Lesson 4
A-Level Pure Mathematics: Year 2
Differentiation IV
4.1 Tricky Trig Troubles
The more awkward examination questions on parametric differentiation invariably
require a good grasp of the various trigonometric identities.
The following are frequently needed and not provided in the exam formulae book

cos2O + sinfH = 1 C0S20 = cos2H — sSin 6
1+ tarf 0 = 20 sin20 = 2sin6 cosé
2 _ 2 _ _2tané
cot“f + 1 = csce 0 tan20 = 152 00
4.2 Example

For the parametric equations= s’ o

andy = cos20
. dy
Show that— = -2
(i) ow tha Ix
(i) Sketch the graph of the parametric equations.

Teaching Video http://www.NumberWonder.co.uk/v9081/4.mp4
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g

E:&?'*;%E

[ 3, 3marks]


http://www.NumberWonder.co.uk/v9081/4.mp4

4.3 Exercise

Any solution based entirely on graphical

or numerical methods is not acceptable

Marks Available : 60

Question 1
In the photograph, on the bottom of the empty cereal bowl, an interesting shape
can be seen, made up from the light reflecting off the sides. This is an example o
a caustic. A caustic is an envelope of light rays formed by reflection or refraction
from a curved surface. More complicated caustics can be seen dancing about on
the bottom of swimming pools, for example.

-

Photograph by Martin Hansen

The cereal bowl caustic is in the shape of a cardioid, from a Greek word that
translates as “heart”. The graph below is of a perfect mathematical cardioid,




The cardioid in the graph was plotted from the parametric equations,
X = 6(1 - cosd) coso
y =6(1-cosf)sno

(i) What point corresponds tb = 7 ?
Mark this point on the graph and labehit

[ 2marks]

(1)  Without making any calculations, write down the equation of the
tangent to the cardioid at poitand add this tangent to the graph.

[2mark ]
(iii)  What point corresponds tb = % ?
Mark this point on the graph and labeBit
[ 2marks]
(iv) Show that-Y — £080 = cos20
dx sSn20 — sné
[ 6 marks]

(v) Find the equation of the tangent to the cardioid at f@int
Draw this tangent on the graph.

[ 4 marks]



Question 2

A-Level Examination Question from June 2012, Paper C4, Q6 (Edexcel)

A
y

0 X
The curveC has parametric equations
x = /3 sn2t, y = 4c0st, 0<t<an

(a)  Show that% = k+/3 tan2t wherek is a constant to be determined

[ 5marks]



(b) Find the equation of the tangentGat the point where = %

Give your answer in the formm=ax + b, wherea andb are constants

[ 4 marks]
(c) Find a Cartesian equation Gf
( Note : Any algebra that combines the parametric equations and then
leads to an answer that haandy in it, and na, gets full marks )

[ 3marks]



Question 3
A-Level Examination Question from January 2018, Paper C34, Q11 (Edexcel)

The curveC has parametric equations,
x=3cost y=9sn2t O0<t<2rn

The curveC meets the-axis at the origin and at the poit&ndB, as shown.
(a) Write down the coordinates éfandB

[ 2marks]

(b) Find the values dfat which the curve passes through the origin.

[ 2marks]



(c) Find an expression fo%: in terms oft, and hence find the gradient of

the curve whent = %

[ 4 marks]

(d) Show that the Cartesian equation for the c@a@n be written in the form
y2 = axz( b - x2)
wherea andb are integers to be determined

[ 4 marks]



Question 4
The graph is of the parametric equations,

Whené = 0, the corresponding point on the graphis (0, 1)

As 6 increases the point moves along the path and is at ( 0.5, 0 ﬁ\/\ﬂaeﬁz—

Further increase i continues the journey toward ( 1, 1 ) reached when 12

The direction of travel now reverses and the point heads back the way it came.

(1) Determine the Cartesian equation of the curve.

[ 4 marks]

. dy 2sn49 ne
Show that— = — ——
(i) owha dx sin 26

[ 4 marks]



Question 5
A-Level Examination Question from January 2017, Paper C34, Q13 (Edexcel)

The curve shown has parametric equations,

x = 1+ 3 tane, y = 5secé, —%<0<%
The curveC crosses thg-axis atA and has a minimum turning pointBtas shown.

(a) Find the exact coordinates Af

[ 3marks]

(b) Show that% = Asiné#, giving the exact value of the constant

[ 4 marks]



(c) Find the coordinates &

[ 2marks]

(d) Show that the Cartesian equation for the c@@n be written in the form

y=kyVx2—2x+4

wherek is a simplified surd to be found

[ 3marks]
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4.4 Answers
A-Level Pure Mathematics: Year 2
Differentiation IV
4.4.1 Solution to 4.2 Example (Teaching Video)

. .2 dx . de 1
I X = 9n°0 —— = 2sn6cosh = —
(1) = do = dx sin 20
dy .
= C0S 20 — = —-289n26
y T
dy _dy do
dx  do dx
= —-29N20 X —
sin 20
= -2

[ 3marks]

(i)  The graph is a straight line with gradien2
e Asxis the square of a function it can never be negative

e Plus, axis thesineof a function0 < x < 1

Asyis thecosineof a function—-1 <y < 1
When6# = 0 the pointis(0, 1)
Wheno

7 the pointis(1, —1)

Putting this altogether gives the graphyas: —2x + 1, 0 < x < 1

[ 3marks]



An alternative “clever” solution...

X = sin’0

y = cos’f — sn’ 0
= (1—sin20)—sin26
= 1-2sn%0
=1-2x

which is a straight line with gradient?



4.4.2 Solutionsto 4.3 Exercise

Answer 1
(i) X = 6(1 - cosm) cosm y =6(1—-cosx)sinx
= 6(1-(1) (D =6(1-(-1)O0
= -12 =0
The point corresponding té = x is A(-12 0)
See the graph on the next page
[ 2marks]
(i) X =-12
See the graph on the next page
[ 2marks]
(i) x = 6(1 - cos(i)) cos(i) y = 6( 1- cos(l))sin(l)
2 2 2 2
= 6(1-0)0 =6(1-0)1
The point corresponding té = % is B(O, 6)
See the graph on the next page
[ 2marks]
(iv) X = 6(1 - cosf) cos6
= 6c0s6 — 6cos’ 6
ax = —-639n6 + 6 x 2cosfdsSné
de
= 63n20 — 6sné
y = 6(1—-cosé)sno
= 68n60 — 3 x 2sinH cos6
= 69n6 — 3sn20
dy = 6Ccosf — 6cos26
de
dy _dy  do
dx  do ~ dx

6cosO — 6cos26

6sn20 — 6sné@
cosf — cos26

sin20 — sno

[ 6 marks]



(v) B corresponded to the poinD, 6) when 6 = %

Working out the gradient at this point,
dy cos(5) - cos()

dx  sin(n) - sin(%)
0-(-1)
0-1
= -1
Thus the equation of the tangent to the cuni( &, 6 ) is

y=-x+6

See the graph below
[ 4 marks]




Answer 2

V3dn2t = % = 2/ 3 cos2t
dy

y = 4coszt = o = —4 x 2costsint

(a) X

= —4s9n2t
&
dx  dt dx

—4sn2t x

2+/3 cos2t
2 3
V3 anat

V3 V3
2

——+/ 3 tan2t
3

2
Thatis,k = ——
atis 3

[ 5marks]

(b) Whent=% X=\/§sin(%):>x=%
y=4cosz(%) =>y=1
dy 2 (Z.n) dy
— = ——+/ 3 tan|— — =2
dx 3\/_an 3 :>dx
y=nmM+C
1:2><i+c
2
c=-2
y=2x-2

[ 4 marks]



(c) Clever Method

y = 4cos’ t
= 20052t + 2c052t
= 20052t + 25in2t + ZCOSZt - 25in2t
= 2 + 2cos2t
y— 2
. COS2t = ———
2
X = /3 sn2t
) X
SN2t = —
V3
00322t + sin22t =1
92 2
y-2¢¥  x _,
4 3

3(y- 2)2 +4x% = 12 whichis the equation of an ellipse

More Direct Method
x = /3 sn2t
= 2+/3 sint cost
x> = 12sin’t cos’ t
12(1 - coszt) cos’ t

-2(x- 3)(%

[ 3marks]



Answer 3
(a) The curve will cross the-axis wherny = 0

sy =98n2t O0K<t< 2n
9sn2t =0
sn2t =0
2t = 0, =, 2n, 3, 4m, ...
T 37
t=0 —, n, —, 27, ..
20

These values dfcan now be inserted into tReequation to get points,
remembering that all thesealues correspond toya= O

Thus, usingx = 3cost yields the points
(3’ 0)7 (09 0)9 (_3’ O)a (Oa 0)7 (3’ O),

Clearly,A(-3, 0) andB(3, 0)
[ 2marks]

(b)  From (a), the curve passes through 0) whent = % %

[ 2marks]

(c) X = 3cost = ax = —3snt
dt
y = 9sn2t = d_i/ = 18cos2t
dy | dy ot
dx  dt ~ dx
1
= 18c0s2t X ——
(—-3sgnt)
__ bcos2t
- sint
1
Whent = —, — = —
6’ dx 1
2
= -6

[ 4 marks]



(d) X = 3cost = cost = X

3
y = 9sn2t = y = 18sintcott
y2 = 18 sin’t cos’ t

182(1 — coszt) cos’ t
e 2]
2

= 4x2(9—x )
Thatis,a = 4 andb = 9

[ 4 marks]
Answer 4
(1) X = sin’0
y = cos’ 20
= (cos26)2
2
= (cosze—sinze)
2
= (1-sn%6 - sin®0)
2
= (1-2sn%9)
= (1 - 2x)°
= 1-4x+ 4x%°
[ 4marks]
i X = 9n = X 2sn6 cosb
(i) 2 d
do
= d8n260

y = cos?20 = % = 2c0s20 (—sin20) x 2

= —2sn49

dy _dy do

dx do dx
o dy  2sin40
" dx s§n29

Gi%neZ O

[ 4marks]



Answer 5
(a) The curve will cross thg- axis wherx = 0,

i.e. Whenl + v/3tang = 0

1
tang = — —
V3
9= -2
6
y = 5secé
B 5
= ———
cos(-%)
_10v3
3

10V'3 )
3

The coordinates oA are thus( 0,

(b)  x

1++/3tans = %z\/?secze

<
Il

5seco = j—z = BbsechHtand

dy _dy do
dx de dx
1
V3 2o
1
Vv 3 sech
sné cos 6

X
cos 6 V3

S5 .
= ——9né

V3
5V3 5V3

= sné A= —
3 3

= BsechHtanf x

= 5tanf x

dy 5V3

(c) The minimum point is Where& =0=

sno
0

Thus,B will be the point( 1, 5)
(Note that the graph has different scales orxthedy axis)

: The only solution—% <<=

sn® =0

0
0

2

[ 3marks]

[ 4 marks]

[ 2marks]



(d)

“Many Little Steps” Method

y =5sech) =y =

cos 6
X =1+ +3tano
Xx—1=1+3 x Sno
cos 6
(x — 1)% = 3 x sin®
Bl cos? 6
x2—2x+1_ 1 - cos?6
3 ~ cos?H
x2—2x+1_ 1 _00320
3 ~ cos? 0 cos? 6
X2 - 2x + 1 25 1
=2 —=— -1
3 25 © cos? 6
X2 - 2x+ 1 1 25
l1=—x
3 25 © cos? 6
X2 —2x + 1 3 1
+ = = — x
3 3 25
2 _
25(x 2x+4):y2
3
5
=+—x2-2x+4
Y==73
:15\/§ X2 — 2X +
3
That is,k = =+ 5V3




“Trigonometric Formula” Method

<

X =1++3tan#o
Xx—-1
. tanf = ———
V3
= 5secéH
— 2550

= 25(1 + tarf9)

2
x-1
=251+ | ——
[ [
2 _
_ (3, X 2x+1)
3 3
E(x2—2x+4)
3
:ii\/XZ—ZX+4
3
NI v v
3
Thatis,k = + 5?

[ 3marks]
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Lesson 5
A-Level Pure Mathematics: Year 2
Differentiation |V
5.1 From The Examination Hall

Exam Regulation #284 : No taking of selfies in the Examination Hall

It is highly likely that in your examination there will be a question involving
parametric equations and so this lesson is a further practice session using old
examination questions.

In the examination you may look up the derivatives of many functions in the
examination formulae book but don't forget that many of the most useful trig
identities are not given so you either need to remember how to derive them
or commit them to memory.



5.2 The NOT Provided Trigonometric I dentities

cos20 + sin?h = 1

C0S20 = cos20 — sSin 6

1+ tanf o = 20

sin20 = 2sn0Ocosf

2 _ 2 _ 2tané
cot“6d + 1 = csco 6 tan20 = 755 35
spikedmath.com
[ ALEX WAS HAVING SECOND THOUGHTS ] =l

tan’x

ALEX

53 Table of Standard Derivatives

f(X) f'(x) In Formula Book ?
xN nxn—1 No
eX eX No
In x 71( No

sin X COS X No

COS X —sin X No

tan x e X Yes

CSC X — CSC X cot X Yes

Sec X sec X tan x Yes

cot x —cse2x Yes

; 1
arcsin x Yes
1-x2
1
arccos x — Yes
1-x2
1
arctan x T2 Yes

When trigonometry and calculus m&must be irRADIANS




5.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 45

Question 1
A-Level Examination Question from June 2019, Paper 2, Q4 (Edexcel)
A
y
G,
Cl
0 g
S

The curveC1 with parametric equations
x = 10cost, y = 44/2 sint, 0<t<2n

meets the circleC, with equationx2 + y2 = 66 at four distinct points as shown.

Given that one of these poin& lies in the 4th quadrant, find the Cartesian
coordinates 08

[ 6 marks]



Question 2
A-Level Examination Question from June 2016, Paper C4, Q5 (Edexcel)

y A

O X
The sketch is of the cur¥@ with parametric equations
x = 4tant, y = 5vV3sn2, O<t<%

The pointP lies onC and has coordinate(% V3, % )

(a) Find the exact value O% at the poin®.

Give your answer as a simplified surd.

[ 4 marks]

The pointQ lies on the curv€, where % =0

(b) Find the exact coordinates of the paint

[ 2marks]



Question 3
A-Level Specimen Paper 1 for the June 2021 (cancelled) Examination, Q14 (Ede

A
y

<V

The sketch is of the cur¥@with parametric equations
x:4cos(t+%), y = 2dnt, O<t< 2n
Show that a Cartesian equation®€an be written in the form

(X + y)2 + ay2 =Db
wherea andb are integers to be found.

[ 5marks]



Question 4
The curveC has parametric equations

X = Sect, y = tant, 0<t

N
e

dy
P that— = t
(a) rove tha Ix csc

[ 4 marks]

(b) Find the equation in the forrg = mx+ ¢ of the tangent t€ at

the point wheret = %

[ 4 marks]



Question 5
A-Level Examination Question from June 2010, Paper C4, Q4 (Edexcel)

A curveC has parametric equations

x = sint, y = 2tant, O<t<%

., dy .
Find — int ft
(a) in I interms o

[ 4 marks]

The tangent t&€ at the point wherg¢ = % cuts thex-axis at the poinP.

(b) Find thex-coordinate oP

[ 6 marks]



Question 6
A-Level Examination Question from June 2018, Paper 1, Q14 (Edexcel)

A curveC has parametric Equations
X = 3+ 2sint, y = 4+ 2cos2t, O0L<t< 2n

(a) Show that all points of satisfyy = 6 — (x — 3)2

[ 2marks]

(b) (i) Sketch the curv€

(i) Explain briefly whyC does not include all points of

y=6-(x-3% xeR

[ 3marksin total for (b) ]



The line with equatiorx +y =k, wherek is a constant, intersedsat
two distinct points.

(c) State the range of valueslofwriting your answer in set notation.

[ 5marks]
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5.5 Answersto 5.4 Exercise
A-Level Pure Mathematics: Year 2
Differentiation IV
Answer 1
There are several ways of doing this question.
The following is most like the method used in previous questions where it's easy
get one equation faros tand another fosin tthese then being combined by use of

the trigopnometric identit)coszx +dn’x = 1
x = 10cost = cost = =
10
. . y
= 442 sint t = ——
y = 42 snt = sin T
cos’t + sn’t = 1
) () -
10 a2 |
2
R
100 32

Multiply through by100 x 32

32x% + 100y? = 100 x 32
Divide through by 4

8x° + 25y = 800
8( 66 — yz) + 25y2 = 800 From theC, equation
528 — 8y° + 25y° = 800

17y% = 272
V= 16
y =*4
Using theC, equation as the easiest route toxget

X+ y2 = 66

x° = 66 — 16

X = 150

= +5V2

As Sis in the fourth quadranS(5v2, - 4)

[ 6 marks]



Answer 2

dx dt 1

=4 = -4 — - =
(a) x tant = pm edt = Ix 4coszt
y = 5/3sn2t = % = 10v/3 cos2t
dy _ dy adt
dx  dt = dx

10V/3 cos2t x %coszt

= 5? Ccos 2t coszt

As the coordinates &t are known,
4+/3 = 4tant
arctan(v/3')

t

JT

3

2

& - 503 2] (cnf )

dx 2 3
_ ﬂ(_i)(i)z
2 2/\2
__5V3
- 16
[ 4 marks]
dy
b J _o0
(b) ™
3
cos2t cos’t = 0
Either cos2t = 0 or cos’t = 0
For coszt:0:>cost=0:>t:%

but this is outside the domain specified and so is not a solution

That leavescos2t = 0 = 2t = % =t = %

This value ot is now used to yield the poir@,(4, 5v3 )

[ 2marks]



Answer 3

X = 4cos(t + i)
6
JT . . JU
= 4costcos(—) - 4smtsm(—)
6 6
= 2+/3 cost — 2sint but y = 2sint
X = 23/3 cost — y
X +y = 2+/3 cost
X +Yy
cost =
2V3

coszt + sinzt =1

2 2
(x+Y) _l_(l) _ 1
23 2

2
(x+y? ¥
12 4

Multiply through by 12

(x+y)2+3y2 =12
Thatisa = 3andb = 12

[ 5marks]



Answer 4

dx
(a) x=sect = Pl sect tant

y:tant:%zse(,zt

& _
dx  dt * dx
02 1
=seCt x ———
sect tant
= sect x cott
1 cost
cost ~ sint
1
~ sint
= csct O
[ 4marks]
JT
b Whent = —
(b) en 2
7 1
x:sec(—):x: = X =1V2
4 cos(%)
4
S
dy (n dy 1 dy
—— = cc|— —= = —— =V2
dx 4) 7 Tax sin() =4 V2
y=nm+cC
1=vV2xvV2 +c
c=-1
The equation of the tangent@at (2, 1) is thus
y=+v2x-1

[ 4 marks]



Answer 5

(a) x-= st = % = 2sintcost
dy
y = 2tant = Pl 2 et
dy _dy odt
dx  dt = dx
2s8int cost

= sec®tcsct sect

= sec’tesct
B 1
~ cos3tsint
[ 4 marks]
(b) Whent = =
3
(5 =x=1
X = sn[—| = x = —
3 4
y = 2tan(%) =y =23
dy 1 dy g2 VB _16V3
dx cos*(-%) sin(%) dx V3 T V3 3
y=nmX+c¢C
16V/3 3
2 — —
V3 3 5 "¢
23 =43 + ¢
c=-2V3
The equation of the tangent@oat (% 2\/3) is thus
y = 16;/§ x —2V3
This will cut thex-axis wheny =0
163 <= 2v3
3
3
X = —
8

That is, at( % 0)
[ 6 marks]



Answer 6
(a)

RHS = 6 — (x — 3)?

6 — (3 +2snt — 3)°
6 — (4sin’t)

4+ (2) - 4sn®t  As the parametric foy has an isolated 4

4 + (20052t + Zsinzt) — 4sin’t
4 + 2cos’t — 2sin’t

4 + 2(0052t — sinzt)
4 + 2cos2t

y
LHS (]

[ 2marks]

(b) (1) It's an upside down parabola due tothé term
It has a maximum at ( 3, 6 ) from the given completed square fol

(i) As -1 <snt<1=1<x<5

It's the red part of the graph that is wanted.
The two green parts cannot be reached by
the parametric equations.
[ 3marks]



(c) X+y=k=>y=-x+Kk

This is a line loping downwards at45
The lower bound ok will be when the line goes through the
endpoint whenx = 5.

y=6-(5-3)°

=2
y=-x+Kk
2=-5+k
k =7

For the upper bound, we need then the curve has a gradiefit of
corresponding to the line being a tangent to the curve.

y:6—(x—3)2
6—(x2—6x+9)

= -xX*+6x-3
dy
— = -2X+ 6
dx
Thus, for—-2x + 6 = -1
—-2X = =7
7
X = —
2
2
7
- (5-3)
y 2
_e_ L
4
_ 2
4
y=-x+Kk
2 __ 1
4 2
o3
4
Thus?<k<%

[ 5marks]
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Lesson 6
A-Level Pure Mathematics: Year 2

Differentiation 1V
6.1 Practice Makes Progression (Homework)

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 26
Question 1
A-Level Specimen Exam Question from June 2000, Paper P3, Q4 edited (Edexce
A curve is given by parametric equations

X = 4sin3t, y = COSZ2t, 0< t< %

dy 1
Show that—— = —
(a) ow tha dx 3sint

[ 4marks]

(b) Find an equation of the normal to the curve where %

[ 4marks]



Question 2
A-Level Examination Question from June 2007, Paper C4, Q6 edited (Edexcel)

A curve has parametric equations

X = tar’t, y = sint, O<t<%

(a) Showﬂ = cos'

= —— wherek is an integer whose value is to be found
dx 2sint

[ 3marks]

(b) Find the exact gradient of the curve at the point wheie%

[ 3marks]

(c) Find a Cartesian equation of the curve in the fQFm: f(x)

[ 4 marks]



Question 3
A-Level Examination Question from June 2009, Paper C4, Q5 edited (Edexcel)

y A
>
0 X
The graph is of the curve with parametric equations
X = 2C0S2t, y = 6dnt, 0<tcx<

z
2
T

(a) Find the gradient of the curve at the point where

[ 4 marks]
(b) Find a Cartesian equation of the curve in the form

y = f(x), -2<Xx< 2

[ 4 marks]
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6.2 Answers
A-Level Pure Mathematics: Year 2
Differentiation |V

Answer 1
. 3 dx . 2
(a) x:4smt:>E:123mtcost
dy . dy .
= COSZ2t — = -2sn2t —— = —44gntcost
Y = Tdt = Tdt
dy | dy odt
dx  dt = dx
_ —4sintcost
~ 12sin?t cost
1
~ 3sint
[ 4 marks]
(b) Whent = =
6
3
x=4sm3(£):>x:4><(i) :>x:i
6 2 2
= cos(i) =y = 1
y= 3 y=73
dy 1 dy 1 2 dy 2
_— s = — = - — _— s —— = - —
dx 3sin(E) dx 371 dx 3
For the normal, the gradient will bé;’—
y=nmMX+C
131
2 2 2
1
C=—-——
4
, . 3 1
. Normal's equation iy = EX -7

[ 4 marks]



Answer 2

tan’t = % - 2tant sec’t

(a) X

. dy
= t — = t
y = sin = 4 cos

dy _dy ot
dx  dt = dx
3 cost
2tant sect
_ cost cost cos’t
2sint
4
B co.st _ 24
2snt
[ 3marks]
(b) Assin(%) = cos(%) the gradient will be
1 \/?)3 1 2vZ
2 2/ 2 8
V2
~ 8
[ 3marks]
(c) METHOD1 cot’t + 1 = csc?t
snt =y ta’t = x
11 1 _ 1
snt y ta’t X
1 2 1
csct = — cot“t = —
y X
1
C&:zt = 7
1 1
—+1= N
X y
l+x i
X Y2
Vo= —
1+ x

[ 4 marks]



(c) METHOD 2 (Harry Marshall's solution)
y = dnt :>y2:sin2t sosinzt:y2

y> = 1 - cos’t so cosft = 1 — y?

X = tan’t
sin?t
cos? t

yZ

1-y°

[ 4 marks]



Answer 3

(a) X = 2c0s2t

dt

dy

6sint =

dt

dy _
dx

Whent = = — =
3 dx

(b) X =

SN
—_—
o<
S~—

Il

<, ©[%

y:

dx
- — =

—-4sn2t = —8sntcost

6 cost

dt
dx
6 cost
—8sdnt cost
3
~ 4sint
_ 3

sin %)
X 2

dy
dt

w b

X

ol

V3
2 V3

V3
2

[ 4marks]
2coft — 2sn°t
2(1 - §n’t) - 2sin’t

2 — 4sn’t
2
y

23
6

2 - X

2 - X

9(2 - Xx)

3V2 - X

No —+/ as the graph provided shows the other branch is not present

for the given domain df

[ 4 marks]
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Lesson 7
A-Level Pure Mathematics: Year 2

Differentiation IV
7.1 Implicit Differentiation

The graph is of the equatioy3 = X - y which, although not particularly

complicated, is not writable in the forgn= f (X). As a consequence its not
a routine task to find an expression for the gradient of this curve using the
techniques studied thus far.

Implicit differentiation is a method of sweeping through an equation as it stands

. . - . dy .
with a view to obtaining an expression fg{— in terms ofx andy.

7.2 Example
. . dy )
Obtain an equation of the forrg; = f(x, y) for the curvey3 =X -y

Teaching Videohttp://www.NumberWonder.co.uk/v9081/7.mp4

[ 4 marks]


http://www.NumberWonder.co.uk/v9081/7.mp4

7.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1

(1) Obtain an equation of the for% = f (x, y) for the curve

y>+ 3y - x° - x = 130

[ 5marks]
(ii)  Verify that the pointP( 2, 5) is on the curve.

[ 2marks]
(iii)  Show that the gradient at the polf 2, 5) is %

[ 2marks]

(iv)  Determine the equation of the tangent to the curve at thepoint
Give your answer in the forax + by + c= 0 wherea, b andc
are integer constants.

[ 3marks]



Question 2
Use implicit differentiation to show thay4 = gn(x) + sn(y)

has the derivative ™). = Cos(X)
dx  4y3 - cos(y)

[ 4 marks]

Question 3
A-Level Examination Question from January 2009, Paper C4, Q1 (Edexcel)

A curveC has the equatiory2 -3y = x>+ 8

(a) Find % in terms ofx andy

[ 4 marks]
(b) Hence find the gradient & at the point wherg = 3

[ 3marks]



Question 4
A-Level Examination Question from June 2006, Paper C4, Q1 (Edexcel)
A curveC is described by the equation

3 -2y + 2X -3y +5=10

Find an equation of the normal @at the point ( 0, 1), giving your answer in
the form ax + by + ¢ = 0, whereg, b andc are integers.

[ 7marks]
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7.4 Answers
A-Level Pure Mathematics: Year 2
Differentiation IV
7.4.1 Solution to 7.2 Example (Teaching Video)

Y = -y
dy _ L Gy
3y2dx—2x

dx
3y2ﬂ+ Y = 2X

dx dx
dy _
™ (3 +1) = 2x
ﬂ 2X

dx  3y2+1



7.4.1 Solutionsto 7.3 Exercise

Answer 1
(i) y3+3y—x3—x=130
3 3——3 1=0
y2 * dx
dy dy 2
3y — +3— = 3 1
yzder dx xr
%(Byz+3):3x2+l
dy  3x+1
dx  3y2+ 3
[ 5marks]
(i) LHS = v3 +3y - x° - x
=5 +3x5-22-2
=125+ 15-8 -2
= 130
= RHS .. (2 5) isonthe curv&l
[ 2marks]
2
(i) ﬂ:3x2+1
dx 3yc + 3
B 3x22+1
- 3x5+3
L]
- 78
-1 g
6
[ 2marks]
(iv) y=nmx+c
1
5=-—x2+cC
5 X2+
Lo 14
-3
4,18
Y= 81" 3

X—06y+28=0
[ 3marks]



Answer 2

y' = sinx) + singy)
4y3% = COS(X) + cos(y) %
dy dy _
4y° o~ oS —- = Cos(X)
%(mﬁ— cos(y) ) = cos(x)
dy COS(X)
dx  4y3 — cos(y)
[ 4 marks]
Answer 3
(a)
y2—3y: X+ 8
dy dy 2
2yt o "3 = 3
dy 2
2 (2v — =
dx( y — 3) = 3x
& _ 3%
dx  2y-3
[ 4 marks]
(b)
Wheny = 3, ¥ -3x3=x"+8
9-9=x>+8
X = -8
X=-2
& 3@
dx  2y-3
3% (-2
- 2x3-3
w2
-3
=4

[ 3marks]



Answer 4

3% -2y +2x -3y +5=10
dy dy
X —4dy—+2-3— =0
TV T dx
dy dy
4ydx+3dx—6x+2
dy
—2 (4y +3) = 6x + 2
3 (W +3) = 6x+
dy  6x+2
dx 4y + 3

Whenx = 0 andy = 1, ﬂzw
dx 4x1+3

_ 2
7
7
For the normalmy = )
y=nmx+cC
7
1=-—x0+c
2
c=1
7
=-—=x+1
y 2

Multiply through by 2

X+2y-2=0
[ 7 marks]

This document is a part ofMathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votediépendent School of the Year 2020”
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



Lesson 8
A-Level Pure Mathematics: Year 2
Differentiation 1V
8.1 Product Rule Implicitly
The graph is of the equation

The equation is a tangle wfandy, each varying and depending on the other.
To find the gradient of this curve will require implicit differentiation but the
term on the left hand side is a product.

Full marks for thinking “No problem, | can use the product rule” !

The Product Rule
If f = u then f" =uv +Uv

8.2 Example

Obtain an equation of the for% = f (x, y) for the curve4x2y3 =4+ - y2

Teaching Videohttp://www.NumberWonder.co.uk/v9081/8.mp4

A
[

e

[ 4 marks]


http://www.NumberWonder.co.uk/v9081/8.mp4

8.3 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 70

Question 1

(1) Obtain an equation of the forfg% = f(x, y) for the curve

3x2y = 4x — y3

[ 6 marks]
(ii)  Verify that the pointQ( 1, 1) is on the curve.

[ 2marks]
(iii)  Show that the gradient at the poil@{ 1, 1) is —%

[ 2marks]

(iv)  Determine the equation of the tangent to the curve at the@oint
Give your answer in the forax + by + c= 0 wherea, b andc
are integer constants.

[ 2marks]



Question 2
The graph is of the equation

2xy:y3+2x—3x2

I
I
L L L L L L L L L [E a J a a J
I
I
I
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, e P B
I
I
I I
L L L L L L L L L [I a J a a J
I I 3
"o
I
I

(1) Obtain an equation of the fon%% = f(x, y) for the curve

2xy:y3+2x—3x2

[ 6 marks]



(i)

(iii )

(iv)

(v)

(vi)

From scrutiny of the graph it looks asif- 2, 2)is a point with
integer coordinates that is on the graph.

Verify that R(—2, 2) is indeed on the curve.

[ 2marks]

From looking at the graph, find another point with integer coordinates

other thar{ 0, 0) that is on the curve.
Use mathematics to verify that your point is indeed on the curve.

[ 3marks]

Find the gradient at your part (iii ) point.

[ 2marks]

Determine the equation of the tangent to the curve at your part (iii)
point.

[ 2marks]

Draw your tangent onto the graph, paying particular attention to
where it crosses theaxis.

[ 3marks]



Question 3
A-Level Examination Question from January 2012, Paper C4, Q1 (Edexcel)
The curveC has the equation

2X + 3y2 + 3x2y = 4%
The pointP on the curve has coordinatés1, 1)

(a) Find the gradient of the curve Rt

[ 5marks]

(b) Hence find the equation of the normalQa@tP, giving your
answer in the fornax + by + ¢ = 0, wherea, b andc are integers.

[ 3marks]



Question 4
A-Level Examination question from January 2006, Paper C4, Q1 (Edexcel)
The curveC is described by the equation

3x2+4y2—2x+6xy—5=0

Find an equation of the tangentGat the point( 1, —2), giving your answer
in the form ax + by + ¢ =0, wherea, b andc are integers

[ 7marks]



Question 5
A-Level Examination Question from June 2005, Paper C4, Q2 (Edexcel)

A curveC has equation
x2+2xy—3y2+16= 0

. . . d
Find the coordinates of the points on the curve wlﬂg%e: 0

[ 7marks]



Question 6
A-Level Examination Question from January 2008, Paper C4, Q5 (Edexcel)

A curveC is described by the equation
X3 - 4y? = 12xy

(a) Find the coordinates of the two points on the curve wkere 8

[ 3marks]

(b) Find the gradient of the curve at each of these points

[ 6 marks]



Question 7
A-Level Examination Question from June 2008, Paper C4, Q4 (Edexcel)
A curve has equation

3x% - y2 + Xy = 4
The points? andQ lie on the curve.

The gradient of the tangent to the curvegisatPand aQ

(a) Use implicit differentiation to show that— 2x =0 atP and atQ

[ 6 marks]

(b) Find the coordinates & andQ

[ 3marks]
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8.4 Answers
A-Level PureMathematics: Year 2
Differentiation 1V
8.4.1 Solution to 8.2 Example (Teaching Video)

4x2y3: 4+x2—y2
(4x®)(y’) = a+x° -y

2 dy PV
(4x)x3y2dx+8xx(y3>—2x 2ydX
12x2y2%+2y% = 2x — 8y®

Divide through by 2

220y Ay
6xy2dx+ydx_x 4xy3

ﬂ(6x2y2+y) = X — 4xy3

ax
dy = X - 4xy3
dx  6x2y2 +y

x(1 - 4y3)

y(6x2y + 1)
[ 4 marks]



8.4.2 Solutionsto 8.3 Exercise

Answer 1
(i)
3x2y = 4X — y3
2 dy dy
—7 =4 - —_-7
3X i + 6xy 3y2 x

4y (3,2 _4_
d)((3x +3y2)_4 oxy

dy ~ 4-6xy
dx  3x2 + 3y2

[ 6 marks]
(i)
LHS = 3x°y RHS = 4x — y°
=3x1°x1 —4x1-1°
= LHS
- Q(1, 1) is on the curveld
[ 2marks]
(i)
ﬂ_ 4 — 6xy
dx  3x2 + 3y2
B 4 -6x1x1
- 3x124+3x12
_ -2
6
__1 4
3
[ 2marks]
(iv)
y=nmX+c¢C
1:—i><1+c
4
c=—
3
_ 1. .. 4
y=-3%%3
X+3y-4=0

[ 2marks]



Answer 2

(i)
2xXy = y3+2x—3x2
mg¥+2y:3f%¥+2—6x
-%4&—3%):2—&—2y
dy 2-6x-2
dx ~ 2x — 3y?
[ 6 marks]
(ii)
LHS = 2xy RHS = y® + 2x — 3x°
= 2x (=2 x 2 =224 2% (=2 - 3x (=27
= -8 =8-4-12
= -8
= LHS
- R(=2, 2) is on the curved
[ 2marks]
(iii)  The only possibility is (1 1)
LHS = 2xy RHS = y* + 2x — 3X°
= 2x1x (-1 = 1% +2x1-3x1°
= -2 =-1+2-3
= -2
= LHS

. (1, -1) is on the curve

[ 2marks]
: dy 2 —6x — 2y
At (1,-1) — = ———
_2-6x1-2x(-1
0 2x1-3x (=172
=2
[ 2marks]
(v)
y=nmMX+C
-1=2x14+4c=c=-3
y=2x-3

[ 2marks]



[ 3marks]

(vi




Answer 3
(a)
2X + 3y2 + 3x2y = 4%
Differentiate with respect ®
dy 2 dy

2+6ya+3x &+6xy:8x
ﬂ(6y+3x2):8x—6xy—2
dx
dy 8 -6xy-2
dx 6y + 3x2
AtP(-1, 1) this becomes,d—y _8+6-2
dx 6+3
__4
9

[ 5marks]

(b)

Thus,m\,:%:y mx + C

9
1=— -1
4><( )+ C

13
c=—

4

_ 39,13
y=173 )

X -4+ 13 =0
[ 3marks]



Answer 4
3x2+4y2—2x+6xy—5: 0

Differentiate with respect ®

dy dy
6x+8ydx +6xdx+6y
dy
—(8y+6x) =2-6x—-06
= (8y + 6x) X - by
Divide through by 2
dy
—(4y+3x)=1-3x-
dx(y+ X ) X — 3y
dy _ 1-%-3
dx 4y + 3X
. dy 1-3+6
At (1, —2) this becomes;— = ————
( ) thi -8+ 3
__4
-5
y=nmx+c
—2:—ix1+c
5
6
cC=-—
5
Ly 2,5
Y= 5
X +5+6 =0

[ 7marks]



Answer 5
x2+2xy—3y2+16: 0
Differentiate with respect ®
dy dy

X+ 2X— +2y—-6y— =0
* dx+y ydx
dy

—(6y - 2x) = 2 2
3 (6 = 2X) = 2+ 2

Divide through by 2
%(By—X)=X+y
dy _ x+y
dx 3y - x
For%:o, X+y=0 =>y=-X

Replacey in the original equation witk x and solve fox

X+ 2X(=X) = 3(=x° + 16 =0
X - 2x2 = 3x% + 16 = 0
4%% = 16

X ==x2

So the points Wherej% =0are (-2 2),(2,-2)

[ 7marks]



Answer 6
(a)
X — 4y° = 12y
Whenx = -8, (-8)° — 4y% = 12(-8)y
~512 - 4y* = —96y
Divide through by- 4
128 + Y2 = 24y
V> — 24y + 128 = 0
(y—-16)(y—8) = 0  oruse the Q-Formula
Eithery = 16 or y = 8

.. Coordinates are— 8, 8), (-8, 16)
[ 3marks]
(b)
X — 4y = 1y

Differentiate with respect

3x2—8y% = 12(%+12y
ﬂ(12x+8y):3x2—12y
dx
dy 3% - 1%
dx 12x + 8y
For (-8, 8), dy _ 3 X (—8)°% — 12 x 8
dx 12x (-8) + 8 x 8
192 — 96
~ 06 + 64
= -3
dy 3 x(—8°2-12x 16
For (=8, 16). 4 = "12x (8 +8x 16
192 — 192
~ 96+ 128
=0

[ 6 marks]



Answer 7

(a)
3x% - y2+xy= 4
Differentiate with respect ®
6x—2y%+x%+y:0
%(Zy—x):6x+y
dy 6X + Yy
dx 2y — X
AtPand, ¥ - 8
d 3
bx+y _ 8
2y — X 3
3(6X +Yy) = 8(2y — X)
18 + 3y = 16y — 8x
26x = 13y
y = 2X
y-2x=20 d
[ 6 marks]
(b)
AtPand atQ, y = 2x
3% — (2x)2+x(2x) =4
3% - 4x% + 22X = 4
X2= 4
X==2
Thus, (-2, -4), (2, 4)
[ 3marks]
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Lesson 9
A-Level Pure Mathematics: Year 2
Differentiation 1V
9.1 ExponentialsImplicitly
Implicit differentiation questions can involve the more “fancy functions” such as
the exponentials, logarithms or trigonometric. The focus in this lesson is upon
the exponential function.

It's already known that iff = €° then &

dx
In other word the exponential function= €" is its own derivative.

However, this is a special result of the following more general rule:

The Derivative of an Exponential
Given thata is a constant

dy

if y = a* then = a’lna

Proof
y=a
__InaX & . .
=e ase” andln x are each the inverse function of the other
= glna using a rule of logs
d . I
d_?: = &M na  pythe Chain Rule: Inais “just a number’
- "pg using a rule of logs
= a‘lna ase“andinx are each the inverse function of the othe
O
Notes : 1) This rule is not given in the examination formulae booklet
. d . . :
2) Therule that if = € then d—i = €is a special case of this more
general rule witha = e, becausén e=1
9.2 Example

Differentiatey = 2*
Solution : Using the rule for The Derivative of an Exponential vath 2

% = 2°In2  And that's it done !



9.3 A Beautiful Curve
The graph is of the equatio® 3* = x° + y

Obtain an equation of the fon%)y? = f(x, y) for the curve?d 3* = x® + °

Teaching Video:http://www.NumberWonder.co.uk/v9081/9.mp4

A
y A m

3

IEI-"IEI

D

[ 6 marks]


http://www.NumberWonder.co.uk/v9081/9.mp4

9.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

The graph is of the equati@ = y — 2xy

(1) Use implicit differentiation with respect toto obtain an equation

of the form gy

— = T y) forthe curve8® + 2xy = y

[ 7marks]

(ii)  Verify that the point 2, — 3) is on the curve

[ 2marks]

(iii) Determine the exact value of the gradient at the fdnt 3)

[ 2marks]



Question 2

The graph is of the equatione™ + 3x = y°
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In an equat

th respect foto obtai

1on wi

Use implicit differentiat

(i)

= f(x, y) for the curveye3x + 3X = y3

dy
dx

of the form

[ 7marks]



(i) Find the equation of the normal to the curve at the origin.
Add this normal to the graph.

[ 3marks]

(iii)  Find the equation of the normal to the curve at the fgdintl )
Add this normal to the graph.

[ 3marks]
(iv)  Use algebra to determine the coordinates of where the normal

of part (ii) intersects the normal of part (iii).
Mark this point on the graph.

[ 3marks]



Question 3
A-Level Examination Question from January 2018, IAL, Paper C34, Q1 (Edexcel
A curveC has equation

Frxy=x+y y>1
The pointP with coordinateg 4, 11) lies onC

Find the exact value eé% at the poinP

Give your answer in the form + bIn 3, whereaandb are rational numbers

[ 6 marks]



Question 4
A-Level Examination Question from June 2010, Paper C4, Q3 (Edexcel)
The curveC has equation

X 1\ = 2xy

Find the exact value e(;% at the point orC with coordinate$ 3, 2)

[ 7marks]
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9.5 Answers
A-Level Pure Mathematics: Year 2
Differentiation IV
9.5.1 Solution to 9.3 A Beautiful Curve (Teaching Video)

P =04+ y°
(F)(3) =x°+y°

Differentiate with respect ®

dy 5 dy
y Y
(3¥)3In3 + FIn3 dX(SX)_Gx + 6y ™

% (3In3-6y°) = 6x° - ¥3*In3
dy  6x°-33In3
dx ~ F3FIn3 -6y’

[ 7marks]
9.5.2 Solutionsto 9.4 Exercise
Answer 1
(i) Fr2xy=y
Differentiate with respect ®
dy dy
| x—L 42y = -~
3In3 + de + 2y x
dy
—~ (1- 2x) = 3In3+2
L (1-20) = FIn3+ 2y
dy  3iIn3+2
dx  1-2x
[ 7marks]
(ii) LHS = 3 + 2xy RHS = y
=P 12x2x (-3 - -3
=9-12 = LHS
= -3 - (2,-3) is onthe curve
[ 2marks]
(i) dy  FIn3+2
dx 1 -2x
_ FIn3+2x (-3)
B 1-2x2
=2 -3In3

[ 2marks]



Answer 2
(i)
ye3x + 3X = y3
Differentiate with respect

3x  dy 3x dy
3 -~ 3=3y-2L
y3e™+ — e+ yzdx

L (392 - &)

dy  3ye®+3
dx  3y2 - eX

ye>X + 3

[ 7marks]
(i)
dy 3ye*+3

At (0, 0), W " 3y - X

= -3
1

"mN:E

, . 1
. Equation of normal i/ = 3 X

See graph on the following page
[ 3marks]
(iii)
dy  3ye®+3

At (0, 1), W - 3

LMy = - =

. . 1
. Equation of normal iy = — 3 X+ 1

See graph on the following page
[ 3marks]

(iv)

w|n Wl

3 1
= andv = —
> andy 5

See graph on the following page

X

[ 3marks]



Graph for Answer 2
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[ 6 marks]



Answer 4

X 1\ = 2xy
dy dy
XIn2 +2y—2 = 2x—2 + 2
: erdx dxer
dy X
—2 (2y = 2x) = 2y — 2¥In2
o (Y -x) = n
dy 2y - 2XIn2
dx 2y — 2x
dy 2x2-2%n2
A 2), L =
t(3 2), dx 2x2-2x3
_ 4-8In2
- 4-6
= 4In2 -2

[ 7marks]
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Lesson 10
A-Level Pure Mathematics: Year 2
Differentiation IV
10.1 Mr Clever SitsAn Exam
Exam questions on Implicit Differentiation often feature exponential, logarithmic ¢
trigonometric functions. So, get some coffee in your Mr Clever cup, and give the:
questions a go !

10.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1

2

The graph is of the equatior’ + y = x
Find the equation of the normal at ( 1, 0) in the fgramx+ c and, having found
it, draw the normal onto the graph.

[ 8 marks]



Question 2
A-Level Examination Question from June 2009, Paper C4, Q4 (Edexcel)

The curveC has the equation
ye X = 2x +

(a) Find % in terms ofx andy

[ 5marks]

The pointP onC has coordinates (0, 1)
(b) Find the equation of the normal @atP, giving your answer
in the formax + by + ¢ = 0, whereg, b andc are integers.

[ 4 marks]



Question 3
A-Level Examination Question from June 2011, Paper C4, Q5 (Edexcel)
Find the gradient of the curve with equation
Iny = 2xInx, X > 0, y >0
at the point on the curve whexes 2
Give your answer as an exact value

[ 7marks]



Question 4
A-Level Examination Question from January 2010, Paper C4, Q3 (Edexcel)
The curveC has the equation

JT JT JT
2 =1 - — Sl < v < —
COS 2X + COos 3y , 4<x<4, O<y 5
., dy .
(a) Find O in terms ofx andy

[ 3marks]

The pointP lies onC where x = %

(b) Find the value oy atP

[ 3marks]

(c) Find the equation of the tangentGatP, giving your answer
in the formax + by + cr = 0, wherea, b andc are integers

[ 3marks]



Question 5
A-Level Examination Question from January 2007, Paper C4, Q5 (Edexcel)

A set of curves is given by the equation
sinx + cosy = 0.5

(a) Use implicit differentiation to find an expression f%

[ 2marks]
For —m<x<m and-m<y<m

(b) Find the coordinates of the points whe%é\,/; =0

[ 5marks]
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10.3 Answers
A-Level Pure Mathematics: Year 2
Differentiation |V

Answer 1
&t+y=x
Differentiate with respect to
dy dy
R A A
dx " dx X
dy K
— 1) =2
™ (& +1) = 2x
dy | _
dx & +1
dy
At (1, 0), — =1
(1,0), &

The normal will have gradient 1

y=mX+C
0O=-1x1+c
c=1

Normal at( 1, 0) has equationy = —x + 1

[ 6 marks]

[ 2marks]



Answer 2

(a) ye X = 2x +
Differentiate with respect ®

y(-2)e® 4 Yogx_ 2yﬂ

dx dx
dy (2« — 2X
— - =2+2
dy 2+ 2ye X
dx e X -2y
[ 5marks]
dy 2+ 2
(b) A0, 1), = = T
= -4
. 1
. The normal will have gradleﬂae
y=nmX+cC
1= e x0+cC
4
c=1
. 1
Normal at( 0, 1) has equationy = 2 1
Thatis,x —4y +4 =0
[ 4marks]

Answer 3
Iny = 2xInx, X > 0, y>0

Differentiate with respect to

%x%:&x%+2lnx

% = 2y + 2ylnx

=2y (1 + Inx)
Whenx = 2, Iny =2x2x1In2

= 4In2
= In2*
= In16

Ly =16 .-.ﬂ=32(1+|n2)

dx
[ 7marks]



Answer 4

(a)

COS2X + cos3y = 1, —%<x<%, O<y

Differentiate with respect to

n
ol|s

(-2sn2x) + (—3sin3y)% =0

X
. dy .
- =Y = 24n2
(-3sin3y) o« sin 2x
dy  2sin2x
dx  3sin3y

[ 3marks]

(b)
Whenx = % cos(%) + cos3dy = 1

1
cos3y = 1 - >
1
T2
T 5w
¥=3 3
y = % only answer within constraints
[ 3marks]
(c)
Whenx = i, L7 = —w
X 3sin (%)
2
-3
y=nmx+c
T2
9 3 6
o2
9
yo 2y,
3 9

Thatis, 6x + 9y — 27 = 0
[ 3marks]



Answer 5

(a)
sinx + cosy = 0.5
dy .
A =0
COS X I siny
ﬂ _ CosX
dx ~ siny
[ 2marks]
(b)
ﬂ = 0 whencosx = 0
dx
4
X =+
2
4 . 4
Wh = —, =05 - (—)
enx > cosy sin >
=05-1
y = arccos(-0.5)
27
=+ —
3
(i _ﬂ) (i ﬂ)
2’ 3 /7\2" 3
Whenx = ——, cosy = 05 — sm(——)
=05+1
= 1.5 which has no solutions
[ 5marks]
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Lesson 11
A-Level Pure Mathematics: Year 2
Differentiation IV
11.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
Differentiate each of the following, simplifying answers as appropriate;

) 2%°
(i) T

[ 2marks]
(i) y=1In(2x3+7)
[ 2marks]
5
T
[ 2marks]
VX

(iv) y=e

[ 2marks]



Question 2
The product rule states thativ)” = uv' + U v

Use the rule to differentiatg = 7 X% cos X

[ 3marks]
Question 3

. u
The quotient rule states th%tv ) =

Use the rule to differentiate the following, simplifying your answer;
In(4x)
%2

[ 3marks]



Question 4

(1) Use derivatives adin x andcos x to prove the derivative adnxis e x

[ 4 marks]

(i) Hence, or otherwise, use the chain rule to differentiate;

y = tan’ X

[ 2marks]



Question 5
The graph is of the parametric equations;

x =12 -t and y:3t2
y A
| | >
- 20 0 20 X
(i) Find, in terms of,
dx dy dy
(a) o (b) (c) o
[ 2,2, 2marks]

(i)  Write down the coordinates of the point on the curve that corresponds to
the parametarhaving the value 1
[ 1mark ]
(iii)  What is the gradient of the curve at your partdajnt ?

[ 1mark ]

(iv) By making use of your part (ignd(iii) answers, determine the equation
of the tangent to the curve from the point at whiehl

[ 2marks ]



Question 6
A curve has equation;

X + Xy — y2 = 90
Find an expression for the gradient by means of implicit differentiation.

Write your answer in the formg—i =f(xy

[ 6 marks]



Question 7
The parametric equations of a curve are;

X = t2+1t, y=t2—t
(1) Complete the following table by way of working out some points on the
graph of this curve.
1 1
-4 1 -3[-2]-1|-3 0 5 3 4
[ 3marks]
(ii)  On the graph paper provided below plot the curve
20
5
O
5
0 5 10 0 k

[ 3marks]



(1) Find, in terms of, an expression for the derivative of this curve.

[ 4 marks]

(iv)  Find, in terms ok andy an expression for the derivative of this curve.

[ 4 marks]
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Answers11.2
A-Level Pure Mathematics: Year 2
Differentiation |V

Answer 1
(i) 2 dy 2x5x dy 2x¢
15 dx 15 dx 3
[ 2marks]
(i) Cin(2@+7) » W 6x°
y= dx 2x3 + 7
[ 2marks]
5 > -1
= = 4%° —
(i) y 2 3 =Y 5( X 3)
dy 2 - y 40x
— = -5(4x" -3 8 — = -
dx (ax ) T x 8 = Ix (4)(2_3)2
[ 2marks]
(iv) y=¢e%=y=¢e"
3 1 VX
dy gt LAy e
dx 2 dx 2 x
[ 2marks]
Answer 2
y = 7 X% cosx
dy __2
o 7X~ (—9nXx) + 1l4xcosX
= 7x (2cosx — xsinx)
[ 3marks]
Answer 3
_In(4x)
= 2
dy xz(ix4)—2xln(4x)
dx (X2
X = 2xIn(4x)
B x4
_ X(1-2In(4x))
- x4
_1-2In(4x)
=3

[ 3marks]



Answer 4

(1)
y = tanx
_8nx
~ CcoSX
dy _ cosxcosx — (=sinx) sinx
dx COs? X
_ cos?x + sn?x
- cos? X
B 1
~ co? X
= X 0
[ 4 marks]
(i)
y = tanzx
ﬂ = 2tanxsec2x
dx
[ 2marks]
Answer 5
. dx ) dy
() (a) (b)
dy dy dt
(©) & T at < ax
B 6t
-~ 12 - 3¢t2
2
412
[2,2,2marks]
(ii) Whent =1, x =11 y=3 Thatis, (11 3)
[ 1mark ]
dy 2
Whent = 1, —=— = —
(iii) en i 3
[ 1mark ]
(iv) y=m><+C:>3:%xll+c:>c: 9-22 :c:—%
_2,_13
=13 3

[ 2marks]



Answer 6
X+ 6Xy — y2 = 90

Differentiate with respect ®

dy dy
2 Bx— + 6y —2y— =0
X + de + 6y ydx
Divide through by- 2
dy dy
-X - 3X—— — — =0
X dx 3y+ydx
%(y—3><)=><+3y
dy  x+3
dx  y-3x
[ 6 marks]
Answer 7
(i)
1 1
-4 -3|-2]|-1| -5 0 5 1 2 3 4
1 3
12 6 2 0 — 0 a1 2 6 12 20
3 _1
20 12 6 2 a1 0 i 0 2 6 12
[ 3marks]
(i) See graph on the following page
[ 3marks]
dx dy dy 2t -1
— =2t+1 —=2t-1 S =
()5 i dt dx 2+ 1
[ 4marks]
(iv)
X = t%+t
Subtract y = t? -t
X—y=2
dy 2-1
dx 2t +1
o x-y-1
Cox-y+1

[ 4marks]



The Question 7, part (ii) graph

YA
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Lesson 12
A-Level Pure Mathematics: Year 2
Differentiation IV
12.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
Differentiate each of the following;

4x5

(0 y=—

[ 2marks]
(i) y=In(x*-1)

[ 2marks]
7
(- y=35e_z

[ 2marks]
(iv) y=¢€°

[ 2marks]



Question 2
The product rule states thatuv)” = uv + u'v

Use the rule to differentiatgy = 5x°sin X

[ 3marks]
Question 3
, u vu —Vvu
The quotient rule states tha(t— ) = ————
v Vi
Use the rule to differentiate the following, simplifying your answer;
B e4x
y = 2

[ 3marks]



Question 4

(1) Use derivatives adin x andcosx to prove the derivative @t X is — csc? X

[ 4 marks]

(i) Hence, or otherwise, use the chain rule to differentiate;

y = cot2 X

[ 2marks]



Question 5
The semi-cubical parabola shown below, has parametric equations,

(i)

(i)

(iii )

(iv)

(v)

X = 12t2, y = 2t3

| =]

Find in terms of,

(a) = (b) < () <

[2,2,2marks]
Write down the coordinates of the point on the curve that corresponds to
the parameterhaving the value 1
[ 1mark ]
What is the gradient of the curve at your partdajnt ?

[ 1mark ]

By making use of your pafii) and(iii) answers, determine the equation
of the normal to the curve from the point at whichl

[ 3marks ]

Draw your part (iv) normal onto the graph above
[ 1mark ]



Question 6
The graph is of a famous curve known as the Folium of Descartes with equation,

y3+x3=3xy

Differentiate Descartes' Folium by means of implicit differentiation.

Write your simplified answer in the for% =f(x Yy

[ 5marks]



Question 7
The parametric equations of a curve are;

X =t 4= -
B t’ y = t
(1) Complete the following table by way of working out some points on the

graph of this curve.

5| -af|-3|-2]-2 |-+ |-5|-%1|-%
X
y
1 1 1 1
X
y
[ 4 marks]

(i) On the graph paper provided on the following page plot a graph of the cu
(iii)  What is the name of this type of curve ?
[ 1mark ]

(iv)  Find, in terms of, an expression for the derivative of this curve.

[ 4 marks]
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[ 4 marks]
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12.2 Answers
A-Level Pure Mathematics: Year 2
Differentiation |V

Answer 1
6 5
(i) _4X o dy _ 4ax6x  dy _ 8X°
15 dx 15 ax 5
[ 2marks]
. dy 4%3
= In(x* -1 = =
(i) vy n(x ):> Ix v
[ 2marks]
_ 7 _ 2 -1
(i) y= 32 _ 2 = y=7(3¢-2)
-2
Yo (3o 2) ke Y S, - S—
dx dx (3x2 - 2)
[ 2marks]
(iv) y=¢"
dy 2
a = ex X 2X
[ 2marks]
Answer 2
y = 5x2sinx
dy 2 .
— =5 10x
X X~ (COSX) + sinx
= 5x (xcosx + 2snx)
[ 3marks]
Answer 3
e4x
V=52
dy X (e*x4) - 2xe¥
dx B (X2)2
_o2xe®(2x - 1)
B x4
C2e%(2x - 1)
= 3

[ 3marks]



Answer 4

(i)
y = cotX
_ CosX
~sinx
dy _ Snx(=sinx) — COSXCOSX
dx sin? x
sin“X + Cos* X
sinc x
_ 1
- §n?x
= —csc?x O
[ 4 marks]
(i)
y = cotzx
ﬂ = —2cot xcsc? X
dx
[ 2marks]
Answer 5
: dx dy 2
— = 24 b — = 6t
() (a) (b)
dy dy dt
(©) o T at X
_ 612
24t
_ L
4
[ 2,2, 2marks]
(ii) Whent =1, x =12 y=2 Thatis,(12 2)
[ 1mark ]
dy 1
Whent = 1, — = —
(i) en © dx 2
[ 1mark ]
(iv) y=mx+c=2=-4x12+c = c =50
y = —4x + 50

[ 2marks]



| =]

[ 1mark ]
Answer 6
y3 +xC = 3xy
Differentiate with respect to
dy 2 dy
3y — + 3x" = &X— +
y2 dx dx ¥
Divide through by3
dy 2 _ dy
y2 dx R dx Ty
dy _ 2
Y (P x)=y-x
dy _ y-x
dx  y2 —x
[ 5marks]
Answer 7
(1)
1 _1 _1 1
-52)| -425| -333| -25| -2 | -25| -333| -425| -5.2
-48 | -375| -266| -15 0 1.5 2.66 3.75 4.8
1 1 1 1
5 4 3 2 2 2 K 2
5.2 4.25 3.33 2.5 2.5 3.33 | 4.25 5.2
-48 | -375| -266 | -15 1.5 2.66 | 3.75 4.8

[ 4 marks]



(ii)
YA
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[ 3marks]
(1) A hyperbola, a hyperbolic curve
[1mark]
(iv)
x=tattos X2
dt
-1 dy 2
=t-t — 1+t
y a -
dy  1+t? f?
dx  1-t2 " 2
B 2+ 1
2 -1
[ 4marks]
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Lesson 13
A-Level Pure Mathematics: Year 2
Differentiation IV
13.1 Differentiation : Later Date Revision

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1
Without looking up the formulae booklet, differentiate each of the following
with respect tx. If you can remember a formulae book formula you can use it !

(i) y=4sn6x

(iii) y = cos?3x

(iv) y = tanx

(vii) y = (In5x)°

[ 14 marks]



Question 2
Use the product rule to find the derivative with respestdd y = 3x e giving the

answer in the formj—z = Ae5X(Bx + C) whereA, B andC are integers to be found.

[ 3marks]
Question 3
. . I . sin 3x
Use the quotient rule to find the derivative with respegtdby = Y
and simplify your answer.
[ 4 marks]

Question 4

5
Use the chain rule to find the derivative with respectddy = ( 1 + cos 3x)

. . dy B .
Write your answer in the formd—x = A ( 1+ c0523x) sinCx whereA, B,

andC are integers to be found.

[ 3marks]



Question 5
A curve is described parametrically by the equations

X = t — cos’t y = sn’t

. dy sin2t
how that, — = ———
(1) Show tha dx 1+ sn2t

[ 4 marks]

(ii)  Show that whert = % % =myV3 +n

for some integer values of andn that you should determine.

[ 4 marks]



Question 6

. . JT
Find the tangent to the curwe= sinx whenx = 3

Give your answer in the forng = mx+ ¢ and give the exact value for

[ 4marks]
Question 7

Differentiate implicitly to find % for the curve 4x° + 5y4 + 7xy = 0

[ 4 marks]
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13.2 Answers(Later Date Revision)

Answer 1

(i) y=¢&>
(ii) y = 4s8n6x
(iii) y = cos®3x

(iv) y = tanx

1
COS X

(v) y=
= Secx

(vi) vy-= In(5x3)

= In5 + 3Inx

(vii) y=(In(50)°

Answer 2

Answer 3

dy
dx

A-Level Pure Mathematics: Year 2

Bt A 5e5x

dy
dx

dy
dx
dy

dx

_ 3xe5x

3X ><5e5x+3><eX

24 cos 6x

= —6c0s3XSn3x

SeCZX

secxtanx

3

X

3(In(5x) )* x

5

= 3™ (5x + 1)
ThusA =3 B=5andC =1

sin 3x
2 x2

2x2300S3X — 4x.sin3x

4x4
2x (3xcos3x — 2sn3x)

4x4

3xcos3x — 29n3x

2 x3

Differentiation |V

Use quotient rule if forgotten

Use chain rule if forgotten

[ 14 marks]

[ 3marks]

[ 4 marks]



Answer 4
5
(1 + cos2 3x)

4 .
5(1 + cosz3x) X 2C0S3X X (—sn3x) x 3

<
Il

4
= —15(1 + COSZ3X) sin 6x

ThusA = -15 B=4andC =6
[ 3marks]

Answer 5

(i)

dx
dt

X = t — cos’t = 1 - 2cost (—sint)

1+ sn2t

dy

= 29ntcost
dt

sin 2t

o dy  sn2t
dx 1+ sn2t
[ 4 marks]
(ii)
7 dy sin(4F)
Whent = —, — = o
6" dx  1-sn(F)

23 + 3

Thusm = 2 andn = 3

[ 4 marks]



Answer 6

= dnx = ﬂ—cosx
Y= dx
7 N V3 dy 7 1
Whenx = —, =Sn(—)=—and—=cos(—)=—
=3 3 2 dx 3) 7 2
For the tangenty — mx + ¢
V3 1 4
—— = —X-—+¢C
2 2 3
co V3 =7
-2 6
1 VT
2 2 6
[ 4 marks]
Answer 7
3 4
4X" + 5y + 7xy =0
2 dy dy
12 20y — + IX— + 7y =
x+0y3dx+xdx+y 0
dy dy 2
20y — + Ix—— = —-12x° -
y3dx " de =1y
ﬂ(20y3+7x):—12x2—7y
dx
ﬂ__lez—Yy
dx — 20y3 + 7
[ 4 marks]
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