7.2 Answers
Further A-Level Pure Mathematics: Corel
Roots of Polynomials
Answer 1

a? — 2ap + B
o + 208 + B° - dap
(a+ )~ 4ap

2
2f -ex(2)
a a
b% — 4ac
a2
+ /b2 - 4ac
a

(a—-B)>

[ 4 marks]

Answer 2

(1) Asthereisnoterminz,a+ﬁ+y:0

As o andp are realy must also be real to satisfy the above constraint.

[1mark ]

(i) Asthereisnoterminz,a+[3+y:0
1+-4H+y=0
y =3

Furthermore,af + By + ya = m
m=1x4H+ (-4 x3+3x1

= -13

Finally, afy = —n
n=-(1x(-4 x%x3

=12

So, the equation was,
XX — 13X + 12 = 0

[ 4 marks]



Answer 3
(i) 3 - px+11 =0
Divide through by 3
3 p 11

AV
XT3 3

af + Py + ya = -

[ 1mark ]

. 11
(i) The cubic is thus, XS + 4 + 3 = 0

11
a+p+y=0 af+py+ya =4 and aﬁyz—?

[ 2marks]

(i)  (3-a)(3-5)(3~-7)
=(3-a)(9-3 -3 +py)
=27-9 — 96 + 36y — 9a + 3ay + 3af — afy
=27-9(a+B+y)+ 3(af + By + ya) — afy

27—9wy+mm-«—%;)

128

3
[ 3marks]



Answer 4

Clever Method
3x2+2x+1=0
2 2 1
X+ —=xXx+—-—=0
3 3
2 1
+p =-— and = —
a+ B 3 af 3
ASaisarOOt,3a2+2a+1= 0
:>3a2+3a+1:a

l-a=-3a(a+1)

Asﬁisaroot,3ﬂ2+2,8+1: 0
= 385 +3B+1=48
1-p=-3(p+1)

_ (—3a(a+1) )3+(—3ﬁ(ﬁ+1) )3

(112)+ (1+a) (1+5)

—27(a® + g3)
—27( (a + B)° - 34?8 - 3a %)
~27( (o + $)° = 3ap (a + §))
—27(a + B)° + 810B (a + B)
2\3 1 2
)

27x (-5 ) v ex () x5

8 - 18
-10

[ 8 marks]



Straight Forward Method

3% +2X+1=0
2 2 1

X4+ —=xXx+—=—=0
3 3

a+,8:—% andaﬁzé

1-p
1+p4
l1-a 1-5
(1+a)+ 1+p
L-a)(1+B)+(1-8)(1+a)
(l+a) (1+p)

2(1-ap)
1+ (a+p)+ap

2(1-(3))

Letx:(i_a)andy:(

) S0 X + y3 Is sought
+ a

Then,x +y

and, Xxy

(1—a) 1—/3)

l1+a 1+5
l1-(a+p)+ap
1+ (a+p)+ap

1-(-3)

)

=3

+
+

wW|

From the Binomial theorem,( x + y)3 =X+ 3x2y + 3xy2 + y3
deduce that, X + y3 = (X + y)3 - Xy(X+Y)

3 3
(1 O‘)+ L-B\V _ ¥ _3x2x3
1+ a 1+p4

8 - 18
= -10

[ 8marks]

Solution was written and posted by MHH on Math.StackExchange.com, July 9th



Answer 5

f(x):kx2+3x—ll g(x):mx3—2x2+3x—9
. . 3 11
Letf have rootsif andgs in which case a5 + ff = X and afff = "

Letg have rootsig, Bg and yg in which case,

2 3 9
ag + fg+vg = — agby + fgrg + ygug = — and aghgrg = ——

We are told that,
¢ the sum of the roots 6is equal to the product of the rootsgof

ai + Br = agBgrg
3 9
"k m
kK  m
3 9
Kk=_m
3

¢ g has at least one root on the imaginary axis
Let agbe that root,ag = Ki, and sog(Ki) = 0

g(Ki)y =0
m(Ki)® = 2(Ki)? + 3(Ki) = 9 = 0
—mK3i +2K2+3Ki-9=0

Equating real parts2 K2-9=0= K? = %
Equating imaginary parts - mK3 + 3K = 0
mK3 = 3K
3
M=z
3 x2
9
-2 K= 2
3 9



(a) (i)
f(x) =0

K3 +3x— 11 = 0

—%x2+3x—11:0

2x% — 27 + 99 = 0
. 27+ 272 — 4 x 2 x 99
B 2 x 2
27+ +-63
B 4
27 £ 3VT
B 4
(ii)
gx) =0

mx3—2x2+3x—9=0
%x3—2x2+3x—9:0

23— 6X +9x—27 =0

2 9 . 3 . 3V2.
As K* = > and a root waag = Ki, ag = iﬁl = % > |
g(x) had all real coefficients and so has a conjugate pair or roots
b= 3V2 B = 3va .
9= 2 9= 2
9
agbgrg = —
3V2 . ( 3V2 . 9x 3
— 1 X - — 1| X Yg =
2 2 2
_9x2x(¢yH 27
4 T
Yg = 3

[ 7marks]



(b)

— 3v2it4 af = 2

|
WA 1@%
i 27 — T

Answer 6
(1) Using the substitution method,
1 1
W=— = X=—
X

w
x4+x3+px + 4x - 2

SRR IR

Multiply through byw

0
1+W+pV\/2+4W3—2W4=0

2wt —awd - pw? —w-1=0

4 3 P 1 1
—2w - WP - —w- = =0

4 L
w

27 + /7

[ 2marks]

[ 3marks]



(i) For the original quartic,
a+pB+y+0=-1 a(B+y+0)+B(y+0)+y(0) =p
afy + Byo + yoa + oaf = -4 afyo = 2
Standard result,

a2+ﬁ2+y2+(32
—(a+B+y+0Y—2(alB+y+0)+B(y+08)+y(d))
@l BP0t = (-2 - 2p

For the transformed quatrtic,

1 1 1 1 12 1 1 1/1 1 1/1 p
—+—-+-—-+-=2 —(=+-—-F<|+=|-+= <] =-z
a p vy 0 a\p vy O B\y 0o y\o 2

1 1 1 1 1 1 1

+ + + = = — = -z

afy  pydo  yda  daf 2 afyo 2

So the standard result will become,

1 1 1 1
—2+?+—2+?

a 14
_1+1+1+12_2(1(1+l+1 1(1 1)+1(}))
a p y 0 a\p y o] PBly o] y\o
1 1 1 1 2 (p)
>t >+t S+ =27 - 2(-
a2 32 )/2 FY 2
=44+p
2 2, 2 {2 1 1 1 1
As ++y+0 = 5+ —=+ =+ —
a+ By 2 T
1-2p=4+p
3p =-3
p=-1

[ 5marks]
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