3.6 Answers
Further A-Level Pure Mathematics: Corel

Roots of Polynomials
3.6.1 Solution to 3.4 Teaching Video Example

253 +5x° - 2x+3 =0
Divide through by 2

x3+£x2—x+3:0
2 2

af + By + ya = -1 andaﬁy:—%

La+f+y =-
By ay af
afy ’ afy ’ afy
af + By + ya

apfy
-1 x2

=3

=k Mo

1 1
— + =+ — =
a 4

[ 4 marks]



3.6.2 Solution to 3.5 Exercise

Answer 1 4x3—3x2—x+6:0

Divide through by 4
3 3 o 1 3

X—ZX —ZX+?=0
. 3 .. 1
(1) ‘“/“V:Z (i) aﬁ+ﬁy+ya=—z
_ 3 222 9
(iii)  apy = > = a" 7y = 2
. 1 1 1 By ay af
(iv) — + = + — + +
a By afy  aPy  aPy
_af + By + ya
afy
(=D X 2 3 i
 4x (-3 6
[1,1,1 2marks]
Answer 2
ax3+bx2+cx+d=0 :>x3+£x2+£x+i=0
a a a

a=8 pf=9and y =-10

b
+B+y=—-—
a+p+y 3

b _gi9-10-7
a
Cc
of + Py +ya = —

a
%:8x9+9><(—10)+(—10)><8

= 72-90-80=-98

d
=3
d
- = 8 x 9 x (-10) = —720

Thus the polynomial sought is,
X2 — X2 — 98X + 720 = 0
Thatis,a =1 b=-7 ¢ =-98 d = 720 (for example)

[ 2 marks]



Answer 3
253+ 4x% + Tx+1 =0

Divide through by 2

3 2 7 1
X+2X+ =X+ = =0
2 2

(i) (a+B+y)°=d>+p+y*+2(ap+py+ya)
(i) a+pf+y=-2

(i) aﬁ+ﬁy+ya:%
(i) apy= -~
(V) B+ =(a+B+y)—2(aB+py+ya)
_ 02 7
=(-2) 2 X > = 3
[1,1,1,1, 2marks]
Answer 4

x> - 8x° + 28— 32=10
a+pf+y=8  af+pyr+ya =28 oafy =32
1 1 1 By L af

(1) — +— 4+ — =
a By apy — afy  aPy
_af + By + ya
afy
:E:l or 0.875
32 8

(i)
(a+2)(B+2)(y+2)=(a+2)(By+28+2y+ 4
= afy + 2af + 2ay + 4a + 20y + 46 + 4y + 8
=a[g’y+2(aﬁ+ﬁy+ya)+4(a+[3’+)/)+8
=32+2x28+4x8+8
= 128
(i)
(a+B8+yP2=d®+p+y2+2(aB+pBy+ya) (seequestioB)
vd B = (at By - 2(ap + Py + ya)
=8 -2x28
=8

[ 3,3, 2marks]



Answer 5
(i)
(6+4\/§i)3

(2(3+2v3i))

- 8(3+2\/§i)3

- 8(3+2v3i)(3+2V3i)

= 8(3+2v3i )9+ 12v3i + 12i°)
= 8(3+2v3i)(-3+12V3i)

= 24(3+2V3i)(-1+4V3i)

= 24(-3+12V3i - 2V3i + 24i°)
= 24(-27+ 10V 3i)

— — 648 + 240V 3 i
[ 3marks]

(i) X —25X+1296=0 = p=-252 q= 1296

4 p3 + 27q2

= 4 (-252° + 27 x 1296
— 64012032+ 45349632
-18662400 Whichis # 0 so OK to proceed

B i/_ 1296 J 1206 (-252)°
- 2 4 27

— 3/-648 + /419904 592704

= 3/-648 + V=172800
— 3/-648+ /57600 3 x (- 1)

= 3/-648 + 2403 i
=6+ 4+/3i from part (i)



(— 252)

3(6+4V3i)
84(6 - 4v3i)

(6 +4V3i)(6-4V3i)

. 84(6-4v3i)
— 6+ 4V3
T4V8I+ —a s

=6+ 4V3i+6-4v3i
=12

X=6+4y3i-

=6+4V3i+

[ 3marks]

(i) .~ (x - 12) is afactor ofx° — 25 + 1296

Using the technique of polynomial division from the year 1 course,

x2 + 12x — 108
X — 12| x3 + 0x2 — 25X + 1296

x3 — 12x2
12x2 — 25X
12x2 — 144
- 10& + 1296
- 10& + 1296

0 « as expected

~12+ 4/ (-122 - 4 x 1 x (-108
2x1

For the quadratic,x

—-12 ++/576
2
-12+ 24
2
—18 or 6

The three roots of the cubic equation are,
12, 6 (- 18

[ 2 marks]



Answer 6
(i)  (a+B+y) =
@S+ 3a2B + 3d%y + 3f%a + B2+ 382y + 3% + 328 + 95 + 6By
[ 1mark ]
(ii)
36 + 368 + 3d®y + 3f%a + 38 + 382y + 37%a + 3528 + 3)°
—2(a3+ﬂ3+y3)+6aﬁy
:3a2(a+ﬁ+y)+Sﬁz(a+ﬂ+y)+3y2(a+,8+y)
—2(a3+,83+y3)+6aﬁy

:3(a2+ﬁ2+y2)(a+ﬁ+y)—2(a3+[33+y3>+6aﬁy

So,
2(a3+ﬁ3+7/3)=3(a2+ﬁ2+yz)<a+ﬁ+a/>—(a+ﬁ+y )3+6aﬁV

From question 3,
(a+B+yF=a®++y2+2(ap+py+ya)

That is, a2+ﬁ2+ yz =(a +ﬁ+)/)2— 2(ap + By + ya)
Thus,
2(a3+ﬁ3+ y3) =

2 3

3((a+p+y)¥—2(ap+py+ya))(a+p+y)—(a+p+y) +6ahy
And finally,
a3 + ﬁ3+ y3 =

2((av By =20+ py+ya) Na+ v 9) = 5+ )+ 3apy

Other expressions that can result include,

BB+ =(a+B+y)P-3(a+B+y)(ap+ By +ya) + 3apy

BB+ = (a+B+y)(a+B+yP=3(ap+py+ya))+3apy

[ 2 marks]



Answer 7
x3—2x2+4x—5:0

p+q+r=2 pg+qgr+rp=4 pgr =5

(i)
£+£+£:2pr+2pr+2pq
p q r par par par
_ 2(pg+ar+rq)
= r
_2x4
-5
_ 8
"5
[ 3marks]
(i)

(p-4)(q-4)(r - 4)
(p—4)(ar — 49— 4 + 16)

par — 4pq — 4pr + 16p — 4gr + 16q + 16r — 64
par —4(pg+qgr +rp) +16(p+q+r) — 64
—5_4x4+16x2— 64

= —43

[ 3marks]

(iii)  From question 6

Prgd+r =

3 1
5((p+q+r)2—2(pq+qr+rp))(p+q+r)—5(p+q+r>3+3pqr
:%(22—2><4)><2—%><23+3><5

=-12-4+15
= —16 + 120
= -1

[ 2marks]
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