Year 1 Pure Mathematics Examination Revision
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Year 1 Pure Mathematics Examination Revision

Twenty-One Today

NUMBER 1

Twenty-One short, sharp questions on all aspects of the Year 1 course
You may use a calculator

Question 1
Rationalise the denominator,

V7 -1

Question 2
f(x) = 453 - 75% + ax + 13

f (x) is divisible by (x — 1)
Find the value of the constaat,

Question 3
A circle has centre ( 8, 15) and its circumference passes through the origin.
Determine the equation of the circle.



Question 4
Use the rules of logs to simplify

logm45 - 2logn 3

Question 5
Using your answer to Question 4, or otherwise, state the vataéf of

logn45 - 2logn3 = 1

Question 6
12
f(x) = —
(X) 2

What is the integral df(x) ?
Don't forget the constant of the integration !

Question 7

3
f(x) = X?+5x2+27x—100

Prove thaf (x) is an increasing function
HINT : Differentiate, complete the square, explain why derivative is always positi



Question 8
Find the equation of the curve which passes thrqugjr- 1) and for which

dy
—2 —2x+5
dX X +

Question 9

Which two of the following lines are mutually perpendicular ?
(a) y=%x+3 (b) y=—x+3
(c) y=-2x+3 (d) y=+vV2x+3
Question 10

Consider these three facts about a fundtien)
f() = X+ X +pX+q
f (x) is divisible by (x — 1)

f (X) Has remainder 7 when divided by (x — 2)

Determine the value g@f and the value df.



Question 11
Solve

7% = 102
Give your answer to three significant figures.

Question 12
By first expanding the brackets, solve

22 (2X-5)+6=0

Question 13
What is the reverse of the process known as integration called ?

Question 14

The endpoints of the diameter of a circle &, 1) and (4, 5)
Find the equation of the circle.



Question 15
Provide a counter-example to show that the following is not true;

1+x2<(1+x)2

Question 16
Solve the following equation over the intervak 6 < 360

200329 —5c0s0 +2 =0

Question 17
Without using the binomial theorem or logarithms solve,

(2x + 1)° = 32

Question 18
Expand the brackets



Question 19

Sketch the curve of the equatign= 25 — X2, giving the coordinates of
any points where it crosses axes.

Question 20

Using Question 19, solve the inequality
25 - % <0

Question 21

Determine the area enclosed by the cuyve 25 — 2 and thex-axis.
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Twenty-One Today

NUMBER 1
Solutions
Answer 1
1 « (V7 +1) V7 +1
V7 -1 (V7 +1) 7-V7T +V7 -1
N7 +1
a 6
Answer 2
By the factor theorent,(1) =0
So,
3 2
4x1°"-7x1"+ax1+13=0
4-74+a+13=0
a=-10
Answer 3

15

v

“<

r2 = 152 + 82
225 - 64
289

r =17

Equation of the circle is,
(x — 872 + (y-15) = 17

Answer 4
logn45 - 21ogn3 = logm45 - Iogm32
45)

logn (5
Ogn | 3

logn5



Answer 5

logm45 - 2logn3 =1
logn5 =1
~mi=5 i.e.m =
Answer 6
f(x) = 12x°2
12x 1
f(x) dx =
Jroo o - 22
12
=—-——+C
X
Answer 7

f'(x) = [x2+ 10x] + 27

[ (x +5)% - 25] + 27
= (X + 5)2 + 2

The smallest that x + 5)2 can be is zero.

Even then, 2 is added on.

- 7 (x) is always positive
i.e. f (X) is an increasing function.

Answer 8
By integration,

y:x2+5x+c

1 =3 +5x3+c
c=-25
.-.y:x2+5x—25

Answer 9

Lines (b) and (c) are mutually perpendicular because the product of their
gradients is- 1

That is,

— X (-2 =-1



Answer 10
By the factor theorem,

f() =0
p+q=-2
By the remainder theorem,
f(2) =-7
2p+qg=-19

Solve these two equations simultaneously to obtain,
p=-17 and q = 15

Answer 11
Method 1
7t = 102
take thd og. of both sides
In7" = In102
xIn7 = In102
In102
X =
In7
X = 2.38
Method 2

lomb=c o a®=b
The “jump out of logs” manoeuvre used backwards gives
7' = 102 & log; 102 = X

X = 2.38
Answer 12
(2 -5(2)+6=0
Let z = 2¥
Z-5+6=0
(z-3)(z-2)=0
Either or
2 =3 2 =2
x = 158 x=1
Answer 13

Differentiation



Answer 14

Diameter = / (4 — (-8)2 + (5 — 1)
=122 4+ 42
V160

Il
N
'—\
5

. Radius = 2//10
-8+4 1+5
2 2
= (-2, 3)

Midpant

Equation of circle :  (x + 2)2 + (y - 3)2 = 40

Answer 15
Let x=- 1, for example.
The statement given then becomes, 2 < 0, which is not true.

Answer 16
200526 — 5co0s0 + 2
(2cosf — 1) (cosh — 2)

Il I
o O

Either or
1 . .
cosf = > (two sol utions) cosf = 2 (nosolutions)

0 = 60°, 300°

Answer 17
(2X + 1)5
X+ 1
2X

32

Il Il
=N



Answer 18

3 3
(1—1) :+1><(1) ><(—1)O
3 3
2
X 1
+3><(—) X (-1
3 -1
1
X 2
+3><(—) x (-1
3 -2
0
X 3
+1><(—) x (-1
3 (-1
2 X2
= —-—+x-1
27 3
Answer 19
Crossex-axis at(—5, 0) or (5, 0)
Crossey-axis at (0, 25)
Answer 20
X< -50rx=>5
Answer 21
By symmetry,
5 3 715
2 25—x2dx:2[25x—x—}
0 3 0
3
=2[25x5—5—}
2
= 166-
3
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Year 1 Pure Mathematics Examination Revision

Twenty-One Today

NUMBER 2

Twenty-One short, sharp questions on all aspects of the Year 1 course
You May Use A Calculator

Question 1
Find
25
f VX dx
4
Question 2
Differentiatey = 43 + Bx
Question 3
12
f(X) = —
) = =3

Determinef’ (- 2)



Question 4
f(x) =x*-9 xe R

Explain why the functiorf (x) does NOT have an inverse.

Question 5

2x% + 9x — 18
= 1, 6
90> (X+6) (x+1) xe Rk, x#1,

(1) Simplify g(x) as far as possihle

(ii) Hence, give an expression fpr' (x) also simplified as far as possible.



Question 6

Sketch the curve of the equatign= X — 16, giving the coordinates of
any points where it crosses axes.

Question 7
Using Question 6, solve the inequality,

x> — 16 > 0
Question 8

Determine the gradient of the line with equation,
2y-5%-1=20

Question 9
The vectors &+kb and &+ 56b are parallel.
Find the value ok



Question 10
What is the value of the discriminantm% +12x+ 37 =07

Question 11

The equationx2 + 2kx + 4k = 0, wherekis a non-zero integer, has equal roots.
Find the value ok.

Question 12
Definition :

. . . ) ) a
A unit vector in the direction of is ——

|al

Giventhata=6 + § find

(i) lal

(i) a unit vector in the direction af



Question 13
Sketch the curve with equation

y = X2 — 4X + 3
Annotate your sketch with the coordinates of the three points where the curve
cuts the axes.

Question 14
Beginning “LHS =", show that
2 _1
2X
Question 15
By considering Question 14, determiiéx)
3x% + 4VX
gxX) = —————

2X



Question 16
Consider the Arithmetic Sequence 8,x1yy, ....
Determine the value ofand the value of.

Question 17
The formula for thet"term of an Arithmetic progression is given in the Exam
Formulae book:
U,=a+(n-1)d
along with two formula to sum such a series:

Sunyp = %n(a+|): %{2a+(n—l)d}

where a is the first term
n is the number of terms
d is the common difference
| is the last term

Use two of these formulae to calculate;
4+ 15+ 26+ ... + 213



Question 18
Determine the value of this series
(which is not in Arithmetic or Geometric Progression)

(- 1)

1

Question 19

The point( 3, 5) is on the curvey = X2 — 2X + ¢
State the value df.

Question 20
Given that 10006/ 10 = 10k, find the value ok



Question 21
Solve the simultaneous equations

y=2x-5
X + V= 25
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Twenty-One Today

NUMBER 2

Solutions

Answer 1 Answer 2 Answer 3
dy 2

78 — = 12X+ 5 f’(-2) = 3
x (-2

Answer 4

Only one-to-one functions have an inverse.
f (X) is NOT one-to-one

Answer 5

() 9K =

Answer 6

Ony-axis : (0~ 16) Onx-axis:(-4,0)and (4,0)

Answer 7 Answer 8 Answer 9 Answer 10
X< -4 o0or x>4 25 k = 35 -4
Answer 11

Consider the discriminanD
D

gives equal roots

b2—4ac

AP — 16k =
4k -4) =
Either k=0 or k =4

0
0
(2K2 —4x 1 x (4k) = 0
0
0

Reject k = 0 as toldk is Non zero k=4



Answer 12

(1)

0.6i + 0.8]

(i)

10

Answer 13

Onx-axis:(1,0)and (3,0)

Ony-axis : (0, 3)

Answer 15

Answer 14

[32aV]

g’9(x) = 15-x

2
LHS = 3x4 + 4\ x

2X

1

4x2

3x2
2X

2X

+

oy

= 15x + 2x
= RHS

Answer 16

= -13

_6, y

X =



Answer 17
U,=a+(n-1)d

213=4+(n-1) x11
n-1= 209
11
n=20
1
Sun= —n(a+l)
2
= 2(4+213)
2
= 10 x 217
= 2170
Answer 18 Answer 19 Answer 20
0+3+8+ 15 c=2 k = 45
= 26
Answer 21

x2+(2x—5)2 =25

2

X2 + 4X% — 20k + 25 = 25

5x% — 20x
5(x—-4) =0
X =0 or X =4

Thus, the solutions arg,0, —5) or (4, 3)
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Year 1 Pure Mathematics Examination Revision

Twenty-One Today

NUMBER 3

Twenty-One short, sharp questions on all aspects of the Year 1 course
You may use a calculator

Question 1

y = 4v/x

Find the coordinates of the only point on this curve with a gradient of 8

Question 2

gix) = X~ 7% — x + 23
Find the remainder whem(x) is divided by & + 2)

Question 3
Give the exact solution to the equation

In(11x - 5) = 3



Question 4

The distance between the poirits2, 10) and (%, 6) isv 65
Find the two possible values »f

Question 5
(1) Work out the value of the discriminant of

f(x):x2+x+2

(i) What does your pafti ) answer tell you about the number of root$ @) ?

Question 6
If sing = % state the exact value @psoO and the exact value dan 9

HINT :
17
8
X N
Question 7
Simplify;
101!

99!



Question 8
X3 + OX
3x2
HINT : Use the 'wedge' technique

Differentiate,f (x) =

Question 9

2
Integrate f (x) = m

Question 10
Solve over the interval €6 < 360°

2cos(6) = V3



Question 11
Given that the poiM\has position vecto6i — 3] and the poinB has position

vector 8 + 5 find the vector,:8

Question 12

Find the equation of the normal to the curve with equatios 11 — 4/x
at the point wherg = 4

Question 13
Expand the bracketsy = (3 - 2x )3



Question 14

. 1 .
Solve the equationJogz x = — > leaving your answer as an exact value.

Question 15

Solve the equationjog;(y + 3) + log; (2y + 1) =1, ye R, y > —%

Question 16
Solve the equatior®® — 31 - 18 = 0



Question 17

A sketch of a circleC, along with its equation is presented below;
Ya

C

\ 0

O] X

(x =372+ (y—-4)2 =5
Find the coordinates of the two points whé€rerosses thg-axis.

Question 18
Considering further the circl€, presented in Question 1fifyd, in degrees, the
size of the angle marked

Question 19
Find the set of values affor which

12 + 4x >x2



Question 20

2 24
Evaluate, f (X) = -[1 ?dx

Question 21
Solve, for0 < 0 < 360, the equation,200526 +s8n6-1=0
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Twenty-One Today

NUMBER 3
Solutions
Answer 1
a1
y = 4x2
dy ~1
— = 2X 2
dx
2
—— =8
VX
1
X = — or 0.0625
16
1
=4 X | —
y 16
=1

The coordinates of the only point on the curve with gradient 8 are ( 0.0625, 1)

Answer 2
By the remainder theorem, the remainder is giverg by 2)
0(-2 = (-2°-7x (-2° - (-2 + 23
=-8-28+2=23

=-11
Alternatively, the long division could be carried out.

Answer 3
Method 1
loowb=c o a=b
This “jump out of logs” manoeuvre gives
loge(11X — 5) = 3 & € = 11X - 5
e +5
X =
11
Method 2
In(11x — 5 = 3

Exporentiate both sides
Jn(1ix-5) _ 3

e

e = 11x - 5
e+5

X:

11



Answer 4

Distance = \/ (AX)? + (Ay)2

65 = (X — (=2))° + (6 — 10)?
65 = (X + 2% + (-4
65 = X2 + 4x + 20

x2+4x—45=0

(X+9)(x-5 =0

X=-9o0or x=5

Answer 5
(1) Discriminant ofax® + bx = ¢ = 0 is D = b® — 4ac
sforf(x), D=1-4x1x2
= -7

(ii) AsD < 0, f(x) has no roots

Answer 6
00526 + sin26 =1
2
8
cos? 0 + (—) -1
17
289 — 64
cosfh = == 27
289
225
~ 289
. COoSO = E
17
tanf = Sno
cos 6
_ 8
- 15
Answer 7
101! 101 x 100 x 99!
99! 99!

10100



Answer 8

f(X) = ——=—

Sa f’(X)

Answer 9
2
X
Jx4 5x2
= |— + — dx
X X
_ f 3
= |x° + 5x dx
x* 5x2
= — 4+ — +C
4 2
Answer 10
2cosh = V3
V3
cosfh = —
2
6 = 30°, 330
Answer 11
s
AB=Db-a

-(8)-(5
-(2)

ie. 1+8§



Answer 12

1
y = 11 — 4x?
dy -1
=2 = _2x 2
dx X

_ 2

WX

. . dy
Insert =4 —2 =1

nserting x gives Ix

. Normal's gradient= 1
Also y = 11 - 44

So (4, 3) is on the normal

y =NnMX+C
3=1x4+c
c=-1

Normalisy = x - 1
Answer 13
(3-2x)=1x 33 x (=2x°
+3x (3% x (=201
+3x 3! x (=2%°2
+1x 3% x (=2%°
= 27— 54 + 36X% — 8X°
Answer 14
Method 1
loub=c < a=b
This “jump out of logs” manoeuvre gives
_1
Ioggx=—%<:>32 = X
= 1
V3
Method 2
logx = - L
BX= 75

Raise bath sidesto the power 3
3lomx _ 3—i

X = —

2
L
V3



Answer 15

1
logz;(y + 3) + log7 (2y + 1) = 1 yeRy>-=

log7((y + 3)(2y + 1)) = 1
Iog7(2y2+ 7y+3) 1
2y2+ 7y + 3

2V + Ty—4 =0
(2y-1)(y+4)=0

71

= — = —4
y > or 'y
1

Buty > —
y 2

o 1
so the only solution isy = >

Answer 16
o - F*1 _18=0
(3X)2—3(3X)—18=0
(3¥-6)(3+3)=0
F=6 o 3= -3(nosolution
_ In6
~ In3
= 1631
Answer 17

The circle will cross th&-axis wherny = 0 in which case,
(x = 3)%+ (4% = 25
(x=3% =09
square root both sides
X—3==3
Xx=0 o x=6
Points : (0, 0), (6, 0)



Answer 18
Use the 'backwards' version of the cosine rule,

o5t - 5 + 52 — 62
2x5x5
= 0.28
.. 6 = arccos0.28
= 737°
Answer 19
12 4+ 4x > X
X — 4x — 12 < 0
(X—-6)(x+2)< O
critical valuesarex = -2 and x = 6
Via a quick sketch graph
-2<X<6
Answer 20
flz 245 3dx = [172}2
1
=9
Answer 21
2cos 6 +snf —1 =0
2(1-sn’@)+snh-1=0
2sin®9 —sng -1 =0
(sné —1) (2snf6+1)=0
either or
. : 1
sne =1 sné = ey

0 = 90°, 210, 33C°
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Year 1 Pure Mathematics Examination Revision

Twenty-One Today

NUMBER 4

Twenty-One short, sharp questions on all aspects of the Year 1 course
You may use a calculator

Question 1
. . . V2
Rationalise the denominator, of7+3
5++v2
Question 2

a
Given that, fz x2 dx = 111%

determine the value of the constant

Question 3
f(x) = 5x% + 8x° — 13

Is (x — 1) a factor off (x) ?
Justify your answer.



Question 4
What is the circumference of the circle with equation,

(x+3)%+ (y—8) = 64
Write your answer as a multiple of

Question 5

Find the coordinates where the line with equatyoa 4x — % meets the line

with equationy = — % X+ 5

Question 6

(1) What is the minimum value of the functidriix) = (X + 7)2 +57?

(ii) What is the maximum value of the functigrgx) = 8sinx + 13 ?

(iii)  Hence state theinimum value of,
f (%)
g(x




Question 7
Write out Pascal's triangle up to the row that runs, 1, 6, 15, 20, 15, 6, 1

Question 8
Given that, in row 6 of Pascal's Triangle,

"C, = 20
State the value aof and the value aof

Question 9
Write without any brackets;



Question 10

A line segment has endpoint8, 5), (8, -5)
Find the equation of the perpendicular bisector of this line.

Question 11

Given thaty = 1.6 x* + 09 x2, what isfydx

Question 12
—b + vV b? - 4ac

[ Which part ofx =
(1) ich part ofx 3

is termed the discriminant ?

(i) Suppose that the discriminant is negative.

What can then be deduced about the graph ef ax’ + bx + c?



Question 13
Give the equation of the curve which passes through the point ( 1, 13 ) and
which has a gradient equation given by;
dy
dx

= 4053

Question 14
A circle has equation

x2+y2—10x+4y: 7
Determine the centre of the circle and its radius.

Question 15
Solve the inequality,



Question 16
Given that

128v2 = 22
find the value oha

Question 17
Solve over the interval°’X x < 360,

tan2x+ coszx =1

Question 18
(1) Factorise completely,

f(x) = X — X

(i) Hence write down the coordinates of the three points where the graph
of f (X) crosses th&-axis



Question 19
With the help of your answer to question 18, or otherwise, sketch the graph of,

f(x) = X — X

Question 20
Find the equation of the tangent to the cuyve x> — xfrom the point(1, 0)

Question 21

Find the area bounded by = X

— X, thex-axis,x = —landx = 1
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Twenty-One Today

NUMBER 4
Solutions
Answer 1
V2 +3 V2 +3 « 5-+2
5+vV2  5+vV2  5-+2
_ 5V2 -2+15-3V2
 25-5y2 +5V2 -2
13+ 2V2
B 23
Answer 2
a 2
szdx:lll—
2 3
3 Ja
[X—} = 1112
31, 3
3 3
a__z_zlllg
3 3 3
multiply through by 3
as - 2% = 335
as = 343
a=17
Answer 3

If (x — 1) is a factor theii (1) will equal zero by the factor theorem.
f(1) =5x1°+8x1°-13
=0

- (x = 1) is afactor of (X)

Answer 4
The radius of the circle is 8

218
16



Answer 5

Answer 6

(i) 5

Answer 7

Answer 8

Answer 9

4x — % = —% +5
multiply through by 4
16x — 14 = —x + 20
1x = 34
X =2

The point of intersection i62, 4.5)

(i) 21 (i)




Answer 10
To obtain the midpoint,

3+8 5+ (-H
> > ) = (55 0)
Gradient of line between the given points,
_AY
AX
_ 5-(-5H
3-8
=-2
The gradient of the perpendicular bisector will be the sign changed reciprocal,
1
™ =7
To obtain the equation of the perpendicular bisector through ( 5.5, 0 ), gradient 0.
y=nmxX+cC
1
0= > x55+cC
. c=-275

The equation of the line is thus,

1
_ = x-275
y=3

Answer 11

_fydx = f1.6x4 + 0.9x° dx

0.32x5 + O.3x3 +C

Answer 12
(1) The discriminantD, is the piece under the square root.
ie. D= b®- dac
(i) If D<0 then the graph of the quadratic does not cross or touch
thex-axis because it has no roots.



Answer 13
dy
dx

Integrate both sides wxt

= 40 x3

y = 10x* + ¢
Now to use the fact that this curve passes thrquigh13)
13=10x1*+¢c
c=3

-.y=10x4+3

Answer 14
x2+y2—10x+4y
[x* - 10¢] + [ + 4]
[ (x-5)%-25] + [ (y+2)°-4] =

| Il Il
S UEENEEN

(x—5)2+(y+ 2)2 = 36

.. centre(5,—2), radiusé

Answer 15
¥ -3>1
¥ - 2220
(X+2)(x=-2)=>0
critical values at+ 2
and so, from a sketch graph,

X< =2 or X = 2

Answer 16

12872 = 27 x 29°
27.5



Answer 17
The crucial aspect of this question is to avoid a divisiosibyxbecause
this would be dividing by zero, which is not defined in mathematics.

Method 1
tanzx + coszx =1
2
sin© x
+ coszx =1
cos? X

multiply through bycoszx
S’ x + costx = cosx
(1- coszx) + cos*x = cos®x

cos4x - Zcoszx +1 0

( cos” x — 1)2 =0
square root both sides
co’x -1 =10
co?x = 1
square root both sides
cosx = *1
S X = 0° 180, 360°

Method 2

tan2x + coszx =1

sin? x . 2

cos? X

sin2x = sinzx coszx

2x - sinzx coszx =

sin
sinzx(l - coszx) =

2x sin2x =

sn*x =

sin

o O O O O

sinx =

X = 0° 180, 360°



Answer 18

(i)
f(x) = X — X
= x(xz—l)
=xXx(x+1)(x-1)
(i)
(1, O)a (Oa O)’ (_17 O)
Answer 19
Ya
-1 -
0 1 X
Answer 20
y = X — X
dy 2
— =3x" -1
dx
from which it's apparent that the gradient wher= 1 is 2
y=nmX+C
0=2x1+c
c=-2

. Tangent: y = 2x — 2



Answer 21
Integration will see any area underneathxfais as negative, so the previous
guestions have been raising awareness that this curve has this issue.

In my solution I've gone for the left hand part of the curve, which will have a
positive area of 0.25, and then used the symmetry to get the area requested by
doubling that answer.
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