4.4 Answers
A-Level Pure Mathematics: Year 2
Differentiation IV
4.4.1 Solution to 4.2 Example (Teaching Video)

. .2 dx . de 1
I X = 9n°0 —— = 2sn6cosh = —
(1) = do = dx sin 20
dy .
= C0S 20 — = —-289n26
y T
dy _dy do
dx  do dx
= —-29N20 X —
sin 20
= -2

[ 3marks]

(i)  The graph is a straight line with gradien2
e Asxis the square of a function it can never be negative

e Plus, axis thesineof a function0 < x < 1

Asyis thecosineof a function—-1 <y < 1
When6# = 0 the pointis(0, 1)
Wheno

7 the pointis(1, —1)

Putting this altogether gives the graphyas: —2x + 1, 0 < x < 1

[ 3marks]



An alternative “clever” solution...

X = sin’0

y = cos’f — sn’ 0
= (1—sin20)—sin26
= 1-2sn%0
=1-2x

which is a straight line with gradient?



4.4.2 Solutionsto 4.3 Exercise

Answer 1
(i) X = 6(1 - cosm) cosm y =6(1—-cosx)sinx
= 6(1-(1) (D =6(1-(-1)O0
= -12 =0
The point corresponding té = x is A(-12 0)
See the graph on the next page
[ 2marks]
(i) X =-12
See the graph on the next page
[ 2marks]
(i) x = 6(1 - cos(i)) cos(i) y = 6( 1- cos(l))sin(l)
2 2 2 2
= 6(1-0)0 =6(1-0)1
The point corresponding té = % is B(O, 6)
See the graph on the next page
[ 2marks]
(iv) X = 6(1 - cosf) cos6
= 6c0s6 — 6cos’ 6
ax = —-639n6 + 6 x 2cosfdsSné
de
= 63n20 — 6sné
y = 6(1—-cosé)sno
= 68n60 — 3 x 2sinH cos6
= 69n6 — 3sn20
dy = 6Ccosf — 6cos26
de
dy _dy  do
dx  do ~ dx

6cosO — 6cos26

6sn20 — 6sné@
cosf — cos26

sin20 — sno

[ 6 marks]



(v) B corresponded to the poinD, 6) when 6 = %

Working out the gradient at this point,
dy cos(5) - cos()

dx  sin(n) - sin(%)
0-(-1)
0-1
= -1
Thus the equation of the tangent to the cuni( &, 6 ) is

y=-x+6

See the graph below
[ 4 marks]




Answer 2

. d
V3sn2t = =X = 243 cos2t

(a) X -

y = 4coszt = % = —4 x 2costsint

= —4s9n2t
ay _dy at
dx  dt dx

—4sn2t x

2+/3 cos2t
2 3
—\/_ tan 2t

V3 V3
2

——+/3tan2t
3

2
Thatis,k = ——
atis 3

[ 5marks]

(b) Whent = % X = 39n(%) = x=%
y = 40052(%) =>y=1
dy 2 (Z.n) dy
2 = t o __2
dx 3\/§ 3 = dx
y=nmM+C

[ 4 marks]



(c) Clever Method

y = 4cos’ t
= 20052t + 2c052t
= 20052t + 25in2t + ZCOSZt - 25in2t
= 2 + 2cos2t
y— 2
. COS2t = ———
2
X = /3 sn2t
) X
SN2t = —
V3
00322t + sin22t =1
92 2
y-2¢¥  x _,
4 3

3(y- 2)2 +4x% = 12 whichis the equation of an ellipse

More Direct Method
x = /3 sn2t
= 2+/3 sint cost
x> = 12sin’t cos’ t
12(1 - coszt) cos’ t

-2(x- 3)(%

[ 3marks]



Answer 3
(a) The curve will cross the-axis wherny = 0

sy =98n2t O0K<t< 2n
9sn2t =0
sn2t =0
2t = 0, =, 2n, 3, 4m, ...
T 37
t=0 —, n, —, 27, ..
20

These values dfcan now be inserted into tReequation to get points,
remembering that all thesealues correspond toya= O

Thus, usingx = 3cost yields the points
(3’ 0)7 (09 0)9 (_3’ O)a (Oa 0)7 (3’ O),

Clearly,A(-3, 0) andB(3, 0)
[ 2marks]

(b)  From (a), the curve passes through 0) whent = % %

[ 2marks]

(c) X = 3cost = ax = —3snt
dt
y = 9sn2t = d_i/ = 18cos2t
dy | dy ot
dx  dt ~ dx
1
= 18c0s2t X ——
(—-3sgnt)
__ bcos2t
- sint
1
Whent = —, — = —
6’ dx 1
2
= -6

[ 4 marks]



(d) X = 3cost = cost = X

3
y = 9sn2t = y = 18sintcott
y2 = 18 sin’t cos’ t

182(1 — coszt) cos’ t
e 2]
2

= 4x2(9—x )
Thatis,a = 4 andb = 9

[ 4 marks]
Answer 4
(1) X = sin’0
y = cos’ 20
= (cos26)2
2
= (cosze—sinze)
2
= (1-sn%6 - sin®0)
2
= (1-2sn%9)
= (1 - 2x)°
= 1-4x+ 4x%°
[ 4marks]
i X = 9n = X 2sn6 cosb
(i) 2 d
do
= d8n260

y = cos?20 = % = 2c0s20 (—sin20) x 2

= —2sn49

dy _dy do

dx do dx
o dy  2sin40
" dx s§n29

Gi%neZ O

[ 4marks]



Answer 5
(a) The curve will cross thg- axis wherx = 0,

i.e. Whenl + v/3tan9 = 0

tand = —

= ﬁ‘
OO'_\

<

Il

&)}
a8

cos(-%)

10V3
3

10V'3 )
3

The coordinates oA are thus( 0,

(b)  x

1+ V3tan0 = % _ V3 w20

d
y = 55ec6 = - = 5scotan

dy _dy do
dx de dx

1
V3 sec? 6
1
V'3 sech
sné cos 6

X
cos 6 V3

S5 .
= ——9né

V3
5V3 5V3

= sné A= —
3 3

= BbsecOHtanf x

= 5tanf x

dy 5V3

(c) The minimum point is Where& =0=

sno
0

Thus,B will be the point( 1, 5)
(Note that the graph has different scales orxthedy axis)

: The only solution—% <<=

sn® =0

0
0

2

[ 3marks]

[ 4 marks]

[ 2marks]



(d)

“Many Little Steps” Method

y =5sect = y =

cos 6
Xx=1++3tano
Xx—1=1+3 x Sno
cos 6
(x — 1)% = 3 x sin®
Bl cos? 6
x2—2x+1_ 1 - cos?6
3 ~ cos?H
x2—2x+1_ 1 _00320
3 ~ cos? 0 cos? 6
X2 - 2x + 1 25 1
3 25 © cos? 6
X2 - 2x+ 1 1 25
1= —x
3 25 © cos? 6
X2 —2x + 1 3 1
+ = = — x
3 3 25
2 _
25(x 2x+4):y2
3
5
=+—x2-2x+4
Y==73
:15\/§ X2 — 2X +
3
That is,k = =+ 5V3




“Trigonometric Formula” Method

<

X=1++3tano
Xx—-1
. tanf = —
V3
= 5sec
— 25sec2 0

= 25(1 + tan’9)

2
x-1
=251+ | ——
[ [
2 _
_ (3, X 2x+1)
3 3
E(x2—2x+4)
3
:ii\/XZ—ZX+4
3
NI v v
3
Thatis,k = + 5?

[ 3marks]
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