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Lesson 1
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials

1.1 Quadratic and Roots
The simple quadratic equati(mx2 + bx + ¢ = 0 is a surprisingly rich source
of mathematical ideas. It was the original motivation to develop the technique of
completing the square, and a doorway into an understanding of complex
numbers. Through iterating the simple quadra%ic: c the world of Fractal
Geometry was discovered in the 1980s. This tdRoots of Polynomials, also
starts by looking at the quadratic equation from a new perspective.

1.2 Sum Of Roots

The Sum Of The Roots

If @ andp are the roots of the equaticmx2 +bx+c=0 ab ceC

b
then, - =
en a+ B 3

Proof

—b + v b? - 4ac

Without loss of generality, letr =

2a
—b - Vb? - 4ac
and g =
2a
then
vopo bVl b VPP
2a 2a
__b VP-4 b VP -dac
2a 2a 2a 2a
B b b
" 2a 2a
_—=2b
T 2a
b



1.3 Product Of Roots

The Product Of The Roots

If « andp are the roots of the equatioanx2 +bx+c=0 ab ceC

C
then, aff = —
2 a

Proof

—b + vV b? - 4ac

Without loss of generality, letx

2a
—b - b2 = 4ac
and g =
2a
then
p (e P (oo
a - 2a 2a
2
2 (S o
_ (=b) (W) Difference of two squares
_ b? - (b? - 4ac)
- 482
_ b? - b? + dac
- 42
_ f4ac
42
_° O
a

1.4 Sum, Product Example
The roots of the quadratiﬁx2 + 2x — 15 = 0 area andp.
Without solving the equation, find the values of
(i) a+p (i) ap
Gi) L4t (iv) o+ p°
a p
Teaching Video http://www.NumberWonder.co.uk/v9093/1.mp4



http://www.NumberWonder.co.uk/v9093/1.mp4

1.5 After Watching the Teaching Video
(a) Having watched the teaching video complete the following,

(1) In generalax2 + bx + ¢ = 0 divided throughout by gives,

[]

[ 1mark]

(i) This is is useful because,

[]

[ 1 mark]

(iiit)  For the particular exampled X2 + 2x — 15 = 0 is divided

by 8 to get,
[
[ 1 mark]
(b)  Without solving the equation, find the values of
(i) a+p (i) ap
[l [l
[1, 1 mark]
Giy ++2% (v) o+ p°
a p

[ 2, 2 marks ]



1.6 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40
Question 1

The roots of the quadratic equatier2 + 7x — 2 = 0 area andg.
Without solving the equation, find the values of

(i) a+p (i) ap
Gi) L4t (iv) o+ p°
a B
[1,1,2,2marks ]
Question 2

The roots of the quadratic equatieilm2 - 3 + 1 = 0 area andp.
Without solving the equation, find the values of,

(i) a+p (i) ap
(i) o®+ p° (V) —+—
a

[1,1, 2,2 marks ]



Question 3
(1) Prove that,

(a+B)° - 3ap(a+p)=d+p

[ 2 marks ]

(i) The roots of the quadratic equatiéf:rx2 + 6x + 2 = 0 area andp.

Without solving the equation, find the exact valuendf + [33

[ 4 marks ]
Question 4
. . 1 2
The roots of a quadratic equatl(z»n(2 +bx+c=0area = > and g = -3

Find integer values fa, b andc

[ 3 marks ]



Question 5
The complex roots of a quadratic equatiam2 + bx + c =0 are

1+ 2 1-2
and 8 =
3 p 3

Find integer values fa, b andc

o =

[ 4 marks ]
Question 6

The roots of the equatiof X% + 36x + k = 0 are reciprocals of each other.
Find the value of the constakt,

[ 4 marks ]



Question 7
Gerolamo Cardano (1501-1576) is credited with the first formula for solving
cubic equations.

Depressed Cubic Formation Rule
Faced with a general cubic,

ax®+bx¥+cx+d=0 a b c deC

initiate a change of variable by replacingwith t — %

This will always result in what is termed a depressed cubic, one of the form,

t3+pt+q:0 p,ge C

(1) Make the appropriate change of variable for the cubic,

x> - 3x% 4+ 12X+ 16 =0
and show that the resulting depressed cubic is,

P+t +26=0

[ 4 marks ]

Root of a Cubic
Given a depressed cubic of the form

B+p+qg=0 p qge C
wherep andq are not both zero, anélp3 + 27q2 # 0, calculate,
2
cod. a4, |® P
2 4 27
A root of the cubic is then given by,

p
- C-
¢ 3C




(i) Determine a root of the depressed cubic,
2+ 0t +26=0

[ 3 marks ]

(iit)  Using polynomial division, find all three roots, two of which are a
complex conjugate pair, of the depressed cubic,

B+0%+26=0

[ 2 marks ]
(iv)  List the three roots of the original cubic equation,

¥ -3 + 12 +16=0

[ 2 marks ]
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1.7 Answers
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
1.7.1 Solution to 1.5 After Watching the Teaching Video

. 2 b c\
(a) (1) X _(_E)XJr(E)_O
[1mark]
(i) X — (Sum of RootsH+ (Product of Roots)= 0
[ 1 mark]
> 1 15
(i) X+ZX—?—O
[ 1mark]
(b) (i) a+p=-7 (i) o= -2
[1, 1 mark]
(i)
L, i, a
;4_? C ap " af
B a+
=~
_(=1) x8
4 x (-15)
_ 2
- 15
[ 2 marks ]
(iv)
a +ﬁ2:a2+2aﬁ+ﬁ2—2aﬂ

(a+ﬁ)2—2aﬁ

I

|
ENJ SN
SN—
|

N
|

=
oo|o.|
SN—

_ 1,60

16 16
61

= — or 3.75
16

[ 2 marks ]



1.7.2 Solutions to 1.6 Exercise

Answer 1
3x2 + X -2
> 7 2

X+ —=Xx-—==0
3 3

Il
o

(i) a+p=- (i) ap=-=
(i)

a+ B

(-7) x3
3X (-2)

(iv)
a2+ﬁ = a2+2aﬁ+ﬁ2—2aﬂ
(a+ﬁ)2—2aﬁ

3o

[1, 1 marks ]

[ 2 marks ]

[ 2 marks ]



Answer 2

4x2—3x+1:0
x2—§x+i—0
4 4
) 3 .. 1
(i) a+ﬁ—z (i) aﬁ—z

(iii )
P+ P = a? 4 2af + B - 208
= (a + B)° - 2ap

-(3F-4(3)

16 16

= i or 0.0625

(iv)

[1, 1 marks ]

[ 2 marks ]

[ 2 marks ]



Answer 3
(i)
LHS = (a + 8)° - 3a8(a + B)

= a®+3d2B8+3a8°+ 8- 3d%8 - 3up

_ B4
= RHS O

(ii)
5x° +6Xx+2 =0
x2+£x+£=0
5 5
6 2
. = —— and = —
a+ 5 apf =
3
G+ = (a+B)P-3aB(a+p)
3
SR
5 5 5
216 36 5
125 25 " 5
_ —216+ 180
B 125

36
= - 2
1 or 0.288

Answer 4
Xz_(i_z)x+(ixi):0
2 3 2 3
2 1) 1
X —(-—=|x-—==0
( 6 3
6x2+x—2:0
Answer 5
> 1+ 2 1—z) 1+ 2 (1—2
X — +
3 3 3 3

2

[ 2 marks ]

[ 4 marks ]

[ 3 marks ]

) -0

9x° —(3+6i+3- 6)x+(1+2)(1-4)=0
9x2—6x+5=0

[ 4 marks ]



Answer 6

6x°+36x+ k=0
x2+6x+£:0
6

1
Let the two roots be and—
a

Look at the product of the roots:

® o|x o|x

[ 4 marks ]

Answer 7
(i)

x> — 3% + 1% + 16 = 0
(=3)
3x1
XxX=1t+1

The change of variable is,= t -

(t+ 1% -3(t+172%+12(t+1)+16=0
B4 3t2+3t+1-3t2—6t—-3+12A+12+16=0

210 +26=0 0
[ 4 marks ]

(i)

2
B I R N A L _
C_i/ 2+ 4+27 withp = 9 and g = 26

26 262 93
2 4 27
- 3-13+ V1697 27

=§/—13+14
=1
9
=1 -
* 3x1
= -2

[ 3 marks ]



(1ii)  Using the technique of polynomial division from the year 1 course,

t2 — 2t + 13
t + 2[t3 + 0t2 + o + 26

t3 + 2t2
- 2t2 + 9t
- 212 - 4
1% + 26
1% + 26

0 « as expected

2++22 - 4x1x 13
2x1
2 +-48
2
1+ 231

For the quadratic,t

-2 1-2V3i  1+2vV3i
[ 2 marks ]
(iv)
Usingx =t + 1
~1, 2-2V3i, 2+2V3i

[ 2 marks ]
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Lesson 2
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
2.1 Root Relations |

Given a function, a standard mathematical technique is to move it to a place
where it is more easily studied, before then moving the results of the studies
back to the original location. With polynomials, it's often easiest to move the
polynomial by moving it's roots rather than the polynomial itself. All the more
so as the actual values of the roots need not be found. The “move” need not be
simple translation and, indeed, all sorts of interesting other transformations may
come into play.

2.2 Cardano's Use of Root Relations

In the last question of last lesson's exercise it was shown that this process wa
used by Cardano with his formula for solving cubic equations.

Faced with a general cubic,

ax3+bx2+cx+d:0

he would move it by replacing with t — %

This always resulted in what is termed a “depressed cubic”, one of the form,
£+ pt+q=20

Cardano knew how to find the roots of this, and by moving those roots back he
then had the roots of the original cubic.

T A SR E
Gerolamo Cardano (1501-1576)
An Italian polymath who was one of the most influential mathematicians of the Renaissance.
Today, he is most remembered for his achievements in algebra.
He made the first systematic use of negative numbers in Europe, published with attribution the
solutions of other mathematicians for the cubic and quartic equations
and acknowledged the existence of imaginary numbers.



2.3 Example

Let the roots of the quadratic equatiGm(2 + 7x + 1 = 0 area andp.
Without solving the equation, find an all integer coefficient polynomial with roots
20+ 1 and 28 + 1

Teaching Video http://www.NumberWonder.co.uk/v9093/2.mp4

After watching the teaching video write out your own version of the solution.

[]

[ 5 marks ]


http://www.NumberWonder.co.uk/v9093/2.mp4

2.4 Exercise

Any solution based entirely on graphical

or numerical methods is not acceptable.

Make the method used clear.
Marks available : 40

Question 1
The roots of the quadratic equati(i:m2 — 4x + 6 = 0 area andp.
Without solving the equation, find an all integer coefficient polynomial with roots

3o +1 and 38 + 1

[ 5 marks ]
Question 2

The roots of the quadratic equati6n<2 + 6Xx + 1 = 0 area andg.
Without solving the equation, find an all integer coefficient polynomial with roots
l-a and 1 -5

[ 5 marks ]



Question 3

The roots of the quadratic equatitzrx2 + 3x + 7 = 0 area andg.
Without solving the equation, find an all integer coefficient polynomial with roots

a2+1and[32+1

[ 6 marks ]



Question 4

The roots of the quadratic equatiﬁrx2 + 15< + 8 = 0 area andg.
Without solving the equation, find an all integer coefficient polynomial with roots

1+i and 1+i
a B

[ 8 marks ]



Question 5

Further A-Level Examination Question from January 2018, IAL, F1, Q4
The quadratic equatioﬁx2 + 2x + 5 = 0 has roots: andj

Without solving the equation,

(a) find the value ofa® + ﬁz

82

3 3_ 82
(b) showthata™ + 8~ = >7

and(ﬁ+£

(c) find a quadratic equation with rogta + =
/82 OL2

[ 2 marks ]

[ 2 marks ]

Give the answer in the forrpx2 +gx+r =0, withp,q,re Z

[ 4 marks ]



Question 6
This question is about using Cardano’'s method to find the roots of the cubic,

x> — 66X + 340 = 0
It's a little more challenging than the question at the end of previous exercise

although the cubic is already in depressed form so there is no need to change
the variable. Here is a recap of the theory;

Roots of a Cubic
Given a depressed cubic of the form

t3+pt+q:0 p, ge C

wherep andq are not both zero, anélp3 + 27q2 # 0, calculate,

2
C:i/‘ﬂ+ @, P
2 4 27

A root of the cubic is then given by,

p
- C-
¢ 3C

Polynomial division can then be used to find the remaining roots.

To help with a tricky step, there is a part (i) which is useful when tackling
the main problem.

(1) Expand the brackets,
3
(V3 -5)

giving your answer in the forna\/3 + b for integera andb

[ 2 marks ]



(i) Determine, using the method of Cardano, the real root of the cubic,
x> — 66X + 340 = 0

[ 4 marks ]

(1ii)  Using polynomial division with your part (if) answer, find all three
roots, two of which are a complex conjugate pair, of the depressed cubic

x3 — 66x + 340 = 0

[ 2 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



2.5 Answers
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
2.5.1 Solutions to 2.3 Teaching Video

2x2+7x+1:0

Divide through by 2

x2+lx+i:0
2 2

7 1
-.a+ﬁ:—? andaﬁ:?

Sumofnewroots(2a + 1) + (26 + 1)

=2(a+p)+2
:2><(—%)+2
= -5

Product of new roots(2a + 1)(28 + 1)
=4af +2(a+p)+1

:4xi+2x(—l)+l
2 2
2-7+1

= -4

The sought after polynomial is thus,

W+ 5w —4=0

[ 5 marks ]



2.5.2 Solutions to 2.4 Exercise

Answer 1
3x° —4x+ 6 = 0
Divide through by 3

xz—ix+2:0
3

-.a+ﬁ:%anda,8:2

Sumofnewroots(3a + 1) + (36 + 1)

=3(a+p)+ 2
:3><(%)+2
=6

Product of new roots(3a + 1)(38 + 1)
= 9B +3(a+p)+1

9x2+3x(%)+1

18+ 4+ 1
= 23

The sought after polynomial is thus,

W2 — 6W+23=0

[ 5 marks ]



Answer 2

3 +6x+1=0

Divide through by 3

2

1
X+2X+—=0
3

a+f=-2 andaﬁ:%

Sumofnewroots (1 — a) + (1 - )

=2—-(a+p)
=2-(-2)
=4

Product of new roots¢(1 — a)(1 - f)
=1l-(a+p)+ap

10

3

The sought after polynomial is thus,

1
\A/2—4W+?0

3w — 12w + 10

0

0

1

1-(-2)+=

3

[ 5 marks ]



Answer 3
2% + X +7=0
Divide through by 2

2 3 7
X+ =X+ —=0
2 2

-.a+ﬁ:—%andaﬁ:%

Sum ofnewroots(oz2 + 1) + (,6’2 + 1)

a2+,82+2
(a+ ) = 2af + 2
3 \? 7

(——) -2X—=+2
2 2

:3—7+2
4

_u
4

Product of new roots(:a2 + 1)(ﬁ2 + 1)
= d?F+a?+ P+
@B + (a + ) - 2ap + 1
2 2

:(l) +(—£) —2><1+1
2 2 2
=£+3—7+1

4 4
_ 17
-2

The sought after polynomial is thus,

11 17
+—wW+ — =0
4 2

AW + 1w + 34 =0

[ 6 marks ]



Answer 4

5x° + 15 + 8 = 0
Divide through by 5

x2+3x+§:0
5

-.a+ﬁ:—3andaﬁ:%

~——
+

1
Sum of new roots ( 1+ —
04

)

I
N
+

S
+

8
1

Product of new roots(:

1 1 1
- 14 =4+ = 45—

e T
B a 1
g " ap T ap
a+p +1

of
(-3+1) x5

=1+

=1+

vvz—iw—i:O

0

oo
S
|
=
|
N
I

[ 8 marks ]



Answer 5

(a)
3 +2x+5=0
Divide through by 3

R+ lxs2 -0

3 3
2 5
= —— d - =
a+fp 3 an aB 3
@+ B = (a+p) - 2ap
2
3 3
_4_30
9 9
__2%
9
[ 2 marks ]
(b)

(a+B)P =ad+3d%B+3ap’+p
nd = (a+ P - 3ap(a+ p)
3

:(—3) _3x£x(_£)
3 3 3
_ 8, %
-21 271
_ &2 .
27
[ 2 marks ]
(c)
f o B
Sum of new roots a+? + ﬁ+?
3, 23
a® + f
(a+5) o2 2
_(_3;)+ 82 x 9
13 27 x 25
2 82
= —— 4+ —
3 75

32

75



(7]

[1+22)

Product of new roots(: a + %

1
1+?

= af

- of 1 1 1)

1+F+?+a2—ﬂ2
a2+ﬁ2 1
a2ﬁ2 +a2ﬁ2
2 2
:a/j+a+ﬁ N 1
aff aff
(5) -26 x 3
= + ——-

3 9x 5

25 26 9

e — + [
15 15 15
8

15

1+

= ap

3
+_
5

The sought after polynomial is thus,

wo w2 2o
75 15

75W2 — 32w + 40

0

[ 4 marks ]



Answer 6

(i)

(V3 -5) = (V3) +3(V3)*(=5) + 3(V3) (=57 + (-5)°
= 3v3 - 45+ 75v/3 - 125
= 78y/3 - 170

(i)

Check4 p3 + 27q2

[ 2 marks ]

x> — 66X + 340 = 0
p=-66andq = 340

= 4 x (-66)° + 27 x 34C°
— 1149984+ 3121200
1971216

# 0  so OKto proceed...

i/ 340 J3402 (- 66)3
= §- + -
2 4 27

= 3/-170 + /28900 10648

= 3/-170 + 78V3
=+v3 -5 from part (i)

- 66
"V -5-3E )
~ 22 (V3 +5)
“V3 S TR T X (s
V3 _54. 22(vV3 +5)

3-25
-V3-5-V3-5
- ~10

[ 6 marks ]



(i) .~ (x+ 10) is afactor ofx® — 66x + 340

Using the technique of polynomial division from the year 1 course,

X2 — 10x + 34
X + 10| x3 + 0x2 — 66x + 340

x3 + 10x2
— 10x2 — 66x
- 10x2 — 10«
34x + 340
34x + 340

0 « as expected

10+ (-102 - 4x 1 x 34
2x1
10 + V=36
2
= 5+ 3j

For the quadratic,x

The three roots of the cubic equation are,
-10, 5- 3i 5+ 3i

[ 2 marks ]
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Lesson 3
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials

3.1 Cubic and Roots
Having taken a fresh look at quadratic equations through a study of their roots,
the focus can now shift to cubic equations. Thanks to Gerolamo Cardano it is
known that there is, in principle, a formula to solve cubics. Alas, it has a square
root nested inside a cube root which makes manipulating it intricate.
Fortunately, the algebra can be skirted around by a more thoughtful approach
To illustrate the idea, it will first be applied it to the generalised quadratic
equation.

3.2 A Proof Rewritten

The Roots of a Quadratic

If @ andp are the roots of the equaticmx2 +bx+c=0 ab ceC

b c
then, = - = - =
en a+ B 3 af 3

Proof
For a general quadratic, with roetsandg,
ax’ + bx + ¢ = a(x2+£x+£)
a a
=a((x-a) (x-p))

xz—ax—ﬁx+aﬁ)

(
a(
a(x2 — (o + B)X + a,b’)
From which can be seen that,

x2+%x+%):(x2—(a+,8)x+aﬁ)

And, by matching coefficients of the deduction made that,

a+ﬂ=—% andaﬂ:% O

The key feature of this proof, in comparison with that presented in Lesson 1, is
that no use is made of the formula,

—b++vb? + 4ac

2a

X =



3.3 A Similar Proof For Cubics

The Roots of a Cubic

If «, 8 andy are roots ofax> + bxX* + cx+d = 0 a b c deC
b c d

then, ++y =—-—— + By + = — = ——

aﬁya aﬁﬁVVaaaﬁVa
Proof
For a general cubic, with roois g andy,
axC+bxX +cx+d = a(x3+ Rx2+£x+g)

a a a

al (x—a) (x=p) (x=y))

(¢ = ax—px+ap)(x-y))
((xz—ax—ﬁx+aﬁ)x—(xz—ax—ﬂx+aﬂ)y)
(x3 a x? —,6x +aﬁx—yx2+ayx+ﬁyx—aﬁy)

=a(C-(@+p+7)C+ (ap+ By +ya)x— ay)
from which can be seen that,

I
s}

Q

= a

(X3+%X2+%X+%):(X3—(a+,8+)/)X2+(aﬁ+,3y+ya)x—a,3y)

and, by matching coefficients »f the deduction made that,

d

b c
+B+A=—-— + By + = — and = — d
a+p 5 P+ By tya=— afy 3

Notice that, as with the quadratic,

e The sum of the roots (& %)

e The sum of all possible product pairs of roots( isz )

Poly-gnomial




3.4 Example

The roots of the cubic equaticihx3 +5¢ - 2x+3=0 area, g andy.

: . . , 1 1 1
Without solving the equation, find the valueef + — + —

a B v

Teaching Video http://www.NumberWonder.co.uk/v9093/3.mp4

.E_-i'f-.*-'a‘
e

ETE‘-.--

Watch the teaching video and then write out a solution to the question.

[]

[ 4 marks ]


http://www.NumberWonder.co.uk/v9093/3.mp4

3.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40

Question 1

The roots of the equatio;fix3 ~3x° - x+6=0 area, f andy
Without solving the equation, find the roots of

(1) a+p+y (i)  af+ Py +ya
(i) a?py? vy L4+142

a By
Question 2

The roots of the cubic (=)quatic13nx3 +bx¥+cx+d=0 are,

a=8 pf=9and y =-10
Find integer values fog, b, c andd

[1, 1 mark]

[1, 2 marks ]

[ 2 marks ]



Question 3

a+p+y

(1) With the aid of the diagram expand the bracketé@of+ f + y )2

[1mark]
The roots of the equatio X+ a4 +Tx+1=0 area, g andy
Without solving the equation, write down the values of,
(i) a+p+y

[ 1mark]
(i)  af+ By + ya

[1mark]
(iv) apy

[ 1mark]

(V) o+

[ 2 marks ]



Question 4
Further A-Level Examination Question from June 2017 SAM, Core 2, Q1

The roots of the equatiom3 —8x° +2%-32=0 area, 5 andy

Without solving the equation, find the value of

(1) %+%+%

[ 3 marks ]

(i)  (a+2)(p+2)(y+2)

[ 3 marks ]

(i)  a®+ B2 +52

[ 2 marks ]



Question 5
Our sequence of questions exploring Cardano's extraordinary achievement in
finding and using a formula to solve cubic equations continues by looking at,

X — 252X + 1296 = 0

As you will discover, this example involves complex numbers.
Here is a recap of the theory to be applied;

Roots of a Cubic
Given a depressed cubic of the form

t3+pt+q:0 pge C
wherep andq are not both zero, anélp3 + 27q2 # 0, calculate,
2
coq-9, %, P
2 4 27
A root of the cubic is then given by,

p
- C-
¢ 3C

Polynomial division can then be used to find the remaining roots.

To help with a tricky step, there is a part (i) which is useful when tackling
the main problem.

(1) Expand the brackets,
3
(6 + 4v/3i) where i =/=1such that§ = —1

giving your answer in the forray/3 i + b for integera andb

[ 3 marks ]



(i) Determine using the method of Cardano, the real root of the cubic,
x> — 252 + 1296 = 0

[ 3 marks ]

(iit)  Using polynomial division with your part (ii) answer, find all three
roots, which are all real, of the depressed cubic,

X — 252X + 1296 = 0

[ 2 marks ]



Question 6

(a+ﬂ+7/3) =
ala+B+y ) +pla+tB+y ) +y(a+B+y )

(i) In question 3 a square with sides of length 8 + y was of assistance
in expanding the brackets 6tx + § + y)2

For (a + B + y)3 a cube can be used in which case the three layers of
the cube give cuboids with volumes as shown above.

By using the diagrams or otherwise, expand the brackdts of g + v )3
[ 1 mark]

(i) Manipulate your part (i) answer into a form that will allow you to express

o+ /33 + ys interms ofe + 8 + y, af + By + ya and afy

[ 2 marks ]



Question 7
Further A-Level Examination Question from June 2019, Core 2, Q2 (Edexcel)

The roots of the equatiom3 —2X% +4x-5=0 arep, g andr
Without solving the equation, find the value of
2 2 2

(I) F+E+T

[ 3 marks ]
(i) (p-4)(a-4)(r-4)
[ 3 marks ]
(i) pP+g+r3
[ 2 marks ]
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3.6 Answers

Further A-Level Pure Mathematics : Core 1

Roots of Polynomials
3.6.1 Solution to 3.4 Teaching Video Example

2x3+5x2—2x+3:0

Divide through by 2

x3+£x2—x+3:0
2 2
5 3
.‘.a+[3+y=—? aff + By + ya = -1 andaﬁy:—?
i+i+i= Py + 2y ap
a By apy  aofy  aPy
_af+ Py +ya
aBy
(=1 x2
(-3
_ 2
3

[ 4 marks ]



3.6.2 Solution to 3.5 Exercise

Answer 1 4x3—3x2—x+6:0

Divide through by 4
3 3 o 1 3

X—ZX —ZX+?=0
. 3 .. 1
(1) ‘“/“V:Z (i) aﬁ+ﬁy+ya=—z
_ 3 222 9
(i)  aBy = > = a"fy" = 2
: 1 1 1 By ay af
(iv) — + = + — + +
a B vy afy — afy  apfy
_ af+ By +ya
apfy
(=1 x2 1
 4x (-3 6
[1,1,1, 2 marks ]
Answer 2
ax3+bx2+cx+d=0 :>x3+£x2+£x+i=0
a a a

a=8 pf=9and y =-10

b
+B+y=—-—
a+p+y 3

b _gi9-10-7
a
Cc
of + Py +ya = —

a
%:8x9+9><(—10)+(—10)><8

= 72-90-80=-98

d
=3
d
- = 8 x 9 x (-10) = —720

Thus the polynomial sought is,
X2 — X2 — 98X + 720 = 0
Thatis,a =1 b=-7 ¢ =-98 d = 720 (for example)

[ 2 marks ]



Answer 3
2x3+4x2+7x+1: 0

Divide through by 2

3 2 7 1
X+2X+ =X+ = =0
2 2

(i)  (a+B+y)Y°=d>+p+y*+2(ap+py+ya)
(i) a+pf+y=-2

(iir) aﬁ+ﬁy+ya:%
(V) apy=-—
(V) P+ 2= (a+p+yV-2(ap+py+ya)
o2 _ o L
=(-2) 2 X > = 3
[1,1,1,1, 2 marks ]
Answer 4

x> - 8x° + 28— 32=10
a+pf+y=8  af+pyr+ya =28 oafy =32
1 1 1 By L af

(1) — +— 4+ — =
a By apy — afy  aPy
_af + By + ya
afy
:E:l or 0.875
32 8

(i)
(a+2)(B+2)(y+2)=(a+2)(By+28+2y+ 4
= afy + 2af + 2ay + 4a + 20y + 46 + 4y + 8
=a[g’y+2(aﬁ+ﬁy+ya)+4(a+[3’+)/)+8
=32+2x28+4x8+8
= 128
(iit)
(a+B8+yP2=d®+p+y2+2(aB+pBy+ya) (seequestioB)
vd B = (at By - 2(ap + Py + ya)
=8 -2x28
=8

[3,3,2marks ]



Answer 5
(i)
(6+4\/§i)3

(2(3+2v3i))

- 8(3+2\/§i)3

- 8(3+2v3i)(3+2V3i)

= 8(3+2v3i )9+ 12v3i + 12i°)
= 8(3+2v3i)(-3+12V3i)

= 24(3+2V3i)(-1+4V3i)

= 24(-3+12V3i - 2V3i + 24i°)
= 24(-27+ 10V 3i)

— — 648 + 240V 3 i
[ 3 marks ]

(i) X —25X+1296=0 = p=-252 q= 1296

4 p3 + 27q2

= 4 (-252° + 27 x 1296
— 64012032+ 45349632
-18662400 Whichis # 0 so OK to proceed

B i/_ 1296 J 1206 (-252)°
- 2 4 27

— 3/-648 + /419904 592704

= 3/-648 + V=172800
— 3/-648+ /57600 3 x (- 1)

= 3/-648 + 2403 i
=6+ 4+/3i from part (i)



(— 252)

3(6+4V3i)
84(6 - 4v3i)

(6 +4V3i)(6-4V3i)

. 84(6-4v3i)
— 6+ 4V3
T4V8I+ —a s

=6+ 4V3i+6-4v3i
=12

X=6+4y3i-

=6+4V3i+

[ 3 marks ]

Giil) - (x - 12) is afactor ofx° — 25 + 1296

Using the technique of polynomial division from the year 1 course,

x2 + 12x — 108
X — 12| x3 + 0x2 — 25X + 1296

x3 — 12x2
12x2 — 25X
12x2 — 144
- 10& + 1296
- 10& + 1296

0 « as expected

~12+ 4/ (-122 - 4 x 1 x (-108
2x1

For the quadratic,x

—-12 ++/576
2
-12+ 24
2
—18 or 6

The three roots of the cubic equation are,
12, 6 (- 18

[ 2 marks ]



Answer 6
(i)  (a+B+y) =
@S+ 3a2B + 3d%y + 3f%a + B2+ 382y + 3% + 328 + 95 + 6By
[1mark]
(i)
36 + 368 + 3d®y + 3f%a + 38 + 382y + 37%a + 3528 + 3)°
—2(a3+ﬂ3+y3)+6aﬁy
:3a2(a+ﬁ+y)+Sﬁz(a+ﬂ+y)+3y2(a+,8+y)
—2(a3+,83+y3)+6aﬁy

:3(a2+ﬁ2+y2)(a+ﬁ+y)—2(a3+[33+y3>+6aﬁy

So,
2(a3+ﬁ3+7/3)=3(a2+ﬁ2+yz)<a+ﬁ+a/>—(a+ﬁ+y )3+6aﬁV

From question 3,
(a+B+yF=a®++y2+2(ap+py+ya)

That is, a2+ﬁ2+ yz =(a +ﬁ+)/)2— 2(ap + By + ya)
Thus,
2(a3+ﬁ3+ y3) =

2 3

3((a+p+y)¥—2(ap+py+ya))(a+p+y)—(a+p+y) +6ahy
And finally,
a3 + ﬁ3+ y3 =

2((av By =20+ py+ya) Na+ v 9) = 5+ )+ 3apy

Other expressions that can result include,

BB+ =(a+B+y)P-3(a+B+y)(ap+ By +ya) + 3apy

BB+ = (a+B+y)(a+B+yP=3(ap+py+ya))+3apy

[ 2 marks ]



Answer 7
x3—2x2+4x—5: 0

p+q+r=2 pg+qgr+rp=4 pgr =5

(i)
£+£+£:2pr+2pr+2pq
p q r par par par
_ 2(pg+ar+rq)
= r
_2x4
-5
_ 8
"5
[ 3 marks ]
(i)

(p-4)(q-4)(r - 4)
(p—4)(ar — 49— 4 + 16)

par — 4pq — 4pr + 16p — 4gr + 16q + 16r — 64
par —4(pg+qgr +rp) +16(p+q+r) — 64
—5_4x4+16x2— 64

= —43

[ 3 marks ]

(iit)  From question 6

Prgd+r =

3 1
5((p+q+r)2—2(pq+qr+rp))(p+q+r)—5(p+q+r>3+3pqr
:%(22—2><4)><2—%><23+3><5

=-12-4+15
= —16 + 120
= -1

[ 2 marks ]
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Lesson 4
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
4.1 Root Relations I

As with quadratics, with cubics it may be that the equation of a second cubic is
sought that is related to the first through a transformation of the roots. Two
methods of tackling such questions will be presented. In the first it is the roots
that are worked on, in the second the equation is transformed directly.

4.2 Example

The roots of the cubic equaticiB1x3 + X +2X+6=0 area, § andy.
Without solving the equation, find an all integer coefficient polynomial with roots

3a, 33 and 3y

Teaching Video http://www.NumberWonder.co.uk/v9093/4a.mfMethod 1)
http://www.NumberWonder.co.uk/v9093/4b.mf{Method 2)

[m] -
_;E; <=Method 1 Method 2 =>
s

After watching the teaching videos write out your own version of the solution.

[

[ 6 marks ]

Both methods are useful. For some questions either method will work, for
others only one of the methods will. If one method stalls, try the other.


http://www.NumberWonder.co.uk/v9093/4a.mp4
http://www.NumberWonder.co.uk/v9093/4b.mp4

4.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40
Question 1

2

The roots of the cubic equatioﬁ’ + mx~ + nx+ 5 = 0 areq, § andy.

(1) Giventhata + f + y = 7 and a8 + By + ya = 6 state the value
of mand the value af.

[ 2 marks ]

(ii) Without solving the equation, find an all integer coefficient polynomial
with roots 2a, 25 and 2y.

[ 3 marks ]
Question 2

The roots of the cubic equationc’ + 10X +3X-7=0 area, 5 andy.
Without solving the equation, find an all integer coefficient polynomial with roots
a—-1 g-1and y -1

[ 5 marks ]



Question 3
Further A-Level Examination Question from May 2018, Core 1, Q2 (Edexcel)

The cubic equatiorlz3 ~3Z+2z+5=0has roots:, B andy
Without solving the equation, find the cubic equation whose rooté2ue+ 1),

(26 + 1) and(2y + 1) giving your answer in the formv® + pvv2 +qw +r
wherep, g andr are integers to be found.

[ 5 marks ]



Question 4

The cubic equatiorx3 + 5% - x+ 3 = 0 has roots:, g andy

Without solving the equation, find the cubic equation whose rootszar)é2 andy2

giving your answer in the formv® + pw2 + gw + r wherep, g andr are integers.

[ 6 marks ]



Question 5

The cubic equation<3 +4x° —5x — 7 = 0 has roots:, B andy.

Without solving the equation, find the cubic equation whose roots are,

1 1 1
, and
a+1 pg+1 y+ 1

giving your answer in the formv® + pw2 + gw + r wherep, g andr are integers.

[ 6 marks ]



Question 6
A quintic polynomial has equation,

x5+x+2:0

and its roots are, 3, y, 0, 0
Without solving the equation, find the quintic with roots,

a+2 f+2, yv+2 d+2ando + 2

[ 5 marks ]



Question 7
A cubic polynomial with roots, 5 andy has the equation,

X+ 2x% -3 -5=0
Without solving the equation, find an equation that has roots
a+p, B+yandy + a

[ 8 marks ]
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4.4 Answers
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
4.4.1 Solution 4.2 Example (Teaching Video)

METHOD 1
3x3+x2+2x+6= 0
Divide through by 3
x3+ix2+£x+2 =0
3 3
1 2
a+/3’+y=—§ aﬁ+ﬁy+ya=§ afy = -2
Sum of new roots 3¢ + 38 + 3y = 3(a + B + y)
1
3
= -1

Sum of product pairs of new roots :
B3ux38+3Bx3y+3yx3a=9(af+py+ya)

= 9 x 3
3
=6
Sum of product triple of new roots :
3a x 38 x 3y = 27afy
=27x -2
= —54

The polynomial with roots@ 33 and 3 is thus, W+ WP+ 6w+ 54 =0

METHOD 2
w
w = 3X X = —
= 3
3 2
(51 (5 vl 5) o
3 3 3
wow? 2w
9+9+3+6—0

Multiply through by 9
W3 + vv2 + 6w + 54 = 0 as before with Method 1

[ 6 marks ]



4.4.2 Solutions to 4.3 Exercise

Answer 1

(1) C—7xX +6X+5=0 = m=-7,n=26
[ 2 marks ]

(i) METHOD1
X - 7X° + 6x+5=0
a+pB+y=7 oaof+pyr+ya=6 afy =-5
Sumofnewroots 2a + 28 + 2y = 2(a + B+ y)
=2x7
= 14
Sum of product pairs of new roots :
20X 28+ 28 x 2y + 2y x 2a = 4(aB + By + ya)
=4x6
= 24
Sum of product triple of new roots :
2a X 26 x 2y = 8afy
=8x-5
= —-40
The polynomial with roots@, 26 and % is thus, w? — 14w? + 24w + 40 = 0

METHOD 2
w
W=2X = X=—
2

3 2

[Z)-73) +ol5 )50
g—¥+3w+5:0

Multiply through by 8
w2 — 12 + 24w + 40 = 0 as before with Method 1

[ 3 marks ]



Answer 2

METHOD 1

x3+10x2+3x—7:0

a+p+y=-10 aff + By + ya = 3 afy =

Sumofnewrootsou -1+ -1+y-1=a+p+y-3

= -10-3
= -13

Sum of product pairs of new roots :

(a-1)(B-1)+(B-1)(r-1)+(y-1)(a-1

7

afp—a-p+1+py-B-y+1l+ya-—a—-y+1

(af + By +ya)-2(a+p+y)+3
3-2x(-10 + 3

3+20+ 3

26

Sum of product triple of new roots :

The polynomial sought is thusx/,v3 +13WP +26W+ 7 = 0

METHOD 2

(e -1)(B-1)(y-1)
(e -1)(By-B-y+1)
afy —afp —ay +a—-py+p+y—-1

ay+(a+B+y)—(ap+By+ya)-1

7-10-3-1
-7

W=X-1=>x=w+1

(w+ 13 +10w+12+3(w+1)-7

W3+3v\/2+3w+1+1O\A/2+20N+10+3\N+3—7

w3+13/\/2+26w+7

As before with Method 1

0
0
0

[ 5 marks ]



Answer 3
METHOD 1

2-32+2z+5=0
a+pB+y=3 af+py+ya=1 afy =-5
Sumofnewroots2a + 1 + 26+ 1+ 2y + 1
=2(a+pB+y)+3
=2x3+3
=9
Sum of product pairs of new roots :
(20 +1)(286+1)+(286+1)(2y+1)+(2y +1)(2a + 1)
=4daf+20+2+1+4By+26+2y+1+4ya+2a+2y+1
A(ap+ By +ya)+4(a+pB+y)+3
=4x1+4x3+3
= 19
Sum of product triple of new roots :
(2a +1)(28+1)(2y +1)
(20 +1)(48y + 28 + 2y + 1)
8afy + 4af + day + 2a + 4By + 28+ 2y + 1
8afy +2(a+B+v)+4(af + By +ya)+1
=8x(-5+2x3+4x1+1
= -29

The polynomial sought is thus/,\/3 ~ 9wl + 19w + 29 = 0

METHOD 2
w-—1
2
3 2
w-1 w-1 w-1
( 2 )_3( 2 )+( 2 )+5_0
Multiply through by 8

W=2Xx+1= X =

(w-12-6(w-1)%+4(w-1)+40=0
W o 3W +3Ww—-1-6W+12W—6+4W—-4+40=0
W —wZ+ 19w +29=0

As before with Method 1
[ 5 marks ]



Answer 4
A question in which Method 2 does not work !

METHOD 1
C+5x¥ -x+3=0
a+pB+y=-5 af+py+ya=-1 afy = —3
Sum of new roots :
(a+pB+7)=d+p 4y +2(ap+ py+ya)
wd?+ By = (at Bry) - 2(af + By + ya)
= (=52 -2 x (1)
= 27
Sum of product pairs of new roots :
(aB + By + ;/oc)2 = a2ﬁ2+ﬁ2y2 + yzaz + Zaﬁzy + 2a2ﬁy + Zaﬁyz
= a2[32+,82y2 + )/2(12 +2afy(a+ B +y)
B+ B4 P a® = (aB+ By + va)’ - 2aPy(a + B+ y)
= (-1)*-2x (-3 x (-5
= - 29

Sum of product triple of new roots :

a? %% = (apy)

2
= (-3
=9
The polynomial sought is thusy® — 27w? — 29w — 9 = 0
[ 6 marks ]
Answer 5
METHOD 2
1 1-w
= > X+1=— = Xx-=
Xx+1 w w
8 w |2 w

(=) el =) sl

Multiply through byw3

S——
|
\]
Il
o

(1—w) +4w(1l - w)? - 5w (1 - w) — 7w
1-3W+3W+ W + 4w —8W + 4w’ —5W2 + 5W° — 7w® = 0
W3—10\I\12+W+1

Il
o

Il
o

[ 5 marks ]



Answer 6
W=X+2=X=w-2

X+ X+2=0

0

(W=2"+(w=2)+2

1 x W° x (—2)0
+5x wt x (—2)1
+ 10 x W x (= 2)?
+ 10 x W2 x (-2)°

1

+5xw ><(—2)4

+1XWOX(—2)5+W—2+2=O

W5—10W4+40W3—80\I\12+81W—32=0

[ 5 marks ]



Answer 7

METHOD 1
XX+ 2x2 = 3x-5=0
a+p+y=-2 af+pyr+ya=-3 afy=5
Sum of new roots :
a+B+B+y+y+a=2(a+p+7y)
2 X (-2
= -4

Sum of product pairs of new roots :
(a+B)B+y)+(B+y) (v+a)+(y+a)(a+f)
= a,8+ya+,6’2+ﬁy+/3y+aﬁ+y2+ya+ya+,8y+a2+aﬂ
3(af + By + ya) + a® + B2+ 9?

3(aB + By +ya)+ (a+B+y)Y —2(ap+ By +ya)
Because...

(a+Bp+y)Y =d®+F +7y"+2(ap +py+va)
a2+ﬁ2+y2: (a+ﬁ+y)2—2(aﬁ+ﬁy+ya)
So we have that...
(a+B)B+y)+(B+y)(v+a)+(y+a)(a+p)
= (ap+ By +ya)+(a+p+y)
(-3) + (-2°
=1

Sum of product triple of new roots :

(a+B)B+7)y+a)=(-2-y)(-2-a)(-2-8)

=ED(2+y)(2+a)(2+p)

= D(2+y)(4+28+2a+aB)

= (-1)(8+ 48 + 4a + 2aB + 4y + 2By + 2ay + afy)

= (-)(8+4(a+pB+y)+2(aB + By +ya) + apy)
(-1)(8+4(-2) +2(-3 + 9 )
=1

The polynomial sought is thusv,v3 +4w +w—-1=0



METHOD 2
X+ 2xX - -5=0
a+p+y=-2 oaof+Py+ya=-3 afy =5
The newrootsarea. + 5, f+y andy + a
which can be written as(=2 — y), (-2 - a) and (-2 - )

W=-2-X=2X=-2-W=X=(D(w+ 2)

3w+ 2P 2% (w+ 22 —3(-D(w+2)-5=0

(WP +ewW + 12w+ 8)+ 2w + 8w+ 8+3Ww+6-5=0
multiply through by(- 1)

W2+ 6W + 12w+ 8-2Ww - 8w -8-3W-6+5=0

W+ 4w +w— 1

Il
o

[ 8 marks ]
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Lesson 5
Further A-Level Pure Mathematics : Core 1

Roots of Polynomials
5.1 Root Algebra Galore
In questions about the roots of quadratic and cubic equations, the same pieces (
algebra repeatedly occur and most mathematicians end up with their own
personal catalogue of algebraic relationships that they have encountered an
found useful. Here is presented a beginners catalogue, based on the work of thi
topic. In examinations, you may use these algebraic relationships without proof.

Reciprocals
Quadratic : 1,1 _a+p
a ﬁ aﬁ
Cubic : 1,1 1 _ ap+py+ye
a B 7 apy
Quartic : i+i+i+i_aﬁy+ﬁy6+y6a+éaﬁ
a By 0 afByd
Sums of Squares
Quaderatic : a2 + ﬁz = (a+ ﬁ)z — 208
Cubic: Py = (a+pry)—2(ap+ Py +ya)
Quartic P RN

—(a+B+y+0Y—2(alB+y+0)+By+0)+y())

Sums of Cubes
Quadratic : a3+ﬁ3: (a+ﬁ)3—3aﬁ(a+/3)
Cubic : a3 + ﬁs + y3

—(a+B+7)=3(a+pB+y)(ap+ By +ya) + 3apy

Sum of Quartics

Quadratic : a4+,84 = (a2+ﬁ2) —2(a,8)




5.2 The Roots of a Quartic

The Roots of a Quartic

If «, 8,y ando are roots of

4 2

ax*+bx+cxl+dx+e=0 abcdeeC

then,a+ﬁ+y+6:—% a(ﬁ+y+6)+ﬁ(7/+5)+3/(5)=%
d e
afy + Byd + yoa + oaff = Y afyd = 3

5.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40
Question 1

a, B, yando are the roots of the quartitx,4 +3XC +2x¥% - x+4 =0
Without solving the equation, find the values of,

(i) a+B+y+0 (i) a(B+y+0)+B(y+9)+y(0)
[1, 1 mark]
(i)  aBy + Byd + yoa + daf (iv) apyo
[1, 1 mark]
1 1 1 1
(V) ;4-?4-74-3
[ 2 marks ]

(Vi) ®+ PPt

[ 2 marks ]



Question 2
The roots of a quartic equaticmx4 +bx+cxX +dx+e=0 are,

a=-3 f=-1, y=2andd =5
Find integer values faa, b, ¢, d ande

[ 4 marks ]



Question 3
The quartic equatiorix4 — 34x3 + 202x2 + dx + e = 0 has roots,

a, a+1 2a+1 and 3a +1
(1) Find the value o#

[ 2 marks ]
(i) Find the values af ande

[ 4 marks ]



Question 4
(a) Prove the “Sum of Quartics” formula for a quadratic equation with roots
a andp, that,

a4+,84=(a2+ﬁ2—\/§aﬂ)(a2+ﬁ2+\/7aﬁ)

[ 2 marks ]

(b) For the quadratic equatio?‘nx2 + 13x — 8 = 0 with rootsa andg,
find, without solving the equation, the value of,

(i) o+ p

[ 2 marks ]

(i) o*+p

[ 4 marks ]



Question 5
Further A-Level Examination Question from January 2015, Q5 (Edexcel)

The quadratic equationx2 + 3x + 1 = 0 has roots: andg.
(a)  Write down the value of o + ) and the value ot

[ 2 marks ]
(b)  Find the value of( & + §%)

[ 2 marks ]
(c) Find a quadratic equation with roots,

(40 — p) and (48 - a)

giving your answer in the forrpx2 + gx + r = 0 wherep, gandr
are integers to be determined.

[ 4 marks ]



Question 6

The cubic equation<3 — 14x% + 56x — 64 = 0 has roots:, ka andk? « for

some real constait
Find the two possible values @fand the corresponding two valueskof

[ 6 marks ]
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5.4 Solutions to 5.3 Exercise
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
Answer 1

(1) a+pB+y+0=-3

(i) alB+y+0)+ply+0)+y(0)=2
(i)  afy + pyd + yoa + oap = 1

(iv) apyd = 4

1 afy + Byo + yoa + daff 1
0 afyo 4
2

2

=(a+B+y+0) -2(aB+y+0)+Bly+0)+y())

= (-3 -2(2)

=5

[1,1,1,1, 2, 2marks ]
Answer 2
ax4+bx3+cx2+dx+e:0
Divide through bya

b c d e
x4+—x3+—x2+—x+—:0
a a a a

-3+ +2+5
=3
a(B+y+06)+p(y+0)+y(0)
==31+2+5+EED(2+5)+ DO
= -18-7+ 10
= —-15

a+B+y+90

afy + Byd + yda + oap
=39+ DO+ OEY + (=D
=6-10-30+ 15
= -19
afyo = (=3) (=1 (2 (D
= 30

x4—3x3— 15x2+19x+30= 0
[ 4 marks ]



Answer 3
(i) 2x* — 34x3 + 202x% + dx + e = 0
Divide through by 2

x4—17x3+101x2+£x+£:0
2 2

Sum of roots = 17

cat+a+1+20+1+4+3a+1=17

Ta + 3 = 17

Ta = 14

a =2

So the roots ar@, 3, 5 and 7

(i) aﬁy+ﬁy6+y6a+éaﬁ=—%
nd=-2(2x3x54+3x5x7+5x7x2+7x2x3)
= —-2(30+ 105+ 70 + 42)
= -2 x 247
= —-494
e
o= —
apy >
e=2x2x3x5x7

420



Answer 4

(a)

LHS = o* + *
(2 4 ()
:(a2+ﬁ2)2—2a252
2 22 2
= (a®+p5°) - 2(ap )
- RHS O
[ 2 marks ]
(b) (i)
P+ %= (a+B) = 2ap
132 8
- 5] -2x (-7
169 16 7
= — 4+ — X —
49 7 T 7
_ 281
49
[ 2 marks ]

(i)

281 \? ,(_ 8
(%) —2[-7)
78961 128 49
2401 49 ~ 49
72689

2401

[ 4 marks ]



Answer 5

(a)

(b)

METHOD 1

4% +3X+1=0
Divide through by 4

x2+ix+i:0
4 4
.(a+ﬁ)=—% andaﬁ:%
[ 2 marks ]
(a®+ %) = (a+p)* - 20p
()2
4 4
1
= — or 0.0625
16
[ 2 marks ]

(c) Sum of new roots,

do - B +48-—a =3(a+p)

I
w
X

|

| w
N—

Product of new roots,

(4o - p)(48 - a)

(1608 — 40 — 48% + aB)
1708 — 4(a® + f?)

(1) x4

=4

The new quadratic with roofs4a — 8) and (48 — a ) is,

vv2+%w+4:0

4wP + 9w + 16 = 0
[ 4 marks ]



METHOD 2

3 3
4 4

(c) From(a+p)=-— :a:———ﬁandﬁ:—%—a

So the new roots can be expressed like this;
4a—ﬁ=4a+%+a and 4ﬁ—a=4ﬁ+%+ﬁ

50c+i :5/3+i
4 4

The transformation sought is thus,

w:5x+i
4

20x+3<:>x 4w — 3
4 20

A4 +3+1=0

2
4( 4W—3) +3( 4w — 3
20 20
Multiply through by 100

)+1:0

(4w — 3)? + 15 (4w — 3) + 100 = 0
16W2 — 24w + 9 + 60w — 45 + 100 = 0
16W> + 36w + 64 = 0
Divide through by 4
4wP + 9w + 16 = 0

[ 4 marks ]



Answer 6

Product of the roots & x ka x k2a = 64
(ka)® = 64

ka = 4

K= 2

a

Sum of the roots . + ka + k2a = 14

4 2
a+—><a+(—)><a 14

a a
a+ 4+ 16 =14
a
Multiply through bya
o> - 10z + 16 = 0
(a—2)(a-8)=0
Eithera = 2 or a = 8
Whena = 2, k = 2 and whena = 8, k = %

[ 6 marks ]
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Lesson 6
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
6.1 Test Preparation
Gerolamo Cardano's first step in solving the general cubic equation was to make
substitution that turned it into a depressed cubic equation.

Depressed Cubic Formation Rule
Faced with a general cubic,

ax®+bx¥+cx+d=0 a b c deC

initiate a change of variable by replacingwith t — %

This will always result in what is termed a depressed cubic, one of the form,

t3+pt+q:0 p,ge C

The depressed cubic equation has some useful properties one of which shall nov
be studied, as it has a beautiful proof.

6.2 Sum of Cubes for a Depressed Cubic

Sum of Cubes for a Depressed Cubic
For a depressed cubic.

t3+pt+q:0 p, ge C
with rootsa, g andy

a3+ﬁ3+y3:3aﬁy

Proof
As there is no term it‘?, a+pf+y=0
a+f=—-y
Cube both sides
3
(a+p)° =~y

@ +3d2B+3apt+ = -)°

+ 4% = ~3uf(a+ B)
@+ B2+ = —3ap(-y)
a3+ﬁ3+y3=3aﬁy O



6.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 50

Question 1

. .2 -3 x4
The roots of the quadratic equatiarx”™ + bx + ¢ = 0 are ———

Find integer values fa, b andc

[ 3 marks ]

Question 2

The roots of the equatioax4 +7XC +5% +X-4=0 area, 3, y ando
(a) Giventhatafyo = —1, write down the value &

[ 1 mark]
(b)  Xapis (sloppy) shorthand for “sum of the product pairs of roots”
Foraquarti.af = a(B+y + ) + B(y + ) + y(0)
=af +ay + ad + fy + O + yo

Write down the values o} a, Y af and X afy

[ 3 marks ]

(c)  Hence find the value of2 + 8% + y2 + 62

[ 3 marks ]



Question 3
Further A-Level Examination Question from May 2018, 1AL, F1, Q7 (Edexcel)

It is given thatz andp are roots of the equatio&ilx2 -4 +3=0

Without solving the equation,

(a) find the exact value ofi2 + 1
a

ﬁZ

[ 5 marks ]

(b) find a quadratic equation which has roe%— and ﬁ—32 giving your
a

answer in the formax? + bx + ¢ = 0, wherea, b andc are integers.

[ 4 marks ]



Question 4

(1) For the general cubicax3 +bx®+ox+d = 0, write down from

memory the formula for> + ﬁ3 + y3

[ 2 marks ]

(i) Show that your part (i) formula yields the same expression as proven
in section “6.2 Sum of Cubes for a Depressed Cubic” v in
the general cubic equation.

[ 2 marks ]
(iit)  Consider the cubic equation,

x>+ 3x2 +50 = 0
Using a suitable substitution, transform this into a depressed cubic.

[ 2 marks ]



(iv) By thinking of a3/33 + /33y3 + y3 o> asP? + Q3 + R and using

the same formula as in part (i) derive a formulaaf:i‘)ﬁ3 - ﬁ3y3 - y3 o
with component parts that are either+ g + v or af + By + ya

or afy.

[ 4 marks ]

(v) Leta, B andy be the roots of your part (iii) depressed cubic.

Without solving the equation find a cubic with rooig, ﬁ3 and y3

in the form w® + pw2 + qw + r wherep, g andr are integers.

[ 6 marks ]



Question 5

f(x) = mx + 12x° + 4x + 16 wheremis a real constant

Given that,
e f has at least one root on the imaginary axis
Solve completely,

fx) =0

[ 7 marks ]



Question 6

Prove that the roots of> + pX + gx + r = 0 form an Arithmetic Progression

if and only if 2 p3 + 27 = 9pq

[ 8 marks ]
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6.5 Answers
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
Answer 1

ax2+bx+c:0

Divide through bya

X2 + Rx+ L _ 0
a a
b
Sum of the roots= Y
b -3+4 -3-4
_2 _ +
2 2
= -3

C
Product of the roots= =

_g_(—3+4i(—3—4)
- 2 2
 9+12 - 12 - 167
- 4
_ 2
4
Quadratic 5+ 3X + % =0

Multiply through by 4
4% + 12X + 25 = 0

[ 3 marks ]



Answer 2
(a)
axt +7xC+5¢%+3x-4=0
Divide through bya

4 7 3 5o 3 4

X + —X+ —X+ —XxX—-—=20
a a a a
4
- — = )
a afy
4
a
a=4
[1mark]
(b)
L3 28 2120
2" "
7
2a=a+ﬁ+y+(3:__
4
5
Zaﬁ=aﬁ+ay+a6+ﬁy+ﬁ5+yazz
3
Zaﬁy= aﬁy+ﬁy(§+y6a+éaﬁ:—z
[ 3 marks ]

(c)
N

—(a+B+y+0Y—2(alB+y+0)+B(y+0)+7y(d))

[
—_—
N~
N—

|

N
—_—
NI
S—

49 10
C 16 4
9
"~ 16

[ 3 marks ]



Answer 3

(a) 5x2 — 4x + 3 = 0
Divide through by 5

2 4 3

XXt g

4 3
a+ﬁ:€andaﬁ:€

a?+ = (a+pB) - 2ap

2

5 5

16 - 30
25

[ 5 marks ]

(b) Sumofnewroots:i + 3 3(i + i)

a2 ,82 a2 ﬁZ
14
o4
9
_ 14
3
Product of new roots(:iz) % = 9 >
a B (ap)
9 x 52
= 25

The required polynomial is thus,
14
¥+ ——x+25=0
3
32 + 14x + 75 = 0
[ 4 marks ]



Answer 4
(i)
BBy = (a+rB+y)’-3(a+p+y)(aB+py+ya)+ 3apy

[ 2 marks ]

(i) For a depressed cubic, there is no terfirsob = 0 and therefore
a + f + y = 0,inwhich case,

@+ B2+ = (02 - 3(0)(aB + By + ya) + 3ay

= 3apy
which is the same as section “6.2 Sum of Cubes for a depressed Cubic”

[ 2 marks ]
(i)  The suitable transformation is,
b
X=1t-— x=t-1
= =
x3+3x2+50= 0
(t-1P¥+3(t-12%+5=0
2 -3t°+3-1+3t°-6t+3+50=0
-3 +52=0
[ 2 marks ]

(iv)

P+ Q3+ R’

(P+Q+RP°-3(P+Q+R)(PQ+ QR+ RP) + 3PQR

(ap + By + ya)® = 3(ap + By + ya)(apBy + Byva + yaap) + 3appyya
= (aB + By +ya)’ = 3apy(ap + py + ya) (B +y + a) + 3(apy)”

= (aB + By +ya)’ = 3apy(ap + py + ya)(a + B +v) + 3(ay)”

[ 4 marks ]



(v)

For the depressed cubic with roatss andy,
t2-3t+52=0

a+B+y =0 af+pBy+ya=

-3 and afy = —52

Sumofnewrootsa3+ﬁ3+y3= 3apy asa+pf+y=0

= 3x (-52)
= —156

Sum of product pairs of new roots, from part (iv) :

a3[33+ ﬁ3)/3+ )/3013

= (ap + By + ya)’ = 3aPy(aB + By + ya)(a + B+ y) + 3(apy)”
but for a depressed cuhic+ 8 + ¥ = 0 so this can be simplified to,
= a®f+ B7° + %% = (aB + By + ya)’ + 3(apy)’
= (=3° + 3 x (=52)°
= —27 + 8112
= 8085

Sum of product triple of new rootsa3ﬁ3y3 = (afy )3

= (-52°
= - 140608

The cubic equation with roota3, /33 and y3 is,

W3 + 156W2 + 8085V + 140608= 0

[ 6 marks ]



Answer 5
f(x) = mxC + 12x° + 4x + 16
Letf have roots:, S andy in which case,

12 4 16
++y =—-—— + By + = — and = ——
a+p+y — af+ Py +ya = — afy —

From
e f has at least one root on the imaginary axis

Let a be that root,a = ki, and sd (ki) = 0
f (ki) = 0

meki)® + 12(ki)> + 4(k) + 16 = 0

~mk3i - 12K? + 4ki + 16 = 0

Equating real parts - 1%% + 16 = 0

Il
o

Equating imaginary parts - mk® + 4k
mk® = 4k

m= —

33+ 12X°% + 4x + 16 = 0

4 . .
As K2 = 3 andarootwag = ki, a = +—1i = %

2V 3 .
X
3

_—2\/§|)x _1_6

3 Vg

_4><3><(—1) Xy 16
9 9 3

[ 7 marks ]



Answer 6

Clever Method

Depressed Cubic Formation Rule
Faced with a general cubic,

ax3+bx2+cx+d:0

initiate a change of variable by replacingwith t — %

This will always result in what is termed a depressed cubic, one of the form,

t3+pt+q:0

Letf (x) = X + px2+ gx+r =20
Let g(x) be the related depressed cubic,

_ 3
Q(X):f(X—%):X?’_|02—33qx+ 2p 9:Oq+27r

Note that the roots df(x) form an Arithmetic Progression if and only if the roots

of g(x) are of the form(—d), O, (+d) for some complex numbdrwhich is
equivalenttg(x) = (x+d) x(x—-d) = x> — d’x. That is, the roots df(x)
form an Arithmetic Progression if and only if the constant tergn(gf is O, which
is the same as saying tth3 -9q + 27 = 0.

2p3+ 27 = 9pq O

[ 8 marks ]



Standard Method

x3+px+qx+r =0

Without loss of generality, let the roots be
a =m-d, B=mand y=m+d form deC
a+B+y=p
Mm-d+m+m+d=p

3m = p (D

aff + Py + ya =
(m—dm+m(m+d)+(m+d)(m-d) =

q
q
n12—rrd+m2+rrd+m2—d2:q
q

3nf - d? = )
afy =1
(m—-d)ym(m+d) =r
m(mz—d2) =7
m(mz—(SmZ—q)):r from (2)
m(—2n12+q) =7
—2m + mgq =r
3
_ £) (B) =
2( 3 + 3 q=r
Multiply through by 27
—2p° + 9pq = 27
2p3 + 27 = 9pq
As all of the steps used are reversible the theorem is proven O
[ 8 marks ]
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Lesson 7
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials

7.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable.
Make the method used clear.
Marks available : 40
Question 1

Consider the equatioax2 + bx + ¢ = 0 whose roots are andg.
What would a« — § be in terms o, b andc

[ 4 marks ]
Question 2
The cubic equatiorx3 + mx + n = 0 has rootd, — 4 andy
(1) State, with a reason, whetheis real

[1mark]

(ii) Find the values ain, n andy

[ 4 marks ]



Question 3

The roots of the equatioﬁx3 — px + 11 = 0 areqa, g andy
(1) Given thataf + By + ya = 4, write down the value qf

[ 1mark]

(i) Write down the values ofc + g + y and afy

[ 2 marks ]

(iit)  Hence find the value of 3 — «)(3 - 3)(3 - y)

[ 3 marks ]



Question 4

It is given thatx andj are roots of3 X2+ 2x + 1.

3 3
: . . : - 1-
Without solving the equation, find the exact value(GL—a) + e g
a

[ 8 marks ]



Question 5
Further A-Level Examination Question from SAM, 2018, Core 1, Q6 (Edexcel)

f(x)=kx2+3x—11 g(x)=mx3—2x2+3x—9
wherek andm are real constants.
Given that,

¢ the sum of the roots 6is equal to the product of the rootsgof
¢ g has at least one root on the imaginary axis
(a)  Solve completely,

(i) fx=0

(i) g =0

[ 7 marks ]



(b) Plot the roots of and the roots aj on a single Argand diagram

[ 2 marks ]



Question 6

If «, 8,y ando are the roots ok + x5 + px2 + 4x — 2 = 0, wherepis
a constant, then,

. , : . 1 1 1 1
(1) find (in terms ofp) an equation whose roots are-, F — and S5
a 4
[ 3 marks ]
.. . 2 2 2 2 1 1 1 1
(i) Giventhata”™ + B~ + y“ + 0 :?+?+7+?flnd

the value op.

[ 5 marks ]
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7.2 Answers
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
Answer 1

a? — 2ap + B
o + 208 + B° - dap
(a+ )~ 4ap

2
2f -ex(2)
a a
b% — 4ac
a2
+ /b2 - 4ac
a

(a—-B)>

[ 4 marks ]

Answer 2

(1) Asthereisnoterminz,a+ﬁ+y:0

As o andp are realy must also be real to satisfy the above constraint.

[ 1 mark]

(i) Asthereisnoterminz,a+[3+y:0
1+-4H+y=0
y =3

Furthermore,af + By + ya = m
m=1x4H+ (-4 x3+3x1

= -13

Finally, afy = —n
n=-(1x(-4 x%x3

=12

So, the equation was,
XX — 13X + 12 = 0

[ 4 marks ]



Answer 3
(i) 3 - px+11 =0
Divide through by 3
3 p 11

AV
XT3 3

af + Py + ya = -

[1mark]

. 11
(i) The cubic is thus, XS + 4 + 3 = 0

11
a+p+y=0 af+py+ya =4 and aﬁyz—?

[ 2 marks ]

(i) (3-a)(3-5)(3~7)
=(3-a)(9-3 -3 +py)
=27-9 — 96 + 36y — 9a + 3ay + 3af — afy
=27-9(a+B+y)+ 3(af + By + ya) — afy

27—9wy+mm-«—%;)

128

3
[ 3 marks ]



Answer 4
Clever Method

3 +2x+1=0
x2+%x+%:0

a+ﬁ:—% andaﬁzé
Asaisaroot,3a® + 2a + 1 = 0
= 3d’+3z+1=a

l-a=-3a(a+1)

Asﬁisaroot,3ﬂ2+2,8+1: 0
= 385 +3B+1=48
1-p=-3(p+1)

_ (—3a(a+1) )3+(—3ﬁ(ﬁ+1) )3

(112)+ (1+a) (1+5)

—27(a® + g3)
—27( (a + B)° - 34?8 - 3a %)
~27( (o + $)° = 3ap (a + §))
—27(a + B)° + 810B (a + B)
2\3 1 2
)

27x (-5 ) v ex () x5

8 - 18
-10

[ 8 marks ]



Straight Forward Method

3% +2X+1=0
2 2 1

X4+ —=xXx+—=—=0
3 3

a+,8:—% andaﬁzé

1-p
1+p4
l1-a 1-5
(1+a)+ 1+p
L-a)(1+B)+(1-8)(1+a)
(l+a) (1+p)

2(1-ap)
1+ (a+p)+ap

2(1-(3))

Letx:(i_a)andy:(

) S0 X + y3 Is sought
+ a

Then,x +y

and, Xxy

(1—a) 1—/3)

l1+a 1+5
l1-(a+p)+ap
1+ (a+p)+ap

1-(-3)

)

=3

+
+

wW|

From the Binomial theorem,( x + y)3 =X+ 3x2y + 3xy2 + y3
deduce that, X + y3 = (X + y)3 - Xy(X+Y)

3 3
(1 O‘)+ L-B\V _ ¥ _3x2x3
1+ a 1+p4

8 - 18
= -10

[ 8 marks ]

Solution was written and posted by MHH on Math.StackExchange.com, July 9th



Answer 5

f(x):kx2+3x—ll g(x):mx3—2x2+3x—9
. . 3 11
Letf have rootsif andgs in which case a5 + ff = X and afff = "

Letg have rootsig, Bg and yg in which case,

2 3 9
ag + fg+vg = — agby + fgrg + ygug = — and aghgrg = ——

We are told that,
¢ the sum of the roots 6is equal to the product of the rootsgof

ai + Br = agBgrg
3 9
"k m
kK  m
3 9
Kk=_m
3

¢ g has at least one root on the imaginary axis
Let agbe that root,ag = Ki, and sog(Ki) = 0

g(Ki)y =0
m(Ki)® = 2(Ki)? + 3(Ki) = 9 = 0
—mK3i +2K2+3Ki-9=0

Equating real parts2 K2-9=0= K? = %
Equating imaginary parts - mK3 + 3K = 0
mK3 = 3K
3
M=z
3 x2
9
-2 K= 2
3 9



(a) (i)
f(x) =0

K3 +3x— 11 = 0

—%x2+3x—11:0

2x% — 27 + 99 = 0
. 27+ 272 — 4 x 2 x 99
B 2 x 2
27+ +-63
B 4
27 £ 3VT
B 4
(i)
gx) =0

mx3—2x2+3x—9=0
%x3—2x2+3x—9:0

23— 6X +9x—27 =0

2 9 . 3 . 3V2.
As K* = > and a root waag = Ki, ag = iﬁl = % > |
g(x) had all real coefficients and so has a conjugate pair or roots
b= 3V2 B = 3va .
9= 2 9= 2
9
agbgrg = —
3V2 . ( 3V2 . 9x 3
— 1 X - — 1| X Yg =
2 2 2
_9x2x(¢yH 27
4 T
Yg = 3

[ 7 marks ]



(b)

— 3v2it4 af = 2

|
WA 1@%
i 27 — T

Answer 6
(1) Using the substitution method,
1 1
W=— = X=—
X

w
x4+x3+px + 4x - 2

SRR IR

Multiply through byw

0
1+W+pV\/2+4W3—2W4=0

2wt —awd - pw? —w-1=0

4 3 P 1 1
—2w - WP - —w- = =0

4 L
w

27 + /7

[ 2 marks ]

[ 3 marks ]



(ii) For the original quartic,
a+pB+y+0=-1 a(B+y+0)+B(y+0)+y(0) =p
afy + Byo + yoa + oaf = -4 afyo = 2
Standard result,

a2+ﬁ2+y2+(32
—(a+B+y+0Y—2(alB+y+0)+B(y+08)+y(d))
@l BP0t = (-2 - 2p

For the transformed quatrtic,

1 1 1 1 12 1 1 1/1 1 1/1 p
—+—-+-—-+-=2 —(=+-—-F<|+=|-+= <] =-z
a p vy 0 a\p vy O B\y 0o y\o 2

1 1 1 1 1 1 1

+ + + = = — = -z

afy  pydo  yda  daf 2 afyo 2

So the standard result will become,

1 1 1 1
—2+?+—2+?

a 14
_1+1+1+12_2(1(1+l+1 1(1 1)+1(}))
a p y 0 a\p y o] PBly o] y\o
1 1 1 1 2 (p)
>t >+t S+ =27 - 2(-
a2 32 )/2 FY 2
=44+p
2 2, 2 {2 1 1 1 1
As ++y+0 = 5+ —=+ =+ —
a+ By 2 T
1-2p=4+p
3p =-3
p=-1

[ 5 marks ]
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Lesson 8
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
8.1 Extension Material

In order to solve a general cubic equation, Cardano first reduced it to depresse
cubic form,

£+ pt+q=20
This provides a motivation to look at the algebra of the roots of this equation
which has the special property af+ g+ y = 0

The general result that,

2 2
P+ B+ = (a+B+y)° —2(aB+ By +ya)
becomes,

a2+,32+}/2 = -2(ap + By + ya)

and another general result that,
o>+ ,83 + y3
= (a+p+7) =3(a+p+y)(ap+py+ya)+ 3upy
becomes
o>+ ,83 + y3 = 3afy

In this extension lesson a further couple of formulae are derived and then a
question given in which applying them may be practiced.

A Cubic's Sum of Squares of Product Pairs of Roots

If «, B andy are roots ofax’ + bx* + cx +d = 0 a, bcdeC
then, azﬁz + ﬁzyz + y2a2 = (aB + Py + 7/0()2 —2afy(a + B +y)
For a depressed cubic,

2,2 2 2 2 2 2
a~ B+ By +y a” = (af + By +ya)

Proof

P+Q°+R =(P+Q+R)?-2(PQ+ QR+ RP)
(@B + By’ + (ya)® = (aB + By + ya)* = 2(a Py + BrPa + yd®B)

2
= (af + Py +ya) = 2apy(a+B+y) O
For a depressed cubie, + B+ vy = 0

2 52 2 2 2 2 2
LAt + By v a” = (af + By + ya) O



A Cubic's Sum of Cubes of Product Pairs of Roots
Ifa,ﬁandyarerootsofax3+bx2+cx+d =0 a b cdeC
then,
a3ﬁ3+ﬁ3y3+ Vsas

= (aB + By + ya)’ - 3apy(ap + By + ya ) a + B +y) + 3(apy)’

For a depressed cubic,

PR+ PR+ 23 = (af+ By + ya)® + 3(apy)

Proof
P+Q®+R=P+Q+R*-3(P+Q+R(PQ+ QR+ RP) + 3PQR
@B+ B° + ya)® = (af + Py + ya)’
= 3(ap + py +ya)(afy + prPa + ya®B) + 3(ap) (By) (yo)
B+ B2+ 2B = (af + By + ya)

2
— Bapy(af + py + ya)(a + B +v) + 3(apy) O
For a depressed cubie, + B+ y = 0

PR+ = (B + By +ya)’ # 3@yt O



A Cubic's Sum of Quartics of Roots
Ifa,ﬁandyarerootsofax3+bx2+cx+d =0 a b c deC
then, ot + ﬁ4 + y4

2
= ((a+B+y)?=2(ap+py+ya))

2
~2((ap+py+va) - 20By(a+p+y))
For a depressed cubic,

a* + B+ 9t = 2(ap + By + ya )

Proof

PP+Q°+R =(P+Q+R)?-2(PQ+ QR+ RP)

2 2

(2 + () + () = (+ P+ ?) =22 + B+ 2 d?)

a4+/34+y4
2
= ((a+B+y)P-2(ap+Py+ya)) —2(a2ﬁ2+ﬁ29/2+9/2a2)

2
= ((a+B+9?—2(aB+pBy+ya))

2
—2((ap + Py + ya)® - 20By(a + B +7)) O
For a depressed cubigz + § +y = 0

a4+ﬁ4+y4=2(aﬁ+ﬁy+ya)2 O



8.2 Exercise

Question 1

If «, § andy are the roots ok + x+ 1 = 0, then, without solving the equation,

find the equation whose roots afex — /3)2, (B - y)z and (y - a)2

[ 8 marks ]
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8.3 Answers to 8.2 Exercise

Answer 1
METHOD 1

Further A-Level Pure Mathematics : Core 1
Roots of Polynomials

x3+x+1:0

a+B+y=0 af+py+ya=1 affy = -1

Standard result :

2 2 2 2
a+ B+ Yy =(a+Bp+y)—2(aB+ Py + ya)
—0°-2x1

= -2
Standard result :

BBy =(a+B+y)P-3(a+B+y)(aB+py+ya)+ 3y
—0°-3x0x1+3x (-1

=-3

Standard result for a depressed cubic: (proven above)

a4+,84+y4

Standard result :

(12,32+ﬁ2)/2+ )/2062

2
2(ap + py + ya)
2><12
2

(proven above)

(ap + By + ya ) — 2apy(a + B + )
12—2><(—1)><O
1

Standard result : (proven above)
a3,83+ ﬁay3Jr y3a3

3 2
(ap + By + ya) = 3apy(af + By + ya ) a + B + y) + 3(apy)
B_3x (=) x1x0+3x (=172

4

Also asa is a root, o+ a+ 1 =0 likewise forg andy.

Finally,asa + g+ y =0

Similarly, g% + 2

a+pf=-y
(a+p)Y =7
a2+[32=y2—2aﬁ

o - 28y and yz +a? = /32 - 2ya



Sum of the new roots :
(a=BY+(B=7)7+(y-a)
az—2aﬁ+ﬁ2+ﬁ2—2ﬁy+y2+y2—2ya+a2
2(a®+ g2+ °) = 2(ap + By + ya )
2x(-2)-2x1

= -6

Sum of product pairs :

(a =B (B=-yP+B-vP(y-aP+(y-aP(a-B)F

= (a® = 2ap + °)(B° - 28y + %)
+ (B = 28y + ¥*) (v - 20 + o®)
+ (yz - 2ya + az)(az - 2af + [32)

= azﬁz - 2a2ﬁy + a2y2 - ZOLﬁ3 + 4a[32y - Zaﬁyz + ﬁ4 - 2ﬁ3y + ﬁzyz
+ ﬁzyz — Zﬁzya + ﬂzaz — 2,8)/3 + 4ﬁy2a - Zﬁyaz + )/4 — 2y3a + yzaz

+ yzaz - Zyza,/)’ + yzﬁz - 2ya3 + 4)/0(2[3 - 2ya,82 + a4 - 2a3[3 + a2/3’2

a4+ﬁ4+)/4+ 3(a2ﬁ2+[32y2+)/2a2)

—2(apP+ B+ v+ By + P + 3B)

a4+ﬁ4+)/4+ 3(a2ﬁ2+ﬂ2)/2+)/2a2)

—2(BB+y)+Bla+y)+ 7 (a+p))

a4+ﬁ4+ V4+ 3(a2ﬁ2+ﬁ2)/2+72062)
—2(lca+ FEp+7Pen)

_ 3<a4+ﬁ4+}/4 +a2ﬁ2+ﬁ2y2+y2a2)

=3x(2+1)

=9



Sum of product triples :
(a - BY(B-v)P(y-a)
= (o® + p° — 2ap) (8% + v* - 287 ) (+* + o® - 2ya)
= (2~ 4ap)(a® - 48y)(° - 4ya)
= (¥* - 4ap)(®5° — dya® — 45y + 16a5+?)
a2ﬁ2y2_ 4)/3&3_ 4ﬁ3)/3
+ 1608y — 4638 + 164 By + 160 81y — 644° 5% )2

16apy (a® + 2+ 12) — 428 + 824 + 13 %) - 63(apy)?
2

16 x (-1) x (-3)—-4x4-63x%x (-1
48 — 16 — 63
-31

Hence the equation is,
W+ 6w + 9w +31=0

[ 8 marks ]



METHOD 2
Trying to find a transformation fromto w,

letw = (a — §)°

=a2+ﬁ2—2aﬁ
2 1
=y" —4af butafy = -1 .. aff = ——
Y
yW=y3+4
but )/3+y+1:0:>y3:—y—1
YW =—-y—-1+14
YW+ y =3
y(w+1) =3
3
= —— Thatisx = ——
4 w+ 1 w+ 1

x3+x+1=0

3
Rl RN
Multiply through by (w + 1)3
F+3(w+1P+ (w+1)2=0
27+3W + W+ 3+ W + 3w + 3w+ 1 = 0
w2+ 6W2 + 9w + 31 = 0

[ 8 marks ]
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