8.3 Answersto 8.2 Exercise

Answer 1
METHOD 1

Further A-Level Pure Mathematics: Corel
Roots of Polynomials

x3+x+1:0

a+B+y=0 af+py+ya=1 affy = -1

Standard result :

2 2 2 2
a+ B+ Yy =(a+Bp+y)—2(aB+ Py + ya)
—0°-2x1

= -2
Standard result :

BBy =(a+B+y)P-3(a+B+y)(aB+py+ya)+ 3y
—0°-3x0x1+3x (-1

=-3

Standard result for a depressed cubic: (proven above)

a4+,84+y4

Standard result :

(12,32+ﬁ2)/2+ )/2062

2
2(ap + py + ya)
2><12
2

(proven above)

(ap + By + ya ) — 2apy(a + B + )
12—2><(—1)><O
1

Standard result : (proven above)
a3,83+ ﬁay3Jr y3a3

3 2
(ap + By + ya) = 3apy(af + By + ya ) a + B + y) + 3(apy)
B_3x (=) x1x0+3x (=172

4

Also asa is a root, o+ a+ 1 =0 likewise forg andy.

Finally,asa + g+ y =0

Similarly, g% + 2

a+pf=-y
(a+p)Y =7
a2+[32=y2—2aﬁ

o - 28y and yz +a? = /32 - 2ya



Sum of the new roots :
(a=BY+(B=7)7+(y-a)
az—2aﬁ+ﬁ2+ﬁ2—2ﬁy+y2+y2—2ya+a2
2(a®+ g2+ °) = 2(ap + By + ya )
2x(-2)-2x1

= -6

Sum of product pairs :

(a =B (B=-yP+B-vP(y-aP+(y-aP(a-B)F

= (a® = 2ap + °)(B° - 28y + %)
+ (B = 28y + ¥*) (v - 20 + o®)
+ (yz - 2ya + az)(az - 2af + [32)

= azﬁz - 2a2ﬁy + a2y2 - ZOLﬁ3 + 4a[32y - Zaﬁyz + ﬁ4 - 2ﬁ3y + ﬁzyz
+ ﬁzyz — Zﬁzya + ﬂzaz — 2,8)/3 + 4ﬁy2a - Zﬁyaz + )/4 — 2y3a + yzaz

+ yzaz - Zyza,/)’ + yzﬁz - 2ya3 + 4)/0(2[3 - 2ya,82 + a4 - 2a3[3 + a2/3’2

a4+ﬁ4+)/4+ 3(a2ﬁ2+[32y2+)/2a2)

—2(apP+ B+ v+ By + P + 3B)

a4+ﬁ4+)/4+ 3(a2ﬁ2+ﬂ2)/2+)/2a2)

—2(BB+y)+Bla+y)+ 7 (a+p))

a4+ﬁ4+ V4+ 3(a2ﬁ2+ﬁ2)/2+72062)
—2(lca+ FEp+7Pen)

_ 3<a4+ﬁ4+}/4 +a2ﬁ2+ﬁ2y2+y2a2)

=3x(2+1)

=9



Sum of product triples :
(a - BY(B-v)P(y-a)
= (o® + p° — 2ap) (8% + v* - 287 ) (+* + o® - 2ya)
= (2~ 4ap)(a® - 48y)(° - 4ya)
= (¥* - 4ap)(®5° — dya® — 45y + 16a5+?)
a2ﬁ2y2_ 4)/3&3_ 4ﬁ3)/3
+ 1608y — 4638 + 164 By + 160 81y — 644° 5% )2

16apy (a® + 2+ 12) — 428 + 824 + 13 %) - 63(apy)?
2

16 x (-1) x (-3)—-4x4-63x%x (-1
48 — 16 — 63
-31

Hence the equation is,
W+ 6w + 9w +31=0

[ 8 marks]



METHOD 2
Trying to find a transformation fromto w,

letw = (a — §)°

=a2+ﬁ2—2aﬁ
2 1
=y" —4af butafy = -1 .. aff = ——
14
yW=y3+4
but )/3+y+1:0:>y3:—y—1
YW =—-y—-1+14
YW+ vy = 3
y(w+1)=3
3
= Thatis,x =
v w+ 1 w+1

x3+x+1=0

3
(wet) *lwag)rt=0
w+ 1 w+ 1

Multiply through by (w + 1)3

Fir3w+1P+(w+1)X =0
27+3w2+6w+3+w3+3vv2+3w+1:0
W3+6V\12+9W+31=0

[ 8marks]
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