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Lesson 1
Further A-Level Pure Mathematics: Corel
Complex Numbers|
1.1 Introduction

Welcome to the start of the Further Mathematics Course. The first topic,
Complex Numbers, is part of the Core 1 section, compulsory for all further
mathematicians at both A and AS Level.

1.2 What isa complex number ?
When solving a quadratic equation such as,

Z-4z+5=0
one method is to utilise the method of completing the square.

Here is what a typical solution would look like,

7 _ 4z + 5=0
[Z2-4z]+5=0
[(z-2)2-4]+5=0
(z- 2)2 +1=0 This is completed square form
(z-2)%=-1
z-2 =++v-1 By square rooting both sides
z=2++\-1
z=2=*I

The first four lines of this solution are familiar territory. Depending upon what
you already knows about complex numbers will determine how you feel about
the final four lines. Historically, mathematicians would abandon the solution at
the point wherey—1 occurred. However, embracing the strange final result
opened a doorway into a wonderful and enlarged world of mathematics; All that
was already accepted sat quite comfortably within a new land in which-il=

and #=-1. Asa subject, complex nhumbers became mainstream in the 18th
century but they had been known “as a curiosity” for around two hundred years
before that.

When solving any equation, one method to check that a solution is valid is to
substitute the proposed solution back into the original equation. If it is a valid
solution then it will make the original equation true. For example, to check that
X =4 is a solution to the equatior b 3 = 23, replace theon the left hand side

with 4, and show that it then turns the left hand side into the right hand side. So,
by way of introducing some complex number arithmetic, it will now be shown
that 2 +i is a valid solution to the equat'z?n— 4 +5=0



1.3 Complex Number Arithmetic
Show by means of substitutionthat 2 +i isa solutiafte 4z + 5 = 0

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(1).mp4

[ 3marks]


http://www.NumberWonder.co.uk/Video/v9085(1).mp4

1.4 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40
Question 1
Use the method of completing the square to show that the quadratic equation,
Z-6z+13=0
has solutions,
z=3=2

[ 3marks]

Question 2
Use the method of completing the square to show that the quadratic equation,

Z_47+29=0
has solutions
z=2=5

[ 3marks]



Question 3
Use the method of completing the square to show that the quadratic equation,

22 +82+21=0
has solutions

z=-4++5]i
[ 3marks]
Question 4
The quadratic equatioraz2 + bz + ¢ = 0 has solutions given by the formula,
,_ b b% — dac
B 2a

Show how this formula could be used to solve the quadratic equation,

Z+5+25=0
Present your answer in a simplified, elegant form.

[ 3marks]



Question 5
Show by means of substitution that= 3 + i is a solution of the equation,

22—62+1O=0

[ 3marks]

Question 6

f(2) = 7 - 27+ 17
Show by means of substitution that= 1 — 4i is a solution tof (z) = 0

[ 3marks]



Question 7
(1) Show by substitution that = 1 + i is a solution of the equation,

#+4=0

[ 4 marks]

(i) Guess another solution to the equat@dn+ 4 = 0 and then verify
that your guess is good.

[ 4 marks]

Question 8
Prove that(a + bi) (a — bi) is areal number for any real numbarsndb

[ 3marks]



Question 9
(1) Pick any two positive real integesisandb such thata > b.

[ 1mark ]

(i) Calculate

(a+ bi )2
writing your answer in the form + vi whereu andv are real integers.

[ 2marks]

(iii) Calculatey u2 + v2

[ 1mark ]

(iv)  Demonstrate that, not only~i,§u2 + V2 an integer, but thati, v and
Vv u? + v2 are a Pythagorean integer triple.

[ 3marks]

Isn't that amazing ?

[ Omarks]



Question 10
Use the method of completing the square to show that the quadratic equation,

77 -32+3=0
has solutions

[ 4 marks]
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1.5 Answers
Further A-Level Pure Mathematics: Corel
Complex Numbers|

1.5.1 Solution to 1.3 Complex Number Arithmetic

LHS = Z - 42+ 5
= (2+iY-4(2+i)+5
=(2+i)(2+i1)-8-4+5
4+2i+2i+i2—8—4 +5
4+2+2-1-8-4+5

=0
= RHS O
[ 3marks]
1.5.2 Solutionsto 1.4 Exercise
Answer 1
Z-6z+13=0
[Z-62z] +13=0
[(z-3)-9]+13=0
(z-3%+4=0
(z-3)° = -4
z-3=+/(=1(®
z=3=%2
[ 3marks]
Answer 2

Z - 4z+29=0
[Z-4z2]+29=0
[(z-2Y%-4]+29=0
(z-2)>+25=0
(z-2)%=-25
2-2-=+/CD@5

z=2=+5
[ 3marks]



Answer 3

Answer 4

Answer 5

7+ 82+ 21
[22+82]+21

[ (z+4)-16] +21=

(z+4)2+5:
(z + 4)?

z+ 4 =

Z =

22+52+25:O

LHS

0
0
0
0

-5

+y DO

—4+ 5]
[ 3marks]
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[ 3marks]

(3+i)-6(3+1i)+10
(3+1)(3+i)-18-6 + 10

9+3i+3'+i2—18—6 + 10
9+3i+3-1-18-6 + 10

0
RHS O

[ 3marks]



Answer 6
LHS = f(2

=7 - 22+ 17
= (1-4i)-2(1-4)+17
(L-4i)(1-4)-2+8 +17

1—4i—4i+16i2—2+8+17
1-4-4-16-2+8 + 17
0

RHS (]

[ 3marks]

Answer 7
(i)
LHS = 7 + 4
= (1+i)4+4
:(1+i)2(1+i)2+4
:(1+2i+i2)(1+2i +i2)+4
=(1+2i-1)(1+2-1)+4
(2i)(2i)+ 4

4i2+4
4(-1) + 4

-4 +4

=0

= RHS (]

[ 4 marks]
(i) Other three roots are,

1-1, -1+, —1-i
Whichever is guessed it then needs verification as in part (i)
[ 4 marks]
Answer 8
2
a® - abi +ali — b%i
& - b’ (1)

(a+ bi) (a-h)

a2 + b2 which is a real number O
[ 3marks]



Answer 9
Individual choice

[ 7marks]
Answer 10
77 -32+3=0
[7Z -32] +3=0
7[£—iz]+3:o
7
2
3 9
e 575
Y 106 F370
2
3 9 28
7 = -~ “° _
(Z 14) g T3X g =0
2
3) 9 84
7(2 14 28 " 28 = 0
2
7(2_1):_2
14 28
(Z_i)z__ﬂ
14/ 196
( 3) =75
z-— | =%
14 14
3 V-1 x 3x 25
z=— =
14 14
_ 3,53,
14 T 14
[ 4 marks]
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Lesson 2
Further A-Level Pure Mathematics: Corel
Complex Numbers|
2.1 Complex Number Division
A complex numberz, is a number of the form,

Z=a+ bi
wherea andb are real numbers, i¥—1 and £=-1

Given two complex numbers,
z=a+ b and w=c+di

the arithmetic operations of addition, subtraction and multiplication can be perfori
with the two numbers and the result is in the form of a complex number.

Addition :
z+w=(a+hi)+(c+d)
=(a+c)+ (b+d)i
As a, b, c and d are all real numberg,a + ¢) and (b + d) will also be
real numbers which we could calandv.

TZ+W=uU+w which is in the form of a complex number

Subtraction :
z-w=(a+hi)-(c+d)
=(a—-c¢c)+ (b-d)i
As a, b, c and d are all real numberg,a — c) and (b — d) will also be
real numbers which we could calandv.

“Z—-—W=UH+Vi which is in the form of a complex number

Multiplication :
2w = (a+bi) (c+d)
- ac + adi + bd + bdi”
= ac + adi + ba + bd (-1)
= (ac - bd) + (ad + bc)i
As a, b, c and d are all real numberg,ac — bd) and (ad + bc) will
also be real numbers which we could cedindv.

LW = U+ Vi which is in the form of a complex number

This all leads to an obvious question; “What about division ?”.



Can any complex number, divided by any other (non zero) complex number
be manipulated into the form of a complex number ?

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(2).mp4

a+ b
c+di

. z
Division : — =
w

[ 3marks]


http://www.NumberWonder.co.uk/Video/v9085(2).mp4

2.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 45
Question 1
Three complex numbers are,

u=5-3 V=4+2 andw:%

(1) Write downv® the complex conjugate of
[ 1mark ]

(i) Show how to us&" to writew in the form a + bi wherea,be Q

[ 3marks]

Question 2

: .U :
Giventhatu = 3 + i erteF in the form a + bi wherea,be Q

[ 3marks]



Question 3

Given that,
=1+ Z=2+1 and zz = 3+
write each of the following in the fora+ bi wherea, be Q
. VAWL5)
(i =
[ 3marks]
Z
[ 3marks]
(i) 271 + 5z3
L

[ 3marks]



Question 4

2+ 2 — i
Simplify, — — -
plify 2 -1 2+
[ 4 marks]
Question 5
Given that

w=+vV3+V2i

write w1 in the forma + bi wherea, be R

[ 4 marks]



Question 6

. . 1 1 1
Simplify, — +

- — + -
I 1+1 1-1

[ 4 marks]

Question 7
By using the binomial expansion, or otherwise, show that,

(1+2)° =41- 39

[ 4 marks]



Question 8
The complex numberis defined by,
3+q

z= _ whereq € R
g->5

. 1
Given that the real part afis I3’

(1) find the possible values qf

[ 5marks]

(i) write the possible values afin the forma + bi wherea andb are
real constants.

[ 3marks]



Question 9
z=4-iV2

Use algebra to expres?r—g in the formp + qiv2

wherep andq are rational numbers.

[ 5marks]
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2.3 Answers
Further A-Level Pure Mathematics: Corel
Complex Numbers|
2.3.1 Solutionsto 2.1 Complex Number Division

Division :
Z a + bi c —di

— X :
w c+di c — di

ac — adi + bd — bdi®

- cdi + cdi — di?

(ac + bd) + (bc — ad)i
c2 + d?

ac + bd bc — ad .

2+ 2+

As a, b, c and d are all real numbers, eachﬂi%zg and %will

will also real numbers which we could calhndyv.

z . e
" W o u+ vi which is in the form of a complex numbei]

[ 3marks]



2.3.2 Solution to 2.2 Exercise

Answer 1
(i)
v = 4 - 2
[ 1mark ]
(ii)
u
W= —
\Y;
5-3i 4 — 2i
= — X :
4 + 2i 4 - 2
20— 100 - 12 + 6i°
16— 8 + 8 - 4i2
_14-22
B 20
_ 71,
10 10
[ 3marks]
Answer 2
u 3+ 3+
— = — X -
u* 3—i 3+
3 9+6i+i2
9-3 +3 —i°
_ 8+ 6
10
4 3.
= — 4+ —i
5 5

[ 4 marks]



Answer 3

(I) L7 (l+|)(2+|)
zz (3+1i)

2+3i+i2
(3+ 1)
(1+ 3) y (3-1)
(3+1) (3-1)

3-i+0 - 3i°
9-3+3 —i
6+ 8i

3 4 .
= = — 4+ —i
10 5 5

[ 3marks]

(i) (2)? _ (2+1) (2+1)
4] (1+|)

4+4i+i2
1+

3+ 4 1-—i
— X -

1+ 1-1

3_ 3+ 4 - 4i°
o o1-i+i—il
L
2

7
= — 4+
2
[ 3marks]
(i) 22 + 523  2(1+1i)+5(3+1)
A Bl (2+1)
2+ 2i+15+ 5
2+
17+ 7i 2 —i
— X :
2+ 2 — i

34— 17 + 14 — 7i>
4-2i +2 —i?
41 -3 41 3.

5 ~ 5 5
[ 3marks]



Answer 4

Answer 5

Answer 6

2+ 2 — 1 2+i><2+i—2_ix2_i
2 — i 2 +1 2 — i 2+ 2+ 2 — 1
4+2+2+i° 4-2i-2+i°
A+2 -2 —i% 442 -2 i’
3+4i_3—4i
5 5
8
5
[ 4 marks]
wt 1
W
1 ><\/_—\/?i
V3 +V2i V3 -V2i
V3 -V2i
3-V6i+V6i-2i
_ V3 -VZi
5
V3 V2.
5 5
[ 4 marks]
1 1 1
—-— + — + -
I 1+1 1-1
1 I 1 1-—i 1 1+
-— X =+ — X — + — X -
I I 1+1 1-1 1-1 1+
L+ 1-i N 1+
i 1-i+i-i® 14+i-i-i’
) 1-i 1+
—i+ +
2 2
-2 +1-i+1+i
2
2 -2
2
1-i

[ 4 marks]



Answer 7

LHS = (1 + 2i)°

= 1x (1P x(2i)°

+

5x (1) x (2i)t
10x (1)3 x (2i)?

+

10x (12 x (2i)°

+

5x (1) x (2i)*

+

+ 1x (1) x (2

2 4 5
=1+ 10 + 40i +80i3+80i + 32i
=1+10 -40- 80 + 80 + 34
= 41 — 38

= RHS O
[ 4 marks]



Answer 8

(i)

_ 3+q y q+ 5
g — 5i g+ 5i

3q+15+q2i +5qi2
¢ + 5qi — 5qi — 25i°
—2q+ (15+ @) i

25 + o

24 15 + o .
- + i
25+ @2 25+ @2

1
It was stated that the real part of thi
P 5
29 1

25+ 2 13
~26q = 25+ ¢
9 + 269 + 25 = 0
(q+1)(q+25) =0
Either (q+ 1) =0 or (g+25) =0

Eitherq=-1 o q=-25

[ 5marks]
(i)
2¢ 15 + q2.
= — + [
25+ 2 25+ @2

1, 15 + (=12 . 1 15 + (- 252 |

— = t 57 |
13 25 +(—1)2 13 25+ (- 2572

1 16 . 1 640 .
— + —i or zZ=—+ ——i
13 26 13 650

1 8 . 1 64 .
— 4+ —i or z=—+ —i
13 13 13 65

Either z

Il
o
-
N

|

Either z

Either z

[ 3marks]



Answer 9
z+4  4-iV2 +4
z-3 4-iV2 -3

8 —iv2 1+iv2
1-iv2 “1+iv2

_ 8+8VZi-VZi-2°
1-iVZ +iVZ - 2i°

10+ 7V2
3

10 7vV2 .
= + —i

3 3

[ 5marks]
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Lesson 3
Further A-Level Pure Mathematics: Corel
Complex Numbersi|
3.1 Roots and the Complex Plane
Lesson 1, Question 7 asked for a proof that 1 + 1 is a solution to

4= 0
It then asked that another solution to this quartic equation be guessed.

In fact this quartic equation (a polynomial of degree 4) has four complex roots,
z=1+1 =1-1i Zz = -1 - = -1+i

A two dimensional picture, called an Argand Diagram, can be drawn to show whe
the roots of this quartic equation lie on the complex plane.

Given the root of a polynomiatzoor = a + bi the real parta, is plotted on the

x-axis and the imaginary palt, is plotted on thg-axis.

In fact, we stop using the termesaxis andy-axis and talk instead of thReal-axis,

Re, and thémaginary-axis,Im. The two dimensional surface in which the real and
imaginary axes reside is termed the complex pl@he,

An Argand Diagram of the Complex Plane
showing the four complex roots of the equation

F+4=0

]ImA
1.5

1.0 ®

Q- 1.0 o

1.5

One method of verifying that each of these is a roots is valid would be to substitu
them, one at a time into the quartic and show that they make it true, as in Lesson



3.2 The Fundamental Theorem of Algebra

The Fundamental Theorem of Algebra states that any polynonzaifidegree
n has exactlyn roots, where some or all of the roots may be complex numbers.
The polynomial can even have complex coefficients.

This theorem tells us that, for examm%,+ 4 = 0, which is a polynomial iz
of degree 4, has four roots. So once four roots have been found, there is no nee
to look for any more.

3.3 Unique Factorisation

The Fundamental Theorem of Algebra ties in with fact that for any polynomial
in zof degree one or more unique factorisation holds.

When working with the integer#,, The Fundamental Theorem of Arithmetic
tells us that every number that in not prime can be written as a product of primes
in, essentially, only one way.

For example,

120= 22 x3x5
The “only one way” is formally referred to as “unique factorisation”.

Previously, polynomials irx with integer coefficients have been studied and
these also have unique factorisation.

For example,

x3+4x2+4x+3:(x2+x+1)(x+3)

The factor theorem is of use in trying to find the unique factorisation of such
polynomials. In fact, the unique factorisation holds, not just for integer

coefficients, but also for real number coefficients and, indeed for complex
coefficients with one restriction. The restriction is that the degree of the

polynomial must be one or more. To understand the restriction consider the
polynomial inz of degree 0,

p(2 = 62

This does not have a unigue factorisation.

For example, here is one factorisation of 6,
6=(l+i)(l-i)x3
and another,
6=(1++v5i)(1-+5i)

and another,

6=2(vV2 +i)(vV2 -i)

This single counter example, is enough to show that unique factorisation does
not hold for complex polynomials mof degree 0.



3.4 Solving Polynomial Equations

Complex Conjugate Pair

If p(2) is a polynomial withreal coefficients and is a complex root gb(z) = 0
thenz," is also a root of(z) = 0.

Such roots are termed a complex conjugate pair.

Further A-Level Examination Question from January 2009, FP1, Q2

f(2) = 27" — 142° + 332 — 26z + 10
Givenz =3 +1 is a solution of the equatib(e) = 0, solvef (2 = 0 completely.

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(3).mp4

[ 5marks]


http://www.NumberWonder.co.uk/Video/v9085(3).mp4

3.5 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 57
Question 1
Given thatz = 3 is the real solution of the equation,

2-52+11z-15=0
find the two complex solutions of this equation.

[ 5marks]



Question 2

f(20 =22 -672+21z- 26
(i)  Showthaf (2) =0

[ 1mark ]

(i) Hence solvef (z) = 0 completely.

[ 4 marks]



Question 3
Further A-Level Examination Question from June 2014, FR1 (R), Q1
The roots of the equation,

222 _-324+8+5=0
arez;, z and zs.

Given thatz; = 1 + 2i, findz andz

[ 5marks]



Question 4
Further A-Level Examination Question from June 2009, FP1, Q1
Given thatx =i is a complex solution of the equation,

x4+6x3+26x2+6x+25:0

(a) expres.s<4 +6x3 + 26%2 + 6X + 25 asa product of two quadratic factors

[ 4 marks]

(b)  Hence solve completely the equatidh+ 6x3 + 26x% + 6x + 25 = 0

[ 2marks]



Question 5
Further A-Level Examination Question from June 2018, F1, Q5
Given that

A -62+3472 542+ 225=(2+9) (Z+az+b)
wherea andb are real numbers,

(a) find the value of and the value db

[ 2marks]

(b) Hence find the exact roots of the equation
-6 +347 547+ 225=0

[ 4 marks]

(c) Show your roots on a single Argand diagram

[ 2marks]



Question 6
Further A-Level Examination Question from June 2013, FP1, Q3

Given thatx = % is a root of the equation,
3 2
2X" - 9X "+ kx-13=0 k e Z

find
(a) the value ok

[ 3marks]

(b) the other two roots of the equation

[ 4 marks]



Question 7
Further A-Level Examination Question from January 2010, FP1, Q6
Given that 2 and 5 + 2i are roots of the equation

Z2-12Z+cz+d =0, c,d e R

(a) write down the other complex root of the equation
[ 1mark ]

(b) Find the value o€ and the value o

[ 5marks]

(c) Show the three roots of this equation on a single Argand diagram.

[ 2marks]



Question 8
Further A-Level Examination Question from June 2006, FP1, Q4
Given that 3- 2i is a solution of the equation

- 6xC + 19X —36x+78 =0

(a) solve the equation completely

[ 7marks]

(b) Show on a single Argand diagram the four points that represent the roots
of the equation.

[ 2 marks]



Question 9
Find the four roots of the equation

A _-16=0

[ 4 marks]
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3.6 Answers
Further A-Level Pure Mathematics: Corel

Complex Numbers|
3.6.1 Solution to 3.4 Example

As f (2) has real coefficients, two solutions are 3+ i
. Two factors are,

(z-3-10)(z-3+1)
=((z-3)-1) (z-3)+1)

2
= (z-3)%-i
= Z-6z+9+1
= 7 - 6z+ 10

2 — 6z + 10| 224 — 1478 + 332 - 26z + 10
272 - 1223 + 207
- 223 + 132 - 26z
- 22 + 1222 - 20z
2 - 6z + 10
Z - 6z + 10
0

27 - 1472 + 332 - 262+ 10= 0
(Z-62z+10) (22 -22z+1)=0
Eitherzz—62+ 10 = 0 or 222—22+1:0

2+J-22-4x2x1
2% 2
2+ =&
4

z=3+*1i or z=

[ 5marks]



3.6.2 Solutionsto 3.5 Exercise

Answer 1
As z = 3 isaroot,(z — 3) must be a factor.
Using the technique of Polynomial Division from the Year 1 course,

2 - 22+ 5
z - 3|8 - 52 + 11z - 15
2 - 37
- 22 + 11z
- 22 + 6z
52z - 15
52z - 15

0 « as expected

So, we can now factorise the cubic into one linear and one quadratic factor,
2-57+11z-15=0
(z-3)(Z-22+5) =0
Either z-3=0 or Z-22+5=0
We already know about the root from the linear factor so the task now is to get

the two complex roots from the quadratic factor. Your calculator will let you
check the answers but, of course, you need to show how to get them.

I'm going to use the well known formula for solving quadratic equations.

Z_-227+5=0

2+, (-22-4x1x5
2x1
2 ++/-16
2

2+ /16 x (- 1)

2

2+ 4
2
=1+2 are the two complex roots of the equation
[ 5marks]




Answer 2
(i)
f(2=2-67+21z- 26
f(2)=22-6x2°+21x2-26
= 8- 24+ 4226
=0 O

[ 1mark ]
(i) As z = 2 isaroot,(z — 2) must be a factor.

472 — 4z + 13
z - 2|2 - 62 + 21z — 26

B - 27
- 472 + 21z
- 472 - 8
13z - 26
13z - 26

0 « as expected

So, we can now factorise the cubic into one linear and one quadratic factor,
2 -57+11z-15= 0
(2—2)(22—4z+ 13) =0
Either z-2=0 or Z-4z+13=0

We already know about the root from the linear factor so the task now is to
get the two complex roots from the quadratic factor.

Using the formula for solving quadratic equations.
Z-4z+13=0

4+ (4% -4x1x13
2x1
4++-36
2

4+ J36x (-1

2

4 + 6
2
=2+3 are the two complex roots of the equation
[ 4 marks]




Answer 3

As z =1+ 2i is a root, and the polynomial has integer (andeal)
coefficients, the roots must occur in conjugate pairs anrd sol — 2i must
also be a root.

Finding the product of the two associated factors...
(z-1-2i)(z-1+2)=(z-1%—4i
=Z-22+1+4
=Z2-22+5
So we now know that,
(Z-22+5)(Az+B)
~ Az+ B

272 _32+82+5
2z + 1

22 _-32+8+5=0
(22—22+ 5)(22+1) =0

Thus: zz =1+ 2i z=1-2 and 7z = ——

[ 5marks]

Answer 4

(a) As x1=1 Is a root, and the polynomial has integer (anckal) coefficients,
the roots must occur in conjugate pairs angso—i must also be a root.
Finding the product of the two associated factors...

I
x
|

(X —=10) (X+1)

So we now know that,
X} + 6x5 + 26X° + 6x + 25 = (x2+ 1)(Ax2+ Bx + C)
= (x2 + 1)(x2 + 6X + 25)

~ Alternatively, a polynomial long division could be used ~

[ 4 marks]
(b) (x® + 6x +25) =0
-6+ 62 - 4x1x25
B 2x 1
L _6:\-Ix64
B 2
X=-3=%4
The four roots of the quartic are thus
Xg = | Xo = —I X3 =—-3+4 and x4 = -3-4i

[ 2marks]



Answer 5
(a) By inspection,

7 - 62+ 3472 - 542+ 225 = (22+9)(22+az+ b)
= (Z+9)(Z-6z+ 25)

~ Alternatively, a polynomial long division could be used ~
[ 2marks]

(b)
24—623+3422—54z+225= 0

(Z+9)(Z-62+25) =0
Either Z + 9 = 0 or Z_-6z+25=0
6+ (-62-4x1x25

Z-_9 _
z 2x1
;- +/"1Tx9 :61\/—21x64
z=z=3 =3x4
[ 4 marks]
(c)
A
Im
6
4 ¢ 3 + 4i
Z = [
z =3I @ L
2
0 >
-6 | -4 | =2 2 4 6 Re
-2
Zg—-éii
—4 )
z, = 3 - 4i
-6

[ 2marks]



Answer 6
(a)
2x° —9x° + kx—13=0 ke Z
1 .
AsS X=E IS a root,

3

1 12 1
ZX(?) —9><(E) +k><(3)—13:0
%—%+%—m:o
1-9+2k—-52=0
2k = 60
k = 30

[ 3marks]

1 .
(b) As X = > isaroot,(2x — 1) must be a factor

X2 — 4x + 13
2x — 1| 23 - 9x2 + 30x - 13
3 x2
- 8x%2 + 30x
- 8x2 + 4
26x — 13
26z — 13

0 « as expected

Thus,
2x3 - 9x% + 30x - 13 = 0
(2x — 1 )(x® - 4x + 13) = O
Either 2x-1=0 or ¥ -4x+13=0

4+ (-4H2-4x1x13

2x1
(o L _ 4++-1x36
2 - 2

=2+3
[ 4 marks]



Answer 7

(a)

(b)

(c)

As the cubic has real number coefficients, and complex roots will occur
as a conjugate pair.
So the “third root” must bé — 2i

[ 1mark ]
Written as factors, because we know the roots, the cubic is,
(z-2)(z-5-2)(z-5+2)
2 12
—(z-2)(z-5) - (2))
2
—(z2-2)(2 - 102+ 25— 4°)
= (z-2)(Z - 102 + 29)
Multiplication grid :
2 -1z 29
z 2 |-102| 292
—2|-22| 20z |-58
- 7 _ 127+ 49z — 58
. c =49 and d = -58
[ 5marks]
Im 4
6
4
Zz—5+2i
2 Q
21:2
-6 | -4 | -2 0 , 4 6 Re
-2 r
23: —2|
-4
-6

[ 2marks]



Answer 8

(a) As x1=3-2i is aroot, and the polynomial has integer (anckal)
coefficients, the roots must occur in conjugate pairs.
Sox, =3 + 2i must also be a root.

Finding the product of the two associated factors...

(x - 32— 4i°

=2 —6x+9+4

(X-3-2) (x—-3+2)

x2—6x+13

Now to use this quadratic factor to extract the other quadratic factor from
the quartic equation,

2 + O0X + 6
X2 — 6x + 13| x4 — 653 + 19x2 — 36x + T8
x* — 6x3 + 13x2
6x2 — 36x + 78
6x2 — 36x + 78
0 <« As expected

Thus,
X* 6 +19x° - 36x + 78 = 0
(x2—6x+ 13) (x2+6) =0

Either x° — 6x + 13 = 0 which yields x; and x,

Or x2+6:0
x2:—6
X = +v6 i

So the solutions to the quatrtic are,
Xy =3-2 X%X%=3+2  x=+v6i and x,=-v6Ii

[ 7marks]



(b)

A
Im
6
4
z= /6l
2. .21:3+2|
0 >
-6 | -4 | =2 2 Tl ?Re
P .22:3—2|
23:—\/6‘i
-4
|
|
-6
[ 2 marks]
Answer 9
#-16=0
2 9
(Z) -4=0
(Z-4)(Z2+4)=0
(Z-22)(Z-(2)*) =0
(z-2)(z+2)(z-21)(z+2)=0
Thus the roots are,
Z =2 L =-2 Z; = 2 and z = -2i
[ 4 marks]
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Lesson 4
Further A-Level Pure Mathematics: Corel
Complex Numbersi|
4.1 To Simplify, Complexify
Mathematicians' ongoing fascination with Polynomials stems from the fact that
they are one of the most simple class of function. Many other more complicated
functions can be approximated with a polynomial.
For example, using the Binomial Theorem,
X X2 x3
m_2+4 TR TR
Polynomials over the reals are, of course, easy to differentiate and integrate
When over the real numbers they have a structure that is very like that of the
prime numbers and, in particular, they have the property of unique factorisation.
However, one unsatisfactory consequence of restricting polynomials to the real
numbers is that the number of roots for a polynomial of any given degree varies.
For example, consider the generalised polynomial of degree two, a quadratic;

ax2+bx+c:0

X € R, Ix| < 4

There are,
e Two roots if the discriminant is positive
e One root (sometimes called a repeated root) is the discriminant is zero
¢ No roots at all if the discriminant is negative

In moving to complex numbers, the desirable property of unique factorisation is
retained except for the trivial case of a polynomial of degree zero. One of the
many benefits of working with polynomials over the complex numbers is that
the number of roots for a polynomial of any given degree no longer varies. This
is of such importance that it has the grand title, “The fundamental theorem of
algebra”.

The Fundamental Theorem of Algebra

Any polynomial inz of degreen has exactlhy roots, where some or all of the
roots may be complex numbers.

The polynomial can even have complex coefficients.

An oft repeated mathematical quote is,

“to simplify, complexify”
which is saying that for many mathematical problems the easy way to tackle
them is to consider them, not just over the real numbers, but in the world of the
complex numbers. The “problems” referred to are not just in mathematics.
Complex numbers have traditionally been used in physics and engineering. In
electrical engineering, for example, circuits involving resistors, capacitors and
inductors are far easier and more elegantly modelled using complex numbers
More recently, complex numbers have become a part of Biology with the
realisation that nature can be effectively modelled using Fractal Geometry which
has, at its core (you guessed it) Complex Numbers !



4.2 A Polynomial From Its Roots

In Lesson 3 the problem of finding the roots of a polynomial was tackled, often

using a few clues, such as being given one root and asked to find the others. Th
factor theorem was useful along with the knowledge that, if the polynomial had

only real coefficients, any complex roots came as a conjugate pair. How would
this work in reverse ? In other words, given the roots of a polynomial, how

might the polynomial they came from be derived ?

The roots of a mystery polynomial are shown below on an Argand diagram.
Find a polynomial that they could be the root of.

TmA



http://www.NumberWonder.co.uk/Video/v9085(4).mp4

Multiplication Grid the for Teaching Video

[ 5marks]

The final statement in the video is not precise : It should be that “This

polynomial is the only polynomial with highest order term (note the
coefficient of 1) that will have, z, z3, zs andzs as its only roots”.

Question 1 (iii) in Exercise 4.3, will emphasise this subtlety.



4.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40
Question 1
A quadratic has roots,

z =7+ 5i and 2z =7-5
(1) Write down the two factors of the quadratic.
[ 1mark ]

(i) Show how the factors may be multiplied together to give the quadratic,
Z - 14z + 74

[ 2 marks]

(iii)  Explain why

27 287+ 148 = 0
would have the same roots.

[ 2marks]

Question 2
A polynomial,p(z) has the four roots,

z1=1 Z = | Zz=-1 and z = —i
Find a quartic polynomial that will hawg, z, zz andz, as its only roots.

[ 4 marks]



Question 3

(i)

(ii)
(iii )
(iv)

Im

z, = —-4+2i

-6

Which two roots form a conjugate pair ?

[1mark]
What is the mathematical theorem called that tells youp(zptvill
be a cubic ?

[1mark ]
Explain whyp(2) will have real coefficients.

[ 1mark ]

Find a cubic that will have, z andz; as its only roots.

[ 4 marks]



Question 4
Further A-Level Examination Question from June 2014, FP1, Q3
Giventhat 2 andl — 5 are roots of the equation

x3+px2+30x+q= 0 pgeR
(a) write down the third root of the equation

[ 1mark ]

(b) Find the value op and the value df

[ 5marks]

(c) Show the three roots of this equation on a single Argand diagram

[ 2marks]



Question 5
Further A-Level Examination Question from May 2016, FP1, Q4

4
Z = _
1+
Find in the forma + bi, wherea, b e R
(a) z
[ 2marks]
(b) 72
[ 2marks]

Given thatzis a complex root of the quadratic equation,

x2+px+q:0

wherep andq are real integers,
(c) find the value op and the value aj

[ 3marks]



Question 6
Further A-Level Examination Question from June 2019, Core 1, Q1

f(z)=z4+az3+b22+cz+d

wherea, b, c andd are real constants.
Giventhat—1 + 2i and 3 —i are two roots of the equatidnz) = 0

(a) show all the roots df(z) = 0 on a single Argand diagram

[ 4 marks]



(b) find the values o, b, ¢, andd

[ 5marks]
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44 Answers

Further A-Level Pure Mathematics: Corel

4.4.1 Solution to 4.2 A Polynomial From Its Roots

]ImA

Complex Numbers|

IN
C
C

The roots on the Argand diagram have been coloured to show tisah real
root (blue),z andz; are a conjugate pair (red), argd and zs are a second

conjugate pair (green).

Writing out the factors in order of difficulty, and grouped in conjugate pairs

where possible,

(z=-5)(z-3)(z+3)(z-1-i)(z-1+1i)
= (2—5) (22+9)((z—1)2—i2)
=(2-52+92-45) (Z-22+2)

22 572 +9z -45
22| 2 |-52]| 928 |-4572
—22|-272| 1028 | -1822| 90z
+2 | 228 | -102| 18 | -90

2 - 77+ 212 - 732 + 10& — 90

Such answers can be checked online in Wolfram Alpha where typing this
quintic in will result in the five roots being displayed.

[ 5marks]



4.4.2 Solutionsto 4.3 Exercise

Answer 1
(i)
(z-7-5)(z-7+158)
[ 1 mark ]
(i)
(z-7-5)(z-7+15)
= ((z-77-(5)")
— (2 - 142+ 49 - 251°)
=72 - 1&z+ 74 O
[ 2marks]
(iii)

27 - 282+ 148 = 0
2(Z -142+74) = 0
Either 2 = 0 which it clearly does not,
or Z — 14z + 74 = Owhich we already know has roots+ 5i

. 222 — 28z + 148 = 0Ohas the same rootsazs2 - 142+ 74 =0 O
[ 2marks]

Answer 2
From the roots,
z =1 Z =i zz=-1 and  z = —i
the factors can be written out directly, taking care to put the conjugate pair
next to each other (not critical in this case),

(z-1)(z+1) (z—-1) (z+1)

- (2-1) (2=
= (Z-1)(Z+1)
:24—1

[ 4 marks]



Answer 3

(i)

(i)
(iii)
(iv)

The conjugate pair am and z
The Fundamental Theorem of Algebra.
The two complex roots are a conjugate pair.
From the roots,
=3 2z=-4+2 and zz=-4-2
the factors can be written out directly, taking care to put the conjugate pa
next to each other,

(z-3)(z+ 4-21) (z+4+ 2)
=(z-23) ((z+4)2—4i2)
= (z-3) (Z + 82+ 20)

Multiplication grid :

2 8z 20
z| A 822 | 20z

—3|-322|-24z]|-60

= P 4+52—47-60
[1,1, 1, 4marks]

Answer 4
(a)
Zz=1+ 05
[ 1mark ]
(b) From the roots,

=2 22:1—5i and 23:1+5i
the factors can be written out directly, taking care to put the conjugate pa
next to each other,

(z-2)(z-1+5)(z-1-5)
= (z-2)((z-1)?-25{)
=(z-2)(Z-2z+26)

Multiplication grid :

22 -2z 26
z| B |-22]| 26z
—2|-22| 4z |-52

= 2 _ 472 +30z-52

S~ p=-4 and q=-52
[ 5marks]



(c)

Im

Zz = 1+ 5i

22:1—5i

Answer 5

(a)

4 1-i
— X -

1+1 1-1

4(1-1)

2 -2

(b)
Z=(2-2)
. 2
=4 -8 + 4i
-8

(c) From the roots,
= 2- 2 and 2z =2+ 2
the factors can be written out directly,

(z-2+2)(z-2-2)

[ 2 marks]

[ 2 marks]

[ 2 marks]

[ 3marks]



Answer 6

(a)
Im4
6
4
21:—1+2i
e =3+
@
6 =4 -2 VT2 [ 4 6 o
- © €
5 z3=3—1i
22:—1—2i.-
4
-6
[ 4 marks]
(b) From the roots,
z=-1+2i =-1-2 Zz = 3 — | and z =3+ i

the factors can be written out directly, taking care to group each conjugate pair,
(z+1-21)(z+1+2)(z-3+1)(z-3-1)

((z+1?-(2)) ((z-32-i°)
(22+22+1—4i2) (22—62+9—i2>

(22+22+5) (22—62+ 10)

Multiplication grid :
72 2z 5
zZ| 2 273 | 52
—6z| -62|-1222| -30z
10 | 1022 | 20z | 50

24—4z3+322—102+50
A

+aZ+bZ +cz+d gives us that
a=-4 b=3 c=-10 and d = 50

Matching this up withf (z) =

[ 5marks]
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Lesson 5
Further A-Level Pure Mathematics: Corel
Complex Numbersi|
5.1 Modulus
For a given a complex numbers a + bi, the modulus is denotéa|.
It is the distance from the origin to that number on an Argand diagram.
In other words,

|z| = Va2 + b2

5.2 ThePrincipal Argument

For a given complex numbez,= a + bi, the principal argument is denoted
Arg(2). It is the angle between the positive real axis and the line joining the point
of interest to the origin on an Argand diagram. The calculation varies depending
upon which of the four quadrants on the Argand diagram the point resides. This
will be looked at shortly in this lesson's teaching video.

First, however, some scene setting.

As always in mathematics an anticlockwise rotation is considered to be positive.
and a clockwise rotation negative. By convention, arguments are given in
radians and, to make the function one-to-one, in the range,

- < arg(z <=«

Thus, to rotate from the positiveaxis direction onto points in either the 1st or
the 2nd quadrants the rotation is given as a positive (anticlockwise) rotation.

To rotate from the positive-axis direction onto points in either the 3rd or the
4th quadrants the rotation is given as a negative (clockwise) rotation.

An argument given in this range is formally termed a “Principal Argument” but
often the word “principal” is dropped. In examination questions on arguments,
answers should always be given in the range < arg(z) < @ unless
otherwise instructed.

An argument outside the ranger < arg(z) < &= can be brought back into
range by simply adding or subtracting a multiple of Blowever, it is better to

get into the habit of generating answers within the required range directly rather
than having to “rescue” out of range answers.

In University courses an argument outside of the range< arg(z) < x is
written arg (2) whereas a principle argument is denoted (2), with the capital
letter A. In the Further Mathematics A-level course this distinction is not made,
although teachers often, without thinking, (correctly) put the capital letter in !



5.3 Example on Finding Principal Arguments

Tm4
I | I 6 I I [
2nd Quadrant 1st Quadyanﬁ
- o
= =344 z3=5+4i
2
0 >
-6 -4 -2 2\ O 4 6 Re
=3I
-2
L
4CJ Z]_: - 5—3|
4
3rd Quadrant | 6 4th Quadrant

For each of the complex humbers on the Argand diagram find the principal argun

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(5).mp4

Shdy

*‘- - -' "

T
(=]

[ 4 marks]


http://www.NumberWonder.co.uk/Video/v9085(5).mp4

5.5 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40
Question 1
For each of the complex numbers on the Argand diagram find the principal argun

Tm4
6 T T
r\z4:5|
/
— 4
Zs= — 44 3i
@
2 X
Z3=6+1
0 —>
-6 | -4 | =2 % 4 6Re
LS
2,=2-21
z=—3-4i
O -4
-6

[ 5marks]



Question 2
Further A-Level Examination Question from January 2012, FP1, Q1

Given that
z1=1- i
(a) find arg(z)

[ 2marks]
Given also thatz, = 3 + 4i, find, in the forna+ ib, a,be R
( b) V4W4)
[ 2marks]
o)
()
[ 3marks]

In part (b) and part (c) you must show all your working clearly.



Question 3
26
2 - 3i
(a) Findzin the forma +bi wherea,be R

Z =

[ 2marks]
(b)  FindZin the forma+bi wherea, be R

[ 2marks]
(c)  Determingd z|

[ 2marks]

(d) Calculatearg( 22) giving your answer in radians to 2 decimal places.

[ 2marks]



Question 4
Further A-Level Examination Question from January 2007, FP1, Q3

The complex numbers andz are given by
z1 =5+ 3
z=1+np

wherep is an integer.

(a) Find 2 in the forma + ib, wherea andb are expressed in termsof

Z

[ 3marks]

Given that,

(b) find the value op

[ 2marks]



Question 5
Further A-Level Examination Question from January 2014, IAL, FP1, Q5

z=5+iv3 w=+v3 -1

(a)  Find the value ofw|

[ 1mark ]
Find in the forma + ib, wherea andb are real numbers,
(b) 2w, showing clearly how you obtained your answer.
[ 2marks]
(c) % showing clearly how you obtained your answer
[ 3marks]

Given that

arg(z+ 1) = % where/ is a real constant

(d) find the value oft

[ 2marks]



Question 6
Further A-Level Examination Question from January 2019, IAL, F1, Q9
The complex numbes andz are given by
z=-1-1 and 2z = 3 -4
(a) Find the argument of the complex numter— z
Give your answer in radians to 3 decimal places.

[ 3marks]
(b) Find the complex numbe—é1 in the forma + bi
2
wherea andb are rational numbers.
[ 3marks]

(c) Find the modulus of% giving your answer as a simplified surd.
2

[ 2 marks]



(d) Find the values of the real constap@ndq such that
p+iq-8z

=3
p—iq- 8z |

[ 5marks]
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5.6 Answers
Further A-Level Pure Mathematics: Corel
Complex Numbers|

5.6.1 Solution to 5.3 Example on Finding Principal Arguments
Forz; = -5- 3i
Think of this as “a clockwise half a turn then anticlockwise 'a bit

arg(zg) = - + arctan(%)

- + 0540
-2.60°

Forz, = 3 — i

Think of this as “clockwise a Bit

arg(z) = 0 — arctan(%)
= 0-0.322
= -0.322°

Forzz = 5 + 4i
Think of this as “anticlockwise a bit”

arg(z) = arctan( %)

0.675

Forz, = -3 + 4i

Think of this as “anticlockwise half a turn then clockwise a bit”

arg(zy) = — arctan(%)
= a7 — 0.927
= 221°

[ 4 marks]



5.6.2 Solutionsto 5.5 Exercise

Answer 1

Forzy = -3 - 4i
Think of this as “a clockwise half a turn then anticlockwise 'a bit

ag(z) = - + arctan(%)

- + 0927
-221°

Forz, = 2 — 2i

Think of this as “clockwise a bit” or even “clockwise an eighth of a’turn
2
arg(zn) = — arctan( > )

JT

=—-— or - 0.785
4
Forz; = 6 + i
Think of this as “clockwise a bit”
1
arg(z) = arctan(g)
= 0.165
Forz, = 5
Think of this as “anticlockwise a quarter of a turn”
JT
ar = —
9(zs) >
= 157

Forzs = -4 + 3i

Think of this as “anticlockwise half a turn then clockwise a bit”

arg(z) = — arctan(%)
= — 0.644
= 2.50°

[ 5marks]



Answer 2

(a) ag(@ = -

(b)

(c)

Answer 3

(a)

(b)

NG

Z
Z

or - 0.785

=(1-1)(3+4)

2
3+4i—3 — 4]

7+ 1

3+ 4

1 -

3+ 4 1+

= — X -
1-1 1+
. X .2

_3+3|+4|+4|
1-i°

=1+

B 2

__ 1.7

2

26

2 -3

26 >(2+3i

2-3 2 + 3i

_26(2+30)
4 - 9i°

. 26(2+ 3)

B 13

=2(2+3)

= 4 + 6i

(4 + 6i)?

7 =

(4+61) (4+60)

2
16 + 24i + 24 + 36i
—20 + 48

[ 2marks]

[ 2marks]

[ 3marks]

[ 2marks]

[ 2marks]



(c) |z| =V 42 + &2
= /52
2v/13 or 721

[ 2 marks]
(d) On the Argand diagranz,2 = —20 + 48
This is located in the second quadrant.
48

arg<zz>:n_arctan(5)

7 — 118
1.97

[ 2marks]
Answer 4
2 1+ npi

(a) 2 -

Z 5+ 3

1+ pi o 5-3i
5+ 3 5-3i

5_ 3 + 50 — 3pi°
25— 9i°
5+ 3p- 3 + 5p
34
5+ 3p N 5p—3i
34 34

[ 3marks]

(b) arg(—2)=i

H
g
—_—
2
(@]
—_—
AN
~—
SN—
Il
—+
g
—_—
NG
SN —

1 from part (a)

50 - 3 o 34 _q
34 5+3p
o9 -3 _ 1
5+ 3p
MP-3=5+3p
2p =8
p:

[ 2marks]



Answer 5

(a)

[ 1mark ]
(b)
w = (5+v3i) (V3 -i)
- 5V3 -5 +3 - V3i
= 6V3 - 2i
[ 2marks]
(c)
z 5+ V3i
w o V3 -
5+ V3 « V3 +i
RV V3 +i
_ 5v3 + 5 + 3 + V3i
- 4
_ 4V3 + 8
- 4
=3 + 2i
[ 3marks]

(d)
arg(z+ 1) = %
tan(arg (5 + V3i + 1) = tan(%)
tan(arg( B+ 4) +V3i)) =3

V3
=43
5+ 1 V3
1=5+1
A =-

[ 2 marks]



Answer 6
(a)
ag(zz-z)=ag( —-1-i-3+4)

arg (-4 + 3)

(3)
m — arctan| —
4

m — 0.6435
2.49¢

[ 3marks]
(b)
a _ 1o
V2) 3-4
-1 —i 3+ 4
— X -
3- 4 3+ 4

34 -3 - 4
9 - 16i°
1-7

[ 3marks]

(c)

(&)
3
N

[ 2marks]



(d)
p+ig-8z
p-iq-82
p+ig—-8z =3 (p-iq- 8z)

=3

D+ig-8(-1-i)=3dp-3iq-24 (3-4)

2
p+ig+8+8 =3p+3q-72 + 96

p+ig+8+8 =3p+3qg-72 - 96
p+ig = 3p+ 3g- 80 — 104
p+iqg=3q- 104+ (3p — 80)i

Re: p=3g0-104 = p-39g=-104
Im:q=3p-80= -3p+ q=-80

3p-99 = -312
- q= 80  Subtract
-8q = —392
g =49
p =43

[ 5marks]
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Lesson 6
Further A-Level Pure Mathematics: Corel
Complex Numbers|

6.1 The Gaussian Integers
The Gaussian integers are complex numbers of the do#Tbi where botha
and b are integers. For this subset of complex numbers unique factorisation
holds. They are attractive to work with because each Gaussian integer is either .
prime Gaussian integer or a composite Gaussian integer. A composite Gaussia
integer can be decomposed into a unique product of prime Gaussian integers
So, some concepts, familiar from earlier work with the real integers, get a new
lease of life with the Gaussian integers. The statenzeaf/.[i] says ‘z is a
Gaussian integer”.

The integer grid shows Gaussian primes for values around zero. On the real axi:
observe that 3 and 7 are Gaussian prime but 2 and 5 are not. What are the facto
of these composite Gaussian integers 2 and 5 ? With a little thought,

e 2factorisesinto(1 +1) (1 —1i)

e 5factorisesintq2 +i) (2 —1)

From a careful look at the diagram, £1) and ( 2+ i) are all Gaussian prime.
There is no further factorising to do and the unique prime factorisation of 2 and
5 in Gaussian integers has been found.

In lesson 3, the number 6 was used to show that, in the general, complex
numbers don't have unique factorisation because 6 could be factorized in more
than one way,

e6=23(1+i)(1-1i)
6 =(1+V5i)(1-+V5i)
e6=2(vV2+i)(V2 -i)

The second and third of these is not valid if only Gaussian integers are being



considered and so this is an illustration thaffij the composite number 6 does
indeed have the unique factorisation,

o6 =3(1+i)(1-1)
where each of these three factors is a Gaussian prime (easily checked on the gri

6.2 The Square Root of a Complex Number
In the teaching video | will show you a very clever way to square root a Gaussian
integer if it has an answer that is also a Gaussian integer.

Findzsuch thatZZ — 5 — 12i = 0, ze Z[i]

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(6).mp4

[ 6 marks]

| am indebted to Dr Neha Agrawal of Murray Edwards College,
Cambridge University, for teaching me this method
of finding complex square roots #i]


http://www.NumberWonder.co.uk/Video/v9085(6).mp4

6.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50
Question 1
A complex number = a + bi, wherea andb are real numbers, is sought that
satisfies the equation,

Z-7-24 =0 z e Z[i]
(1) Show thatab = 12

[ 2marks]
(ii)  Write down the value o8 — b?
[ 1mark ]
(1ii)  Hence find the two values afsuch that
Z-7-24=0 z e ZIi]
[ 3marks]

(iv)  Show that your part (iii) solutions, when squared are equal to 7 + 24i
as you would expect.

[ 2marks]



Question 2
A complex numbeke = a + bi, wherea andb are real numbers, is sought that
satisfies the equation,

Z+9-40 =0 z e 7]

(i)  Show thaib = 20

[ 2 marks]
(i)  Write down the value o8> — b?
[ 1mark ]
(1) Hence find the two values afsuch that
Z+ 9-40 =0 z e ZI[i]
[ 3marks]

(iv)  Show that your part (iii) solutions, when squared, are equabte 40i
as you would expect.

[ 2marks]



Question 3
A complex numbeke = a + bi, wherea andb are real numbers, is sought that
satisfies the equation,

Z - 40+ 42 = 0 z e ZI[i]
(a) Find the two possible values of

[ 5marks]

(b) (i) The formula to solve quadratic equations of the form

aZZ +bz+c=0 z eC
wherea, b andc are complex numbers is

—b ++b? - 4ac

2a
Use this formula to try and solve,
7 -40+42 =0 z e ZIi]

[ 2marks]

(i) Comment on the usefulness of this solution technique in this cas

[ 1mark ]



Question 4
(i)

Workout (1 +V7i) (1 -vV7i)

[1mark ]
(i)  Workout (14+1i) (1 —-i) (2+i)(1—-i)(1+i)(1-1)
[ 2marks]
(iii)  Explain how your part (i) and part (ii) answers show that complex
numbers, in general, do not have unique factorisation.
[ 1mark ]
Question 5

A certain numbep is a prime integer ifR but is not a Gaussian prime integer

in Z[i]. When considered to be a Gaussian integer it is composite and has the
unique factorization,

p=(3+2)(3-2)
What number ip ?

Question 6

10

W

=10

(i)
(i)

-10

-5

[45]

10

-10

-5 0

On the grid of Gaussian integers, ciréle- 5i
Hence state if6 + 5 is a Gaussian prime or not.

10

[ 1mark]

10

=10

[ 1, 1 marks]



Question 7
A polynomialp(z) has some coefficients that are complex numbers,

Z2+iZ+62=0 ze C
The formula to solve quadratic equations of the form
aZ +bz+c=0 z e C

wherea, b andc are complex numbers is

—b ++b? - 4ac

2a

Show how this formula may be used to find the three roquzpf

[ 5marks]



Question 8
A complex numbez = a + bi, wherea andb are real numbers, is sought that
satisfies the equation,

Z+3-2i=0 z e Z[i
(1) Show thatab =1

[ 2 marks]

(i)  Find the value ofa® — b’
[1mark]

(iii)  Explain why there is no Gaussian integer that satisfies the equation

Z+3-2=0 z e ZIil
[ 2marks]

(iv)  On the grid of Gaussian integers, circle the complex numBer 2i

=10 -5 ] 5 10
' W BEE B B B BEE B N[0
EENEE NENENEE EENEE
EEE B B EEEEE B H _EEN
5 EENEN B 5 NENEN B
EEEESE EEE N EEE EEEEE
N B N H NEN B N N EEt
5 _NEN BEN § NEN NEN B
N EENESE N N EENEE N
EEE B E N E N E N EEN
EE N E EEN
I 'NEE NEN ENENE NES EEN
EEE E EEE
EEE B N N E N NN EEN
5 EENEN N N NENEN N
H_NEE EEE B NEE NEN B
SEn B 5 B NEN B N B NN
EEEEE EEE §H EEN NENEE
S EENEE B N EENEE N
EEN 5 § NENEN § § _NEN
EENEN EENEEEE NENEE
S § EEN B B B EEE B N B
]

=10 -5 10

[44]

[1mark]
(v) Explain how your part (iv) answer confirms that there is no complex

number that satisfies the equatirzﬁw 3-2i =0, ze ZJi]

[ 2 marks]



Question 9
A-Level Examination Question from June 2004, P4, Q3

The complex number=a + bi, wherea andb are real numbers, satisfies the
equation,

Z+16-30 = 0

(a) Show thatab = 15

[ 2marks]

(b) Write down a second equationarandb and hence find the roots of
Z+16-30 =0

[ 4 marks]
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6.4 Answers
Further A-Level Pure Mathematics: Corel
Complex Numbers|

6.4.1 Solution to 6.2 Example (Teaching Video)

The video was originally focussed an= + /5 + 12i . However, the few
Further A-Level examination questions on this topic are more about solving the
related quadratic equation. So I've asked the question in this marginally adjustec
form too.

Z_-5-12 =0
Z =54+ 12
(a+bi)2:5+12i

2
a® + 2abi + b%i° =5+ 14

a® — b% + 2abi = 5+ 12
Two complex numbers (the one on the left hand side and the one on the right

hand side) are equal if and only if the real parts are equal and the imaginary
parts are equal. Therefore we can deduce that,

a?-p*=5 and 2ab =12
ab = 6
As a, b are integers the only possibility wita| > | b| (to havea® — b? positive
are (a,b) = (6, 1), (3, 2), (-6,-1) or (-3,-2)
Of these only( 3, 2) and (-3, —-2) also satisfyal2 _p® =5
Thus, the solutions to
Z-5-12 =0

are3+ 2 or — 3+ 2i

These could be presented-a63 + 2i ) which has an obvious similarity with
previous work with the real numbers. The solutions can, of course, be
substituted back into the original equation to verify that they make it true. For
example,

LHS = 2 - 5 - 12

= *#1% (3+2)°-5- 12
9+12i+4i2—5—12i
=9-5-4+12 — 12
=0
= RHS O

[ 6 marks]



6.4.2 Solutionsto 6.3 Exercise
Answer 1
(i)
7724
7

(a+hi)=7+24

0 z e ZJi]

7 + 24

2
a% + 2abi + b%i" =7+ 24
a>—b> +2abi = 7+ 24

Two complex numbers (the one on the left hand side and the one on the
right hand side) are equal if and only if the real parts and the imaginary
parts are equal. Therefore we can deduce that,

Equating imaginary parts : 2ab = 24

ab = 12
[ 2marks]

(i)
: .42 2
Equating real parts: a~ — b™ = 7
[ 1 mark ]
(iii) Asa be Z the only possibility wit{a|>|b| (to havea? — b > 0)
arg (a,b) = (12 1), (6, 2), (4 3)
(_129 _1), (_6’ _2)’ (_4’ _3)
Of these only( 4, 3) and (-4, —3) also satisfyal2 =7
Thus, the solutions to
Z-7-24=0
are4 + 3 or —4 -3
These could be presented as (4 + 3i) which has an obvious

similarity with previous work with the real numbers.
[ 3marks]

(iv)

. 2
16 + 241 + 91
16 + 24 — 9

1204+ 3i)2

7 + 24i as expected
[ 2marks]



Answer 2

(i)

(i)

(iii )

(iv)

Z4+9-40 =0 z e ZIJi]
Z = -9 + 40
(a+bi)2:—9+40'

2
a% + 2abi + b%i° = —9 + 40

a® — b% + 2abi = —9 + 40
Two complex numbers (the one on the left hand side and the one on the

right hand side) are equal if and only if the real parts and the imaginary
parts are equal. Therefore we can deduce that,

Equating imaginary parts : 2ab = 40

ab = 20
[ 2marks]

Equating real parts : & -b’=-9
[ 1mark ]

Asa, b e Z the only possibility witj a| <| b| (to havea® - b® < 0)
are (a,b) = (1, 20), (2, 10), (4, 5)
(-1,-20), (-2,-10), (-4,-5)
Of these only(4, 5) and (—4,-5) also satisfyal2 B = -9
Thus, the solutions to
Z+9-40 =0
are4 + 5 or — 4 -5
These could be presented as (4 + 5 ) which has an obvious

similarity with previous work with the real numbers
[ 3marks]

2
16 + 400 + 25i
16 + 40 — 25

-9 + 40 as expected

(= 1)%(4 + 5 )2

[ 2marks]



Answer 3

(a)

(b)

7 — 40 + 42
7

(a+ bi)? = 40 — 42

0 zZ e ZIJi]

40 — 42

& + 2abi + b2i° = 40 - 42
a? — b® + 2abi = 40 — 42
Equating imaginary parts : 2ab = —42
ab =-21
Equating real parts : a® - b = 40
Asa,be Z the only possibility wita| > | b| (to havea® — b%> > 0)
are (a,b) = (2L-1), (7,-3)
(-21 1), (=7, 3)
Of these only(7,—3) and (-7, 3) also satis.fya2 —p% = -9
Thus, the solutions to
7 - 40+ 42 =0
are7 -3 or — 7+ 3i
These could be presented as (7 — 3i) which has an obvious

similarity with previous work with the real numbers

[ 5marks]
(1) a=1,b=0 andc=-40 + 42
] 0+/0%2-4x1x(—40+ 42)
- 2 x 1
V4 x /40 - 42
- 2
= +./40 — 42i
[ 2marks]

(i) The formula hasn't told us anything that wasn't obvious anyway !
We could have got this “result” much more easily like this;

Z_40+ 42 =0
Z = 40 - 42
7 = +/40 — 42i

[1mark ]



Answer 4

(i)  (L+vTi)(1-VTi)=1-7§
=1+7
=8
[1mark]
() (1+1) (L—-i) (L+i)(2—-i)(1+i)(1-1)=2%x2x%x2
=8
[ 2marks]

The part (i) and part (i) answers show that the number 8 can be factorise
at least two different ways and so the factorisation is not unique.
Other factorisations are possible such as,

(iii )

2
(V3 +v5i) (V3 -+/5i) = 3-5i
=3+5
=8
[ 1mark ]
Answer 5
p=(3+2)(3-2)
. . .2
=9-6 + 6 —4i
= 13
[ 1mark ]
Answer 6
-10 -5 o 5 10
10H | H B B BEE B B

[42]

(i) 0

=10

=10

o]

5 10

=10

[1mark]



(ii)  Yes, 6+ 5iis a Gaussian prime.
It has exactly two factorised @[i], itself and the number 1.
[ 1mark ]

Answer 7
2+iZ+62z=0 ze C

z(zz+iz+ 6) 0

Eitherz = 0 or 22+iz+6:0

Witha=1 b=iandc=6

—b+Vb? - 4ac
2a

i+ Ji?-4x1x6
2x1
—i+\V-1-24
2
—i + /=25
2
-ix5
2
=-3 or 2

So, in total there are the three roots3i, 0, 2i
[ 5marks]



Answer 8

Z+3-2i=0 z € ZI[i]
Z =342
(a+ bi)2:—3+2i

&% + 2abi + b2i° = —3 + 2
& —b%+ 2abi = -3+ 2i
(1) Equating imaginary parts : 2ab = 2
ab =1
[ 2marks]
(i) Equating real parts : - b®=-3
[ 1mark ]
(iii) Asa, be Z the withab = 1 only possibilities arka| = |b| = 1
but this clearly cannot satisfy the requirement tfat- b2 = — 3
Thus there are no Gaussian integers that satisfy the equation,
Z+3-2=0 z e ZI[i] O
[ 2marks]

(iv)

[44]
—y
(=)

-10 -5

o ]

_He

B B —10

[42]
T
H EEE B
En EEmE
_
II.I
- _
mu_EEm
O
ENEEE_NEN
gi
IIIII
NEN EEE
_ _
_
En mans
H EEE N
[45]

=
T
. I
H
. I
n
=]

&
T
11
N
.I
_
_
III
_
_
I.I
N
NN
tn

10} B B B H-10

-10 -5

[=]
[44]
(=)

[1mark]
(v) The complex number is shown as a prime on the grid of Gaussian
integers, confirming that it cannot be factorised.[ii
[ 2marks]



Answer 9

(a)
Z+16-30 =0
7 = —16 + 30i
(a+ bi)2 = —-16+ 30
&% + 2abi + b2i° = —16 + 30
a® — b% + 2abi = —16 + 30
Equating imaginary parts : 2ab = 30
ab = 15 O
[ 2marks]
(b) Equating real parts : & - b? =16

Asa, be Z the only possibilities witha| < | b| (to geta® — b < 0)
are (a,b) = (1, 15),(3 5),(-1,-15) and (-3 -5)
Of these only(3, 5) and (-3, -5) also satisfyal2 b’ = -16
Thus, the solutions to
Z+16-30 = 0
are3+ 5 or — 3 -5
These could be presented as (3 + 5i)

which has an obvious similarity with previous work with the real numbers
[ 4 marks]
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Lesson 7
Further A-Level Pure Mathematics: Corel

Complex Numbers|
7.1 Loci in the Argand Diagram

When faced with a piece of algebra such as
y = X — BX + 5
most mathematicians would immediately visualise this as a geometric object, a

quadratic curve passing through (0, 5) onyeis. Even just this initial vague
visualisation may be enough to answer a question.

Or perhaps more detail is needed.

Doing some algebra, factorising, leads to,
y=(x-1)(x-23)

but again, faced with a piece of algebra, it is geometry that is in mind; the fact
that this quadratic curve crosses xhexis at (1, 0) and ( 5, 0).

Perhaps still more detail is required.

More algebra, this time completing the square, yields,

y=(X- 3)2 -4
and again, a visualisation that (<3 ) is the minimum point is second nature.

y

,,,,,,,,

With the foregoing in mind, it should not come as a surprise that, when faced
with equations involving complex numbers, there are certain types of equation
that are immediately visualised as a geometric object on an Argand diagram. In
general the geometric objects are termed loci, and include familiar shapes sucl
as straight lines, bits of straight lines, circles and ellipses.



7.2 TheCircle
Given that

|lz-8-15]| =
(1) Derive the Cartesian equation of the locug of
(i) Sketch the locus afon an Argand diagram.

(iii)  Calculate the minimum value pi|
(iv)  Find the maximum value, in radians,aoty z

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(7).mp4
E t-l

'-L'

g0 ] L

Eﬁ#

[ 8 marks]


http://www.NumberWonder.co.uk/Video/v9085(7).mp4

7.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50
Question 1
For each complex number on the Argand diagram find the principal argument.

]ImA

06

= — 1+6i

Z3:5+5i

[ 8 marks]



Question 2
Further A-Level Examination Question from FP2 Mock Paper, Q8
A complex numberz satisfies the equation,

|z-5-12| = 3
(a) Describe in geometrical terms with the aid of a sketch, the locus of the
point which representsin the Argand diagram.

[ 3marks]

For the points on this locus, find
(b) the maximum and minimum values pf |

[ 4 marks]

(c) the maximum and minimum values fng(z), giving your answers in
radians to 2 decimal places.

[ 4 marks]



Question 3
Given that

|z-24-7| =5
(1) Derive the Cartesian equation of the locug of
(i) Sketch the locus afon an Argand diagram
(iii)  Calculate the maximum value |of|
(iv)  Find the minimum value, in radians, afy(2)

[ 2,2, 2, 3marks]



Question 4
The complex numberis defined by

3+ 5
z= _
2 -1
(i) Find| z|
[ 4 marks]
(i) argz
[ 2marks]
Question 5
The complex number satisfies
|z+3-6i| =3

Show that the exact maximum valueaofj z in the interval—z, 7] is

T + 2arcsin(i)
2 V5

[ 4 marks]



Question 6

z=-1-+3i
Find (i) |z|

[ 1mark ]

TNEL

[ 4 marks]

(iii) agz ag(Z) and arg(%)

giving your answers in terms of

[ 3marks]



Question 7
The complex numbew is given by

w=26+3i
(i) Determine the value ¢fv|

[ 1mark ]

(i) Find arg w, giving your answer in radians to 2 decimal places

[ 2 marks]
Given that

arg(A+5 +w) = %

wherel is a real constant
(i) find the value oft

[ 2marks]
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7.4 Answers
Further A-Level Pure Mathematics: Corel
Complex Numbers|
7.4.1 Solution to 7.2 The Circle (Example)

(i) |]z-8-15]| =6
|x+yi-8-15| =6
| (x-8 + (y-15)i| = 6

(x — 872+ (y - 15)° = 36
(i) This is in the form of a circle with centre (8, 15) and radius 6

(iii) | z|is the least distance from the origin to the circle.
There is an integer Pythagorean triple triangle, 8, 15, 17
Thus, as the circle has radius 6,

|Zlyy = 17-6 =11
(iv)  We're after the maximum anticlockwise rotation of the posiReeaxis
that still cuts (is a tangent to) the circle, show® asp on the diagram.
6

sng = — = 0 = 0.36°
17
15

solargz]ya - = 144
[2, 2,2, 2marks]



7.4.2 Solutionsto 7.3 Exercise

Answer 1
Forzz = —-5-2i

Think of this as “a clockwise half a turn then anticlockwise 'a bit

arg(zy) = -7 + arctan(%)
= —a + 0.381
= —-276°
[ 2marks]
Forz, = 3 - 5i
Think of this as “clockwise a Bt
arg(z) = —arctan(%)
= -10%
[ 2marks]

Forz; = 5+ 5i

Think of this as “anticlockwise a bit, where the bit is an eighth of a turn”

arg(z) = arctan( %)

c
T

= — or 0785
4

[ 2marks]
Forzz = —1 + 6i

Think of this as “anticlockwise half a turn then clockwise a bit”

arg(z) = — arctan(%)
= 7 — 14T
= 1.74°

[ 2 marks]



Answer 2
(a)

|lz-5-12| =3

|x +yi-5-12| = 3

| (x =5 + (y - 12)i]

(x=-5)7%+(y-12)> =9

This is in the form of a circle with centre (5, 12) and radius 3

Il
w

[ 3marks]
(iii)  There is an integer Pythagorean triple triangle, 5, 12, 13
Thus, as the circle has radius 3.
|zl = 13-3 =10
|Z|yax = 13+ 3 = 16
[ 4 marks]
3
[ | = — 6 = 0.233
(iv) sno 13 =

12
tang = = = ¢ = 1176

Slargz]yax- =9 + 0
= 1409
[argz]y,y = @
=¢-0
= 0.94%
[ 4 marks]



Answer 3

(i) |z-24-7| =5
|x+yi-24-T7| =5
| (x=24) + (y-7)i| =5

(x —24)% + (y-T7)° = 25
[ 2marks]

(i) This is in the form of a circle with centre ( 24, 7 ) and radius 5
]Im A T T T R

The circle is plotted accurately but the green and blue triangles have the
origin as a common point which is far further to the left than shown.

[ 2marks]
(iii) |z|is the greatest distance from the origin to the circle.
There is an integer Pythagorean triple triangle, 24, 7, 25
Thus, as the circle has radius 5,
| Zlyy = 25+ 5
= 30
[ 2marks]

(iv)  We're after the minimum anticlockwise rotation of the positrais
that is cutting the circle. Let(+ 0) be the angle in the Pythagorean
integer triangle, shown green (but not to scale) above? betthe angle
in the blue triangle with a right angle where the circle's radius touches the
tangent from the origin to the circle.

tan (¢ + 0) = % = (¢ + 0) = 0.2838°

sno = > = 6 = 02014
25

~¢ = [argz],, = 0.0824°
[ 3marks]



Answer 4

3+ 5 2+
— X -
2 — i 2+

6+3i+10'+5i2
442 -2 —i?
1+ 13

5

0.2 + 2.6

(i)
|z| = V022 + 2.62

2.61

[ 4 marks]
(i)

2.6
argz = arctan( —)

[ 2 marks]



Answer 5
|lz+3-6i| =3

Ix+vyi+3-6]|=23

| (x+3) + (y - 6)il

Il
w

(x+3)2+(y—6)2 =9
This is in the form of a circle with centre 8, 6) and radius 3

We're after the maximum anticlockwise rotation of a line that started
on the positiveRe-axis that is cutting the circle. This is the line,
tangential to the circle on the diagram and meeting the circle at the
point coloured blue.

Use can be made of the fact that the Imaginary axis is tangential to the
circle and meeting the circle at the point coloured yellow.

A property of tangents to a circle from a common point is that the two
angles marked are equal. So the required angle is a quarter turn
anticlockwise plus two further turns anticlockwisedof

Thus,
JU
Slargzlyax = > + 20
S + chdn(L)
-2 V& + F
- L + 2arcsin( 3 )
2 V45
= | 2arcsin (i)
2 3v5
T ) 1
= — + 2arcsin| — O
2 (\/5 )

[ 4 marks]



Answer 6

(i)

(i)

4

2] = { 12+ (V3 )?
_Jiv3

-1 -3
—1+4/3i

-1 -3 -1 -+3i
T1+v3i C1-v3i

D(1+v3i) (-1 (1+vV3i)

1++V3i-+vV3i-3i°
B 1+2v§i+$2|

Il
=

-

[ 1mark ]

[ 4 marks]



(iii )

[F)
argz = —x + arctan I
= -7+ —
__Eﬂ
3
Z = -1++3i
" V3
arg (z') = = — arctan -
- =
B 3
2
3
z 1 V3.
arg(?): R
2
-3

[ 3marks]



Answer 7
(1)
|6 + 3i

V62 + 3
\ 45

Bl
Il Il Il

3V5
[ 1mark ]
(i)

argz = arg (6 + 3i)

arctan( i)
6

0.464

[ 2marks]

(iii)  The angle puts the point in the first quadrant of the complex plane which
makes the question easier than it might have been !

arg(/1+5i+w):%
. . JU
arg(/1+5|+6+3):7
JT
arctan(—):—
A+ 6 4
75
=1
(}t+6
8=1+6
A=2

[ 2 marks]
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Lesson 8
Further A-Level Pure Mathematics: Corel
Complex Numbers|
8.1 When Circles Callide
Consider the following complex number equation with a view to plotting its
locus on an Argand diagram,
lz+2-i|=|z-4+i]|
From lesson 7 it is clear that,

lz+2-i| =2
or, equivalently, |[z— (=2 +i)| = 4
describes a circle with centfe 2, 1) and radiugd on an Argand diagram.
Similarly,
lz-—4+i| =2
or, equivalently, |z—- (4-i)| =1

describes a circle with cent¢d, — 1) and radiug on an Argand diagram.

Equating the two can be thought of as generating a sequence of circles of the
same radius, but with the radius increasing in stepsi,=sdy®6, 8, ...

The red circles are of radius 4, the blue of radius 6 and the green of radius 8.
The points of interest are where red meets red, blue meets blue and green meet:

The Key Question
When those points of intersection are joined up what geometric shape is obtainet



8.2 The Perpendicular Bisector
The quick answer to the key question is “a straight line”. However, more is true.
From geometric work with a compass and straight edge, it can be seen tha
drawing a single pair of circles in this way is the method of obtaining a
perpendicular bisector. The locus described by

lz+2-i|=|z-4+i]
is a line that cuts the line segment with endpoints at circle certisl ) and
(4, —1) exactly in half and at right angles.

The Cartesian equation of this perpendicular bisector could be approximately
read off from the intersecting circles diagram. Alternatively, as this very
problem was tackled in the Year 1 course, we can use the mathematics alread
developed there.

Year 1 Revision Question

Find the Cartesian equation of the perpendicular bisector of line segment with
endpoint§—2, 1)and(4,-1)

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(8).mp4

EIRE

[ 3marks]


http://www.NumberWonder.co.uk/Video/v9085(8).mp4

8.3 An Alternative Method

The Cartesian equation of the perpendicular bisector described by,
lz+2-i|=]z-4+i]|

can also be found by the following alternative method which uses the technique

developed in lesson 7.

lz+2-i|l=|z-4+i]|
Ix+yi+2—i|=|x+y —4+i]
| (x+2)+(y-1)i| = (x=4)+ (y+ D)

Take the modulus of each side, and square to remove the square roots
(x+2)2+(y— 1)2 = (x—4)2+(y+ 1)2
x2+4x+4+y2—2y+1:x2—8x+16+yz+2y+1
X -2y + 5= -8+ 2y + 17
12x — 12 = 4y
y=3x-3

This method will be required in the Exercise in Question 4 to get the lo€us of
and in Question 5 to get the requested equation of a circle.

ALl MY ANSWERS
Are IMAGINARY
HUMBERS,




8.4 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50
Question 1
(a) Write down the coordinates of the centre of the circle described by

|lz-10-5i| =1 zeC, 1eR
[ 1mark ]

(b) Write down the coordinates of the centre of the circle described by
lz+6-i| =2 zeC,1eR

[ 1mark ]

(c) Hence, or otherwise, determine the Cartesian equation of the lozus of
when

|lz-10-5|=|z+6-i]

[ 3marks]

(d) What will be the shortest distance between the origin and the locus founc
part (c) ? In other words, what is the minimum valufzf?

A sketch of the locus on an Argand diagram may help !
[ 3marks]



Question 2

Further A-Level Examination Question from June 2010, FP2, Q6 (edited)
A complex numbeez is represented by the poiatin the Argand diagram.
(a) Given that,

|z- 6] = |Z]
sketch the locus d®

[ 2marks]

Another complex numbaewv is represented by the poi@tin the Argand diagram.
(b) Given that,

lw-3-4i| =5
add a sketch of the locus @fto your part (a) sketch

[ 2marks]

(c) Find the complex numbers which satisfy both
|]z-6| =]z and |w-3-4i|=5

[ 2marks]



Question 3
Sketch on the same Argand diagram the locus of points satisfying,

(a) |z-2l=]|z-3]

[ 2marks]
(b) |z-6-2|=5

[ 3marks]

The complex number satisfies both,
lz-2i| =|z- 8|
and |z-6-2i| =05

(c) Use your answers to parts (a) and (b) to find the two values of

[ 2 marks]



Question 4
Further A-Level Examination Question from June 2014, F2, Q7
The pointP represents a complex numlzesn an Argand diagram, where

|lz+ 1| = |2z - 1|

and the poin@Q represents a complex numbyeon the Argand diagram, where
lw| = |w—-1+i

Find the exact coordinates of the points where the locBsrdérsects the locus &

[ 7marks]



Question 5
Further A-Level Exam Question from SAM, June 2017, FM Option 2, Paper 4, Q6
A curve has equation,

|z+ 6| =2|z- 6] ze C
(a) Show that the curve is a circle with equation
X + V% — 20k + 36 = O

[ 2 marks]

(b) Sketch the curve on an Argand diagram

[ 2marks]
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8.5 Answers
Further A-Level Pure Mathematics: Corel
Complex Numbers|
8.5.1 Solution to 8.2 The Perpendicular Bisector
To find the perpendicular bisector of the line segment with endpeiits 1)
and we can first find the midpoint between those endpoints,

- _1
( meanx, meany) = 2+4, 1+

2 2
= (1, 0)
The gradient of the line between the two circle centres will be,
_AY
T OAX
_ -
4 - (-2
=2
T 6
1
-3

The line perpendicular to this will have a gradient that is “the sign changed
reciprocal”. Thus we're after a line with gradient 3 through (1, 0),

y

mMX + C

0=3x1+c=>c=-3

[ 3marks]



8.5.2 Solutionsto 8.4 Exercise

Answer 1
(a) Centreis (10,5)
[ 1mark ]
(b) Centreis€{6, 1)
[ 1mark ]
(c)
Midpoint 10+ (=6 , S*+1)_ (2, 3)
2 2
_AY
~AX
3 5-1
10 - (-6)
_ 4
16
1
= — = -4
2 MperRe
y=NnmX+C
3=-4x2+Cc>c=11
Cartesian Equation of perpendicular bisectgr is —4x + 11
[ 3marks]

(d) The gradient of the shortest line will be 0.25 and it has to go through (O, (
so it will have equation,

y = 0.25
To get the point of intersection with the perpendicular bisector,
0.25x = —4x + 11

X = —16x + 44
17x = 44
44 11
X=—= "Yy=——=
17 17
44\2 (112
Minimum Distance = | {77 + (53]
INiMum bistance \/ 17 + 17
11717
- (2.66789..)

[ 3marks]



Answer 2

(a) |z — 6| can be thought of as a circle of unspecified radius, but centre ( 6.
| z| can be thought of as a circle of unspecified radius, but centre (0, 0)
The locus will be the perpendicular bisector of the line segment between
these two point, which will be= 3

(b) |w - 3-4i| = 5can be thought of an a circle of radius 5, centre ( 3, 4)

(c) The complex numbers on both loci are,

zz =W =3—1i Z =W, =3+9
[ 2,2, 2marks]
Answer 3
(a) |z-2i| =|z- 8| will have locus that is the perpendicular bisector of ti
line segment between (0, 2) and ( 0, 8 ) which are the centres of the cir
described byz — 2i| = 1 and |z — 8i| = Awherei is a variable radius.

Without calculation, this will be obviously be the lipe 5
(b) |z-6-2i| = 5 isacircle radius 5, centre ( 6, 2 ) on the Argand diagra

(c) The complex numbers on both loci are
=2+ 5 and 2z = 10+ 5
[ 2,3, 2marks]



Answer 4
ForP a cautious approach is required,

lz+ 1| = |2z - 1|
|x +yi +1] = |2(x+yi)-1]
[ (x+ 1) +yi| = [(2x=1) + 2 |
Take the modulus of each side, and square to remove the square roots
(x+ 1) +y? = (2x - 1)? + (2y)°
x2+2x+1+y2:4x2—4x+1+4y2
3x° - 6x+ 3y =0
Divide through by 3
[xz— 2x] + y2 =0
[(x-1¥-1]+y¥ =0
(X — 1)2+ y2 =1
This is the equation of a circle, centre (1, 0) and radius 1

ForQ it's the perpendicular bisector of the line segment between ( 0, 0) and
(1,-1) thatis required which will be the ling = x — 1
Solving by substitution,

(x—1)2+y2=1
(x—1P% +(x-1%=1
2(x- 1% =1
2 1
X—-1) = —
( ) >
1
X—1=+x——
V2
x—1=i£
2
x:lt—ﬁ
2
V2 V2
le_T or X:1+T

[ 7marks]



Answer 5
(a) |z + 6|
|x +vi + 6]

2|z - 6|
2|x+yi — 6|

[ (x+6) +yi] = 2] (x=6) +i]
Take the modulus of each side, and square to remove the square roots

(x+6)2+y2 4[(x—6)2+y2]

X+ 12X+ 36+ = 4[5 - 12 + 36 + V]

X2 + 12X + 36 + Y = 4X° — 48X + 144 + 4y

3x% — 60x + 3y + 108 = 0
Divide through by 3
X2 +y% — 20k + 36 = O 0

[ 2marks]

Il
o

(b) [x® - 20x] + y* + 36
[ (x-10)> - 100] +yY* +36 =0
(x — 102 + y* = 64

Which is recognizable as a circle, centre ( 10, 0 ) and radius 8

[ 2marks]
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Lesson 9
Further A-Level Pure Mathematics: Corel

Complex Numbers|
9.1 A Catalogue of L oci

Over the last few lessons, a first steps towards developing a catalogue of loci or
Argand diagrams have been taken. It has thus far only involved two shapes, twc
objects familiar from previous study.

Generalising previous specific examples gives a catalogue with two entries;
. |z-(@a+hi)| =r wherea,b,reR,andr > 0

A circle with centre( a, b) and radius

. |lz-(a+hb)|=]z-(c+di)] wherea, b, c,deR
A line that is the perpendicular bisector of the line segment between

the points(a, b) and(c, d)

9.2 The Argument asa L ocus
This lesson a third entry to the catalogue will be developed.

Giventhatarg(z- 3+ 2i) = % give the Cartesian equation of the locus

and sketch the locus @bn an Argand diagram

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(9).mp4

[ 4 marks]


http://www.NumberWonder.co.uk/Video/v9085(9).mp4

9.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 33
Question 1

Giventhatarg(z-2 + 3i) = % give the Cartesian equation of the locus

and sketch the locus @abn an Argand diagram

[ 4 marks]

Question 2

Given thatarg(z—- 3 - 4i) = — % give the Cartesian equation of the locus

and sketch the locus @abn an Argand diagram

[ 4 marks]



Question 3
Further A-Level Examination Question from June 2005, FP2, Q9

A complex numbeez is represented by the poiatin the Argand diagram.
Given that,

|z-3i| =3
(a) sketch the locus d&?

[ 2marks]

(b) Find the complex numberwhich satisfies both

|z- 3| =3 and ag(z-3i) = %

[ 4 marks]



Question 4
Given thaiz satisfies,

|z++/3i| =3

(a) sketch the locus afon an Argand diagram

[ 2marks]

(b) find zthat satisfies both z + v/3i| = 3 and arg(2) = %

[ 4 marks]



Question 5
Given that
4
ag(z+4) = —
a( ) 3

(a) sketch the locus afon an Argand diagram

[ 2marks]

(b)  find the minimum value dfz| for points on this locus

[ 4 marks]



Question 6

Sketch on the same Argand diagram the locus of points satisfying,
(a) |z-2i|=|z-8]

[ 2marks]
(b) ag(z-2-i)="
[ 3marks]
The complex number satisfies both
|z -2i| =|z-8| and arg(z—2—i):%
(c) Use your answers to parts (a) and (b) to find the valae of
[ 2marks]
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9.4 Answers
Further A-Level Pure Mathematics: Corel
Complex Numbers|
9.4.1 Solution to 9.2 Teaching Video Example

Keep in mind that,arg (2 = 0 is a “half-line” starting at (but excluding) the
point at the origin (which is undefined) and heading off in the positiaris
direction. Questions involving arguments can often be visualised immediately
by utilising a knowledge of graph transformations applied to this half-line.

It helps to have a sense of how the question should progress !
In this case, it's apparent from the following rewrite;

arg(z—-3+2i) = =3
2
3

that the half-line starts at the po(r8, — 2 ) and heads off at 120
To obtain the Cartesian equation,

arg(z-(3-2)) =

arg(z—-3+ 2) = 3
arg(x+yi—3+2i):%
2r

arg((x — 3) + (y+ 2)i)

3
(gathering reals together and, separately, imaginaries together
y+ 2 ( 21 )
[ —— tan -
Xx—-3 3
y+2 __J3
Xx—-3
y+2=-vV3(x-23)

y=-V3x+3V/3-2 x< 3
(For plotting:y = —1.73 + 3.20)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

[ 4 marks]



9.4.2 Solutionsto 9.3 Exercise

Answer 1
To obtain the Cartesian equation,
arg(z—2+3i)=%
arg(x+yi—2+3i):%
. 3t
arg((x=2)+ (y+3)i) = -
y+3 (37r)
2 =t -
x—2 '\
y+3:_1
X—-2
y+3=—-(x-2)
y=-x-1, X < 2

With regards to the sketch,

arg(z—2+3i):% jmg(z—(z_g)):%

so the start of the half-line is @, — 3) and it heads off at 185

[ 4 marks]



Answer 2
To obtain the Cartesian equation,

wgu—s—m):_%g

arg(x+yi_3_4,-):_%

arg((x - 3) + (y — 4)i) = _%
s -l

y-4 _ =

Xx—-3
y-4=+v3(x-3)
y=+3x+4-3/3 x<3

(To plot this line usey = 1.73x — 1.20)

With regards to the sketch,

af9(2—3—4i)=—% = arg(z—(3+4i))=—%

so the start of the half-line is @8, 4) and it heads off at 120°

[ 4 marks]



Answer 3
(a) |z-3i| = 3is acircle with centre (0, 3) and radius 3
[ 2 marks]

(b) arg(z—-3i) = % is a half-line, starting at ( 0, 3 ) and heading off at°13!

Circle : X% + (y - 3)2 =9

Line:y=-x+3

x2+((—x+3)—3)2:9
X+ (—x)2 =9
2x2 = 9
2= 2
2
X = __3 (Reject positive solution)
T V2 Jectp
V2
X=—-—-"
2
L, 32
Y= 2
3vV2 3vV2
Z:_T 3+ > |

[ 4 marks]



Answer 4
(a) |z+ V3i| = 3is acircle

(b)

with centre ( 8,3/ 3 ) and radius 3
[ 2 marks]

arg(z) = % is a half-line, starting at ( 0, 0 ) and heading off & 30

To obtain the Cartesian equatiorarg(z) = %
. JU
arg(x+wy) = 5
-5
= = tan -
X 6
y__1
X 3
1
= —X x>0
Y= 3
4
,,,,,,,,,,,,,,,,,, R
. 2 2 . 1 V3
Circle : X~ + +v3) =16 Line:y = —X or = ——X
(y++v3) Y= 75 y =3
) 2
X+ |—=Xx+vVv3| =9
(75 x+v3)
x2+%x2+2x+3: 9
3 + X2 + 6 X+ 9 =27
4 + 6 x— 18 = 0
2% +3x-9=0
X_—31J§—4x2xe@
B 2 x 2
-3+9 . :
= = — ( Reject solution of- 3)
4 2
3 V3.
T Z=—+ —i
2 2

[ 4 marks]



Answer 5

arg(z+ 4) = % is a half-line, starting gt 4, 0) and heading off at 60

[ 2marks]
To obtain the Cartesian equaticarg(z + 4) = %
arg(x+yi +4) = %
arg(x+4+yi) = %
7 ()
=t Sl
X+ 4 an 3
y _ V3
X+ 4
y=V3x+4V3 x>-4
Thus, the perpendicular line through the originys= — % X
These two lines will meet wheny3 x + 4v/3 = — % X
Multiply through byy/ 3
X+ 12 = —x
Ix = =12

Xx=-3 andso y=+3
To get the distance from the origin,

2l = 32+ (VE)
23

[ 4 marks]



Answer 6
(a) |z-2i| =]|z- 8| isthe perpendicular bisector of the line segment
between (0,2 ) and (0, 8) which is the lyne 5
[ 2marks]

(b) arg(z—-2-1) = % is a half-line, starting at ( 2, 1), heading off at 45

The equation of this line will by = x — 1
[ 3marks]

(c)

[ 2marks]
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Lesson 10
Further A-Level Pure Mathematics: Corel
Complex Numbersi|
10.1 Regionsand Argand Diagrams
On the Argand diagram, shade in the region specified by,

{3<|z—3+5i|<5}m{—% <arg(z—3+5)<%}

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(10).mp4

IEI "'IEI

“"‘**ﬁ&

[ 4 marks]


http://www.NumberWonder.co.uk/Video/v9085(10).mp4

10.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 32
Question 1
(1) On the Argand diagram, shade in the regiRyrgpecified by,

{3<|z+3—4i|<5}m{—% <arg(z+3—4i)<%}

[ 4 marks]
(i) Show how to use the formularclength = r6°¢ to determine the
exact perimeter of the regioR

[ 2marks]

1 :
(iii)  Show how to use the formul&ector area = > r26° to determine

theexact area of the regioR

[ 2marks]



Question 2
Further A-Level SAM Question for Core Pure Mathematics 2, June 2020, Q6 (b) (1)
The set of pointé is defined by

A = {z : 0 < argz < %}m{z: |lz-4-3| <5}
Show, by shading on an Argand diagram, the set of paints

[ 2marks]

Question 3
The complex numberis represented by a poiRton an Argand diagram.

Giventhat|z + 4 — 4i| < 4 and % < arg(2) < % shade the locus &f

[ 2marks]



Question 4

Further A-Level Examination Question from June 2003, FP2, Q1 (edited)

(a) On the same Argand diagram sketch the loci given by the following
equations

lz-1| =1 arg(z+1):% arg(z+1):%

[ 4 marks]

(b) Shade on your diagram the region for which

JT JT
z-1| <1 and — < ag(z+1) < —
| | 5 9( ) <5

[ 1mark ]



Question 5
(1) On the Argand diagram, shade in the regRyrgpecified by,

{zeC:3<|z|<5}n{zeC:|z|<|z-6i]|}

[ 4 marks]
(i) Determine the area of the regiBncorrect to three significant figures.

[ 3marks]



Question 6
(1) On the Argand diagram, shade in the regRyrgpecified by,

{2eC:|z|<6}m{2e(C: O<arg(z+6)<%}

[ 4 marks]
(i) Determine thexact perimeter of the regioR

[ 2marks]
(iii)  Determine thexact area of the regioR

[ 2 marks]

This document is a part ofathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was voledi€pendent School of the Year 2020”
© 2022 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



10.3 Answers

Further A-Level Pure Mathematics: Corel

Complex Numbers|

10.3.1 Solution to 10.1 Teaching Video Example

[ 4 marks]



10.3.2 Solutionsto 10.2 Exercise

Answer 1

(i)

[ 4 marks]
(i)  The perimeter is made up of one 12(@c of a circle of radius 3, another
120 arc of a circle of radius 5 and two straight radial lines between the
differences in the radii of the concentric circles.

Perimeter:3x%+5x%+2+2
= &397 + 4 (20.8 units)

[ 2marks]

(iii)  The area is made up of one 12@gment of a circle of radius 3, subtracted
from another 120segment of a circle of radius 5.

1 2 27 1 2 27
Area = — = = =
ea > X 57 x 3 > X 37 x 3
257 - 9x
B 3
- 12” (16.8 unit®)

[ 2marks]



Answer 2

-10

[ 2marks]

Answer 3

B R
Smas--as--a
SmAs--am--a
Cd__a___a
Ca__a___a
Cd__a___a

10

[ 2marks]



Answer 4

e e R e e R

B R

-

--a---am--a

--a---am--a

--a---am--a

B R

B R

B R

-

R R EE R Eils b Rt

--a---a---a

B R

R

B R

--a---am--a

--a---am--a

---A

Ca-__a___a

Ca-__a___a

S P

Cd__a___a

L e St i e S e

L el e e e it Al sl st

|
L e St i e S e

G S S S R

10

[ 4, 1 marks]



Answer 5

(i)  The|z|is acircle centre (0, 0) : Write it ig — (0 + 0i) | if it helps.
So this circle's radius varies between 3 and 5 giving an annulus (ring).
|z| = |z - 6i| could be writtenalsz — (0+ 0i)| =|z—-(0+6) |
to make it clear that it is the perpendicular bisector of the line segment
between (0, 0) and ( 0, 6 ) which is 'obviously' the line with equgtio8.

[ 4 marks]

(i)

4
0 = arctan(—)
3

= 0.9273

Area SegmemABCD = Area Secto©OABC — Area TriangleOADC

=%x52x2x0.9273——;x8x3

= 2318 - 12

= 1118
Shaded Area = Area Large CireléArea Small Circle- Area SegmenABCD

- 7x5 —7x3%-1118
— 785 — 283 — 112

= 39.0
[ 3marks]



[ 4 marks]

(i)
Perimeter = Diameter + Quarter Circumference + Hypotenuse of Triangle
1
= 12+Z><2xnx6+\/62+62
=12+ 37+ 6V2
[ 2marks]
(iii)
Area shaded = Area Quarter CircleArea Triangle
=anx62+ix6><6
4 2
= 97 + 18
[ 2marks]
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Lesson 11
Further A-Level Pure Mathematics: Corel
Complex Numbers|

111 Test
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 45
Question 1

In general a complex numbers often defined as being a number of the farfyi.
In this definition which one of the following describeandy ?

(A) Integers, X, y € Z

(B) Rational Numbers,x, y e Q

(C) Real Numbers,x,y € R

(D) Complex Numbersx, y e C

[ 1mark ]
Question 2
Further A-Level Examination Question from May 2017, FP1, Q6
Given that 4 and® - 3 are roots of the equation
X+ a +bx—52=0
wherea andb are real constants,
(a) write down the third root of the equation
[ 1 mark ]

(b) Find the value o& and the value df

[ 5marks]



Question 3
(1) On the Argand diagram, shade in the regRyrgpecified by,

{zeC:25<|z| <65} n{zeC:|z|<|z+5|}

[ 5marks]

(i) Determine the area of the regiBncorrect to three significant figures.

[ 5marks]



Question 4
Further A-Level Examination Question from January 2018, F1, Q5
(1) Given that

find z, giving your answer in the fora+ bi, wherea andb are real constants

[ 5marks]

(i) Given that
W= (3+44)(2+1)
wherel is a real constant, and that
lw| = 15
find the possible values af

[ 4 marks]



Question 5
Further A-Level Examination Question from June 2012, FP2, Q8
The pointP represents a complex numlzesn an Argand diagram such that
|z-6i| =2]|z- 3|
(a) Show that, ag varies, the locus d? is a circle, stating the radius and
the coordinates of the centre of this circle

[ 6 marks]



The pointQ represents a complex numlzesn an Argand diagram such that

3t
ag(z-6) = ——
g ( ) 4
(b) Sketch, on the same Argand diagram, the lociksanfd the locus o

aszvaries

[ 4 marks]
(c) Find the complex number for which both

|lz-6i| =2|z-3] and arg(z—6):_%

[ 4 marks]



Question 6
A section of the grid of Gaussian Integéef§i], is shown.
In the grid, a dark square indicates a Gaussian Prime.

(1) Which one of the following four Gaussian Integers is a Gaussian Prime ?

2i 2+ 3 3+4 5
[1mark]

(i)  Findzsuch thatZZ — 3 — 4i = 0, ze ZIi]

[ 4 marks]
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11.2 Answersto 11.1 Test

Further A-Level Pure Mathematics: Corel

Answer 1
(C) Real Numbers,x,y € R

Answer 2

Complex Numbers|

[1mark]

(a) As all of the coefficients of the cubic are real numbers, the complex roots

come in conjugate pairs. Thus the third rooti8 — 2i

(b) Therootsarex; = 4, X = -3+ 2 and X3

So the factors are,
(X—4)(XxX+3-2) (x+3+2)

= (x-4)((x+3)* - (2)*)
:(x—4)(x2+6x+9—4i2)

= (x—4)(x2+6x+13)
Multiplication grid :
X2 6x 13
x| x | 6x2 | 1
—4| —4x2| -24x|-52

:x3+2x2—11x—52
a=2 and b = -11

[ 1mark ]

[ 5marks]



Answer 3

(i)  The|z|is acircle centre (0, 0) : Write isfps— (0 + 0i ) | if it helps.
So this circle's radius varies between 2.5 and 6.5 giving an annulus (ring
|z| = |z + 5i| could be writenalsz — (0 + 0i)| = |z-(0-5) |
to make it clear that it is the perpendicular bisector of the line segment
between (0,0) and (6,5) ; 'obviously' the line with equatign=— 2.5.

[ 5marks]
(ii) |AD| = V652 — 2.52

)
Il

arccos( 25 )

6.5

1176

Area SegmemABCD = Area Secto©OABC — Area TriangleOADC

:%x6.52x2x1.176——;x12x2.5

= 4969 - 15

= 34.69
Shaded Area = Area Large CireléArea Small Circle- Area SegmenABCD

= 7 X 65 — 7 x 252 — 3469
= 13273 — 1963 — 3469

= 784
[ 5marks]



Answer 4

(1) Various ways through this are to be found...

2z + 3 .
—— =1+
z+5-2
(22+3)=(z+5-21)(1+1i)
Multiplication grid :
z +5 -2
1(z]|+5]| -2
+i| zi | +5 | -2

22+3:z+5—2i+zi+5—2i2

Z+ 7+ 3+ 12

22-7z2-2=7+3 -3
z—-72 =4+ 3
z(1-i)=4+3
Z:4+3i 1+
1 1+

4+4i+3'+3i2

1-1

(i)

2

lw| =

| (3+ %) (2+i)]| =

|6+ 3+ 20 + 40| =
| (6 -14)+ (3+21)i| =
(6—2)°+(3+21)° =

36— 120+ A2+ 9+ 120 + 44% =

[ 5marks]

225
225
180

36

+6
[ 4 marks]



Answer 5

(a)

|z-6i| = 2|z- 3]
Ix +yi—6]=2|x+y -3
2| (x = 3) + i
a((x-3y°+y)
x2+y2—12y+36:4(x2—6x+9+y2)
X2 + Y2 — 12y + 36 = 4x2 — 24X + 36 + 4y°
3x% + 3y% — 24X + 12y = 0
Divide through by 3

|x + (y - 6)i]

x2+(y—6)2

x2—8x+y2+4y:0

[x2—8x]+[y2+4y] 0
[ (x-4y -16] + [ (y+2)*-4]

0

(x—4)2+ (y+ 2)2 = 20
which is a circle with centre (4,2) and radiu®\'5 (4.47)
[ 6 marks]

(b) aag(z-6) = — BTH is a half-line starting ( 6, 0 ) heading 6ff13%

[ 4 marks]



(c)
Circle : (x — 4)2+ (y + 2)2 = 20

Line:y = x—6 with x < 6

(X — 472 + ((x-6)+2)° = 20
(x —4Y + (x - 4)* = 20
2 (x - 4)° = 20

(X — 4)* = 10
X—-—4=++/10
X=4+ +v10

X=4-+410 asx < 6

y=X-56
=4-+10 -6
=-2-+v10

~z=(4-V10)+( -2-+10)i

[ 4 marks]



Answer 6
(1) 2 + 3i is a Gaussian prime

[ 1mark ]
(i)
Z-3-4i=0
7 = 3+ 4i
(a+bi)>=3+4
a2 + 2abi + b2 = 3+ 4

a® - b? + 2abi = 3+ 4
Two complex numbers (the one on the left and the one on the right)

are equal if and only if the real parts are equal and the imaginary parts are equal.

L a-b’ =3 and 2ab =4

ab =2
Asa, b are integers the only possibility wita| > | b| (to havea® — b? positive)
are (a,b) = (-2,-1), and (2, 1)
Both of thesalso satisfya2 —p? =3
Thus, the solutions to
Z-5-12 =0

are — 2 —1 or2 +1i

These could be presented as (2 + i)

which has an obvious similarity with previous work with the real numbers

[ 4 marks]
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