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MATRIX
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Lesson 1
Further A-Level Pure Mathematics : Core 1
Matrix Transformations
1.1 Introduction
A matrix is an array of elements (typically numbers) arranged in rows and columr
Here, for example, is ax84 matrix,A,
3 2 4 6

A=|-611214
5 0-79

The 3x 4 references th#t has three rows and 4 columns.

An individual element within a matrix can be referenced by by specifying which rc
and which column it is in.
For matrixA,

1 2 3 4

1/ ap as aus
A=2|ay ay ay axu
3\ ag ap axm am

Thus, for example,
a3 = 12

If the matrix is small, the individual entries may instead be described with a single
lower case letter, bold upper case letters usually being reserved for the name of
entire matrix.

For example, a generaliseck2 square matrix@, could be described as,

ab

B = cd

One major use of matrices is in the description and analysis of networks; in other
words, “connectivity”. This is a vast and thriving area of mathematics called Grap
Theory. Applications include modelling how a virus might spread, for example.

Most computer languages can do arithmetic with matrices. This is because matric
are used extensively in computer graphics. They are used to move points about ¢
computer screen and to transform shapes; rotations, reflections, enlargements at
sheers can all be handled by matrices. These manipulations can be in both two ¢
three dimensions. Matrices can also handle the mathematics of projecting a three
dimensional shape onto a two dimensional screen.



1.2 Matrix Arithmetic

1.2.1 Matrix Addition
To add two matrices together, add corresponding elements.

For example,
5-2
2-9|=
1 8

Only matrices of the same size can be added.

+

o ©o ©o
I
~ o oo

4 -6
7 3
~1-4

1.2.2 Matrix Subtraction
Subtraction problems can be turned into addition problems.
The idea is to reverse all signs in the second matrix.

For example,
5-8-9) (-6 3-9
-7 4 8 2-1-8
_ 5-8-9 N 6 -39
-7 4 8 -2 18
B 11 -11 O
-9 5 16

Only matrices of the same size can be subtracted.

1.2.3 Scalar Multiplication
To multiply a matrix by a scalar, multiply every element by the scalar.

For example,
2 -1 -7 8 -4 -28
4 0 05 -3 | = 0 2 -12
-8 6 9 -32 24 36

1.2.4 Scalar Division
Scalar division problems can be turned into scalar multiplication problems.

To divide bys, multiply by %

For example,

18 -9
0 42
1(18-9)_ (6 -3
310 42/ |0 14

to divide the matrix( ) by 3, instead multiply byrlg




1.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30

Question 1
The matricedA andB are defined as,
[ 4 -8 _ 9 6
A_(2 0 andB—( 0_3)
Find,
(1) A+B (i) A-B
1 2
i) 4A - 3B ' —A+—=B
(iir) (iv) > + 3
[ 8 marks ]
Question 2
Given that,
a 2

222 5)-s(a ]

find the values of the constarstsh, ¢ andd

[ 4 marks ]



Question 3
Given that,

4 b a 6
a c a d

find the values of the constarstsh, ¢ andd

11 a
c b

[ 4 marks ]
Question 4
Find the value ok such that,
2 (1 1) k
(3] -3 &) - [
[ 4 marks ]
Question 5
Given that,
p 0O 20 0 O 100
0Og2r| -kl o 46|={010
0 05 0 02 001
find the value ok and the positive constants,q andr
[ 4 marks ]
Did you know ?
100
0 1 0| =1 andis called the 8 3 Identity matrix
0 01

It's the matrix equivalent of the number 1. The22versionid = (1 O)

01



Definition of the Determinant
Given the generalised>x22 square matrixyl, where,

ab

I\/Izcd

the determinan¥ is given by,
IM| = ad - bc
This can also be writtestet M or AM
e If|M | =0 thenM is a singular matrix
e If|M|# 0 thenM is a non-singular matrix

Question 6
: _[7 4 ,
Given thatA = , find det A
53

[ 1 mark ]
Question 7
The matrix A = ( _é l;j, has |A|=24. Find the value &

[ 2 marks ]
Question 8

3 k+3

Given that the % 2 matrixA = (k- 2) (k+ 8) is singular, find the two
possible values of the real numlier

[ 3 marks ]
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1.4 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

Answer 1
. (4 -8 9 6
(1) A+B_(2 O)+ 0_3)
13 -2
2 -3
[ 2 marks ]
N _[4 -8} _ 9 6
(i) A_B‘(z o) (o _3
[ 4 -8 -9 -6
‘(2 o)+ 0 3)
[ -5 -14
- 2 3
[ 2 marks ]
. 4 -8\ _ 9 6
(i) 4A—BB—4( 5 0) 3( 0 _3)
_ [ 16 -32 -27 -18
B 8 0 0 9
_ [ =11 -50
B 8 9
[ 2 marks ]
. 1 2.,_1(4 -8 2 9 6
(V) S A+3B= 2(2 0 +3( 0 —3)
[ 2 -4 6 4
‘( 1 0o/ o —2)
[ 8 0
I N
[ 2 marks ]

Answer 2
a 2)_ (2 c¢c|_g(10
-1 b d -2/ 01
(a-2) (2-c¢)| (50
(<1-d) (b+2)/ |0 5
~a=7. b=3 c¢c= 2andd=-1

[ 4 marks ]



Answer 3

4 by [ a6 11 a
a c a d c b
(4-a) (b-6)) [ 11 a
0 (c—-d)| c b
a=-7 b=-1 c=0andd =1
[ 4 marks ]
Answer 4
2 (1 1)

2 (5) -3 &)= (8]

2k? - 3 :(k)

4Kk% — 12k -9
From the upperrow,2k2—k—3= 0
(2k-3)(k+1)=0
Eitherk:% or k=-1
From the lower row4 K> -1 +9=0
(2k =3) (2k-3) =0

K=

2
The only common solution for the system of equatioris is %
[ 4 marks ]

Answer 5
p 0O 29 0 0 100
0g2r| -klo46|=({010
005 0 02 001

Lowerright:5 -2k = 1 = k= 2

Centre right:;r — 6k = 0 =>r =12

Centre:q2—4k:1 9= 3

Upperleft:p - 20k = 1 = p=13
[ 4 marks ]



Answer 6

B 7 4
|A|—H53H
=7%x3-4x%x5
=1
[ 1 mark ]
Answer 7
|A| =24
-2 k B
53)‘_24
-2x3-kxb=24
-5k = 30
k =-6
[ 2 marks ]
Answer 8
Al =0
3 (k+3) _ o
(k —2) 8 B
3x8- (k+3)(k-2)=0
24— (K +k-6)=0
24K - k+6=0
K +k—-30=0
(k+6)(k-5)=0
Eitherk = -6 ork =5
[ 3 marks ]
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Lesson 2
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

2.1 Point Transformations
A square matrix of size 2 2 can be thought of as a transformation that moves a
point on a two dimensional surface to a different location on that surface. This is
an application of what is termed “matrix multiplication”. This is a completely new
type of mathematical operation, and the word “multiplication” is given a new
meaning in the context of manipulating matrices. The rule for performing matrix
multiplication with a 2x 2 matrix on a point is now given;

Point Transformation by a Matrix (Two Dimensions)

The point( x, y) is written

§)and placed right of thieansforming matrix

-

The point( X, y) has been transformed to the poif@x + by, cx + dy)

ax + by

ab
cX + dy

c d

2.2 Four Practice Questions
Use the above rule to transform the given point.
Once done, check your answers with those over the page

o (U @ (5
(L,3)>(C ., ) (3.5)>(C ., )
w3 e
(2-3)->(C . ) =35)>(C , )

[ 8 marks ]



2.3 Practice Question’'s Answers
(i) 2 3)(1)_ (2x1+3x3)_(11
4 1/\3 4x1+1x3 7
(1, 3) > (14, 7)
4x3+ (-1 x5

) 4 -1\(3) _
(i) (6 2)(5)_ 6x3+2x5

. (3,5) — (7, 28)

W (13)2)-

©(2,-3) = (2.1)

:(22)

7Tx2+4x (=3 (2
5x 2+ 3x (-3 _(1)

-8 5 5 (-8 x (-3)+5x5 49
~ (-3, 5) —» (=17, 49)
[ 8 marks ]
2.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
Determine where each of the following points are moved to by the given matrix.
. 31\(7 N 4 3\[6
o [22)() a5 3
(7,4)-( ) (6,1)—( )
-7 3 2 . 5-4\(-3
a3 RN By [
(2!_5)_>( ' ) (_311)%( ’ )

[ 8 marks ]



Question 2
Given that,

2X + 4y
X -y

ab
c d

State the values @ b, c andd

-

[ 4 marks ]
Question 3
Given that,
S p\(-3) [ 2p
-6 p p -9p
Find the value op
[ 4 marks ]
Question 4
Prove that any point on the lije= X remains on the ling=x when it is
transformed by the matrif = ( i ‘;’ )

HINT : Let a generalised point gn=x be (p, p ) and work °“< i :13 )( E)

[ 4 marks ]



Question 5

A square has vertices (5,0),(7,1),(6,3)and (4, 2)

It is to be transformed by the matik

Move each point bi¥ and plot the resulting shape on the graph.

(i)

[ 5 marks ]

Work out the area of the original square.

(i)

[ 1 marks ]



(iii)  Work out the area of the transformed shape.

[ 2 marks ]

(iv)  There is a connecting betweld | and the areas of the two shapes.
Guess what this might be !

[ 2 marks ]
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2.5 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Transformations
Reminder :

Point Transformation by a Matrix (Two Dimensions)

The point( x, y) is written §

28l -

The point( X, y) has been transformed to the poinax + by, cx + dy)

and placed right of thigansforming matrix

ax + by
CcX + dy

Answer 1
() 31)(7)_ 3x7+1x4)\ 25)
52)\4)] \5x7+2x4) 143
o (7, 4) — (25 43)
[ 2 marks ]
. 4 3\(6) _ 4x6+3x1 | 27
(i) 5 2)l1) " |sx6+@=2yx1]~ | 28
s (6, 1) — (27, 28)
[ 2 marks ]
(i) (—7 3)( 2)_ (=7 x2+3x (=9 _(—29)
6 -1/\-5) |6x2+ (=1 x5/ | 17
(2,-5) - (=29.17)
[ 2 marks ]
(iv) 5 -4 (—3)_ 5X (=3 + (-4 x1 _(—19)
-6 2 1/ |6 x=3)+2x1] | 20
(-3, 1) - (=19 20)
[ 2 marks ]
Answer 2
ab\(x| [2x+4dy
cd)y T 3Xx-y
ax + by) [2x+ 4y
ex+dy] | 3x-vy

.a=2 b=4 c=3andd = -1
[ 4 marks ]



Answer 3

S5 pi[-3)_( &

-6 pJl P) -9

SX (=3 +pxp | 2p
-6 x (=3 +pxp|] |-
-15+ p? 2p| o)
18+p | \-9] \o
P> — 2p — 15 _(o)
P+9%+18) |0
(p-5) (p+3 :(o)
(p+6) (p+3) 0

The only solutionisp = -3
[ 4 marks ]

Answer 4
Let a generalised point op=x be (p, p)
Then,
2 3\[P| _ [2xp+3x%xp
4 1/\p] \d4xp+1xp
_ (%P
=5

As the point ( B, 5p) is on the liney = x it has been proved that any point on the
line y =x stays on the line.

(See the notes on eigenvalues and eigenvectors at the end of this set of answers

[ 4 marks ]



Answer 5

(i)
[22)(5) = [P 2e 0] = 1)

. (5 0) — (10, 5)

[ 1 mark]
(2_3)(7)_ 2x7+ (-3 x1 _(11)
1 2/\1) | 1x7+2x1 ) |9
(7, 1) - (11, 9)
[ 1 mark]
(2—3)(6)_ 2x6+ (-3 x3 _(3)
1 2)\3) | 1x6+2x3 | |12
(6, 3) > (3.12)
[ 1 mark]
(2—3)(4)_ 2x 4+ (-3 x2 _(2)
1 2)\2) | 1x4+2x2 | |8
(4, 2) - (2, 8)
[ 1 mark]
>
8 910 11 12,
[ 1 mark]
(i)  Areasquare is 5 units
[ 1 mark]
(iii)  Area of transformed shape is 35 uhits
[ 2 marks ]

(iv) |M|=7 whichis the area scale factor of the transformation
[ 2 marks ]



Extra Notes for Answer 4

To find the eigenvaluel and A, :
IM -l =0

%3]0 2)]-o

2 - 3\|
(275 3]0

(2-A)(1-21)-3x4=0

2-20-2+1%-12=0
4231 -10 = 0 The characteristic equation

(AL-5)(1+2)=0

M =5 o0or 1, =-2

To find the eigenvectors, and v, :

(M -A)v =0
(2 32)-453))(5) -
SV (ML

Wheni =5, -X+3y=0=>y=xX

1
4
Wheni = — 2 4x+3y:0:>y:§x
4
4x+3y:0:>y:§x
vy—qj) keR
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Lesson 3
Further A-Level Pure Mathematics : Core 1

Matrix Transformations
3.1 The Multipoint Matrix

A square has vertices (3,2),(6,1),€2)and (2-1)

(1) Write the square's vertices as a multipoint matrix. and transform itMvith
1 4

2 -1

(iiit)  Add a plot of the transformed shape to the graph below.

Teaching Video http://www.NumberWonder.co.uk/v9090/3.mp4

[=Ia%

(i) Transform the square's vertices using the madrix (

h
e

[1,4,1marks ]
Note : The determinant d1 is a negative number,9
The magnitude oflet M is 9 : the Area Scale Factor of the transformation.


http://www.NumberWonder.co.uk/v9090/3.mp4

|

0
-2

-2
0

|

| 1 ml
| | |
=== -
| | |
| |

414 1_ 1

(3-6)and (2,-1)

Write the kite's vertices as a multipoint matrix.

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Add a plot of the transformed shape to the graph below.

What is the area scale factor of the transformation ?

A kite has vertices (5;2), (6,—-5)
Transform the kite's vertices using the malfix

(i)

3.2 Exercise
Question 1
(iv)

(i)
(i)

[1,4,1, 1 marks |



Question 2
A parallelogram has vertices (42 ), (4,1),(4,4)and (1, 1)

Find the magnitude afet M and explain what it tells you about the

Add a plot of the transformed shape to the graph below.
transformation.

Write the parallelogram's vertices as a multipoint matrix.

(i) Transform the parallelogram's vertices using the mrix (

(i)
(i)
(iv)

[1,4,1,1marks]



Question 3
This question is about working out the following matrix multiplication,

2 9 1-6
g_é_i)x ~3 12 -5 7
4-2 011

Here is the multiplication grid already set up,

2 9 1 -6
-3 12 -5 7
4 -2 0 11

(5 -1 6)( 21
8 3 -4 -71

And here is how the 21 and the (-71) were found:
¢ In the product matrix, thel came fromp x 9 + (—-1) X 12 + 6 X (- 2)

¢ In the product matrix, thé- 71) came from8 x (—6) + 3 x 7 + (-4) x 11

Complete the matrix multiplication grid.
[ 5 marks ]
Question 4

Further A-Level Examination Question from January 2015, IAL, F1, Q6 (ii) (Edexcel)

M = ( 2K + i _If') wherek is a real number

Show thatdet M = 0 for all values ok

[ 4 marks ]



Question 5
Further A-Level Examination Question from January 2014, IAL, F1, Q2 (Edexcdl)

(i) A= ( :g 1g) wherek is a constant

The triangleT is transformed to the triangl€” by the transformation
represented bj

Given that the area of triangl€” is twice the area of triangle find
the possible values &f

[ 4 marks ]
(ii) Given that,
2 8
B ( ;‘é i) C=|0 2
- 1 -2
find BC
[ 3 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2022 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



3.3 Answers

Further A-Level Pure Mathematics : Core 1

Matrix Transformations

3.3.1 Solution to 3.1 Teaching Video Example

(i) and(ii)

—_— |
o N O
| |

o N
SJ_ g
o -

O - I
—
nmNn | gY
~—— | ~——
—_
<t

|

— (N
_

[1, 4 marks ]

(i)

[ 1 mark ]

Note that there is an assumption made that the straight lines between the

vertices of the original shape transform to straight lines between the vertices

of the transformed shape.

This is indeed what happens - a challenge question would be to prove this !



3.3.2 Solutions to 3.2 Exercise

Answer 1

(i) and(ii)

6 3 -2
-5 -6 -1

5
-2

|

10 12 2

-10 -12 -6 4
4

[1, 4 marks ]

(i)

[ 1 mark]

(iv)

Area scale factoe | M |

-2)x(-2)-0x0

[ 1 mark]



Answer 2

(i) and(ii)

—_
—_
— - “ -
[
Nl <
(.
< - o~
|
N 5A__.
|
—
_
—_
AN
|
— N
|
—_

[1, 4 marks ]

(i)

- J-4

[ 1 mark ]

(iv)

1x1-(=2) % (-2

The magnitude of the determinant gives the area scale factor, greater the

one, of the transformation.

(The minus sign means that the orientation of the shape has reversed)

[1mark]



Answer 3

2 9 1 -6
-3 12 -5 7

4 -2 0 11

5 -1 6 37 21 10 29
8 3 -4 -9 116 -7 -71
Thus,
(5—1 6, _é 1g_é_$ :( 37 21 10 29)
8 3 -4 4-2 0 11 -9 116 -7 -71
[ 5 marks ]
Answer 4
detM = |M |
_ 2k +5 -4
1 k
=(2k+5)xk-(-4x1
= 2K + 5 + 4
.. For det M to equal zeroequires that? K> +5k+4=0
METHOD 1
Consider the discriminan) = 52— 4x2x 4
= -7
AsD < 0 there are no solutions to the equati:bh2 +5%+4=0
Thus,det M # 0 for all values ok O
[ 4 marks ]
METHOD 2

By completing the square,

2
2k? + 5k + 4 = 2(k+£) +l
4 8
Anything squared has a minimum value of zero and, even then seven eic
is added on, so the quadratidirs always positive.

Thus,det M = 0 for all values ok O

[ 4 marks ]



Answer 5

(1)

detM = +2
-4 10\ _
e 4 19) - 12
(-4 xk-10x (-3) = £2
-4k + 30 = £2
4 — 30 = ¥2
4 = ¥2 + 30
K = 30F 2
4
k =7o0r8
[ 4 marks ]
(i)
2 8
0o 2
1 -2
1 -2 3 5-2
-2 5 1 -3 -8
5 -2
sc - (5 73
[ 3 marks ]
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Lesson 4
Further A-Level Pure Mathematics : Core 1
Matrix Transformations
4.1 The Unit Square
Faced with an unfamiliar 2 2 transformation matrix, one way to investigate its
properties is to apply it to a unit square.

Written as a multipoint matrix the unit square to useJiss ( 8 é 1 (1) )

which is visualised as,

The transformation can be seen to be a rotation ¢f 4i80ut the origin and an
enlargement of Length Scale Factor 2.

The Area Scale Factor is 4, which is also givenldiyM = + 4.

The + sign indicates that the orientation is unchanged. In both the original shape
and the image the colours gal green purple bluein anticlockwise order.



4.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

A matrix, N, is used as a transformation, whéde= ( -2 -2 )

-2 2
(1) Apply N to the unit square and plot the resulting shape on the graph belo

o 7\7'17 e 7:7 7:7 7:
e SR
S
[ 7\7_47 I e
[ 3 marks ]
(i) Calculate the determinant Nf
[ 1 mark ]

(iii)  Explain carefully what the sign of the determinant tells you about
the transformationy

[ 2 marks ]
(iv)  What is the Length Scale Factor of the transformation ?

[ 1 mark]
(v) What is the Area Scale Factor of the transformation ?

[ 1 mark]



Question 2
Complete the following,
Ask your teacher to check your answers as it's important to get these correct !

A Catalogue of Two-Dimensional Transformations

10
01
0O 1 1 O
O 0 1 1
1 0 0
0 1 0
Description :
0 -1
1 0
O 1 1 O
O 0 1 1
0 -1 0
1 0 0
Description :
-1 0
0-1
O 1 1 O
O 0 1 1
-1 0 0
0 -1 0
Description :




o -
—
— O

oo |)|oo

—_

— O

O -

_

~——

Description :

o

— O

O
— -
— O
ool Neole
_ | —
—_
o -
|
— O
—_

Description :

-1 0
0 1

e

o -

—

— O

o o o o

~— | ——
—_
O
— O
I
~———

Description :



0-1
-1 0
0O 1 1 0
O 0 1 1
0 -1 0
-1 0 0
Description :
0 1
1 0
0O 1 1 o0
0O 0 1 1
0 1 0
1 0 0
Description :
[ 3 marks each = 24 marks total ]
Question 3

Further A-Level Examination Question from May 2016, FP1, Q1 (Edexcel)
Given thatk is a real number and that,

1+Kk k

k 1-Kk
find the exact values &ffor whichA is a singular matrix.
Give your answers in their simplest form.

A =

[ 3 marks ]



Question 4
Further A-Level Examination Question from January 2011, FP1, Q2 (Edexcel)

SIRNEST

A=lsg 3 5 2

(a) Find AB

[ 3 marks ]

Given that,

e=(75 )

(b)  describe fully the geometrical transformation represented by

[ 2 marks ]

. 100
(c) write downC

[ 1 mark ]



Question 5
Further A-Level Examination Question from June 2011, FP1, Q3 (Edexcel)

1\/7)

a Given thatA =
(2) (\/? -1

(i) findA°

[ 3 marks ]

(ii) describe fully the geometrical transformation representellsl2 by

[ 1 mark]
' _ 0 -1
(b) Giventhat B = ( 9 0)
describe fully the geometrical transformation representel by
[ 2 marks ]
(c) Giventhat C = k+i 13

wherek is a constant, find the value lofor which the matrixC is singular

[ 3 marks ]
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4.3 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

Answer 1
(i)
0 1 1 O
NU (O 0 1 1)
-2 -2 0 -2 -4 -2
-2 2 0 -2 0 2

[ 3 marks ]
(i)
detN = |N|
-2 2]
B -2 2
=) x2-(-2)x (-2
= -8
[ 1 mark ]

(i)  The minus sign of the determinant informs that the orientation of the
shape has been reversed.
Going anticlockwise about the centre the colours used to go red, green
purple, blue but in the image go red, blue, purple, green.
[ 2 marks ]
(iv) Isf=2vV2
[ 1 mark]
(v) asf =8
[ 1 mark ]



Answer 2

A Catalogue of Two-Dimensional Transformations

10
01
0O 1 1 O
0O 0 1 1
1 O O 1 1 O
0 1 O 0 1 1

Description : Identity matrix,
Leaves points as is

0 -1
1 O
0 1 1 O
O 0 1 1
0 -1 0O 0 -1 -1
1 O O 1 1 O

Description : Rotation of 90

about (0,0)
-1 0
0-1

0O 1 1 0

0O 0 1 1
-1 0 0 -1 -1 0
0 -1 0O 0 -1-1

Description : Rotation of 180
about (0,0)




—_ | ——
O — O
— —
|

— O 01__
o o o o
~——— | ———
—_

— O

O

|

~

Description : Rotation of 270
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[
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Description : Reflection ixaxis
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Description : Reflection ypraxis



[273)

—_—
oNe] oNe
o P = O

N

rolor
il

[ 2%

Description : Reflection yn=x

[ 3 marks each = 24 marks total ]

Answer 3
When a matrix is singular, detM =0
1+k k _
k 1—k)‘ =0
(l+k)yx(1-k)y—-kxk=0
1-K -k =0
2k2-1=0
2= L
2
k = ii
V2
s V2
2

[ 3 marks ]



Answer 4

(a)
AB (‘g ‘;)
B
- (53]
(b) C is Reflection in thg-axis
() 0100:|:((1) (1))
Answer 5
(a) (i)
( 1 V§)( 3 0
V2 -1 o 3

(ii) Enlargement, scale factor 3, centre (0, 0)

(b) Reflection in the liney = —x
(c) When a matrix is singuladet C = 0
det C
’ k 9

(k+1)yx9-12xk
9 - 3k

K =

k+1 u)‘:

[ 3 marks ]

[ 2 marks ]

[ 1 mark ]

[ 3 marks ]
[ 1 mark ]

[ 2 marks ]

[ 3 marks ]
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Lesson 5
Further A-Level Pure Mathematics : Core 1
Matrix Transformations
5.1 Composite Transformations

Let X :( é _2 ) This is the matrix for reflection in theaxis
Let D = ( _g _é ) This is the matrix, reflection in the diagonal Iyne= — x

Next is determinedDX and, separatel)xD.

o |97 x| 59
[o-2)[[ 2 70) (3 Sl]l% o)

The Commutative Law
Notice that XD # DX : These two matrices do not obey The Commutative Law.
In general, matrices do not commute, although there are special cases where the

Also notice that the answers to the multiplications are recognizable.

XD = ( Cl) _é ) This is the matrix for rotation of S@bout the origin
DX = ( _2 (1) ) This is the matrix for rotation of 27@&bout the origin.

Getting The Order of Operations Correct
By way of working towards a concrete example, suppose now that a parallelograi
P, is defined by the points (5,0),(5,2),(3,3)and (3,1).

[ 55 3 3
P_(0231)

From what is already know of composite functions, it should not be a surprise tha
XDP means td°, first doD, then daoX.
This is likefg(x) meaning puk into functiong first, then that result into function

The Associative Law
With matrices, The Associative Law holds; it does not matter how the matrices
in XDP are grouped. In other word¥D)P = X(DP)

Advantage

The advantage of working oMD first rather thaDP is that a general result was
obtained; that reflection in the lirye= — x followed by reflection in th&-axis

is equivalent to a rotation of 9@bout the origin.



Disadvantage
The disadvantage of working oXD first rather tharDP is that the interim position
of the parallelogram is not found. So, next, this alternative method will be worked

through for bothiXDP andDXP and diagrams obtained showing, step-by-step, the
composite transformations.

X(DP) D(XP)
First : Reflectiny = —x First : Reflect in the-axis
5 5 3 3 5 5 3 3
bP ( 0o 2 3 1) xP ( 0 2 3 1
0-1 0 -2 -3-1 1 0 5 5 3 3
-1 0 -5 -5 -3 -3 0 -1 0 -2 -3-1
Second : Reflect in theaxis Second : Reflect ig = —x
0 -2 -3 -1 5 5 3 3
X(BP) (—5 -5 -3 —3) D(XP) ( 0 -2 -3 —1)
1 0 0 -2 -3 -1 0-1 0 2 3 1
o -1 5 5 3 3 -1 0 -5 -5 -3 -3
Ya
"""""" N Ny vy Rt
--------- XDP/ poRcTT i Reflect in
-------- - it I RS L
Reflect inf—+—— ——r
X-axis | b 4o oenif X
ST T/ First
CUING T T X Reflect in
YT X

NO, MATRICES
ARE NOT WHAT
MATHEMATICIANS
SLEEP ON

y R A

¥



5.2 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
(1) Plot the arrow shapé& described by the multipoint matrix,
[ -2 0 -2 -4
A= 0 -4 -3 -4

(i)

(iii)

(iv)

________________________________________ X
[ 2 marks ]
TransformA using the matrixR = ( B é ) and plot the resulRA.
[ 3 marks ]
TransformRA using the matriM = ( g é and plot the resuliViRA .

[ 3 marks ]

Calculate MR and hence or otherwise state what single transformation
would have transformefl to MRA..

[ 4 marks ]



Question 2

(1)

(i)

(iv)

Plot the shape described by the multipoint matrix,

[0 2 0-2
P= 0O 0-4-4
Ya
5 —
[ 2 marks ]
TransformP using the matrixS = ( _i _015 and plot the resulGP

[ 3 marks ]

TransformSP using the matrix = ( _3 ) and plot the resulT SP

1
-2

[ 3 marks ]
Calculate TS, and hence or otherwise state what single transformation
would have transformeld to TSP.

[ 4 marks ]



Question 3

Further A-Level Examination Question from January 2013, FP1, Q4 (Edexcel)
The transformatiotd, represented by thex22 matrixP, is a rotation of 90
anticlockwise about the origin.

(a)  Write down the matriP

[ 1 mark]
The transformatioV, represented by thex22 matrixQ, is a reflection in
the liney = —x.
(b)  Write down the matrixQ

[ 1 mark]

Given thatU followed byV is transformatio, which is represented by the
matrix R,

(c) expresR in terms ofP andQ

[ 1 mark]

(d) find the matrixR

[ 2 marks ]

(e) give a full geometric description dfas a single transformation

[ 2 marks ]



Question 4
Further A-Level Examination Question from January 2012, FP1, Q4 (Edexcel)
A right angled triangld has verticesA( 1, 1),B(2,1) andC(2, 4).

01
10

(a) Find the coordinates of the verticesTof

WhenT is transformed by the matrix = ( ) the image ig”

[ 2 marks ]

(b) Describe fully the transformation representedPby

[ 2 marks ]

The matrice®) = ( g :i ) andR = ( \,1% i represent two transformations
WhenT is transformed by the matr@R, the image i§”

(c) Find QR

[ 2 marks ]

(d) Find the determinant @R

[ 2 marks ]

(e) Using your answer to part (d), find the ared6f

[ 3 marks ]



Question 5
Further A-Level Examination Question from June 2011, FP1, Q5 (Edexcel)
-4 a
Sl
Given that the matriXA maps the point with coordinates ( 4, 6 ) onto the point
with coordinates ( 2; 8),
(a) find the value ok and the value db

wherea andb are constants

[ 4 marks ]
A quadrilateraR has area 30 square units
It is transformed into another quadrilateBddy the matrixA
Using your values od andb
(b)  find the area of quadrilater8l
[ 4 marks ]
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53 Answers to 5.2 Exercise
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

Answer 1
(1) Plotted asA
(i)
-2 0 -2 -4
RA ( 0O -4 -3 —4)
0 1 0 -4 -3 -4
-1 O 2 0O 2 4
Plotted aRRA
(i)
0 -4 -3 -4
MRA ( 2 0 2 4)
0 1 2 0 2 4
1 0 0 -4 -3 -4

Plotted asMRA

(iv)

MR ( o )
0 1 ) ( -1 0 )
1 0 0 1
This is recognisable as the matrix for reflection inyais
The single matrix that would have transfornfetb MRA is ( _é (1) )

[2,3,3,4 marks ]



Answer 2

(1) Plotted ad?
[ 2 marks ]
(i)
0 2 0 -2
SP ( 0 0 -4 -4 )
-1 1 0 -2 -4 -2
1 -05 O 2 2 O
Plotted asSP
[ 3 marks ]
(i)
[ 3 marks ]
(iv)
-1 1
TS ( 1 -05 )
1 2 1 0
-2 -2 0 -1
This is recognisable as the matrix for reflection inxfaxis

The single matrix that would have transfornfieth TSP is ( é _2 )
[ 4 marks ]



Answer 3

[0 -1
2 p=(3 5]
_ 0 -1
) o={_% 5]
(c) R=QP
(d)
0 -1
[ 775
0 -1 -1 0
-1 0 0 1
_[-1 0
R = ( 0 1)
(e) Ris a reflection in thg-axis
This question is showing that a rotatior? @diticlockwise about the origin
followed by a reflection in the liney = —x is equivalent to a reflection
in the iny-axis.
[1,1,1, 2,2 marks ]
Answer 4
(a)
1 2 2
PA ( 1 1 4 )
0 1 1 1 4
1 0 1 2 2
SoT has coordinate&’( 1, 1),B’(1,2) andC’(4, 2)
(b) P represents reflection in the lige= x
(c)
1 2
|5 %)
4 -2 -2 0
3 -1 0 2
(d) |QR|=(-2)x2-0x0=-4
(e) Thasarea 0.51x3=1.5

. T” has area 1.5 4 = 6 unit3

[2,2,2,2, 3marks ]



Answer 5
(a) A“matrix methods solution”...

[ 2 )is)- (-
b -2/{6) |-8
(-4x4+ax6)) 2
bx 4+ (-2)x6 _(—8)
-16 + 6a _( 2)
4 -12 ) |-8
6a (16)_( 2)
4b 12)  \-8
6a| [ 2 16
4b)‘(—8 * 12)
6a _(18)
4 | 4
5 -(3)
b/ |1
[ 4 marks ]
(b)
_ -4 a
salal |75 3)
1713
- 1 -2
= (-4 x(-2-3x1
=8-3
=5
. Area ofSwill be 30x 5 =150 square units
[ 4 marks ]
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Lesson 6
Further A-Level Pure Mathematics : Core 1
Matrix Transformations
6.1 Generalised Rotation
The rotation matrices looked at previously are special cases of a more general re

Rotation through angleé about (0, 0)

Ro =

cosf® —-sino
siné cos o

Proof

Let the matrix that causes rotationadfabout the origin béRy = i 3 )
. : . , 0110

Consider what this matrix does to the unit squaté, = 00 11

ReU

o 1 1 O
o 0 1 1

o}

a b 0 a+b b
c d O c¢c c+d d

Thus, under the rotation 6f (1,0)— (a,c) and (0,1} (b,d)

| ld c \/
1

016\

-1 | a 1

From the diagram, the green triangle has hypotenuse 1, oppasiteadjacerd
Applying SOH CAH TOA in this green triangle givas- cosf andc =sin 6

The displacement vector to the rotated green point is(t&?rjfsg ) .

The green point has coordinate$ 0, sin 6 ).

The blue and green triangles are congruent, with leragdingic equal to lengths

d andb respectively; the displacement vector to the rotated blue p({iﬁtjgr;z )

The blue point has coordinatesgn 6, cosé ).

a b
d

cosf® —-sino

Thus Ry = sin@ cos o

(]




or numerical methods is not acceptable
Marks Available : 50

Any solution based entirely on graphical

Exercise 6.2
Question 1

[ 2 marks ]
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Question 2
Further A-Level Examination Question from February 2010, FP1, Q9 (Edexcel)

1 -1

V2 V2
M =

1 1

V2 V2

(a) Describe fully the geometrical transformation represented by the rivatrix
[ 2 marks ]
The transformation representedMymaps the poinA with coordinates §, q)

onto the poinB with coordinate$ 3v2, 4v2 )
(b) Find the value op and the value dj

[ 4 marks ]

(c) Find, in its simplest surd form, the lengd&\, whereO is the origin.

[ 2 marks ]

2
(d)  FindM

[ 2 marks ]

2
The pointB is mapped onto the poiitby the transformation represented\Ndy
(e) Find the coordinates @

[ 2 marks ]



Question 3
Further A-Level Examination Question from May 2016, FP1, Q6 (Edexcel)

-1 -1
V2 V2
P =
1 -1
V2 V2
(a) Describe fully the single geometrical transformatibrepresented by

the matrixP
[ 2 marks ]
The transformatiot maps the poinA with coordinates §, g ) onto the poinB,

with coordinate 62, 3v2 )
(b) Find the value op and the value df

[ 3 marks ]
The transformatioW, represented by thex22 matrixQ, is a reflection in the
line with equationy =x.
(c) Write down the matri@

[ 1 mark ]
The transformatiotd followed by the transformatiovi is the transformatiof.

The transformatioil is represented by the matfx
(d) Find the matrix®

[ 3 marks ]

(e) Deduce that the transformatidris self-inverse

[ 2 marks ]



Question 4
Further A-Level Examination Question from June 2014, FP1, Q7 (Edexcel)

(1)

(i)

In each of the following cases, find 2 matrix that represents
(a) areflection in the liney =—x

(b) arotation of 13%anticlockwise about (0, 0)

(c) a reflection in the ling =—x followed by a rotation of 135
anticlockwise about (0, 0)

[ 4 marks ]
The triangleT has vertices at the points (k) (3, 0) and (11, 0)

wherek is a constant,
The triangleT is transformed onto the trianglé by the matrix

e

Given that the area of triangléis 364 square units, find the valuekof

[ 6 marks ]



Question 5

(1) Given thatP =

cosf® —-sino
sné coso

2
show algebraically thd

cos20 -—sin20
sin 20 cos 20

[ 6 marks ]

(ii) Interpret this result geometrically

[ 2 marks ]
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6.3 Answers

Further A-Level Pure Mathematics : Core 1

Matrix Transformations

Answer 1

[ 2 marks ]
’)

2
3

|

4
23
3

M o
o ) < ™
& c @
\ K= <t
Sy 5 ™
oy o ¢ .
- N —
Q =
=] = X ~
= o
o % N
e » X ™ o
..hl —
g8 2 — -
) i) 1__3)
)
S 3 — |™
o
e harl |
= L -
‘B
o] a - ™
S .
=88 Y —
9] = Il Il
o Il o
3 )
%) ﬁ = =
< 1> >
—_ P
Z Z

|

9 3
V3 5v3

7

11
3

5
3v3 5

[ 5 marks ]

2V3
3

3

4

3
1

4

3
1

( 2

3
5V3

9
3

11
5v3 7

5
3

YM

\/§—1(
1 /3 /|| 3

|

(iii)

|

520 866 1212 866

[ 2 marks ]



Answer 2

As cos 0 andsin @ are both positive, €6 < 90

M represents a rotation of 4&8bout the origin.

(a)
s 0=4%
(b)
(c)
(d)
2
M =
(e)

|

0
1

127

3V2
42

P-4 (6
p+q

Simultaneous Equations

2p = 14

p=7 > qg=1

) Rotation 90 about (0, 0)

—1.) 3V2 —4\2
0/)\av2 3V2

- C(-4v2, 3V2)

[ 2 marks ]

[ 4 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]



Answer 3
(a) Ascos@is negative andin 0 is positive positive, 96 6 < 180

.. 0=13%
P represents a rotation of 13&bout the origin.
[ 2 marks ]
(b) 1 (—1 —1) P| _(6V2
2 1 -1/\a 3V2
-1 -1\(P)_ /5 6vV2
=V2 X
ey ERCR el
-Pp-q :(12)
P—q 6
Simultaneous Equations
-2q = 18
qg=-9 = p=-3
[ 3 marks ]
_ [0 1
[ 1 mark ]
(d)
R=QP
_(o 1), [-1 -1
~\1 0 V2 1 -1
1 1 -1
V2 |\ -1 -1
[ 3 marks ]

(e) If R is self inverse theRR =1, the identity matrix

-4 (4

-215 2
-(52)

| .. Ris self inverse

It can also be thought of as a reflection.
| think the mirror lineisy = —(1 + V2 ) x
Any reflection twice in a line gets back to the original position.
[ 2 marks ]



Answer 4

(i) (a)

(b) Put 133 into the general rotation matri{<

-1

o)

Reflection in the liney = —x : ( 1 0

-1

V2

1

|

V2

(c) Get the order correct...

1 (-1
W(l

A ) -
1

cos135
'sin 135

—-sn13%
cosl133

(i) det(6 _2)=6x2—(—2)><1 - 14

1 2

. 4 .
So the area of trianglE must be% = 26 square units

A quick sketch...

k|

= 6.5units

V2

[ 4 marks ]

[ 6 marks ]



Answer 5

(i)
P2 _ cosf® —sno y cosf® -—sno
sin@ cos @ sin@ cos @
_ cos?f — sin2® —cosOsSind — sind coso
sin6 cosh + sinf cosH — §n?6 + cos? o
_ cos?h — sin29 —2sin6 cosH
2sinfcos® cosfH — sn?o
cos20 —sin260
sin20 Cos 20

|

[ 6 marks ]

(i) Two successive anticlockwise rotations about the origin by an éngle
are equivalent to a single anticlockwise rotation by an arfgle 2

[ 2 marks ]
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Lesson 7
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

7.1 Congruent Shapes
In general a matrix can represent a transformation that moves points around. Of
more interest is the movement of a set of connected points; a shape. Sometimes
a shape is savagely distorted by the transformation represented by the matrix.
Thus far, of particular interest are matrices that give rise to transformations that
preserve both size and shape. In other words, transformations in which the image
is congruent with the pre-image.

y
X Reflect
=X
0 1)
1 0]
Rotate |dentity
90 "Reflect
X-aXIS
- X
Rojgéfé Rotate
180 270
-10
0-1

Reflect{ 0_1}
y=-x|-1 0

v

A useful summary of some matrices which represent transformations
that preserve both the size and shape of a pre-image and its image.
The idea is that theerosof the matrices lie alongero-lines
and so allow the diagram to be memorised.

7.2 A Calculation Technique
The rotation matrices abovi&y, Rgo, R1s0 andR27¢ are special cases of,

cosf -—-9Sno

Ro=1gne coso

With an angle such as 4fhey/ 2 involved can be factorised out to give,

R, - L (1 -1
which may help to keep subsequent multiplications compact and easier to follow.
The angled can, and often is, expressed in radians.



7.3 Stretches and Enlargements

In starting to probe the distortions that a linear transformation can do to a shape
the world of the stretch is entered.

The image is no longer congruent with the pre-image.

Parallel to x-axis

A stretch, (length) scale factamparallel to thec-axis (only) will have matri>< g 2 )

Applying this to the unit squar#l, gives,
( 0 1 1 0 )

Parallel to y-axis
A stretch. (length) scale factdmparallel to they-axis (only) will have matrix( é 3 )

Applying this to the unit squar#l, gives,

O 1 1 O Ya  Before,
O 0 1 1

o O
—_—

0 1
0 O

(ol )
o O
—_—

Parallel to both x-axis andy-axis

A stretch, (length scale factarparallel to thex-axis, and (length) scale factbr
a o0

0 d

Applying this to the unit squar®, gives,

O 1 1 O
O 0 1 1
0 a a O
0O 0 d d

Enlargement : A Special Case of Parallel to botlk-axis andy-axis

a o0 k O
0O d 0 k

an enlargement with (length) scale fadt@entre (0, 0)

parallel to they-axis will have matrix|

o O
—_—

In the special case wheae=d =k,

) become% ) which represents



7.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

(i) Describe fully the transformation representedvby= ( g (7) )

[ 3 marks ]
(ii) A triangleT has verticesat (2,0), (0,3)and (7,0)
Find the area of the triangle.

[ 3 marks ]

(i)  The triangleT is transformed using the matiik.
Show how to use the determinant\dfto find the area of the image ©f

[ 3 marks ]
Question 2
. . . 25 0
i Describe fully the transformation representeddb
(i) y p yt( 0 2 ﬁ)
[ 3 marks ]

(ii) A triangleT has coordinatesg, 1), (4, 1) and (4, 3).
Given thafT is transformed using matrix A, and the area of the
resulting triangle is 60, find the two possible valuea of

[ 4 marks ]



Question 3
Further A-Level Examination Question from June 2011, FP1, Q3 (Edexcel)

(a) Given thatA = (

(b)

(c)

1 V2
v2 -1

(i) findA°

(i) describe fully the geometrical transformation representelsi2 by

[ 4 marks ]

0 -1

Given thatB = ( 1 0

) describe fully the geometrical transformatior

represented b

[ 2 marks ]

k+1 12
k 9

find the value ok for which the matri>xC is singular.

Given thatC = ( ) wherek is a constant,

[ 3 marks ]



Question 4
Further A-Level Examination Question from May 2018, F1, Q2 (Edexcel)
The transformation represented by the 2 matrixP is an anticlockwise rotation

about the origin through 45 degrees.
(a)  Write down the matriP, giving the exact numerical value of each element

[ 1 mark ]

o_[wz o
- 0 kvZ

) wherek is a constant ankl> 0

(b) Describe fully the single geometrical transformation represented by the
matrix Q

[ 2 marks ]

The combined transformation represented by the ma@ixransforms the
rhombusR; onto the rhombuR»

The area of the rhomb#s is 6 and the area of the rhombss 147

(c) Find the value of the constant

[ 4 marks ]



Question 5

Further A-Level Examination Question from June 2010, FP1, Q6 (Edexcel)
Write down the Z 2 matrix that represents,

(a) anenlargement with centre (0, 0 ) and scale factor 8

[ 1 mark ]

(b) areflection in the-axis

[ 1 mark ]
Hence, or otherwise,
(c) find the matrixT that represents an enlargement with centre (0, 0 ) and
scale factor 8 followed by reflection in thexis

[ 2 marks ]
A = 6 1 andB = K 1 wherek andc are constants
4 2 c -6
(d) Find AB
[ 3 marks ]

Given thatAB represents the same transformatioi as
(e) find the value ok and the value af

[ 2 marks ]



Question 6
Further A-Level Examination Question from January 2019, F1, Q7 (Edexcel)

-1 -v3
V3 -1

3 . . . .
(a) Show thatP = 8l, wherel is the 2x 2 identity matrix

P =

[ 3 marks ]

(b) Describe fully the transformation represented by the mBtag a
combination of two simple geometrical transformations,

[ 4 marks ]
35
(c) Find the matri¥? , giving your answer in the form
35 k(-1 a
S ( 1o
wherek is an integer and andb are surds to be found.
[ 2 marks ]
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7.5 Answers

Further A-Level Pure Mathematics : Core 1
Matrix Transformations

Answer 1
. o a o0 5 0
(1) The matrix is of the for 0 d and so 0 7 represents a stretch
parallel to thex-axis, with (length) scale factor 5 and a stretch parallel to
they-axis with (length) scale factor 7.
(i)
>
X
1 1 .
AreaA = ?bh =3 x 5x 3 =75 unitg
(i) det ( g (; ) — 5x7-0x0 = 35 (which is the transformations)
. Area of image of = 35x 7.5 = 262.5 units
[3, 3,3 marks ]
Answer 2
(1) An enlargement, centre (0, 0), and of (length) scale facids 2
YA
3 ]
(i)
1
0
det 2v5 0 =2V5 x2V5 -0x0 =20
0 2V5

This is the Area Scale Factor of the transformation
.. Area of ofT = 3 unitg

AreaA = ibh
2
1
3= — xbhasex 2
2
base = 3 units = a=1or7

[ 3, 4 marks ]



Answer 3

(a) (i)
A2 1 V2
V2 -1
1 V2 ( 3 0 )
V2 -1 0 3
(i) Enlargement, centre ( 0, 0 ), (length) scale factor 3
[ 4 marks ]
(b) Reflection in the liney = —x
[ 2 marks ]
(c) A singular matrix has a determinant of zero,
_ k+1 12
det C = det K 9 )
0=(k+1)x9-12
0=9%+9- 1%
k=9 k=3
[ 3 marks ]
Answer 4
1 -1
V2 V2
(a)
1 1
V2 V2

(b)  Enlargement, centre (0, 0), (length) scale faétef2

o ron T L2
S P
E ) et

The Area Scale Factor of the transformation, d&g¢PQ) will be,

AreaR 147 _ 49
AreaR 6 2

det(PQ) = k x k — (—k) x k = 2K

49 7
k=42 === =35
4 2

[1, 2,4 marks ]



Answer 5

o (32

[ 1 mark ]
1 0
w (3 8)-r
[ 1 mark ]
(c) T=RE
8 O
RE ( 0 8)
( 1 o)( 8 o)
0 -1 0 -8
8 O
-5 %)
[ 2 marks ]
(d)
k 1
AB ( o —6)
( 6 1)(6k+c 0)
4 2 4 +2c -8
6k + C 0
AB_(4k+2c —8)
[ 3 marks ]

(e)

6k + ¢ =8
4k +2c =0
1+ 2c = 16
4k+2c= 0 SUBTRACT
8k = 16

[ 2 marks ]



Answer 6

(a)
LHS = P°

(-1 - 3)(—1 —ﬁ)(—l —\/§)
V| V3 -1 V|

_(—1 - 3)( —2 zﬁ)
V3 -1 J{-2v3 -2

-3 5

-5(3 ¢

- 8§

- RHS O

[ 3 marks ]
(b) It's a spiral similarity which can be broken down into,
e An enlargement, centre ( 0, 0 ), and (length) scale factor 2
e A rotation of 120 about (0, 0)
In this case the order will not matter.

[ 4 marks ]
(c)
11
P35:(P3) < P
_ 11 -2 23
=(8)" x ovE _2)
_ogl1 11 -1 V3
=8 x| 2><(_\/§ _1)
3t -1 V3
_(2) x 1 ><2><(_\/§ _1)
_ %4 -1 V3
-V3 -1
k=234 a=+3andb = -v/3
[ 2 marks ]
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Lesson 8
Further A-Level Pure Mathematics : Core 1
Matrix Transformations
8.1 Singularities: The Implications
In Lesson 1, the definition of the determinant forsa2matrix was given,

Definition of the Determinant
Given the generalised>22 square matrixyl, where,

ab )
cd
the determinan¥! is given by,
M| = ad — bc
This can also be writtestet M or AM
e If [M | =0 thenM is a singular matrix
e If | M |# 0 thenM is a non-singular matrix

M =

The magnitude of a matrix's determinant gives the Area Scale Factor of the
transformation represented by the matrix.

A singularity is generally seen as a place to avoid. Mathematically they typically

correspond to a division by zero. As a singularity is approached savage
distortions occur and the singularity itself corresponds to a collapse of rules and
structure, a loss of information, and an explosion of contradictions.

Singularities occur in nature; a black hole being the obvious example. The
extreme curvature of time and space around a black hole mean that the standatr
rules of physics cease to apply.



8.2 Exploring A Singularity

Consider the matrixM = ( 1 _1)

detM =1x2- (-1 x (-2
=0
This shows tha is a singular matrix.

To explore what this means geometrically it will be applied to a test shape, the
square represented by the multipoint matrix,

Y

0 1 3 2
2 4 3 1
MS (o 1 3 2)
1 -1 2 3 0 -1
2 2Jll-4 -6 0 2
, [ 2 3 0 -1
ws=[ 5 320 5

When the pre-image square is plotted and its image, it's clear that all the points
of the image are on a straight line. In one respect this is not unexpected for the
determinant has indeed given the Area Scale Factor of the transformation of
zero.

Were we just unlucky in our choice of test shape ?
Will all points be moved onto this line ?
A more general argument is needed to answer these questions.



For a general pre-image point,(v ), and image pointX,y )

=% 2

B u-v
T l=-2(u-v
Let p = u — v to get the result that,

(i) ) (—gp)

Which are points on the lingg = —2x
All points under the transformation represented by this matrix, have images on th
line y = —2x. The two dimensional surface collapses into a one dimensional line

The situation is even worse than has so far been revealed.
Consider any point on the ling = x. Such a point could be written als k).
Applying M to this point,

[ % 2= (5

- (o)

This is revealing that all of the points on the fhe x map to the origin.

This in turn means that any hope of undoing the transformation has been extingu
for it could not be decided where on the lipe= x a point with image (0, 0) had
come from. The singularity has caused information to be irretrievably lost.

¥ )

v)
£
o

Ly

3

i




8.3 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1

(i)

(i)

(i)

Consider any pointon the ling = x + 1

Such a generalised point could be written lek(+ 1)

Apply matrixM to this generalised point wheg is the singularity matrix
investigated in 8.2 , namely,

[ 2 marks ]

To what single point are all points on the line= x + 1 mapped
under the transformation associated with mati®

[ 1 mark]
Prove that all points on the ling = x — 2 are mapped to a single point

under the transformation associated with matix
Also, state the coordinates of that single point.

[ 3 marks ]



Question 2
The two matrices andN, are,

1 -3
2 1
(a) Evaluate the determinant bf

M =

N = ( _i g ) wherek is a constant

[ 1 mark ]
(b) Given that the determinant bfis 7, find the value df

[ 1 mark]
(c) Using the value ok found in part (b), findMN

[ 1 mark ]
(d) Verify that

det MN = detM x det N
[ 1 mark ]

(e) Does,
det(M+N) = detM + detN ?
Justify your answer.

[ 2 marks ]



Question 3

(i)

Which one of the following matrices is singular ?

|

-2
4

3
6

|

Justify your answer.

[ 2 marks ]

Apply the singular matrix from paft) to transform the square below,

and plot the resulting points and the line through them.

(i)

[ 3 marks ]



(iii)  Write down the equation of the line along which all image points lie.

[ 1 mark]

(iv) Prove that a general point in the plane,\{) when transformed using your
part (i) matrix will lie on the straight line of your your part (ii) answer.

[ 3 marks ]

(v) Prove that under the transformation represented by your part (i) matrix

all points on the ling = —2x + 3 map onto the same point, and state
the coordinates of that point.

[ 3 marks ]

(vi)  Write down the equation of another line along which all points will
have the same image when transformed using the part (i) matrix.

For the example you give, state the coordinates of the image point to
which all pre-images points will be mapped.

[ 3 marks ]



Question 4
Using only 1s and Os find as many 2 singular matrices as you can.
There are ten to be found.

[ 5 marks ]

Question 5
Given thatk is a real number and that,

[ -2 1-k
M‘(k—l Kk

find the exact values &ffor which M is a singular matrix.

[ 3 marks ]



Question 6
By using the two general>22 matrices,

a b
c d

e f

M = g h

) and N =

Prove that,
det MN = detM x det N

[ 5 marks ]
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8.4 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

Answer 1
(i) (1 -1 k | _ k- (k+1)
-2 2)J\k+1] |-2k+2(k+1
-172)
B 2
[ 2 marks ]
(i) -1 2)
[ 1 mark]

(i) A generalised point on the ling = x — 2would (k, k — 2)

(—12 E )(kEZ) ) (—;k_+(2k<_k2—)2>)
(3

All points on the linegy = x — 2 are mapped onto2, — 4)
[ 3 marks ]



Answer 2
(a) deteM =1x1-(-3x2=7

[ 1 mark]
(b) detN = 7
(-1)x3-4k =7
-4k = 10
k =-25
[ 1 mark]
(c)
MN ( . 235)
( 1 —3) (—13 —11.5)
2 1 2 -2
[ 1 mark]
(d) LHS = det MN
= (-13 x (-2) - (-115) x 2
= 26 + 23
= 49
=7x7
= detM x det N
= RHS O
[ 1 mark]
(e)
det(M+N):det((; ?1’+( i 2;’))
e[ 758
=0x4-(-55x%x6
= 33

detM + detN = 7+ 7

. det(M+N) # detM + detN
[ 2 marks ]



Answer 3

detC = —4

detB = 0

det A = 24

(1)

[ 2 marks ]

. Bis singular

(i)

[ 3 marks ]

y = 2X

(i)

[ 1 mark ]



(iv)  For a general pre-image point,(v ), and image pointX, y)

X\ _ (4 2}[u
y] {8 4])\v
4qu + 2v
8u + 4v

3 4u + 2v)
1 2(4u + 2v)

Let p = 4u + 2v to get the result that,

(i) i (pr)

Which are points on the lingy = 2x
All points under the transformation represented by this matrix, have imag
on the liney = 2x.
The two dimensional surface is collapsing into a one dimensional line !
[ 3 marks ]
(v) Let a general pointon the ling = —2x + 3 be (k, -2k + 3)

4 2 k 4k + 2(—2k + 3)
(8 4)(—2k+3 :(8k+4(—2k+3)
_ ( 6

12
So, all points of the lingy = —2x + 3 map onto the point (6, 12)
[ 3 marks ]

(vi) Letageneral pointonthelimqg= —2x + c be (k,—2k + ¢)

4 2 K 4 + 2(-2k + ¢)
8 4/\-2k+c 8k + 4 (—2k + ¢

(3

So, all points of the lingg = —2x + ¢ map onto the point (c24c)

Question asks this be done for a value ofosen by the candidate.

Tl (2o (e (o) (o)
1) (re) (29 (3 (1)

[ 5 marks ]



Answer 5

ForM to be singular, detM = 0
—2)xk-(1-k)(k-1)=0
k- (k-1-K+k)=0
2k -k+1+K-k=0
K-4k+1=0
[K¥-&]+1=0
[(k-2%-4]+1=0
(k-2)>-3=0
(k- 2)% =3
k-2=+v3
k=2++3

Answer 6
LHS

RHS

[ 3 marks ]

det MN

det

o b

ae + bg af + bh
ce+dg cf +dh

(ae + bg) (cf + dh) — (af + bh) (ce + dg)

aecf + aedh + bgcf + bgdh — afce — afdg — bhce — bhdg
(aecf — afce) + aedh + bgcf + (bgdh — bhdg) - afdg — bhce
aedh + bgcf — afdg — bhce

det M x det N

a b

det q

)xdet

e f
g h

(ad — bc) (eh - fg)
adeh + bcfg — adfg — bceh

LHS ]
[ 5 marks ]
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Lesson 9
Further A-Level Pure Mathematics : Core 1

Matrix Transformations
9.1 The Undo Matrix

-15 3
0 -15
The transformation represented by this matrix is applied to the rectangle describe

(0 4 4 o0
byR‘(o 0 -2 —2)

Let the matrixT be(

wo

-15 3
0 -15

The graph shows the original rectangle and its image, a parallelogram.

Also shown is the area scale factor of the transformation%the
This was calculated from,
detT = (-15 x (=15 -3x0
= 225
Writing this as% is helpful as it's then obvious the inverse area scale fac%r is

In starting to think about the inverse transformation that will move the parallelogr:
1
back to the rectangle, one would ex to be involved, given the connection
J P T g

between determinants and area scale factor. This insight also illuminates why a
determinant of zero is a problem; it's the familiar issue of division by zero not beir
defined in mathematics emerging once again. Singular matrices can have no inve



9.2 Inverting a 2x 2 Matrix
Given that we have been using matrices to move points, the inverse matrix will
be that which moves the points back from whence they came.

The Inverse of a Matrix

. : . L=l
In general, the inverse of a non-singular mattixs the matrixM — such that

-1 -1
-1 _
In particular, itM = ( a b ) thenM =~ = _1 ( d b )
c d detM | -c a
For the matrixT :( -15 3 )WheredetT = 2 we haveil = 4
0 -15 4 det T 9

Thus,

-1_4(-15 -3
9\ 0 -15

__2(1 2
- 310 1

Now to show that this inverse matrix moves the parallelogram back to the square

~2(1 2\(0 -6 -12 -6)_ 2(0 -6 -6 O

3lo1/lo o 3 3 3lo o0 -3 3
(0 4 4 o0
‘(002—2) -

9.3 Spot Check

Find the inverse of each of the following matrices.

Having done so, check your answers with mine, to be found in 9.5 after the exerc
ForC, if you wish, you can deal with the third separately, inverting it to a 3.

SEHEESFH I

[ 6 marks ]



9.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1
Further A-Level Examination Question from January 2013, FP1, Q6 (Edexcel)
[ 1 a
X = ( 3 2

(a) Find the value o& for which the matrix X is singular

[ 2 marks ]

(b)  FEindY

[ 2 marks ]
The transformation represented Yoymaps the poinA onto the poinB

Given thatB has coordinates 1 — 1, 74 — 2) where/ is a constant,
(c) find, in terms ofl, the coordinates of poirt

[ 4 marks ]



Question 2
Further A-Level Examination Question from January 2011, FP1, Q8

WEE

(a) Find det A

[ 1 mark ]
_ -1

(b) FindA

[ 2 marks ]
The triangleR is transformed to the triang&by the matrixA
Given that the area of triangfs 72 square units,
(c) find the area of triangIR

[ 2 marks ]

The triangleS has vertices at the points (0,4 ), (8,16) and (12,4).
(d) Find the coordinates of the verticeshof

[ 4 marks ]



Question 3

Further A-Level Examination Question from January 2010, Q5 (Edexcel)
a -5
2 a+4
(a) Find det A in terms ofa

A =

), wherea is real

[ 2 marks ]

(b) Show that the matriA is non-singular for all values af

[ 3 marks ]

Given thata = 0,
-1
(c) find A

[ 3 marks ]



Question 4
Further A-Level Examination Question from June 2015, Q7 (Edexcel)

5k 3k -1
-3 k+1

Given thatA is a singular matrix, find the possible value&.of

(i) A=

), wherek is a real constant

[ 4 marks ]

(i) B:(_lg g)

A triangleT is transformed onto a trianglé by the transformation represented
by the matrixB. The vertices of triangl& have coordinateg0, 0), (-20, 6)
and( 10c, 6¢), wherec is a positive constant.

The area of triangl&” is 135 square units.

(a) Findthe matrix@

[ 2 marks ]



(b) Find the coordinates of the vertices of the triarigie terms
of c where necessary.

[ 3 marks ]

(c) Find the value o€

[ 3 marks ]



9.5 Answers to the 9.3 Spot Check

Al 1 (2 —1)
 3x2-1x51\-5 3
[ 2 -1
-5 3

g1 _ 1 ( 16 —6)
4x16-6x10 | —10 4
_1/( 16 -6
T 4\-10 4
1/( 8 -3
2\ -5 2

ol 3 (4 3)
C 6x4-(-3x (-7 \7 6
_3(4 3
- 3\7 6
(4 3
~\7 6
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9.6 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

Answer 1
(a) For the matrix to be singular,
detX = 0
1 a)|
(2 2)-o
1x2-ax3=0
3a =2
a2
-3
[ 2 marks ]
(b)
-1
Y—l 1 -1
3 2
Tl EEY
1x2-(-1)x3 -3 1
1( 2 1
51{-3 1
_ 04 0.2
| -06 02
[ 2 marks ]
(c)
YA=B
-1 -1 , , -1
Y YA=Y B pre-multiply both sides by
-1
A=Y B
A 1( 2 1)1-1
5\(-3 1)\74-2
Sl 2-20+74 -2
5 |-3+31+7A-2
1 51
5\-5+ 104
_ A
22 -1

SoA has coordinatesi, 24 — 1)
[ 4 marks ]



Answer 2

(a)
B 2 -2
detA—det(_1 3)
=2%x3-(-2)x (-1
=4
[ 1 mark]
(b)
-1 > 2\t
S
_1(3 2
S 4\1 2
_ [ 075 05
~ 1025 05
[ 2 marks ]
(c) Area ofRis 18 square units
[ 2 marks ]
(d)
AR=S
-1 -1 : . -1
A AR=A S pre-multiply both sides by
R:i 3 2|0 8 12
4\1 2/\4 16 4
_1/8 5 44
418 40 20

(2 14 11
2 10 5
That is, the vertices ®?are (2, 2), (14, 10) and (11, 5)
[ 4 marks ]



Answer 3

(a)

a -5
2 a+4

ax(a+4)—- (-5 x2

det A = det

a® + 4a + 10

[ 2 marks ]
(b)
detA = [a% + 4a] + 10
:[(a+2)2—4]+10
= (a+ 2)2 + 6
As the square i3 0, and then 6 is added afet A > O for all realA
- Alis non-singular for all values af O

[ 3 marks ]
(c)
-1 [ a -5
A 2 a+4)
_ 1 a+4 5)
a2 + 4a + 10 -2 a
Told thata = 0,
At L 4
A S 10(—2 o)
[ 3 marks ]
Answer 4
(1) As A is a singular matrix,
detA =0
5k 3k -1\ _
det(—B k1) =0

Bk)x (k+1)- (k-1 x (-3 =0
5k + 5k + %k — 3 = 0
5k + 14k — 3 = 0
(5k —1) (k+3) =0
3 =

Either5k — 1 = 0 or k + 0

k = 1 or k=-3
5
[ 4 marks ]



(i) (a) B_lz(_lg g)

_ 1 (3 —5)
10x3-5x(-3 |3 10

_ L (3 -5
453 10
[ 2 marks ]
(b) BT =T
-1 -1 . . -1
B BT=B T pre-multiply both sides b
-1
T=B T
T:i3_5 0 -20 10c
4513 10/\ O 6 6c
~1({0 -9 o0
- 4510 0 90c
(0 -2 O
~\ 0 0 2
That is, the vertices dfare (0, 0), (-2, 0) and (0, 2c)
[ 3 marks ]
(c) T has an area of 13545 = 3
AreaA:%xbxh
1
3=—=—X2x2C
> X 2 X
c=15
[ 3 marks ]
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Lesson 10
Further A-Level Pure Mathematics : Core 1
Matrix Transformations
10.1 Pre or Post Multiply ?
The non-commutative nature of matrix algebra demands care when multiplying
both sides of a matrix equation. Suppose &hd&, andC are known matrices,
with X being the unknown matrix to be found in term&oB andC and that,

AXB =C
There is no concept of “Matrix Division”, so any idea of dividing both sides by

AB is not going to end well. However, use can be made of the inverse matrices
of the known matrices and the “Do Nothing” Identity matrix

AXB = C
-1 -1 . . -1
A AXB =A C Pre-multiply both sides b4
-1 -1
XB=A C AsA A =
-1 -1 -1 _ . -1
XBB =A CB Post-multiply both sides by
-1 -1 -1
X=A CB AsBB =1

Sometimes “Pre-multiply” is called “Left-multiply” or “Front-multiply”
Similarly “Post-multiply” is also called “Right-multiply” or “Back-multiply”

AB = BA [ migpicaionss
2 X _1@: commutative!

=l
s % 1"




10.2 A Pre-Multiply, Post-Multiply Example

-1
(1) Given thatABC =1, prove thaB = CA
0 1 2 1
-1 -6 -3 -1
Teaching Video http://www.NumberWonder.co.uk/v9090/10a.mpRart 1)
http://www.NumberWonder.co.uk/v9090/10b.mgRart 2)

(ii) Given thatA = (

andC:( ),findB

[ cr=d'l
EinsiE PRI
*r ll- <

? ~ ~ . e -lh|-
<=Partl Part 2 => g
Ofpaser: ] A

[4, 4 marks ]


http://www.NumberWonder.co.uk/v9090/10a.mp4
http://www.NumberWonder.co.uk/v9090/10b.mp4

10.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1
Further A-Level Examination Question from May 2017, 1AL, FP1, Q2 (Edexcel)

(2 -1 [ 3 6
A=l 3)’ P_(ll —8)

-1
(a) Find A

[ 2 marks ]

The transformation represented by the madriwllowed by the transformation
represented by the matixis equivalent to the transformation represented by
the matrixP.

(b) Find B, giving your answer in its simplest form.

[ 4 marks ]



Question 2
Further A-Level Examination Question from January 2012, IAL, FP1, Q8 (Edexcel)

(23]

(a)  Show thatA is non-singular

[ 2 marks ]

2
(b) FindB suchthatBA = A

[ 4 marks ]



Question 3

-1
(1) Given thatAXBA =1, prove thaX = BAA

[ 4 marks ]

O R

[ 4 marks ]



Question 4

(a)

(b)

(c)

4 -1 (2 0
S = ( 3 and B = ( 1)
Work out,
(iy s (i) B
(i) BS (iv) (BS) "

[ 8 marks ]
Verify the quotable result that iB andS are non-singular matrices

-1
then the LHS of S *B ™ = (BS) is equal to its RHS

[ 3 marks ]

If Srepresents “putting on socks” aBdepresents “putting on boots”

-1 -1 -1
interpret what the resul{ BS) =S B represents

[ 2 marks ]



Question 5
Further A-Level Examination Question from May 2018, 1AL, F1, Q4 (Edexcel)
2p 3q

A =
5

) wherep andq are non-zero real constants

(a) FindA™ 'in terms of p andq

[ 3 marks ]
p q
Given XA = B, where B = | 6p 11q
50 8q
(b) find the matrixX, giving your answer in its simplest form.
[ 4 marks ]
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10.4 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

10.4.1 Solution to 10.2 Teaching Video (A Pre-Multiply, Post-Multiply Example)
(i)

ABC = |
-1 -1 . . -1
A ABC = A | Pre-multiply both sides b4
-1 -1
BC = A AsA A =1
-1 -1 -1 _ _ -1
B BC=B A Pre-multiply both sides b
-1 -1 -1
C=B A As B B =1
-1 -1 _ :
CA=B A A Post-multipiy both sides b4
-1 -1
CA =8B AsA A =1
-1
B =CA O
[ 4 marks ]
(i)
-1
B =CA
B 2 1 0 1
-3 -1)\ -1 -6
_[-1 -4
B 1 3
1 -4\t
o= (71 75
_ 1 3 4)
xR -(-4Hx1\-1 -1

_ 1 (3 4)
(=39 +4\1-1 -1

(2

[ 4 marks ]



10.4.2 Solution to 10.3 Exercise

Answer 1

(a)

—4 2

3 1)
2x3-(-1) x4
_ 1 (31
10\ -4 2
3 03 01
“ 1 -04 02

[ 2 marks ]
(b) Told that,

-1
P=A AB Pre-multiply both sides b

-1
As A A =1

Il
vy}

I
H
o s)e
—_—
!
IR
N
-
—_—
2w
|
o o
-

[ 4 marks ]



Answer 2
(a) Toshow tha# is non-singular, show thdet A = 0

_ 0 1
det A = det ( 5 3
=0x3-1x2
= -2
z 0
~. A is non-singular
[ 2 marks ]
(b)
2
BA =A
BAA = A
-1 -1 . . -1
BAAA = AA Post-multiply both sides b4
-1
BA =1 AsAA =1
-1 -1 . . -1
BAA =1A Post-multiply both sides b4
-1 -1
B=A AsAA =1
-1
[0 1
~\2 3
_ 1 ( 3 —1)
-2 \-2 0
_1(-31
2\ 20
_[-15 05
1 0

[ 4 marks ]



Answer 3

(i)
AXBA = |
-1 -1 . . -1
A AXBA = A | Pre-multiply both sides b4
-1 -1
XBA = A AsA A =1
-1 -1 -1 . . -1
X XBA =X A Pre-multiply both sides by
-1 -1 -1
BA =X A AsX X =1
-1 -1 _ .
BAA =X A A Post-multiply both sides b
-1 -1
BAA = X AsA A =1
-1
X  =BAA O
[ 4 marks ]
(i)
X—l _ 2 1 11 1 1
S\ -3 -1 0 1 0 1
_ 2 1 1 2
-3 -1/10 1
_ 2 5
-3 -7

(53

_ 1 (—7 —5)
 2x(=7)-5x%x (=3 3 2
1 (-7 -5

1\ 3 2

-7 %)

[ 4 marks ]



Answer 4

(a)

(b)

(c)

(i) (i)

o[z 8] -2 9]
SIEEI N )

(i) (iv)

Sik R HE R
SEE S
(13 23) 2

LHs = s B!
_1( 3-4 2 0
2\l -1 2 3 1
_1l(-6 -4
2 4 2
3 -2
2 1

[ 3 marks ]

The opposite of putting on socks then putting on boots is first taking off
boots then taking off socks.

[ 2 marks ]



Answer 5

(a)
1 op 3\ "
AT =
Fa
_ 1 54 -3q
2px50-3px3g|-3p 2q
_ 1 | 9 -3
1000 -9q | -3p 29
_1 m -3
paq | —3p 2q
[ 3 marks ]
(b)
XA =B
-1 -1 . . -1
XAA =BA Post-multiple both sides by
-1 -1
X = BA AsAA = |
Y q
— | 6p 11q i(_‘zq —zq)
50 8q pq P q
1 2pq - pq
= —| —-3pg 4pq
- pq pq
2 -1
= -3 4
1 1
[ 4 marks ]
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Lesson 11
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

11.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1
Further A-Level Examination Question from June 2013, IAL, FP1, Q1 (Edexcel)

X X -2
X-6 4x-11

Given that the matri¥ is singular, find the possible valuesxof

M =

[ 4 marks ]



Question 2
Further A-Level Examination Question from June 2009, IAL, FP1, Q5 (Edexcel)

a 2

R = b

) wherea andb are constants arad> 0

2
(a) FindR in terms ofa andb

[ 3 marks ]

2
Given thatR represents an enlargement with centre (0, 0 ) and scale factor 15
(b) find the value of and the value db

[ 5 marks ]



Question 3

Further A-Level Examination Question from June 2014(R), IAL, FP1, Q6 (Edexcel)
2 1 -1 1

-1 0 0 1 )

GiventhatM = (A +B) (2A -B),

(a) calculate the matrii

A =

jowe -

[ 6 marks ]

(b)  find the matrixC such thaMC =A

[ 4 marks ]



Question 4
Further A-Level Examination Question from May 2017, 1AL, FP1, Q5 (Edexcel)

: p 2 -5 4
(1) A:(s p)’B:( 6 -5

(a) Find, in terms op, the matrixAB

wherep is a constant

[ 2 marks ]
Given thatAB + 2A =kl wherek is a constant anidis
the 2x 2 identity matrix
(b) find the value op and the value df

[ 4 marks ]

a -9
1 2
TriangleT has an area of 15 square units

TriangleT is transformed to the trianglé by the transformation
represented by the matiif.

Given that the area of triangléis 270 square units, find the
possible values ai

(i) M = ) wherea is a real constant

[ 5 marks ]



Question 5
Further A-Level Examination Question from June 2014, IAL, FP1, Q4 (Edexcel)

1 2
(1) GiventhatA = | 3 -1 | andB = 2 -1 4 )
4 5 1 3 1

(a) find AB

[ 3 marks ]

(b) Explain whyAB # BA

[ 1 mark]

2k -2

(i) Given thatC = ( 3 K

-1
) find C , giving your answer in terms &f

[ 3 marks ]
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11.2 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Transformations

Answer 1
As matrixM is singular,
detM = 0
det 3x—)é 4xx—121 =0
XX (4x-11)-[(x—-2) (3 -6)] =0
4%% - 11x - [3x° - 1% + 12] = 0

A% - 11X - 3% + 1X - 12 =0
x2+x—12=0
(XxX+4)(x-3)=0

Eitherx + 4 =00orx-3=0

X=-40rx =3
[ 4 marks ]
Answer 2
2 2
(a) R%= a 2 a2): a’+2a 2a+2b
a bj/la b a2 +ab 2a+ b?
[ 3 marks ]

(b)  The question is telling us that,

aZ+2a 2a+2b :(15 O)
a+ab 2a+b?

Upperright:2a+ 2b = 0 = a = -b
Upper left -a® +2a = 15
a®+2a-15= 0
(a+5)(a-3)=0 = a=3 astolda>20

. b=-3
[ 5 marks ]



Answer 3

(a)

(b)

M

(A +B) (2A - B)

-1

1
-7

2 1
-1 0

+

I

|

MC =

5 a))lE g g)- (6 1))

[ 6 marks ]

-1
Pre-multiply both sides byl

-1 -1
C = A ASM M = |

_ 1(-2 1 2 1
o9\ 7 1 -1 0
__1(-5 -2
- ol 13 7
_1( 5 2

9\ -13 -7

[ 4 marks ]



Answer 4

(i) (a)
=[5 5)08

[ -5 +12 4p-10
| -15+6p 12-5p

[ 2 marks ]
(b)
AB + 2A = kI
-5p+ 12 4p - 10 2p2 _[1 0
_15+6p 12-5 ) “|13 p)]” “lo 1
-3p+12 4p-6\| [k O
-94+46p 12-3p) |0 kK
UpperRight 4p — 6 = 0 = p = %
15
LowerLeft:12—3p:k::>k:7
[ 4 marks ]
(ii)  The question is telling us that,
detM = + 2
15
a -9\ _
det(1 2)—118
2a+9 = +£18
2a =+18-9

Eithera = 45 0r a = —135
[ 5 marks ]



Answer 5

(i) (a)
1 2
AB =(3 -1 (f _31 ‘11)
4 5
4 5 6
= 5 -6 11
13 11 21
[ 3 marks ]
(b)
1 2
BA:(12 ‘31 ‘1‘) 3 -1
4 5
_[15 25
14 4
~ AB #BA @O
[ 1 mark ]
(ii)
2k -2
C‘( 3 k)
-1
ol 1 k 2
2k2 +6 | -3 2K
[ 3 marks ]
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