4.4 Answers
Further A-Level Pure Mathematics: Corel
Roots of Polynomials
4.4.1 Solution 4.2 Example (Teaching Video)

METHOD 1
3x3+x2+2x+6= 0
Divide through by 3
x3+ix2+£x+2 =0
3 3
1 2
a+/3’+y=—§ aﬁ+ﬁy+ya=§ afy = -2
Sum of new roots 3¢ + 38 + 3y = 3(a + B + y)
1
3
= -1

Sum of product pairs of new roots :
B3ux38+3Bx3y+3yx3a=9(af+py+ya)

= 9 x 3
3
=6
Sum of product triple of new roots :
3a x 38 x 3y = 27afy
=27x -2
= —54

The polynomial with roots@ 33 and 3 is thus, W+ WP+ 6w+ 54 =0

METHOD 2

w
w = 3X X = —
- 3

3 2
(5 o5 23] om0
3 3 3
wdow? 2w
9+9+ 3+6—O

Multiply through by 9
W3 + vv2 + 6w + 54 = 0 as before with Method 1

[ 6 marks]



4.4.2 Solutionsto 4.3 Exercise

Answer 1

(i) C—7xX +6X+5=0 = m=-7,n=26
[ 2marks]

(ii) METHOD1
X - 7X° + 6x+5=0
a+pB+y=7 oaof+pyr+ya=6 afy =-5
Sumofnewroots 2a + 28 + 2y = 2(a + B+ y)
=2x7
= 14
Sum of product pairs of new roots :
20X 28+ 28 x 2y + 2y x 2a = 4(aB + By + ya)
=4x6
= 24
Sum of product triple of new roots :
2a X 26 x 2y = 8afy
=8x-5
= —-40
The polynomial with roots@, 26 and % is thus, w? — 14w? + 24w + 40 = 0

METHOD 2
w
W=2X = X=—
2

3 2

[Z)-73) +ol5 )50
g—¥+3w+5:0

Multiply through by 8
w2 — 12 + 24w + 40 = 0 as before with Method 1

[ 3marks]



Answer 2

METHOD 1

x3+10x2+3x—7:0

a+p+y=-10 aff + By + ya = 3 afy =

Sumofnewrootsou -1+ -1+y-1=a+p+y-3

= -10-3
= -13

Sum of product pairs of new roots :

(a-1)(B-1)+(B-1)(r-1)+(y-1)(a-1

7

afp—a-p+1+py-B-y+1l+ya-—a—-y+1

(af + By +ya)-2(a+p+y)+3
3-2x(-10 + 3

3+20+ 3

26

Sum of product triple of new roots :

The polynomial sought is thusx/,v3 +13WP +26W+ 7 = 0

METHOD 2

(e -1)(B-1)(y-1)
(e -1)(By-B-y+1)
afy —afp —ay +a—-py+p+y—-1

ay+(a+B+y)—(ap+By+ya)-1

7-10-3-1
-7

W=X-1=>x=w+1

(w+ 13 +10w+12+3(w+1)-7

W3+3v\/2+3w+1+1O\A/2+20N+10+3\N+3—7

w3+13/\/2+26w+7

As before with Method 1

0
0
0

[ 5marks]



Answer 3
METHOD 1

2-32+2z+5=0
a+pB+y=3 af+py+ya=1 afy =-5
Sumofnewroots2a + 1 + 26+ 1+ 2y + 1
=2(a+pB+y)+3
=2x3+3
=9
Sum of product pairs of new roots :
(20 +1)(286+1)+(286+1)(2y+1)+(2y +1)(2a + 1)
=4daf+20+2+1+4By+26+2y+1+4ya+2a+2y+1
A(ap+ By +ya)+4(a+pB+y)+3
=4x1+4x3+3
= 19
Sum of product triple of new roots :
(2a +1)(28+1)(2y +1)
(20 +1)(48y + 28 + 2y + 1)
8afy + 4af + day + 2a + 4By + 28+ 2y + 1
8afy +2(a+B+v)+4(af + By +ya)+1
=8x(-5+2x3+4x1+1
= -29

The polynomial sought is thus/,\/3 ~ 9wl + 19w + 29 = 0

METHOD 2
w-—1
2
3 2
w-1 w-1 w-1
( 2 )_3( 2 )+( 2 )+5_0
Multiply through by 8

W=2Xx+1= X =

(w-12-6(w-1)%+4(w-1)+40=0
W o 3W +3Ww—-1-6W+12W—6+4W—-4+40=0
W —wZ+ 19w +29=0

As before with Method 1
[ 5marks]



Answer 4
A question in which Method 2 does not work !

METHOD 1
C+5x¥ -x+3=0
a+pB+y=-5 af+py+ya=-1 afy = —3
Sum of new roots :
(a+pB+7)=d+p 4y +2(ap+ py+ya)
wd?+ By = (at Bry) - 2(af + By + ya)
= (=52 -2 x (1)
= 27
Sum of product pairs of new roots :
(aB + By + ;/oc)2 = a2ﬁ2+ﬁ2y2 + yzaz + Zaﬁzy + 2a2ﬁy + Zaﬁyz
= a2[32+,82y2 + )/2(12 +2afy(a+ B +y)
B+ B4 P a® = (aB+ By + va)’ - 2aPy(a + B+ y)
= (-1)*-2x (-3 x (-5
= - 29

Sum of product triple of new roots :

a? %% = (apy)

2
= (-3
=9
The polynomial sought is thusy® — 27w? — 29w — 9 = 0
[ 6 marks]
Answer 5
METHOD 2
1 1-w
= > X+1=— = Xx-=
Xx+1 w w
8 w |2 w

(=) el =) sl

Multiply through byw3

S——
|
\]
Il
o

(1—w) +4w(1l - w)? - 5w (1 - w) — 7w
1-3W+3W+ W + 4w —8W + 4w’ —5W2 + 5W° — 7w® = 0
W3—10\I\12+W+1

Il
o

Il
o

[ 5marks]



Answer 6
W=X+2=X=w-2

X+ X+2=0

0

(W=2"+(w=2)+2

1 x W° x (—2)0
+5><W4><(—2)1
+ 10 x W x (= 2)?
+ 10 x W2 x (-2)°

1

+5xw ><(—2)4

+1XWOX(—2)5+W—2+2=O

\I\15—10W4+40W3—8OV\/2+81W—32=0

[ 5marks]



Answer 7

METHOD 1
XX+ 2x2 = 3x-5=0
a+p+y=-2 af+pyr+ya=-3 afy=5
Sum of new roots :
a+B+B+y+y+a=2(a+p+7y)
2 X (-2
= -4

Sum of product pairs of new roots :
(a+B)B+y)+(B+y) (v+a)+(y+a)(a+f)
= a,8+ya+,6’2+ﬁy+/3y+aﬁ+y2+ya+ya+,8y+a2+aﬂ
3(af + By + ya) + a® + B2+ 9?

3(aB + By +ya)+ (a+B+y)Y —2(ap+ By +ya)
Because...

(a+Bp+y)Y =d®+F +7y"+2(ap +py+va)
a2+ﬁ2+y2: (a+ﬁ+y)2—2(aﬁ+ﬁy+ya)
So we have that...
(a+B)B+y)+(B+y)(v+a)+(y+a)(a+p)
= (ap+ By +ya)+(a+p+y)
(-3) + (-2°
=1

Sum of product triple of new roots :

(a+B)B+7)y+a)=(-2-y)(-2-a)(-2-8)

=ED(2+y)(2+a)(2+p)

= D(2+y)(4+28+2a+aB)

= (-1)(8+ 48 + 4a + 2aB + 4y + 2By + 2ay + afy)

= (-)(8+4(a+pB+y)+2(aB + By +ya) + apy)
(-1)(8+4(-2) +2(-3 + 9 )
=1

The polynomial sought is thusv,v3 +4w +w—-1=0



METHOD 2
X+ 2xX - -5=0
a+p+y=-2 oaof+Py+ya=-3 afy =5
The newrootsarea. + 5, f+y andy + a
which can be written as(=2 — y), (-2 - a) and (-2 - )

W=-2-X=2X=-2-W=X=(D(w+ 2)

3w+ 2P 2% (w+ 22 —3(-D(w+2)-5=0

(WP +ewW + 12w+ 8)+ 2w + 8w+ 8+3Ww+6-5=0
multiply through by(- 1)

W2+ 6W + 12w+ 8-2Ww - 8w -8-3W-6+5=0

W+ 4w +w— 1

Il
o

[ 8 marks]
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