
7.2  Answers
Further A-Level Pure Mathematics : Core 1

 Roots of Polynomials
Answer 1

( α − β )2 = α2 − 2αβ + β2

= α2 + 2αβ + β2 − 4αβ

= ( α + β )2 − 4αβ

= (− 
 b 
 a )

2

− 4 × (  c 
 a 

 )
=

 b2 − 4ac 
 a2

∴ α − β =
 ±  b2 − 4ac  

 a

[ 4 marks ]

Answer 2

  x2,  α + β + γ = 0( i ) As there is no term in 

As α and β are real, γ must also be real to satisfy the above constraint.

[ 1 mark ]

  x2,  α + β + γ = 0( ii ) As there is no term in 

∴     1 + (− 4) + γ = 0

                                 γ = 3

            αβ + βγ + γα = m  Furthermore,

m = 1 × (− 4) + (− 4) × 3 + 3 × 1

= − 13

         αβγ = − nFinally,  

n = − ( 1 × (− 4) × 3)

= 12

So, the equation was,

x3 − 13x + 12 = 0

[ 4 marks ]



Answer 3

         3 x3 − px + 11 = 0( i )

Divide through by 3

x3 −
 p 
 3 

 x +
 11 
 3 

= 0

αβ + βγ + γα = − 
 p 
 3 

4 = − 
 p 
 3 

p = − 12

[ 1 mark ]

 x3 + 4x +
 11 
 3 

= 0( ii ) The cubic is thus, 

α + β + γ = 0     αβ + βγ + γα = 4        αβγ = − 
 11 
 3 

and

[ 2 marks ]
  
  ( 3 − α ) ( 3 − β ) ( 3 − γ )( iii )

   = ( 3 − α ) ( 9 − 3γ − 3β + βγ )
= 27 − 9γ − 9β + 3βγ − 9α + 3αγ + 3αβ − αβγ

= 27 − 9 ( α + β + γ ) + 3( αβ + βγ + γα ) − αβγ

= 27 − 9 (0) + 3(4) − (− 
 11 
 3 

 )
=

 128 
 3 

[ 3 marks ]



Answer 4
Clever Method

3 x2 + 2x + 1 = 0

x2 +
 2 
 3 

 x +
 1 
 3 

= 0

α + β = − 
 2 
 3 

      αβ =
 1 
 3 

and

  3 α2 + 2α + 1 = 0As α is a root, 

⇒ 3 α2 + 3α + 1 = a

1 − α = − 3α ( α + 1 )

  3 β2 + 2β + 1 = 0As β is a root, 

⇒ 3 β2 + 3β + 1 = β

1 − β = − 3β ( β + 1 )

So,

  (  1 − α 
 1 + α 

 )3 + (  1 − β 
 1 + β 

 )3 = ( − 3α ( α + 1)  
( 1 + α )

 )3 + ( − 3β ( β + 1 )  
( 1 + β )

 )3
= − 27( α3 + β3 )
= − 27( ( α + β )3 − 3 α2 β − 3α β2 )
= − 27( ( α + β )3 − 3αβ ( α + β )  )
= − 27( α + β )3 + 81αβ ( α + β )

= − 27 × (− 
 2 
 3 

 )3 + 81 × (  1 
 3 

 ) × (− 
 2 
 3 

 )
= 8 − 18

= − 10

[ 8 marks ]



Straight Forward Method

3 x2 + 2x + 1 = 0

x2 +
 2 
 3 

 x +
 1 
 3 

= 0

α + β = − 
 2 
 3 

      αβ =
 1 
 3 

and

x = (  1 − α 
 1 + α 

 )   y = (  1 − β 
 1 + β 

 )   x3 + y3  Let  and  so  is sought

x + y = (  1 − α 
 1 + α 

 ) + (  1 − β 
 1 + β 

 )Then,  

=
 (1 − α ) ( 1 + β ) + ( 1 − β ) ( 1 + α )  

 ( 1 + α )  ( 1 + β )  

=
 2 ( 1 − αβ )  

 1 + ( α + β ) + αβ 

=
 2 ( 1 − (  1 

 3 
 ))  

 1 + (−  2 
 3 

 ) +  1 
 3 

 

= 2

xy = (  1 − α 
 1 + α 

 ) (  1 − β 
 1 + β 

 )and,       

=
 1 − ( α + β ) + αβ 
 1 + ( α + β ) + αβ 

=
 1 − (−  2 

 3 
 ) +  1 

 3 
 

 1 + (−  2 
 3 

 ) +  1 
 3 

 

= 3

( x + y )3 = x3 + 3 x2 y + 3x y2 + y3From the Binomial theorem,   

x3 + y3 = ( x + y )3 − 3xy ( x + y )deduce that,     

∴   (  1 − α 
 1 + α 

 )3 + (  1 − β 
 1 + β 

 )3 = 23 − 3 × 2 × 3

= 8 − 18

= −10

[ 8 marks ]

Solution was written and posted by MHH on Math.StackExchange.com, July 9th 2020



Answer 5

f (x) = k x2 + 3x − 11  g (x) = m x3 − 2 x2 + 3x − 9

αf  βf      αf + βf = − 
 3 
 k 

    αfβf = − 
11 
 k 

Let f  have roots and in which case and

  αg,  βg γg  Let g have roots  and  in which case,

αg + βg + γg =
 2 
 m 

      αgβg + βgγg + γgαg =
 3 
 m 

  αgβgγg =
 9 
 m 

and  

We are told that,
•  the sum of the roots of f is equal to the product of the roots of g

αf + βf = αgβgγg

− 
 3 
 k 

=
 9 
 m 

 k 
 3 

= − 
 m 
 9 

k = − 
 m 
 3 

 

•  g has at least one root on the imaginary axis

αg  αg = K g (K ) = 0    Let  be that root, i, and so i

g (K ) = 0i

m (K )3 − 2 (K )2 + 3(K ) − 9 = 0i i i

− m K3 + 2 K2 + 3K − 9 = 0i i

2 K2 − 9 = 0 ⇒ K2 =  
 9 
 2 

Equating real parts : 

        − m K3 + 3K = 0Equating imaginary parts : 

m K3 = 3K

m =
 3 

 K2 

=
 3 × 2 

 9 

=
 2 
 3 

 ∴  k = − 
 2 
 9 



( a ) ( i )

f (x) = 0

k x2 + 3x − 11 = 0

− 
 2 
 9 

 x2 + 3x − 11 = 0

2 x2 − 27x + 99 = 0

x =
 27 ±  272 − 4 × 2 × 99  

 2 × 2 

=
 27 ± − 63  

 4 

=
 27 ± 3  7   

 4 
i

( ii )

g (x) = 0

m x3 − 2 x2 + 3x − 9 = 0

 2 
 3 

 x3 − 2 x2 + 3x − 9 = 0

2 x3 − 6 x2 + 9x − 27 = 0

K2 =  
 9 
 2 

  αg = K ,   αg = ± 
 3 

  2  
 = ± 

 3  2 
 2 

 As  and a root was i i i

g (x)  had all real coefficients and so has a conjugate pair or roots

αg =
 3  2  

 2 
  βg = − 

 3  2  
 2 

 i i

αgβgγg =
 9 
 m 

 3  2  
 2 

 × ( −  
 3  2  

 2 
  ) × γg =

 9 × 3 
 2 

i i

− 
 9 × 2 × (− 1)  

 4 
× γg =

 27 
 2 

γg =  3

[ 7 marks ]



( b )

0
1284- 12 - 8 - 4

- 4

- 8

- 12

12

8

4

 

 

αf =
 27 + 3  7   

 4 

i
βf =

 27 − 3  7   
 4 

i

γg =  3
αg =

 3  2  
 2 

 i

βg = − 
 3  2  

 2 
 i

Re

Im

[ 2 marks ]

Answer 6
( i ) Using the substitution method,

w =
 1 
 x 

⇒ x =
 1 
 w 

x4 + x3 + p x2 + 4x − 2 = 0

(  1 
 w 

 )4 + (  1 
 w 

 )3 + p (  1 
 w 

 )2 + 4 (  1 
 w 

 ) − 2 = 0

w4Multiply through by 

1 + w + p w2 + 4 w3 − 2 w4 = 0

2 w4 − 4 w3 − p w2 − w − 1 = 0

w4 − 2 w3 −
 p 
 2 

 w2 −
 1 
 2 

 w −
 1 
 2 

= 0

[ 3 marks ]



( ii ) For the original quartic,

       α + β + γ + δ = − 1 α ( β + γ + δ ) + β ( γ + δ ) + γ ( δ ) = p 

   αβγ + βγδ + γδα + δαβ = − 4  αβγδ = 2

Standard result,

    α2 + β2 + γ2 + δ2

      = ( α + β + γ + δ )2 − 2 ( α ( β + γ + δ ) + β ( γ + δ ) + γ ( δ )  )
∴  α2 + β2 + γ2 + δ2 = (− 1)2 − 2p

= 1 − 2p

For the transformed quartic,

       
1
α

+
1
β

+
1
γ

+
1
δ

= 2 
1
α (1

β
+

1
γ

+
1
δ

  ) +
1
β (1

γ
+

1
δ) +

1
γ (1

δ) = − 
p

2
 

   
1

αβγ
+

1
βγδ

+
1

γδα
+

1
δαβ

=
1
2

  
1

αβγδ
= − 

1
2

So the standard result will become, 

 1 
 α2 

+
 1 
 β2 

+
 1 
 γ2 +

 1 
 δ2         

  = ( 1
α

+
1
β

+
1
γ

+
1
δ)2 − 2 ( 1α (1

β
+

1
γ

+
1
δ) +

1
β (1

γ
+

1
δ) +

1
γ (1

δ)  )
∴  

 1 
 α2 

+
 1 
 β2 

+
 1 
 γ2 +

 1 
 δ2 = 22 − 2 (− 

p

2)
= 4 + p

α2 + β2 + γ2 + δ2 =
 1 
 α2 

+
 1 
 β2 

+
 1 
 γ2 

+
 1 
 δ2 

As   

1 − 2p = 4 + p

3p = − 3

p = − 1

[ 5 marks ]
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