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The Classification of Numbers

Chapter 1
GCSE Mathematics
The Classification of Numbers
1.1 The Integers
The integers are the numbers in the set,

Z =1..,-4-3,-2,-1,0,1, 2, 3 4, ..}
A mathematician who's is primarily interested in integers is called a Number Thec
This lesson is a reminder of some of the many pieces of GCSE mathematics that
only the integers. The statememg 7Z, states thatrfis an integer”.

1.2 Exercise
Do NOT use a calculator
Instead, use your mind !
Marks Available : 70
Question 1
List the integers which satisfy the following “sandwich” inequalities:

(i) 21<n<23

[ 1 mark]
(i) 32<n< 68

[ 1 mark ]
(ii) -213<n< 0.75

[ 1 mark ]
(iv) V16 <n<+v8l

[ 1 mark ]
(v) 21 < N < 3t

[ 1 mark ]

(vi) " <9 (Hint: There are 7 integers that make this true)

[ 2 marks ]



Question 2

The positive integers, with the exception of the number 1, are one of either
“prime” or “composite”.

For each of the following numbers state if the number is prime or composite;

(i) 7 (i) 27 (iii) 1082
(iv) 43 (v) 91 (vi) 101
(vii) 234785 (viii) 23 (ix) 2

[ 9 marks ]
Question 3
List the integers which satisfy the following “sandwich” inequalities:
(1) 32 < h+8< 41

[ 2 marks ]
(i) 13<4n+5< 21

[ 2 marks ]
(i) 4<2n-1<10

[ 2 marks ]
(iv) 02<3+05< 38

[ 2 marks ]
(v) -3<h-3< 25

[ 2 marks ]

Question 4

Demonstrate how to find the six digit value2dfx 3° x 5*without a calculator.

[ 3 marks ]



Question 5
Prof lama Duffer has a theory:

e Take any even number.
e Square it.
e Add one.

e The result is always a prime number.

Prof lama Duffer is wrong.
Give an example thgproves he is wrong.

[ 2 marks ]

Question 6
Explain why the number 187 is NOT a prime number.

[ 2 marks ]

Question 7
The number 60 can be written as a product of prime numbers like this:
60 = 2°x3x5

Demonstrate how to write the number 588 as a product of prime numbers withou
the use of a calculator.

[ 3 marks ]
Question 8

You are told the fact that 9x 9x 9x 9 = 6561
Explain how to use this fact to find the square root of 6561 without using a calcul:

[ 2 marks ]



Question 9

The Lowest Common Multiplddm) of 14 and 21 is the first number that is in the
14 times table and the 21 times table.

What is thdcm of 14 and 21 ?

[ 2 marks ]
Question 10
Show how to find thécm of 15 and 35 without using a calculator.
[ 3 marks ]
Question 11
Complete the bottom two rows of the following arithmetical triangle.
1 =20
1+1 = 2!
1+2+1 = 22
1+3+3+1 = 2°
1+4+6+4+1 - 2
This triangular array of numbers is world famous.
What is it's name ?
[ 1 mark]

Question 12
What is the Highest Common Factbcf] of 40 and 56 ?

[ 2 marks ]



Question 13

Two numbers areoprimewhen they have no prime factors in common.
(In other words, when thecf of the two numbers is 1)

For each of the following integer pairs state if they are coprime or not.

(1) 7 and 11 (i) 15 and 21 (i) 49 and 52
(iv) 10and11 (v) 13 and 39 (vi) 63andb56

[ 6 marks ]
Question 14

(1) Use a calculator with a “FACT” button to write 104 and 1375 as products
primes (The “FACT” is short for factorise).

[ 2 marks ]

(i) Hence, explain why 104 and 1375 are coprime.

[ 2 marks ]

(iii)  Find thelcmof 104 and 1375
(Hint: You may have noticed in question 13 that when two numbers are
coprime theitcm s the product of the two numbers)

[ 2 marks ]



Question 15
Without using a calculator determine the value of;

(i) 16 Giy  16° (i) 16
(iv) 18%° (v) 161! (vi) 1692

[ 6 marks ]
Question 16

(1) Without using a calculator, write 7056 as a product of primes.

[ 4 marks ]

(i) Use your parf i ) answer to square root 7056

[ 2 marks ]

* Did you know ?
The number 2 is the ONLY even prime.
Which makes it rather odd. (Ha, ha'!)
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1.3 Solutions
GCSE Mathematics
The Classification of Numbers

Answer 1

(1) 21, 22
(i) 4,5, 6
(i) -2,-1,0
(iv) 4,56,7,8
(v) 7,8,

(vi) -3,-2-1,0,1,2,3
[1,1,1,1,1, 2 marks ]

Answer 2
(1) prime (i) composite (iii)  composite
(iv)  prime (v) composite (vi) prime
(vii) composite (wviii) prime (ix) prime
[ 9 marks ]

Answer 3
(1) 8 <n<1l 9, 10, 11
(i) 2<n< 4 2, 3, 4
(ii) 25 <n<55 3,45
(v) -0l1<nx<11 0,1
(v) 0<n<4 1, 2, 3

[ 2 marks each = 10 in total ]
Answer 4

P B x5 = 2x5x(2x5x((2x5 x(2x5 x 3
10 x 10 x 10 x 10 x 27
270000

[ 3 marks ]

Answer 5
The possible counterexamples to the Prof's conjecture up to 30 are;
(Only one counterexample is asked for)

8 + 1 = 65which is NOT prime, as required

122 + 1 = 145which is NOT prime, as required
18 + 1 = 325which is NOT prime, as required.
222 + 1 = 285which is NOT prime, as required.
28 + 1 = 785which is NOT prime, as required.
30° + 1 = 901which is NOT prime, as required.

[ 2 marks ]



Answer 6

A prime is only divisible by itself and 1

187 is divisible by other numbers, such as 11 or 17
. 187 is not a prime number.

[ 2 marks ]
Answer 7
The division ladder method...
2| 588
2[ 294
3[ 147
7[ 49
707
1
. 588=22x3x 7
[ 3 marks ]
Answer 8
6561 = (9%x9)x(9x%x9)
= 81 x 81
. v/ 6561 = 81
[ 2 marks ]
Answer 9
Multiples of 14: 14, 28, 42,
Multiples of 21.: 21, 42,
s lem{14, 21} = 42
[ 2 marks ]
Answer 10

Multiples of 15: 15, 30, 45, 60, 75, 90, 105,
Multiples of 35: 35, 70, 105,

~. lem{15,35} = 105

[ 3 marks ]
Answer 11
Pascal's Triangle

[ 1 mark]

Answer 12
hcf {40,56} = 8

[ 2 marks ]
Answer 13
(1) coprime (i) 3 in common (i)  coprime
(iv) coprime (v) 13 in common (vi) 7incommon

[ 6 marks ]



Answer 14

(1) 104 = 2x 2 x 2 x 13
1375 = 5x 5x 5 x 11
(ii)
hcf {104, 1375} =1
(i) 104 x 1375 =
= 10 x 10
= 1000 x 143
= 143 000
Answer 15
(1) 256 (ii) 1
(iv) 4 (v) 1/16
0.0625
Answer 16

2x5x2x5%x2x5x 13x 11

(i) 7056 = 2*x 32 x 72

(i)

4 x 21
84

V7056 = 2° x 3x 7

X

10 x 13 x 11
(i) 16
(vi) 0.5

[ 2 marks ]

104 and 1375 are coprime because they have no factors in common.

[ 2 marks ]

[ 2 marks ]

[ 6 marks ]

[ 4 marks ]

[ 2 marks ]
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Chapter 2
GCSE Mathematics
The Classification of Numbers
2.1 The Rationals

A rational number is a number than can be written in the form
p

q
wherep andq are integers angl# 0.

Like the integers, the rationals can be methodically listed,

@_{ 2 8 4 51 12 1012115432 }
- ] 37 2’ 1’ 1, 3, 2’ 17 1’ l’ 1’ 17 2’ 37 1’ 17 2’ 3’ oo

The statement) e Q, states thatrt is a rational number”.

In the list of rationals, some entries are highlighted in red.

Those entries were the integer values.
This illustrates the fact that all numbers that are integers, are also rationals.

-

The GCSE examination often has a questions that gives candidates a numbe
written as a decimal fraction and the task is to show that it is a rational number
by writing it in the form,

Q

Ep pqe Z q=#0

2.2 Terminating Decimal Example
Show that 0.12& Q, giving your answer in as simple a form as possible.

[ 2 marks ]



2.3 Repeating Pattern Decimal Example
Show that 0.63 63 63 63 63 63... is rational.
Give your answer in as simple a form as possible.

[ 3 marks ]

2.4 Exercise
Do NOT use a calculator
Marks Available : 50
Question 1

Show that 0.225 is rational by writing it in the fOFE'—] for integerp andqg with g # 0.

Simplify your answer if it is possible to do so.

[ 2 marks ]
Question 2

Consider the numbed,36
Show that this number is rational by writing it in the forﬁq for integerp andq

and withq # 0. Simplify your answer if it is possible to do so.

[ 3 marks ]



Question 3
Consider the numbed, 75

Show this is rational by writing it in the forn% for p,qe Z, q#0.

Simplify your answer if it is possible to do so.

[ 3 marks ]
Question 4
Show that the following number is rational;
0.351
Simplify your answer if it is possible to do so.
[ 3 marks ]
Question 5
(1) Write 0.875 in the form% for integerp andq with g # 0.
[ 2 marks ]

(ii) What one of the following is true ?
[0 0.875is a natural numbelN

O 0.875is an integerZ
[0 0.875is a positive integet%+
[0 0.875is a rational numbefQ
[ 1 mark]



Question 6

Write 2.52 in the form% for integerp andq with g # 0.

Simplify your answer if it is possible to do so.

[ 2 marks ]
Question 7
(1) Write the integer 23 in the forngr for integerp andq with g # 0.
[ 1 mark ]
(i) Explain why all integers are also rational numbers.
[ 2 marks ]

Question 8
Show that the infinitely repeating decim@li4634 is a member of the set of

rational numberg), by writing it in the form% wherep, g € Z andq# 0.

Give your answer in simplified form.

[ 5 marks ]



Question 9
(1) Show that 0.44444444 ¢.QQ

[ 2 marks ]
(i) Show that any decimal of the fornre@aaaaaaa... is rational.

[ 5 marks ]
Question 10
(1) Show that the decimal 0.1222222222 ... is rational

[ 2 marks ]

(i) Show that any decimal of the form Bahaaaaaa... is rational

[ 5 marks ]



Question 11
Show that any decimal of the formraB.abababab ab ... is rational

[ 5 marks ]

Question 12
Prove that the decimal;

0.021978
is a rational number.

[ 4 marks ]



Question 13
Prove that 0.999999999999...=1

[ 3 marks ]
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2.5 Answers
GCSE Mathematics
The Classification of Numbers
2.5.1 Solution to 2.2 Terminating Decimal Example

0.125 = % = % = % which is in the form of a rational numbeérl

[ 2 marks ]

2.5.2 Solution to 2.3 Repeating Pattern Decimal Example
100x = 6363636363...

SUBTRACT X = 0.63636363...
99% = 63
.. 83
- 99
X = l which is in the form of a rational numbérl

11
[ 3 marks ]

2.5.3 Solution to 2.4 Exercise

Answer 1

225 = 45 = i which is in the form of a rational number]
1000 200 40

0.225 =

[ 2 marks ]

Answer 2
100x = 36.36363636...
SUBTRACT X = 0.36363636...
99 = 36
36
X = —
99

4 . .
X = ST which is in the form of a rational numbén

[ 3 marks ]



Answer 3
100x = 7575757575...

SUBTRACT X = 0.75757575...
9% = 75
75
X = —
99

X = % which is in the form of a rational numbérl

[ 3 marks ]
Answer 4
1000x = 351351351351351...
SUBTRACT x = 0.351351351351...
99% = 351
351
X = ——
999
13 . .
X = 37 which is in the form of a rational number
[ 3 marks ]
Answer 5
. 7 17 7
(i) osmm= o _1n_ 35 _ 7
1000 200 40 8
which is in the form% for integerp andq with g # 0.
[ 2 marks ]
(ii) O 0.875is a rational numbefQ
[ 1 mark ]
Answer 6
252 = 252 = 126 = 03 which is in the formB for integerp andq with g = 0.
100 50 25 q
[ 2 marks ]
Answer 7
. 23 . p . :
(1) 23 = R which is in the forma for integerp andq with g = 0.
[ 1 mark]

(i) For any integen, n = % which is in the form% for integerp
andq with g # 0 which is the form of a rational number.

-, All integers are rational
[ 2 marks ]



Answer 8

100000x = 1463414634146341463414634...
SUBTRACT X = 0.14634146341463414634...
9999% = 14634
« = 14634
99999
X = % which is in the form of a rational numbétrl
[ 5 marks ]
Answer 9
(1) 10x = 4444444 ...
SUBTRACT X = 0444444 ...
9 = 4
X = % which is in the form of a rational numbérl
[ 2 marks ]
(i) 10x = aaaaaaa..
SUBTRACT X = O.aaaaaa...
9% = a
X = % which is in the form of a rational numbérl
[ 5 marks ]
Answer 10
(1) 100x = 12222222...
SUBTRACT 10x = 1.222222..
90x = 11

X = % which is in the form of a rational numbér

[ 2 marks ]
(i) 100x = la.aaaaaa..
VUBTRACT 10x = O.aaaaaa..
90x = 10+ a
X = 109; a which is in the form of a rational numberl

[ 5 marks ]



Answer 11

100x = ab.abababab...
SUBTRACT X = QO.abababab...
99% = ab
X = %gb which is in the form of a rational numbetrl
[ 5 marks ]
Answer 12
0.021978
100000k = 021978021978021978021978...
SUBTRACT X = 0.021978021978021978...
99999% = 021978
= 21978
~ 999999
X = é which is in the form of a rational numbén
[ 4 marks ]
Answer 13
Take the obvious equivalen&e333333333. = %
and multiply both sides by 3 0.99999999¢%.1 O
[ 3 marks ]

This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2022 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



Chapter 3
GCSE Mathematics
The Classification of Numbers

3.1 Discovery Of Irrationals

Pythagoras was an Ancient Greek philosopher who was born around 570 BC.
He founded a political and religious movement, The Pythagoreans, who's motto
was “number is all”. They believed that through an understanding of
mathematics they would have mastery of all workings of the Universe. They
loved integers, and embraced rational numbers which they thought of as ratios
of integers.

They viewed the fraction% as the ratie : g and believed (mistakenly) that all

numbers could be written in this way. Although “The Theorem of Pythagoras”
was actually known well before Pythagoras was born by the Babylonians and
the Indians it is attributed to Pythagoras, partly because it presented The
Pythagoreans with a major problem that challenged a fundamental belief; that all
numbers were rational.

The problem that profoundly challenged their view of mathematics was the
following; Determine the length of the hypotenuseopf a right angled triangle
in which each of the shorter sidesandb, were of length 1.

o allcm
b
lcm
> =a+ b (By the theorem of Pythagoras)
= 1%+ 1°
=2
nc=vV2

Try as they might, none of the Pythagorean brotherhood could write this
troublesome answer as an exact ratio of integers. Initially, they assumed they
had just not been clever enough to work out the ratio but one of them, Hippasus.
found a logical argument that proved that no matter how long they searched,
v/2 could never be written as a ratio of integers. He showedvVBatvas a
fundamentally different type of number. Hippasus was murdered, drowned at
sea, in a vain attempt to keep his discovery secret for it undermined the
Pythagorean's core belief in a precise and orderly Universe.

Hippasus is now thought by scholars to have been the person who discovered
new type of number, therationals.



3.2 How To Suspect A Number Is Irrational

An irrational person is someone who is not predictable. When an irrational
number starts to be written out as a decimal, it's not obvious what digit will be in
the next decimal place.

V2 = 1.7
V2 =147
V2 =141
V2 =1.4147

V2 =1.41429

V2 = 14142135627

V2 = 1.4142135623730°

So, when an irrational number is written out as a decimal, the decimal never
terminates and there is no pattern that continuously repeats. This is the hallmarl
of an irrational number, the fingerprint that gives it away.

3.3 Example
Consider the following sequence of square rooted integers;

vi V2 V3 V4 VB W6 V7T V8

v9 V10 V11T V12 V13 V14 15 <16

Under each member of this sequence write d@unihthe member isational,
and[P if the member isrrational.

3.4 A Useful Table Of squares
So that the next exercise can be done without a calculator, here is a table of inte(
and their squares.

911612513649 64|81| 100 121 | 144 | 169| 196 | 225

171181191 20| 21| 22| 23| 24| 25| 26| 27| 28| 29| 30

256 289] 324| 361| 400| 441| 484 529| 576 625| 676 /29| 784| 841| 900




3.5 Exercise
Do NOT use a calculator
Marks Available : 64

Question 1
Under each expression writg if it's rational, or IP if it's irrational.
(i) V8 (ii) 144 (i) V14
(iv) 225 (v) /324 (vi) V37
(vii) 361 (viii) +/305 (ix) V 625
[ 9 marks ]
Question 2
Under each expression writgif it's rational, or IP if it's irrational.
(i) V3 (i) Nl (i) V3 xV3
(v VI ) VExv ) A2
[ 6 marks ]

Question 3

Work out the hypotenuse of each of the following triangles.

In each case, state if the answeRaional, Q or Irrational, P
8cm

]

6 cm

7cm

2cm

wo g

15 cm

[ 8 marks ]



Question 4
Show that each of the following is ration@l, by writing them in the form(%

wherep andq are integers ang# 0.

(i) %xg (i) 4% (i) %+§
w (5w (5w (3]
(vii ) (%)% (vii) 1% (ix) (2+%)2
() Gy L ey 8
( il ) 32—17 (xiv) % CONICESS
[ 15 marks ]
Question 5

In a cuboid with sides of lengtlasb andc, the longest diagonal in the bak,
is given by a three dimensional version of Pythagoras' Theorem.

d2:a2+b2+c2

4 cm

11 cm

5cm
(1) Work out the longest diagonal's length in an 11 cm by 5 cm by 4 cm cubc

[ 2 marks ]
(i) Is your part( i ) answer a rational numbédp, or an irrational numbel® ?

[ 1 mark ]



Question 6
Under each expression writgif it's rational, or IP if it's irrational.

(i) 0.425 (i) 0.348 (iii) 314159
. 3 . _2
(iv) (v5) (v) 72 (vi) 3
(vii) 01762222222. (vii) 1Y2 (ix) %
[ 9 marks ]
Question 7
(1) Write down aRational number that lies between 1 and 2
[ 1 mark ]

(i) Write down anrrational number that lies between the integers 1 and 2

[ 1 mark]
Question 8
Show that each of the following is a member of the set of rational nurfipers,
. 1 N [_1
(1) 2— (i) 36 (iit) 7—
4 9
(iv) +3600 (v) 141—16 (vi) +0.36
[ 12 marks ]
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3.6 Solutions
GCSE Mathematics
The Classification of Numbers

Answer 1
(1) P irrational (i) Q rational (ii) P irrational
(iv) Q rational (v) Q rational (vi) P irrational
(vii) Q@ rational (viii) P irrational (ix) Q@ rational

[ 9 marks ]
Answer 2
(i) IP irrational (i) Q rational (ii)  Q rational
(iv) Q rational (v) Q rational (vi) Q rational

[ 6 marks ]
Answer 3
(A) +/53 P irrational
(B) 10 Q rational
(C) +61 P irrational
(D) 17 Q rational

[ 8 marks ]
Answer 4
(i 4 (i) = iy =
(v) = v) = viy =
(Vi ) % ( viii ) ? (ix) %
) 5 (x)  — (i) 2
( xiii ) % (xiv) i—j (xv) %

[ 15 marks ]
Answer 5
(i) V162 =9V2 (ii) P irrational

[2,1 marks ]

Answer 6
(i) Q rational (i)  Q rational (ii)  Q rational
(iv) P irrational (v) Q rational (vi) Q rational
(vii) Q rational (viii) Q rational (ix) P irrational

[ 9 marks ]



Answer 7
. 3
(1) > for example

(i) /2 forexample

Answer 8

. 3 .. 6
(i) > (i) 1

. 60 15
(iv) = (v) vy

(i)
(vi)

o|w w| o

[ 2 marks ]

[ 12 marks ]
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Chapter 4
GCSE Mathematics
The Classification of Numbers

41 7T

This world famous number is defined as being the raticamy circle's
circumference(, to its diameter;

c:d

In other words,
_ C
TS

No matter what circle is having its circumference and diameter measured, when
the first is divided by the second, the same nunihas, the result.

Like V2, mis an irrational numbef?, and so it can not be writtexactlyas a
ratio of integers, or exactly as a decimal.
a = 3.14.. (approximately)

The value ofr is stored to more decimal places on your calculator. A practical
use of knowingr, and of knowing that it is the same for all circles, is that a
couple of useful formulae now allow us to measure a particular circle's radius,
(which is easy from a practical point of view) and calculate its #eand its
circumference(C, (which are awkward to do by other means).

A = yrrz
and

C 2mr

4.2 Proof thatx is not an integer

It is difficult to prove thatr is irrational, but we can easily prove it's not an
integer. The proof is in two parts.

Firstly, consider the following where a circle is placed inside a square,

A

2r

2r 2r

C=2n r P=8r
C <8



Secondly, consider the following where a hexagon is placed inside a circle,

2r

C > or

So, we have a sandwich inequality,
6r < C < 8r

6r < 2ar < 8r
6 < 27 < 8  (Dividing through byr)
3<a <4 (Dividing through by 2)

As there are no integers between 3 and 4 and we have a mathematical proof (
watertight argument) that can not be an integer, O



4.3 Exercise
You may use a calculator
Marks Available : 60
Question 1
A bathroom towel holder is made from a length of wire in the shape of a semi-circ
of diameter 20 cm.

20 cm

Calculate the length of the wire used.
Give your answer correct to two decimal places.

[ 3 marks ]
Question 2
Which of the following is the closest approximationtt@
25 3
— — Vv 10
8 1
[ 2 marks ]

Question 3
Which of the following is the closest approximationt@ ?

3 7T 7

2 2 5

[ 2 marks ]



Question 4
Under each expression writgif it's rational, or IP if it's irrational.

(i) 2 (i) ==
Gii) Vax (iv) a°
1 . 2
(v) — (vi) (m +5 (n—-5) —-x
[ 6 marks ]
Question 5

In a cuboid with sides of lengtlasb andc, the longest diagonal in the bak,
is given by a three dimensional version of Pythagoras' Theorem.

d2:a2+b2+c2

2cm

9cm

6 cm

(1) Work out the length of the longest diagonal of a cuboid that measures
9cmby 6 cmby2cm

[ 2 marks ]
(ii) Is your part( i ) answer a rational number or an irrational number ?

[ 1 mark]
Question 6
Although+/12 is an irrational number, and3 is also an irrational number,

. INV12 . . . o
the expressior——— is rational. Explain why this is so.

2V3

[ 3 marks ]



Question 7
(1) Find the AREA of a circle of radius 10 cm.
Give your answer correct to the nearest integer.

[ 2 marks ]
(ii)
10 cir
10 cr
20 cm
Find the AREA of the shape.
Give your answer to the nearest integer.
[ 2 marks ]
(i)
10 cmr
10 cr
20 cm
Find the AREA of the shape.

Give your answer to the nearest integer.

[ 2 marks ]



Question 8
GCSE Examination Question from June 1995, Q11 (Edexcel)

x = va2+ b?

State whethex is rational or irrational in each of the following cases, and show
sufficient working to justify each answer.

(a) a=5 andb=12

[ 2 marks ]
(b) a=5 andb=6

[ 2 marks ]
(c) a=+v2 andb=+7

[ 2 marks ]

(d) a=—=andb = —

[ 2 marks ]



Question 9
GCSE Examination Question from June 1996, Q8 (Edexcel)
Here are somgrational numbers.

V3 W5 V8 ax V12 /50

(a) Use two of these numbers to show that, if trational numbers are
multiplied together, the result can beaéional number.

[ 2 marks ]

(b) Use two of these numbers to show that, if trvational numbers are divided,
the result can berational number.

[ 2 marks ]
Question 10

GCSE Examination Question from June 1994, Q7 (Edexcel)

Which of the following numbers arational and whichirrational ?

[EFT 3es (o

Express each of tlrational numbers in the forn% wherep andq are integersy # 0.

[ 5 marks ]



Question 11
Prove that each of the following statements is false by giving a counter example.

(1) The square odny numberis always greater than the original number.

[ 2 marks ]
(i) For every pair ointegers n andm, if n >mthen n’ > nf

[ 2 marks ]
(iii)  The product of twarrational numbers is always irrational.

[ 2 marks ]

Question 12
Under each expression writgif it's rational, or IP if it's irrational.

(i) V2 (i) V2xV8 (i) 8 xV2
(iv) +8+2 (v) % (vi) V8

[ 6 marks ]



Question 13

If a=1+V2 and b=1-+v2 findtheexactvalue of the following;
(You will have to leave irrational numbers written as square roots)
In each case state if your answelRational or Irrational .

(1) a+b (i) a-b (i) 2a+b

(iv) V2a (v) a (vi) ab

[ 6 marks ]
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4.4 Solutions
GCSE Mathematics
The Classification of Numbers

Answer 1
107 + 20 = 51.42 cm to two decimal places
[ 3 marks ]
Answer 2
25
8
[ 2 marks ]
Answer 3
7
5
[ 2 marks ]
Answer 4
(i) P irrational (i) Q rational (iii) P irrational
(iv) Q rational (v) P irrational (vi) Q rational
[ 6 marks ]
Answer 5
(i) 11 cm (i)  Q rational
[2, 1 marks ]
Answer 6
V12 _ fvax3 _7X 2V3 = lWhiCh is rational
2v/3  2vy3 0 2V3 1
[ 3 marks ]
Answer 7
(1) 314 cn? (i) 714 cn? (i) 871cm
[2,2,2marks ]
Answer 8

(a) 13 Q rational
(b) 61 P irrational
(c) 3 Q rational

(d) g Q rational

[ 8 marks ]
Answer 9

(a) Oneof V3 x 12 :% or V8 x /50 = %

[ 2 marks ]

(b) Oneof Y22 _ 2 o Y50 _ 5

V3 1 V8 2

[ 2 marks ]



Answer 10

1 V17 vV 17 o
4= = = P irrational
4 Va4 2
\/6i :\/E _ 2 Q rational
4 4 2
% +V3 IP irrational
1~V 1 1 1
(3\/@) - SV3 x V3 = Q rational
[ 5 marks ]
Answer 11

Specific examples are expected, but here are the generalised requirements.
(1) Any numbern, where—1<n< 1, is made less by being squared.
(i) For any two numbersn andn, wherem< 0 andn>| m|

have the property that>m andn? > n?

(i)  Any two irrational numbersn andn of the formy ab?d andy/ ac?®
have the property that

Jab2d x vac?® = ax bl x c®
which is rational, whera, b, ¢, d ande are positive integers.

[ 6 marks ]
Answer 12
(i) P irrational (i) Q rational (iii) IP irrational
(iv) P irrational (v) Q rational (vi) P irrational
[ 6 marks ]
Answer 13
(i) 2 Q rational
(i) 2vV2 P irrational
(i) 3+V2 P irrational
(iv) 2+V2 P irrational
(v) 3+2vV2 P irrational
(vi) -1 Q rational
[ 6 marks ]
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Chapter 5
GCSE Mathematics

The Classification of Numbers
5.1 Revision
Make sure you know the difference between,
e Integers 7
e Rationals Q
e rrationals P

If all of the rational numberg, are merged with all of the irrational numbers,
IP, the result is the real numbel®, which (for GCSE) are “all the numbers you
know about” (At A-Level another type of number is encountered).

The Real Numbers —»| |rrational Numbers
l Numbers which can't be written

in the form P. wherep and q
q
are integersandq # 0

Rational Numbers

Examples ®m VY@ 2L
. . 4
Numbers which can be written

1
2 _— "
in the form P. wherep and q V2 V3 4 anyprimenumber

q
are integers and q # 0 y/ any number not a perfed square

Integers:Z Numbers from the set{ ... -3,-2,-1,0,1, 2, 3, ... }
If it helps, think of these as the "not fractions”

But keep in mind that, for example, 7%: )

Rationals:QQ  Numbers that can be written in the fo#Eafor integerp andg.

Note thatq # 0, as division by zero has no mathematical meaning
When written as a decimal expansion the digits of the expansion
either * terminate

or * form a repeating pattern without end

Irrationals: P Numbers liker andyv/ 2
Such numbers CANNOT be written %sfor integerp andg.

When written as a decimal expansion the digits of the expansion
* never terminate
and * form no repeating pattern



Exam questions often try to write a rational number in a way that makes it look
like an irrational number,
0

(Vo)
or make an irrational number look like it is rational,
a7+ 1
JT

5.2 Exercise
Do NOT use a calculator
Marks Available : 50

Question 1
V7 =2.645751311 ...
List all of the integersy, which satisfy

-7 < n< V7
[ 2 marks ]
Question 2
Calculate theexactlength of this triangle's hypotenuse.
2cm
3cm
[ 3 marks ]
Question 3
(1) Leaving your answer written in termssf calculate thexactarea of
a circle which has a radius of 12 cm.
[ 3 marks ]

(ii) Give your part (i) answer as a decimal accurate to one decimal place.

[ 1 mark ]



Question 4
A helpful table of squares:

314 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15 |16 |17 |18 |19 |20

419]116]25]36|49]|64|81]100]|121| 144]169| 196 225| 256| 289]| 324| 361| 400

By using the helpful table of squares, or otherwise, determine whether each of
the following numbers iRational, Q, Irrational , IP.

(i) 256
(i) V291

(i) V102 + 52 + 102

[ 3 marks ]
Question 5
Show that each of the following is rational by writing them in the form
P
q
wherep andq are integersy # 0.
2
7
g
[ 1 mark]
N 100
() \ 289
[ 1 mark]

2

(i) (3+%)

[ 2 marks ]



Question 6
V5 = 2.236067977 ...
V6 = 2.449489743 ...

Write down a rational number that lies betweé¢® and+/ 6

[ 2 marks ]
Question 7
For each expression state if itRgtional, Q, orIrrational , IP.
Show working where necessary.
. 2 . Vv 20
(i) (V3) (i) N
7 _ 0
(i) 1 (iv) (V7)
(v) 5% (vi) (V3 +v2)(V3-v2)
[ 6 marks ]
Question 8

In a cuboid with sides of lengtlasb andc, the longest diagonal in the bak,
is given by a three dimensional version of Pythagoras' Theorem.

d2:a2+b2+c2

2cm

6 cm

3cm

(1) Work out the length of the longest diagonal of a cuboid that measures
6 cm by 3cm by 2 cm

[ 2 marks ]
(i) Is your part( i ) answer a rational numbédp, or an irrational numbel> ?

[ 1 mark ]



Question 9
Show that 0.625 can be written in the fo%wfor p,ge Z andq# 0.

Simplify your answer if it is possible to do so.

[ 3 marks ]
Question 10
. 22 :
Victor says that ast = = s must be a rational number.
Explain his error.
[ 2 marks ]
Question 11
List the integers, if any, which satisfy
29 < 3n+ 14 < 38
[ 3 marks ]

Question 12

Consider the numbed.45
That is, 0.454 545 454 545 ...

Show how this humber can be rewritten in the fe%nior integerp andg with q# 0.

Simplify your answer if it is possible to do so.

[ 3 marks ]



Question 13
Show that each of the following is rational by writing them in the form

% wherep andq are integers ang O.

2 ) 3 1
) (i) €+—

(1) ( 25

1 1
_+_
2 3

[ 4 marks ]
Question 14

Use thetheorem of Pythagoras to show that a right angled triangle with shorter

. 6 8 :
sides of IengthsS— cm andg cm has a hypotenuse of integer length.

[ 3 marks ]



Question 15
Consider the number

Letx = 0.0416666666666666.....

(1) Work out the value of 10 000

[ 1 mark ]
(i) Work out the value of 1 000
[ 1 mark ]
(iii) By subtracting answerb ) from answe( a ) work out 9 00
[ 1 mark ]
(iv)  Hence write0.0416 in the form of a rational number.
That is, in the form% for integerp andq with q= 0
Simplify your answer if it is possible to do so.
[ 2 marks ]
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5.2 Solutions

Answer 1

ne {(-2,-1, 0,1, 2}

Answer 2

GCSE Mathematics

The Classification of Numbers

[ 2 marks ]

v 13 one mark lost if written as a decimal approximation, 3.605551275...

Answer 3
(1) 144

(i)  452.4

Answer 4
(i) Q rational

Answer 5
. 49
(i) 8L

Answer 6
For example, 2.3

Answer 7
(i) Q rational
(iv) Q rational

Answer 8
(1) 7cm

Answer 9
625

0625 = —— = —

1000

Answer 10

5
8

(i)

(i)

(ii)

(v)

(i)

P irrational

10
17

P irrational
P irrational

Q rational

(i)
(i)
(i)
(vi)

[ 3 marks ]

[ 3 marks ]

[ 1 mark ]

Q rational

[ 3 marks ]

[1,1, 2 marks ]

[ 2 marks ]

Q rational
Q rational

[ 6 marks ]

[2,1 marks ]

[ 3 marks ]

22 22 . . . .
T # - although7 is a well known, good, rational approximationito

[ 2 marks ]



Answer 11

ne {5,6,7}
[ 3 marks ]
Answer 12
Letx = 0.454545454545454...
100x = 45454545454545...
SUBTRACT X = 0.454545454545. ..
99x = 45
45
X = —
99
5
X = —
11
[ 3 marks ]
Answer 13
. 25 ..
[ — i —
() 5 (i)
[ 2,2 marks ]
Answer 14
\/(6)2 (8)2 36 64
I + - o _— 4+ —
5 5 25 25
3 100
~\ 25
=4
= 2 whichis aninteger O
[ 3 marks ]
Answer 15
(1) 10 000x = 416.666 666 666 66...
(i) 1000x = 41.666 666 666 66...
(i) 9 000x = 375
. 1
iv X = —
(iv) 24

[1,1,1, 2marks |
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Chapter 6
GCSE Mathematics
The Classification of Numbers

6.1 Test
Do NOT use a calculator
Marks Available : 50

Question 1
/8 =12.828427125 ...
List all of the integersy, which satisfy

-v8 < n < V8

[ 2 marks ]
Question 2
Calculate theexactlength of this triangle's hypotenuse.

2cm
5cm

[ 3 marks ]
Question 3
(1) Leaving your answer written in termssf calculate thexactarea of

a circle which has a radius of 3 cm.
[ 3 marks ]

(ii) Give your part (i) answer as a decimal accurate to one decimal place.
Uses = 3.14 in your calculation.

[ 1 mark]



Question 4
A helpful table of squares:

314 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15 |16 |17 |18 |19 |20

419]116]25]36|49]|64|81]100]|121| 144]169| 196 225| 256| 289]| 324| 361| 400

By using the helpful table of squares, or otherwise, determine whether each of
the following numbers iRational, Q, Irrational , IP.

(i) V225
(i) V28l

(i) V122 + 12 + 122

[ 3 marks ]
Question 5
Show that each of the following is rational by writing them in the form
P
q
wherep andq are integersy # 0.
2
7
OIT
[ 1 mark ]
N 324
() 361
[ 1 mark ]
05
1
64 L )
(i) ( + 2

[ 2 marks ]



Question 6
V6 = 2.449489743 ...
V7 = 2.645751311 ...

Write down a rational number that lies betweé® and+/ 7

[ 2 marks ]
Question 7
For each expression state if itRgtional, Q, orIrrational , IP.
Show working where necessary.
. 2 . i
(i) (V) (i) 37
0
(i) 12 (iv) (Vx)
2
(v) 39 (vi) (V3 +1)
[ 6 marks ]
Question 8

In a cuboid with sides of lengtlasb andc, the longest diagonal in the bak,
is given by a three dimensional version of Pythagoras' Theorem.

d2=a2+b2+c2

4cm

13 cm

5cm

(1) Work out the length of the longest diagonal of a cuboid that measures
13cm by 5cmby 4 cm

[ 2 marks ]
(ii) Is your part( i ) answer a rational numbédp, or an irrational numbel> ?

[ 1 mark ]



Question 9
Show that 0.875 can be written in the fo%wfor p,ge Z andq# 0.

Simplify your answer if it is possible to do so.

[ 3 marks ]
Question 10

Viola says that ast = 3.14, which terminatesgz must be a rational number.
Explain her error.

[ 2 marks ]
Question 11
List the integers, if any, which satisfy

32 < 5n+ 17 < 52

[ 3 marks ]
Question 12

Consider the number 0.18
That is, 0.181 818 181 818 181 818 ....

Show how this nhumber can be rewritten in the fegmor integerp andg with g # 0.

Simplify your answer if it is possible to do so.

[ 3 marks ]



Question 13
Show that each of the following is rational by writing them in the form

% wherep andq are integers ang O.

2 ) 2 6
) N T

U

[ 4 marks ]

Question 14
Use thetheorem of Pythagoras to show that a right angled triangle with shorter

. 12 :
sides of Iengths? cm andl?6 cm has a hypotenuse of integer length.

[ 3 marks ]



Question 15
Consider the number

Letx = 0.2083333333333333.....

(1) Work out the value of 10 000

[ 1 mark ]
(i) Work out the value of 1 000
[ 1 mark ]
(iii) By subtracting answerb ) from answe( a ) work out 9 00
[ 1 mark ]
(iv)  Hence write0.2083 in the form of a rational number.
That is, in the form% for integerp andq with q= 0
Simplify your answer if it is possible to do so.
[ 2 marks ]
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6.2 Solutions

Answer 1

ne {(-2,-1, 0,1, 2}

Answer 2

GCSE Mathematics

The Classification of Numbers

[ 2 marks ]

Vv 29 cm (one mark lost if written as a decimal approximation, 5.385164807...)

Answer 3
(1) 97

(i) 28.3cm#

Answer 4
(i) Q rational

Answer 5
) 49
I R
(1) 64

Answer 6
For example, 2.5

Answer 7
(i) P irrational
(iv) Q rational

Answer 8
(1) 15cm
Answer 9
875 7
0875= —— = —
1000 8
Answer 10

m # 3.14 although3.14is a good rational approximation:o

(i)

(i)

(i)
(v)

(i)

P irrational

18

19

Q rational

P irrational

Q rational

(i)
(i)
(i)
(vi)

[ 3 marks ]

[ 3 marks ]

[ 1 mark ]

Q rational

[ 3 marks ]

[1,1,2marks ]

[ 2 marks ]

Q rational
P irrational

[ 6 marks ]

[2, 1 marks ]

[ 3 marks ]

[ 2 marks ]



Answer 11

ne {3,4,56}
[ 3 marks ]
Answer 12
Letx = 0.181818181818 ...
100x = 18.181818181818181...
SUBTRACT X = 0.181818181818181...
99x = 18
18
X = —
99
2
X = —
11
[ 3 marks ]
Answer 13
. 9 .. 4
[ — i —
() 45 (i) 3
[2, 2 marks ]
Answer 14
\/ ( 12 )2 ( 16 )2 144 256
—_ + —_ — _— 4 —
5 5 25 25
_ | 400
| 25
= 4 16
= 4 whichis aninteger O
[ 3 marks ]
Answer 15

(1) 10 000x = 2083.333 333 333 33...
(i) 1 000x = 208.333 333 333 33...

(i) 9 000x = 1875
5

(iv) x=§

[1,1,1, 2 marks ]

This document is a part of\athematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2022 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



