6.5 Answers
Further A-Level Pure Mathematics: Corel
Roots of Polynomials
Answer 1

ax2+bx+c:0

Divide through bya

X2 + Rx+ L _ 0
a a
b
Sum of the roots= Y
b -3+4 -3-4
_2 _ +
2 2
= -3

C
Product of the roots= =

_g_(—3+4i(—3—4)
- 2 2
 9+12 - 12 - 167
- 4
_ 2
4
Quadratic 5+ 3X + % =0

Multiply through by 4
4% + 12X + 25 = 0

[ 3marks]



Answer 2
(a)
axt +7xC+5¢%+3x-4=0
Divide through bya

4 7 3 5o 3 4

X + —X+ —X+ —XxX—-—=20
a a a a
4
- — = )
a afy
4
a
a=4
[ I mark ]
(b)
L3 28 2120
2" "
7
2a=a+ﬁ+y+(3:__
4
5
Zaﬁ=aﬁ+ay+a6+ﬁy+ﬁ5+yazz
3
Zaﬁy= aﬁy+ﬁy(§+y6a+éaﬁ:—z
[ 3marks]

(c)
N

—(a+B+y+0Y—2(alB+y+0)+B(y+0)+7y(d))

[
—_—
N~
N—

|

N
—_—
NI
S—

49 10
C 16 4
9
"~ 16

[ 3marks]



Answer 3

(a) 5x2 — 4x + 3 = 0
Divide through by 5

2 4 3

XXt g

4 3
a+ﬁ:€andaﬁ:€

a?+ = (a+pB) - 2ap

2

5 5

16 - 30
25

[ 5marks]

(b) Sumofnewroots:i + 3 3(i + i)

a2 ,82 a2 ﬁZ
14
o4
9
_ 14
3
Product of new roots(:iz) % = 9 >
a B (ap)
9 x 52
= 25

The required polynomial is thus,
14
¥+ ——x+25=0
3
32 + 14x + 75 = 0
[ 4 marks]



Answer 4
(i)
B+ = (a+B+y)P-3(a+B+y)aB+py+ya)+3apy

[ 2marks]

(i) For a depressed cubic, there is no terfirsob = 0 and therefore
a + f + y = 0,inwhich case,

@+ B2+ = (02 - 3(0)(aB + By + ya) + 3ay

= 3apy
which is the same as section “6.2 Sum of Cubes for a depressed Cubic”

[ 2marks]
(i)  The suitable transformation is,
b
X=1t-— x=t-1
= =
x>+ 3x2 +50 = 0
(t-1P¥+3(t-12%+5=0
-3t +3-1+3t2-6t+3+50=0
-3t +52=0
[ 2marks]

(iv)

P+ Q3+ R’

(P+Q+RP°-3(P+Q+R)(PQ+ QR+ RP) + 3PQR

(ap + By + ya)® = 3(ap + By + ya)(apBy + Byva + yaap) + 3appyya
= (aB + By +ya)’ = 3apy(ap + py + ya) (B +y + a) + 3(apy)”

= (aB + By +ya)’ = 3apy(ap + py + ya)(a + B +v) + 3(ay)”

[ 4 marks]



(v)

For the depressed cubic with roatss andy,
t2-3t+52=0

a+B+y =0 af+pBy+ya=

-3 and afy = —52

Sumofnewrootsa3+ﬁ3+y3= 3apy asa+pf+y=0

= 3x (-52)
= —156

Sum of product pairs of new roots, from part (iv) :

a3[33+ ﬁ3)/3+ )/3013

= (ap + By + ya)’ = 3aPy(aB + By + ya)(a + B+ y) + 3(apy)”
but for a depressed cuhic+ 8 + ¥ = 0 so this can be simplified to,
= a®f+ B7° + %% = (aB + By + ya)’ + 3(apy)’
= (=3° + 3 x (=52)°
= —27 + 8112
= 8085

Sum of product triple of new rootsa3ﬁ3y3 = (afy )3

= (-52°
= - 140608

The cubic equation with roota3, /33 and y3 is,

W3 + 156W2 + 8085V + 140608= 0

[ 6 marks]



Answer 5
f(x) = mxC + 12x° + 4x + 16
Letf have roots:, S andy in which case,

12 4 16
++y =—-—— + By + = — and = ——
a+p+y — af+ Py +ya = — afy —

From
e f has at least one root on the imaginary axis

Let a be that root,a = ki, and sd (ki) = 0
f (ki) = 0

meki)® + 12(ki)> + 4(k) + 16 = 0

~mk3i - 12K? + 4ki + 16 = 0

Equating real parts - 1%% + 16 = 0

Il
o

Equating imaginary parts - mk® + 4k
mk® = 4k

m= —

33+ 12X°% + 4x + 16 = 0

4 . .
As K2 = 3 andarootwag = ki, a = +—1i = %

2V 3 .
X
3

_—2\/§|)x _1_6

3 Vg

_4><3><(—1) Xy 16
9 9 3

[ 7marks]



Answer 6

Clever Method

Depressed Cubic Formation Rule
Faced with a general cubic,

ax3+bx2+cx+d:0

initiate a change of variable by replacingwith t — %

This will always result in what is termed a depressed cubic, one of the form,

t3+pt+q:0

Letf (x) = X + px2+ gx+r =20
Let g(x) be the related depressed cubic,

_ 3
Q(X):f(X—%):X?’_|02—33qx+ 2p 9:Oq+27r

Note that the roots df(x) form an Arithmetic Progression if and only if the roots

of g(x) are of the form(—d), O, (+d) for some complex numbdrwhich is
equivalenttg(x) = (x+d) x(x—-d) = x> — d’x. That is, the roots df(x)
form an Arithmetic Progression if and only if the constant tergn(gf is O, which
is the same as saying tth3 -9q + 27 = 0.

2p3+ 27 = 9pq O

[ 8 marks]



Standard M ethod

x3+px+qx+r =0

Without loss of generality, let the roots be
a =m-d, B=mand y=m+d form deC
a+B+y=p
Mm-d+m+m+d=p

3m = p (D

aff + Py + ya = @
(m—dym+m(m+d)+(m+d)(m-d) = ¢
n12—rrd+m2+rrd+m2—d2:q

?=q

3nf - d° = )
afy = r
(m—dym(m+d)=r
m(mz—d2) =7
m(mz—(SmZ—q)):r from (2)
m(—2n12+q) =T
—2m + mgq =r
3
_ £) (B) =
2( 3 + 3 q=r
Multiply through by 27
—2p° + 9pq = 27
2p3 + 27 = 9pq
As all of the steps used are reversible the theorem is proven O
[ 8 marks]
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