and mass 25 kg. The beam is smoothly supported at
pointP, whereAP = 8 m. A man of mass 100 kg stands on the beam at a distance
2 m fromA and another man stands on the beam at a distance of 1 B.from

The beam is modelled as a nonuniform rod and the men are modelled as particle
The beam is in equilibrium in a horizontal position with the reaction on the beam |
having magnitude 2009 N. Find the distance of the centre of mass of the beafn fr

[ 5marks]



Question 5
A-Level Question from January 2006, M1, Q3

Jill David
C
A B
«—XMmM—
“ 4m >

A seesaw in a playground consists of a bédwof length 4 m which is supported by
a smooth pivot at its cent@ Jill has a mass 25 kg and sits on the &nBavid has
mass 40 kg and sits at a distaraeretres fronC, as shown. The beam is initially
modelled as a uniform rod.

Using this model,

(a) find the value ok for which the seesaw can rest in equilibrium in a
horizontal position

[ 3marks]

(b) State what is implied by the modelling assumption that the beam is unifol

[ 1mark ]



David realises that the beam is not uniform as he finds he must sit at a distance !
from C for the seesaw to rest horizontally in equilibrium. The beam is now modell
as a nonuniform rod of mass 15 kg.

Using this model,
(c) find the distance of the centre of mass of the beam @om

[ 4 marks]
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4.4 Answers

A-Level Applied Mathematics
Mechanics: Moments: Year 2

4.4.1 Solution to 4.2 Example
The question does not provide any diagram, so the first task is to remedy that

shortcoming,
R, Ry

15 x 9.8

Balancing forces vertically,
R+ R =15x 98

2R + Ry = 147
R, = 49N
-~ R =98N

It may be obvious that the centre of mass is somewhere between the two dRppor
andQ in which case a marginally easier calculation would take momentsRbout
However, with other weights around such as a man standing on the log, it may nc
possible to decide in advance which sid® ¢fie centre of mass lies. The
consequence of this would be to not know if the moment of the rod's weight is
clockwise or anticlockwise aboBt

It's thus, in general, easier to simply take moments about one of the plank's endp

So, taking moments aboAt

15x98x X =R x2+ R x65
14% = 98 x 2 + 49 x 6.5

147% = 196 + 319

X = 3.5metres

As the log was 8 metres long, the centre of mass is not is the middle of the log.



4.4.2 Solution to 4.3 Exercise

Answer 1
(i) R = 525N and Ry = 700N

Ry Ry

65x%x9.8 Mx9.8

(i) Balancing forces vertically,
RR+ R =65%x98+ M x 98
525+ 700 = 637 + 9.8M
9.8M = 588

M = 60Kkg
(iii)  Taking moments abou,
Rx5=65x98x25+M x 98 x x
700 x 5 = 1593 + 588

588& = 1907

X = 3.24metres

Answer 2

24 x 9.8260 x 9.8 38 x 9.¢

Take moments aboit
38 x 9.8 x x

37X

260x 98 x 0.05+ 24 x 9.8 x 2
127 + 470

X 1.60 metres



Answer 3

(a)

(b)

Balancing forces vertically,
RR+ R =60+ 12
0O5R + R =72
R = 48N
o R = 24N

Taking moments abow,
B0x X+ 12x5=R x 3

60x + 60 = 48 x 3
60x = 84
X = l4metres

(1) Assumed that all of the parcel's weight acteB at
In reality, the parcel's centre of mass would be a few centimetres
in from B as it wold otherwise fall off the end as the parcel was
“placed” rather than fixed in some wayBat

(i) Assumed that the rod does not bend.
As it's long for its weight, it is likely to have some bend in reality.



Answer 4

100 x 9.8 25 x 9.8 m x 9.¢

As the mass of the second man, rig& not known, and not requested, the direct
method of doing this question is to take moments about where that second man i
standing,

100x 98 x 12+ 25x 98 x (14—-Xx) = R x 6
11760+ 245(14 — x) = 2009x 6
11760+ 3430 — 245¢ = 12054
245¢ = 3136

X = 128 metres



Answer 5

(a) As the mass of the uniform beam is not known, take moments @pout
40 x 98 x x = 25x 98 x 2

39 = 490

X = 1.25metres

(b) That the mass of the beam acts at the midpoint of the beam

(c)

25x9.8 15x9.8 40 x 9.¢

Taking moments abo@,

25x 98 x 2+ 15x98xx =40x 98 x 1.4
490 + 147X = 549
X = 0.4 metres
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Lesson 5

A-Level Applied Mathematics
Mechanics: Moments: Year 2

5.1 Rodsand Simultaneous Equations

The more difficult questions on moments typically involve more algebra, the resul
being told less information in a question and so having to work with more unknow
Often a mass is placed at one location on a rod, an observation made, the mass
moved to another location and another observation made.

The resulting two equations in two unknowns may then be solved either by the m
of substitution or as simultaneous equations. Often a question will provide guidar
forming the two equations, but not always.

The two key techniques remain those employed previously, namely that when a1
body is in equilibrium, the resultant force in any direction is zero (usually the verti
direction) and the resultant moment about any point is zero. Picking the best poir
be thought of as a pivot is a skill that develops with experience.

So, when not sure how to proceed, start trying to use the standard techniques.
They remain that,

O The sum of the forces 'up’ must balance the sum of the forces 'down’

O The sum of the moments anticlockwise about any pivot equal those clock

5.2 How to Weigh a Rod

Surprisingly, the following practical method of determining the mass of a rod
without any fancy equipment does not seem to be widely known but provides an
excellent introductory example for this lesson.

An aluminium yacht magiD is resting horizontally on two suppoBsandC in a
boatyard. The mast is 12 metres long. By lifting one end and moving a support, tl
lifting the other end and moving the other support is is arranged that each suppot
5 metres in from an end, with 2 metres between the supports.

A B C D

om 2m om

A large bag is slung from erigl and recycled 2 litre fizzy drink bottles are placed on
by one into the bag. Once six of these bottles, each full of water, have been adde
mast is on the verge of tilting abdDt as shown.

The large bag is now moved to the other end of the mast. When slung froakes
18 bottles to cause the mast to be on the verge of tilting &bout

(1) How is it immediately known that the mast is nonuniform ?

(i)  What is the mass of the mast ?

(iii)  How far from endD is the centre of mass of the mast ?

Over the page, have a go at answering this question before watching the video.



Teaching Video http://www.NumberWonder.co.uk/Video/v9069(5).mp4

5.3 Exercise

Question 1

A

w

3
v

A uniform rodAB of length 3 m and weight 120 N rests in equilibrium in a horizont
position, smoothly supported at poi@@andD whereAC= 0.5 m andAD =2 m.

When a particle of weight/ newtons is attached at a poifytiwhereAE = x m metres,
the rod remains in equilibrium with the reactiorCatow twice the reaction &.


http://www.NumberWonder.co.uk/Video/v9069(5).mp4

(i)

(i)

(iii)

(iv)

(v)

Draw a diagram marking on all significant forces and lengths.

By taking moments abo#, show that 3R, = Wx + 180

By balancing forces vertically, show that}, = 120 + W

60
- X

Hence show thaiW =

Hence deduce the range of possible values of

[ 2marks]

[ 2marks]

[ 2marks]

[ 2marks]

[ 2marks]



Question 2
< 4m >
—]lm——> +<0.9m—>
A C D B

— A A

A nonuniform rodAB has length 4 m and weight 150 N. The rod rests horizontally
in equilibrium on two smooth suppo@sandD, whereAC=1 m anddB = 0.5 m.

The centre of mass @B is x metres fromA. Rc andRp are the magnitudes of the
reactions aC andD respectively. A particle of weigh/ N is placed on the rod At
The rod remains in equilibrium witR: then 100 N.

(i) Draw a diagram marking on all significant lengths and forces.

[ 2marks]
(i) By balancing forces vertically show tHas = W + 50
[ 1mark ]

(iii) By taking moments abodt and then using your part (i) answer, show
that30x = 550 + 7W

[ 4 marks]



The particle is now removed frofand placed on the rod Bt The rod remains in
equilibrium and the reaction @ on the rodRc’, now has magnitude 52 N.

Note that the reaction &, Ry’ will also now have changed.

(iv)  Repeat steps (i), (ii) and (iii) to show tigftx = 790 — w

[ 4 marks]

(v) Combine the equations obtained previously to calculate the value
of x and the value oV

[ 3marks]



Question 3

M1 Examination Question from November 2003, Q6
< 5m >
+«~—1.5m— «<1lm—

A C D B

— A A

A nonuniform rodAB has length 5 m and weight 200 N. The rod rests horizontally
in equilibrium on two smooth suppo@sandD, whereAC=1.5mandB =1 m.

The centre of mass @&B is x metres fromA.

A particle of weightW N is placed on the rod At The rod remains in equilibrium
and the magnitude of the reaction®bn the rod is 160 N.

(a) Show that 50x — W = 100

[ 5marks]



The particle is now removed frofand placed on the rod Bt The rod remains in
equilibrium and the reaction @f on the rod now has magnitude 50 N

(b) Obtain another equation connectWgandx

[ 3marks]
(c) Calculate the value ofand the value oV

[ 4 marks]



Question 4

M1 Examination Question from June 2016, Q6

A nonuniform plankAB has length 6 m and mass 30 kg. The plank rests in
equilibrium in a horizontal position on supports at the pddadT of the plank
whereAS=0.5mand’B=2 m.

When a block of mad¥ kg is placed on the plank At the plank remains
horizontal and in equilibrium and the plank is on the point of tipping éout

When the block is moved 8, the plank remains horizontal and in equilibrium
and the plank is on the point of tipping ab®ut

The distance of the centre of mass of the plank #dsd metres.
The block is modelled as a particle and the plank is modelled as a nonuniform roi

Find (i) the value ofd

(i)  the value oM



[ 7marks]
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5.4 Answers
A-Level Applied Mathematics
Mechanics: Moments: Year 2

5.4.1 Solution to 5.2 Example

(1) By symmetry, if the mast could be modelled by a rod that was uniform, th
number of bottles of water to be on the verge of tilting would be the same
when they were at enlas at end.

(i) The centre of mass has to be between the supports as if it wasn't one en
the mast would be on the ground.
Let x be the distance of the centre of mass from suggport
When the 6« 2 litre bottles, mass 12 kg, are suspended foom

R AR
A 5 B 2 |C 5 D

mx 9.8 12 x9.¢t
On the verge of tiltingRs = 0 N. Taking moments aboGt
mx 98 x x =12x 98 x5

mMx = 60
When the 1& 2 litre bottles, mass 36 kg, are suspended #pm

R AR
A 5 B 2 |C5 D

y X
36x9.8 mx9.8

On the verge of tiltingRc' = 0 N. Taking moments aboBt
mx98x(2—-x)=3x98x5
2m — mx = 180
Combining equations: 2m — 60 = 180
2m = 240

m = 120kg

(iii)  Substituting the value ah back into the equatiomx = 60gives,x = 0.5
Thus the centre of mass is 5.5 metres from2nd



5.4.2 Solutionsto 5.3 Exercise

Answer 1

(i)

(i)

(iii )

(iv)

(v)

120 W

Location of E not know

Taking moments abou,
Wx +120x 15 =R x05+ R x 2

Wx +180=2x R x 05+ 2R
Wx + 180 = 3R,

Balancing forces vertically,
R+R =120+ W
2xR+R =120+ W
3R = 120+ W

Equating previous answers,
s Wx + 180 = 120+ W

60 = W — WX

60 = W (1 - x)

W = 60 O
1-x

As a length cannot be negatiwes 0
A weightW also cannot be negative, & 1
~ 0<x<1

The minimum weight that could be used is thus 60 N.
There is no upper limit, according to this model.



Answer 2

(i)

W 150

(i) Balancing forces vertically,
R+R =W+ 150
100+ R, = W + 150
R=W+50 O

(iii)  Taking moments abou,
15k = R x 1+ R x 35

15k = 100x 1 + (W + 50) x 35
15k = 100 + 35W + 175

15k = 275+ 35W

30k = 550 + 7W O

(iv) LetR< andRy’ be the different reactions @tandD.

150 W

Balancing forces vertically,
R+ R =W+ 150
52+ R = W + 150
R "=W+98 0O



(v)

Taking moments about,
150x x + W x 4 =

R "x1+R x35

15k + 4W = 52 x 1 + (W + 98) x 35
15k + 4W = 52 + 3.5W + 343
15k = 395 - 0.5W
30x = 790 - W
550 + 7W = 790 - W
8W = 240
W = 30N
Thus,
30k = 790 - W
300k = 790 - 30

X
Il

2.53metres



Answer 3

(a)

W 200

Balancing forces vertically,
Re+R =W+ 200
160+ R, = W + 200

R =W+ 40
Taking moments abow,
20k =R x15+R x4

200k = 160 x 1.5 + (W + 40) x 4
200 = 240 + AW + 160

200 = 400 + 4W

50k = 100 + W

50x - W =100 0O

(b) Let Rc” andRy’ be the different reactions @tandD.

200 W

Balancing forces vertically,
R+ R =W+ 200
50+ R = W + 200
R =W+150 0O



Taking moments about,
200k x+Wx5=R'"x15+ R’ ' x4

20k + 5W = 50 x 1.5+ (W + 150) x 4
20k + SW = 75+ 4W + 600
20k + W = 675

Solving the two equations simultaneously,

50x — W = 100
20k + W = 675
ADD
250k = 775

X = 3.10metres
Thus,
20k + W = 675
W = 675- 200 x 3.10
= 55N



Answer 4

M x 9.8 30 x9.8
When about to tilt abol® Rr=0 N
Taking moments abo&

30x 98 x (d—-05) =M x98x 05
30d - 15 = 0.5M
M = 60d — 30

30 x 9.8 M x 9.8
When about to tilt aboul, Rs = 0 N
Taking moments abo(t,

Mx98x2=30x98x(4-4d)
2M = 120 - 30d
M = 60 - 1Xd

Combining the two equations,
60d — 30 = 60 — 15

75 = 90
d=12
~ M = 42N
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Lesson 6
A-Level Applied Mathematics
Mechanics: Moments: Year 2
6.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Where a numerical value dfis required, assume itis 9.8 i s

Question 1

< 1.5m

0.9m —
A C B

— A w

A uniform rodAB has length 1.5 m and mass 8 kg.

A particle of massn kg is attached to the rod Bt

The rod is supported at the politwhereAC = 0.9 m and the system is in
equilibrium withAB horizontal.

(1) Draw a diagram showing all significant lengths and forces acting on the r

v

[ 2marks]

(i) Find the masan, in kg of the particle attached Bt

[ 3marks]



Question 2

Inspired by an A-Level Examination Question from June 2017, M1, Q3

A plank AB has length 6 m and mass 30 kg

The pointC is on the plank witlCB=2 m

The plank rests in equilibrium in a horizontal position on suppoAsaadC

Two people, each of mass 75 kg, stand on the plank.

One person stands at the pdf the plank, wherdP = x metres, and the other
person stands at the pof@tof the plank, wherdQ = 2x metres

The plank remains horizontal and in equilibrium with the magnitude of the reactio
atC five times the magnitude of the reactiorfat

The plank is modelled as a uniform rod and each person is modelled as a particle

(1) Draw a diagram showing the significant lengths and forces acting on the

[ 3marks]

(i) By balancing forces vertically determine, in Newtons, the reaction on the
rod atA and the reaction on the rod@tlearly stating which is which.

[ 3marks]



(iii) By taking moments abou, find the value ok

[ 4 marks]

(iv)  State two ways in which you have used the assumptions made in
modelling the plank as a uniform rod

[ 2marks]



Question 3
A-Level Question from October 2017, M1, Q2

0.5m 2 m

+“—>

A C D B

z 6m z

o »
< »

A metal girderAB, of weight 1080 N and length 6 m, rests in equilibrium in a
horizontal position on two supports, oneCatind one abD, whereAC=0.5m
andBD = 2 m, as shown. A boy of weight 400 N stands on the gird&aat
the girder remains horizontal and in equilibrium.
The boy is modelled as a particle and the girder is modelled as a uniform rod.
(a) Find,

(1) the magnitude of the reaction on the girdet at

[ 3marks]

(i) the magnitude of the reaction on the girder at D

[ 3marks]



The boy now stands at a polbn the girder, wherBE = x metres, and the girder
remains in equilibrium. Given that the magnitude of the reaction on the gifder at
is now 520 N greater than the magnitude of the reaction on the gilder at

(b) find the value ok

[ 5marks]



Question 4
M1 Exam Question from June 2001, Q5

< om >

)—"
ACA %B

A large logABis 6 m long. It rests in a horizontal position on two smooth supports
C andD, whereAC = 1m andBD = 1 m, David needs an estimate of the weight of tt
log, but the log is too heavy to lift off both supports. When David applies a force ¢
magnitude 1500 N vertically upwards to the lod\athe log is about to tilt abol.

(a) State the value of the reaction on the lo@ &br this case.

[ 1mark ]
David initially models the log as a uniform log.

(b) Using this model estimate the weight of the log

[ 3marks]



The shape of the log convinces David that his initial modelling assumption is too
simple. He removes the forcefAatind applies a force acting vertically upwardB.at
He finds that the log is about to tilt abdlitvhen this force has magnitude 1000 N.
David now models the log as a nonuniform rod, with the distance of the centre of
mass of the log fror@ asx metres.

Using this model find,
(c) a new estimate for the weight of the log

[ 6 marks]

(d) the value ok

[ 2marks]
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6.2 Answers

A-Level Applied Mathematics
Mechanics: Moments: Year 2

Answer 1
(i)

Re
A 09 C|l 06 B

8 x9.8 m x 9.8

(i) Take moments aboq,

mx 98 x 0.6 = 8 x 9.8 x 0.15
06m = 12
m = 2kg



Answer 2

(i)

(i)

(iii )

(iv)

30 x 9.8

Toldthat:R. = 5Ry

Balancing forces vertically,
R+ R =30x98+ 75%x 98 + 75x 9.8

R+ 5R = 1764
R = 294N
. R = 1470N

Taking moments abow,

75X 98xXxXx+30x98x3+75x98x2Xx =R x4
735¢ + 882 + 147 = 1470x 4
2205 = 4998
X = 2.27metres

The fact that the rod was described as uniform allowed the assumption
that the rod's weight all acted at its midpoint to be made.

It was also assumed that the rod did not bend under either load or, indee
its own weight.



Answer 3

1080 400
(a) (1) Take moments aboll,
R x 35+ 400x 2 = 1080x% 1
35R = 280
R = 80N

(i) Balance forces vertically,
R + R = 1080+ 400

80+ R, = 1480
R, = 1400N

1080 400
(b) Balance forces vertically,
R+ R’ = 1080+ 400
R+ (R’ + 520 = 1480
2R’ = 960
R’ = 480N and Ry = 1000N

Take moments abou,
R x05+R x4 =1080x 3+ 400 x x

480 x 0.5 + 1000 x 4 = 3240 + 40
40x = 240 + 4000 — 3240

X = 2.5metres



Answer 4
(a) Rc=0N
(b)

1500 W
Take moments abo&b,
W x 2 =1500x 5
W = 3750N

(c) The previous information still holds, so rerun part (b) without the
assumption that the log is uniform,

1500 W

Take moments aboRp,
W x (4-d)
4W - Wd

1500 x 5
7500



Now to make use of the additional information,

W 1000

This time, it'sRp that will be zero due to the tilt,
Take moments abol,

W x d
wd

1000 x 5
5000

Combine the two equations by addition,
4W — Wd = 7500

Wd = 5000
ADD
4W = 12500
W = 3125N
(d)
Wd = 5000
3125 = 5000
d=16
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