5.5 Answersto 5.4 Exercise
A-Level Pure Mathematics: Year 2
Differentiation IV
Answer 1
There are several ways of doing this question.
The following is most like the method used in previous questions where it's easy
get one equation faost and another fagsin t these then being combined by use of

the trigopnometric identit)coszx +dn’x = 1
x = 10cost = cost = =
10
. . y
= 442 sint t = ——
y = 42 snt = sin T
cos’t + sn’t = 1
) () -
10 a2 |
2
R
100 32

Multiply through by100 x 32

32x% + 100y? = 100 x 32
Divide through by 4

8x° + 25y = 800
8( 66 — yz) + 25y2 = 800 From theC, equation
528 — 8y° + 25y° = 800

17y% = 272
V= 16
y =*4
Using theC, equation as the easiest route toxget

X+ y2 = 66

x° = 66 — 16

X = 150

= +5V2

As Sis in the fourth quadranS(5v2, - 4)

[ 6 marks]



Answer 2

(a) x = 4tant :%:4sec2t:>$:icoszt
dt dx 4
y = 5/3sn2t = % = 104/ 3 cos2t
dy | dy ot
dx  dt = dx

10V/3 cos2t x %coszt

= 5? Ccos 2t coszt

As the coordinates &t are known,

44/3 = 4tant
t = arctan(v3)
_
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[ 4 marks]
dy
b J _o0
(b) ™
3
cos2t cos’t = 0
Either cos2t = 0 or cos’t = 0
For coszt:0:>cost=0:>t:%

but this is outside the domain specified and so is not a solution

That leavescos2t = 0 = 2t = % =t = %

This value ot is now used to yield the poir@,(4, 5v3 )

[ 2marks]



Answer 3

X = 4cos(t + i)
6
JT . . JU
= 4costcos(—) - 4smtsm(—)
6 6
= 2+/3 cost — 2sint but y = 2sint
X = 23/3 cost — y
X +y = 2+/3 cost
X +Yy
cost =
2V3

coszt + sinzt =1

2 2
(x+Y) _l_(l) _ 1
23 2

2
(x+y? ¥
12 4

Multiply through by 12

(x+y)2+3y2 =12
Thatisa = 3andb = 12

[ 5marks]



Answer 4

dx
(a) x=sect = Pl secttant

dy 2
= tant — = t
y = tant = —- = sec
da _dy  d
dx  dt * dx
— Secztx;
secttant
= sect x cott
1 cost
cost ~ sint
1
~ sint
= csct O
[ 4marks]
JT
b Whent = —
(b) en 2
7 1
x:sec(—):x: = x=V2
4 cos(%)
4
SEN
dy (n dy 1 dy
. U . I A Y _ 2
ax ~ \7) T ax sin() =4 vz
y=nm+cC
1=vV2xvV2 +c
c=-1
The equation of the tangent@at (2, 1) is thus
y=+v2x-1

[ 4 marks]



. d .
(a) x-= st = d_)t( = 2sintcost

dy 2

y:2tant:>E:23ect

dy _dy odt

dx  dt = dx
= 2sc’t x ;
2s8int cost

= sec®tcsct sect

= sec’tesct
B 1
~ cos3tsint
[ 4 marks]
(b) Whent = %;
(5 =x=1
X = sn[—| = x = —
3 4
y = 2tan(%) =y =23
dy 1 dy g2 VB _16V3
dx cos*(-%) sin(%) dx V3 T V3 3
y=nmX+c¢C
16V/3 3
2 — —
V3 3 5 "¢
23 =43 + ¢
c=-2V3
The equation of the tangent@oat (% 2\/3) is thus
y = 16;/§ x —2V3
This will cut thex-axis wheny =0
163 <= 2v3
3
3
X = —
8

That is, at( % 0)
[ 6 marks]



Answer 6
(a)

RHS = 6 — (x — 3)?

6 — (3 +2snt — 3)°
6 — (4sin’t)

4+ (2) - 4sn®t  As the parametric foy has an isolated 4

4 + (20052t + Zsinzt) — 4sin’t
4 + 2cos’t — 2sin’t

4 + 2(0052t — sinzt)
4 + 2cos2t

y
LHS (]

[ 2marks]

(b) (1) It's an upside down parabola due tothé term
It has a maximum at ( 3, 6 ) from the given completed square fol

(i) As -1 <snt<1=1<x<5

It's the red part of the graph that is wanted.
The two green parts cannot be reached by
the parametric equations.
[ 3marks]



(c) X+y=k=>y=-x+Kk

This is a line loping downwards at45
The lower bound ok will be when the line goes through the
endpoint whenx = 5.

y=6-(5-3)°

=2
y=-x+Kk
2=-5+k
k =7

For the upper bound, we need then the curve has a gradiefit of
corresponding to the line being a tangent to the curve.

y:6—(x—3)2
6—(x2—6x+9)

= -xX*+6x-3
dy
— = -2X+ 6
dx
Thus, for—-2x + 6 = -1
—-2X = =7
7
X = —
2
2
7
- (5-3)
y 2
_e_ L
4
_ 2
4
y=-x+Kk
2 __ 1
4 2
o3
4
Thus?<k<%

[ 5marks]
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