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Vectorsllil|
Lesson 1
Further A-Level Pure Mathematics
Vectorslll : Corel

1.1 Introduction
Vectors provide us with a powerful means of working with straight lines in two ani
three dimensions, extendable to higher dimensions if required. Unlike the approa
based on trigopnometry, vector methods do not become more intricate as the num
of dimensions is increased.
To illuminate the vector approach, a two dimensional problem will be tackled first
using familiar GCSE methods, then the Further A-Level vectors approach.

1.2 The GCSE Method
Consider the two straight lines;

1
y = ?x + 4
(1) On the grid below, sketch the two lines.
(i) Write down the point of intersection.
(1) Show how to find this point of intersection using simple algebra.
(iv) Find e, the acute angle in degrees, between the two lines using trigonom

y=2x+1 and

-

I~ 4[1\4)4

()

PN

r-
|

[ 6 marks]



1.3 TheVector Method

[ 6 marks]



1.4 Anglesand Vectors

The Scalar Product (Also calledThe Dot Product)
By definition: a e b = |a| |b| cosé

a

9 —
Where|a| and|b| are the magnitudes of vecterandb

0 is the angle between vect@andb

Whenever angles are involved in a problem involving vectors, use the scalar
product with theDIRECTION PARTS of the vector equations of the lines.

The scalar product will be studied in Lesson 3, but for now work with;

In two dimensions;

anby + &b, = \Ja? + a? /b2 + b? cosé

a _|a
a, a=|./
a,
In threedimensions;
a bl
a|e|b
ag bs

ab; + ab, + aghs = \/ a2 + a? + ad \/ b2 + b2 + bs? coso



1.5 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 60

Question 1
Consider the two straight lines;

(i)

(i)

(iii)

+ A

—4
r1:(3

)

]

and r, = (—38) + u

Write down the direction part of

Use the scalar product to show that;

cosf = L

V2

[ 1mark ]

[ 3marks]

Hence determine, in degrees, the angle between the two lines.

[ 1 mark ]



Question 2
Consider the two straight lines;

(1) Write down the direction part o

(i) Use the dot product to show that;

1
Co0SO = ——

V10

(iii)  Hence determine the angle between the two lines.

[ 1mark ]

[ 3marks]

[ 1mark ]



Question 3
Consider the two straight lines;

rlz(_4 + A

-11

)

_8 7
f2 = (11 # —1)

Use vector methods to determine the point of intersection of the two lines.

+

[ 4 marks]



Question 4
Consider the two straight lines;

_[-15 3
= [0 A(3
15 3

17) TH 2)
Use vector methods to determine the point of intersection of the two lines.

My =

[ 4 marks]



Question 5
Consider the two straight lines;

3 3
rh=|-5/+4| 4

2 12

4 -3

and r, = |-1|+ u(-4
-3 5

(1) Write down the direction part of

[ 1mark ]
(i) Use the scalar product to show that;
C080 — E
- 26
[ 3marks]

(iii)  Hence determine, in degrees, the angle between the two lines.

[ 1mark ]



Question 6
A, B andC are the points;

A2, 3 7) B(8, 5 9) C@3, 11, 4)

. 6
(1) Show that AB = (2)
2

[ 1mark ]

(ii) DetermineAC

[ 1mark ]

(iii)  Find ZBAC by considering the scalar produtB e AC

[ 3marks]



Question 7
A cube has the eight vertices shown in the following diagram,

Z“
(0,1,1) (1,1,1)
0,0.1)
Ly
(0,1,0) ><(1,1,0)
(0,00  (1.00) X

(1) One long diagonal passes through the pd\t,0,0) and (0,1,1)
Explain why this diagonal line has the vector equation;

1 -1
1
1

0|+ 4

0

I‘1=

[ 1mark ]

(i) Another long diagonal passes through the pdinis,1,0) and (0,0,1)
Determine the vector equation of this diagonal line.

[ 2mark ]

(i)  Use the scalar product to determine the acute angle between the two lon
diagonals. Give your answer in degrees, accurate to one decimal place.

[ 3marks]



Question 8
C4 Examination Question from January 2010, Q4

The linel; has vector equation

-6 3
M = 4 |+ u|l-4
-1 1

wherel andu are parameters.
The lined; and I, intersect at the poi and the acute angle betwebrand I, is 6

(a) Write down the coordinates éf

[ 1 mark ]
(b) Find the value otos 0

[ 3marks]
The pointX lies onl; whereld = 4

(c) Find the coordinates of

[ 1mark ]



(d) Find the vectorAX

[ 2marks]
(e) Hence, or otherwise, show that

|AX | = 426

[ 2marks]
The pointY lies onl;.
Given that the vectorX is perpendicular tb

(f) find the length of\Y, giving your answer to 3 significant figures

[ 3marks]



Question 9

The lined; andl; have equations;
[ @ ri =1 —-]—-5k+ 421 + 3] + 4k
[, : r, =161 +5] - 2k+ u(7i — 6] — 10Kk)

Find the acute angle, to the nearest,(b&tweeri; andl;

[ 4 marks]
Question 10
A straight line has equation;

RERt
(i) Which part of the equation is the direction part ?
[ 1mark ]

(i) Show that the point (13, 23) is on the line.

[ 2marks]

(iii)  Where does this line cross tkaxis ?

[ 2marks]



Question 11
A straight line has equation;

3 2
r =171+ A|5
3 1

(1) Which part of the equation is the direction part ?

(i) Show that the point (19, 47, 11) is on the line.

(iii)  Show that this line does not cross xaxis.
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[ 1mark ]



1.6 Answers

1.6.1 Solution to 1.2 The GCSE Method

(i)

[ 1mark ]

Point of intersectionis (2,5)

(i)

[ 1mark ]

= 1 X+ 4
2
multiply through by 2

2x + 1

(iii )

4+ 2 =x+8

.. Intersection( 2, 5)

[ 2marks]

For 0 the angle of intersection,

(iv)

2.4 6] 81X

/0

= 634 - 26.6

36.9°

[ 2marks]



1.6.2 Solution to 1.3 The Vector Method

0 1
1 2
0

e alz)- 6

From the upper row 1 = 2u

0
4

2
1

From the lowerrowl + 24 = 4 + u
l1+4u=4+u
3u=3
u=1=1=2

r = + A +

) and r, =

2
1

+

Point of intersection :r; = cl) + A ;)
_ [0 1
=11 + 2( 2)
:(g) ie. (2,5)

Using Scalar Produc( :;

‘[3)

1x2+2x1=+V12+22 x/22+ 12 x cos@

4 = +/5+/5 cos6
cosf = i
5
= 36.9°

[ 6 marks]



1.6.3 Solutionsto 1.5 Exercise

Answer 1
(i) The direction part of; = 4+ 2(2] is the| 2
3 2 2
[ 1mark ]
(i HEH
5x3+2x7 =V +2 x3P+ 7P x cosb
15+ 14 = v 29 x v/ 58 x cos6
29 = V29 x V2 x V29 x cosé
29 = 292 cosé
cosf = % O
[ 3marks]
(iii) so0 =45
[ 1mark ]
Answer 2
: o _[-5 -1). -1
(1) The direction part of; = ( g | TH 3)IS the( 3 )
[ 1mark ]
43
4x (-1) +3x3=V&+ 3 x(-12+ R x cosh
-4+9 =425 x+v10 x cosé
5 =5v10 cosé
cosf = 1 O
IRRVAT0)
[ 3marks]
(iii) o0 = 716°

[ 1mark ]



Answer 3

+ 4 +

-4 1\ (-8 2
~11 2/ ~ \11) " #\1
Upperrow :— 4+ 1 =-8+2u > A - 2u = -4
Lowerrow:— 11+ 20 = 11—y = 24 + u = 22

Solve (1) and (2) simultaneously to get= 6 and 1 = 8

To get the point of intersection usirig= 8,
i -4 1
Tl 2

1
2

(-4
= (_ 11) + 8
.~ Intersection at 4, 5)

-(5)

+ 1

Answer 4

-15 3} _ (15 3
253 = 39+ (3
Upperrow :— 15+ 31 = 154+ 3u = 4 —u = 10
Lowerrow:— 4+ A =17+ 2u = A - 2u =21

+

Solve (1) and (2) simultaneously to get= —11and 1 = -1

To get the point of intersection usirig= — 1,
_[-15 3

= (20403
_ (=15 (3
- (233
_[-18
| -5

*. Intersection a{— 18 —-5)

D
2

[ 4 marks]

D
2

[ 4 marks]



Answer 5

3 3 3
(1) The direction partof; = [-5| + A| 4 | isthe| 4
2 12 12
[ 1mark ]
3 -3
(ii) 4 | e (-4
12 5

3X () +4x (-4 +12x5=VF+ 42+ 12 /(-32 + (—4?2 + 5 cosb
35 = 13 x 5v/2 cosé

7
0030:13\/?
V2 -
26
[ 3marks]
(iii) . 0 =67
[ 1mark ]
Answer 6
(i) AB=b-a
8 2 6
=|5-13]|=]2
9 7 2
[ 1 mark ]
(i) AC=c-a
3 2 1
=|(11(-(3|=| 8
4 7 -3
[ 1mark ]

o

6x1+2x8+2x(-3) =V62+22+22 /12 + 8 + (—32 cosh
16 = 2+ 11 \/74 cos6

8
C0SO = —————
V11V 74
6 = 737

[ 3marks]



Answer 7

(1) Let A be the point(1,0,0), and Bébe (0,1,1)
K)B:b—a
0 1
=|1|-|0
1 0
-1
=11
1
rlz(YA+/1A%B
1 -1
=|10|+4| 1
0 1
[ 1mark ]
(i) Let C be the point (1, 1,0), and Bebe (0,0, 1)
ﬁzd—c
0 1
=(0|-(12
1 0
-1
=|-1
1
r2:&>+/15
1 -1
=|11]|+ 4] -1
0 1
[ 2mark ]

(iii )

R

[

CFDXED+1Ix (D +1x1=+(-12+12+12 ./ (-12%+ (-1)2+ 12 cosh

1-1+1

cos @

0

/3 v/ 3 cos6

70.5°

[ 3marks]



-6 4 -6 3 -6
(a) ri=4|+A|-1] andr, = | 4 | + u|-4| intersectat 4
-1 3 -1 1 -1
[ 1mark ]
4 3
(b) —1l]e|-4
3 1

Ax3+ (1) X(H+3x1 =B+ (-12+3R JR+ (-4H2+ 12 cosb
12+ 4+ 3 =+ 26+ 26 cosé

19
0 = —
cos 6
[ 3marks]
-6 4 -6 4 10
(c) rn=\{4|+A-1 =|4|+4(-1)=|(0] .. X(10, 0, 11)
-1 3 -1 3 11
[ 1mark ]
(d) AX = AO + OX = OX — OA
10 -6 16
=|l0|-[4]|=|-4
11 -1 12
[ 2marks]
(e) || = 1@ + a7+ 12
= V256 + 16 + 144 = /416 = 426
[ 2marks]

()

[ 3marks]



Answer 9

1 2 16 7
ri =|(-1|+ 4|3 andr, = | 5|+ u| -6
-5 4 -2 -10

2 7
3| -6
4 -10

2XT7T+3%x(-6)+4x (-10) = V2 + P + & /7 + (-6 + (-102 cosb

14 - 18 - 40 = v/ 29 v/ 185 cos
cosf = — 44
V29 x /185
. 0 = 1269° which is an acute angle &31°
[ 4 marks]
Answer 10
(i) The direction part of = 3 + 2 2 is the 2
-2 5 5
[ 1mark ]

(i) If (13,23) ison the line then there will be a valué dr which,
3 2\ (13

SEERF

Upperrow 3+ 21 = 13 = 20 =10 = 4 =5

Lowerrow: -2 +51 =23 =5 =25=1=5
- (13, 23) is on the line and occurs wher 5

A2 (3

2
5

[ 2marks]

(iii)  To cross the-axis atp,

Lowerrow: -2 +51 =0 = A =

Upperrow:3+2x%: p=p=38

The line crosses theaxis at ( 3.8, 0)
[ 2marks]



Answer 11

3 2 2
(i) The direction part of; = |7| + 4| 5] is the( 5)
3 1 1
[ 1mark ]
(ii) If (19,47,11) ison the line then there will be a valug fof which,
3 2 ( 19
7| + A|5| = | 47
3 1 11

Upperrow 3+ 24 =19 = 21 = 16 = 1 = 8
Middle row :7 + 50 = 47 = 51 = 40 = A

Lowerrow:3+ 1 =11 = 1 = 8

I
(o]

- (19,47,11) is on the line and occurs when 8

[ 2marks]

3 2 p
(iii) Tocrossthe-axisatp, [ 7|+ A| 5| =1{0
3 1 0

. 7

Middlerow :7+ 54 = 0 = 1 = -5

Lowerrow:3+ 1 =0 = 1 = -3
There is no value df for which both they component

and thez component are zero

. The line does not cross tkexis O

[ 2marks]
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Lesson 2
Further A-Level Pure Mathematics
Vectorslll : Corel
2.1 Intersecting LinesIn Three Dimensions
In two dimensions if two distinct lines are not parallel they must have a point of
intersection. In three dimensions the same is not true; it is possible for two lines
that are not parallel lines to not intersect. Such lines are saidOB .

2.2 Example
Determine if the following lines intersect or if they are skew.
1 3 9 -1
r =12+ 4| 2 and 1, = [2|+ u|-2
3 -1 5 1

[ 4 marks]



2.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 32

Question 1
(1) Show that the following lines intersect;
2 -2 -6 5
rn=3|+41| 4 and r, = [=3|+ul 1
-2 1 1 -2

(i) Find the coordinates of the point of intersection.

[ 4 marks]

[ 1mark ]



Recall that in three dimensions the scalar product is;

a by
| e b2
a3 b3

ab; + ab, + agh; = \/al2 + a2 + ag? \/bl2 + b2 + b3? cos6

(1) Use this to find, to the nearest 9.fhe acute angle between the lines.
(Remember to use the direction part of the lines !)

[ 3marks]



Question 2
C4 Examination Question from June 2007, Q5
The linel; has equation;

1 1
r=|{0|+4|1
-1 0
The linel; has equation;
1 2
r=(3+ull
6 -1

(a) Show that; andl, do not meet.

[ 4 marks]



The pointAis onl; whered = 1, and the poirB is onl, whereu = 2
(b) Find the cosine of the acute angle betwaBrandl;

[ 6 marks]



Question 3

C4 Examination Question from June 2009, Q7

Relative to a fixed origi®, the pointA has position vector 8+ 13j — 2Kk,
the pointB has position vector 10+ 14j — 4k

and the poinC has position vector &+ 9j + 6k

The linel passes through the poiisandB

(a) Find a vector equation for the lihe

[ 3marks]
(b)  Find |CB]

[ 2marks]

(c) Find the size of the acute angle between the line segbBeand
the linel, giving your answer in degrees to 1 decimal place.

[ 3marks]



(d) Find the shortest distance from the pdrtb the linel

[ 3marks]
The pointX lies onl

Given that the vectoCX is perpendicular tb

(e) find the area of triangl€XB, giving your answer to 3 significant figures.

[ 3marks]
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2.4 Answers
2.4.1 Solutionsto 2.2 Example

For the lines to intersect,

1 3 9 -1
2|+ Al 2| =|2|+u|-2
3 -1 5 1

Upperrowl + 31 =9 -u = 31 +u =8
Middlerow:2 + 24 =2 - 2u 2 A+ u=0= u = -1

Solve simultaneously3l + (-1) = 8
2, = 8
A=4 u=-4
Crucial !
Check the lower row : LHS =3-1 RHS =5 4u
=3-4 = 5-14
=-1 =1

As LHS# RHS the lines do not intersect, they are skew

(D
2

[ 4 marks]



2.4.2 Solution to 2.3 Exercise

Answer 1
2 -2 -6 5
(i) 3|+A 4| =|-3|+ul1l
-2 1 1 -2
Upperrow 2 - 24 = -6+ 5u = 24 + 5u = 8 (1)
Middlerow :3 + 41 = -3+ u = 41 —u = -6 (2
Solve simultaneously4t + 10u = 16 (1) x 2
4 - u = -6 (2
1lu = 22
u=2 . 1=-1
Crucial !
Check the lowerrow: LHS=-2+ 14 RHS=1-2u
=-2-1 =1-2x2
= -3 = -3
As LHS = RHS the lines intersect
[ 4 marks]
(i) To obtain the point of intersection,
-6 5 -6 5
-3|+uf1|=1|-3]+2|1
1 -2 1 -2
4
=1-1 Intersection al{ 4, — 1, — 3)
-3
[ 1mark ]
-2 5
(iii) 4 e 1
1 -2

() Xx5+4x1+1x (-2 =+/(-22+4+12 /5 + 12 + (-2 cosb
-10+4 -2 =+21+30 cosd

8
cosf = —
V21 x v 30
. # = 1086° which is an acute angle afL4°

[ 3marks]



Answer 2
(a) For the lines to intersect,

1 1 1 2
0|+ 41| =1(3]+u| 1l
-1 0 6 -1

Lowerrow: -1 =6-u > u =17
Middlerow: A =34+ u = 4 =10

Crucial !

Check the upperrow: LHS=1+41 RHS =1 +2
=1+10 = 1+ 144
=11 = 15

As LHS# RHS the lines do not intersect, they are skew

[ 4 marks]
1 1 1 1 2
(b) TofindpointA | O |+ Al1l] =0 |+ |1 =] 1 A(2, 1, -1)
-1 0 -1 0 -1
1 2 1 2 5
To find pointB, (3| + u| 1 | = (3|+2|{ 1| =15 B(5, 5 4)
6 -1 6 -1 4
s 5 2 3
AB=Db-a=[5|-(1]|=[4
4 -1 5
3 1
4111
5 0

3x1+4x1+5x0=+vVR+42+32 12+ 12 + 02 cosh

7 = \/50 V2 cosé
7

cosf = —
10

[ 6 marks]



Answer 3

8 10 8
(a) rge =13+ | 14| -] 13
-2 -4 -2
8 2
=13 [+ 4| 1 for example
-2 -2
[ 3marks]
. 10 9 1
(b) CB=b-c=2124|-19|=]| 5
-4 6 -10
|CB| = V12 + % + (-10? = 126 = 3V 14 or 11.2
[ 2marks]
1 2
(c) 5|1
-10 -2
I1x2+5x1+(-10)x (=2) = 12+ F + (=102 /22 + 12 + (—2)?? cos6
27 = /126 1/9 cos6
cosf = — 27
/126 x V9
_ 3V14
14
.6 = 36.7°
[ 3marks]
(d)
I
C
The shortest distancel = 3v 14 sin36.7° = 6.7
[ 3marks]
(e) Area = % X 6.7 x 3V 14 x sin(90 — 36.7)
= 301
[ 3marks]
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Lesson 3
Further A-Level Pure Mathematics

Vectorslll : Corel
3.1 Mutually Perpendicular Vectors

The Scalar Product (Also calledThe Dot Product)
By definition: a e b = |a| |b| cosé

a

9 —
Where|a| and|b| are the magnitudes of vect@randb

0 is the angle between vect@andb

Whenever angles are involved in a problem involving vectors, use the scalar
product with theDIRECTION PARTS of the vector equations of the lines.

A consequence of the definition is that The Scalar Product is a very good detectc
of 90° angles, becausedf= 9C°, thencos 6 = 0.

Mutually Perpendicular Vectors
¢ If two vectors are mutually perpendicular, their scalar product will be zero.
¢ If the scalar product is zero, vectarandb are mutually perpendicular.

3.2 Example
Prove that the following two lines are mutually perpendicular;
—6 4 12 7
rh=|5|+A 7 and 1, = | 3|+ u|l12
-7 -14 ~7 8

[ 3marks]



3.3 Proof of The Scalar Product Formula In Two Dimensions

Prove that for any two vectors;
(o))
and ( by )

anby + &by = a2 + &2 /b2 + b2 cosé

el

A

it follows that;

The Proof
By definition;
aeb=|al |b|cose
Let
a| . .
a= a) in which case|a| = /&2 + a2
2
a _{a
2, a=[)
a,
Similarly
by . .
b = |, | inwhich case|b| = /b2 + b,2
2

Thus, from the definition
aeb=|al|b|cose

= Ja? + a2 /b2 + b2 cosé

However,
aeb = (ai+ay)e (bi+byj
= albli o + albzi .j + azblj o + azsz .j

= ajb; + ayb,

because i ei =jej =1 and i1ej=jei=0

Thus,

aby + &by, = a2 + &2 /b2 + b2 cosé




3.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 32

Question 1
Show that the following two lines are mutually perpendicular;
1 5 4 7
rh=|-21+4| 3 and ro=1|7|+ul-9
1 -4 -3 2
[ 3marks]
Question 2
Given that the following two lines are mutually perpendicular, find the valae of
5 a -2 2
rh=1|-11+4( 4 and r, =13 |+ ul2a
0 -3 -1 5
[ 3marks]
Question 3

a=pi+6j-4k
b=05i -3j-7k
Find the value op if a andb are perpendicular

[ 3marks]



Question 4
A, B andC are three points in three dimensional space with coordinates;

A, 3,7 B(=-3 8 5 C(-4-13 12

(a) Determine;

(i) AB
[ 1mark ]
(i) AC
[ 1mark ]
(b) Show thatZBAC is a right angle
[ 2marks]

(c) Hence, or otherwise, find the areascABC

[ 3marks]



Question 5
Determine;

)

[ 1mark ]

What well known GCSE result have you proved ?
[ 1mark ]

Question 6
Write down an equation of the vector line that passes through the points;

A@B 2,-1) and B(5, 7, 3

[ 2marks]

Question 7
Write down a vector line equation for a line that passes through the point-42 k
and which is parallel to the line with equation

r=3i+3]—-5k+A(-2i +8j + Kk

[ 2marks]



Question 8
Given that the vectors

A+1 A-5
u= 4 and v = y)
1 -11

are perpendicular, find the possible values of

[ 2marks]



Question 9
This question is about finding a vector that is perpendicular to both of the lines

10 3 7 6
r=1_2|+ 411 and r, = 4]+ u|-2
10 2 7 7

Without loss of generality, assume the direction vector sought is of the form;

1
d=|P
Q
(a) Obtain an equation, iR andQ, from the fact that;
1 3
Ple[1] =0
Q 12

[ 1mark ]
(b) Obtain a second equation,PrandQ, from the fact that;
1 6
P [ J _2 = O
Q \-7
[ 1mark ]

(c) Solve the two equations simultaneously to determine the vaRe of
and the value o and hence give the required direction vector which
is perpendicular to both of the linesandr».

[ 2marks]



Question 10
Find a vector that is perpendicular to both of the lines

-4 4 8 5
rr=1|7|+A4/10 and 1, = (=7 + u|l-9
1 -3 3 7

[ 4 marks]
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3.5 Answers

3.5.1 Solution to 3.2 Example

4 7
7 |e|12| =4%x7+7x12+ (—14 x 8
—-14/ |8
=28+ 84 - 112
=0
. ry and r, are mutually perpendiculaf]
[ 3marks]
3.5.2 Solutionto 3.4
Answer 1
5 7
3|e|-9|=5%xXx7+3X -9+ (-4 x2
-4 2
=35-27-8
=0
. ry and r, are mutually perpendiculaf]
[ 3marks]
Answer 2
a 2
As the lines are perpendiculaf, 4 | e (2a| = O
-3 5
ax2+4x2a+(-3)x5=0
2Za+8a-15=0
10a = 15
a3
-2
[ 3marks]
Answer 3
Y 5
As the lines are perpendiculaf, 6 | e |[-3] = 0
-4 -7

PpxX5+6Xx -3 +-dhHx-7=0
50-18+28 =0
50 = -10

p=-2
[ 3marks]



Answer 4

s -3 6 -9
(a) (1) AB=b-a=|8|-|3|=|5
5 7 -2
[ 1mark ]
. -4 6 -10
(i) AC=c—-a=|-13|-(3]|=|-16
12 7 5
[ 1mark ]
-9 -10
(b) 5 |e|-16|=(-9 %x(-100+5%x(—-16) + (-2) x5
-2 5
= 90-80- 10
=0 - ZBACis arightangle O
[ 2marks]
1
(c) Areazibh
1
= — x |AB| x |AC|
2
:%x\/(—9)2+52+(—2)2 X\ (-102 + (-16)2 + 52
:%xx/llex/C%Bl
= 1024
[ 3marks]
Answer 5
1 1 1
(m)-(_%):1x1+mx(—ﬁ)
=1-1
=0
[ 1 mark ]

. The line which is perpendicular to a line with gradiertias a gradient
which is the sign changed reciprocal, tha%is%

[ 1 mark ]



Answer 6

rAB:(TA+/1?B
3 5 3
= 2 |+A|7]-]| 2
-1 3 -1
3 2
=2 |+41]|5 for example
-1 4
[ 2marks]
Answer 7
4 -2
s=|1]|+4| 8
-2 1
[ 2marks]
Answer 8
uev=20
A+1 A—-5
4 [ ] A :O
1 -11

(A+1) (A-5+41-11=0
P-4 -5+4-11=0

2 _-16=0
12 = 16
L =+4

[ 2marks]



Answer 9

1 3
(a) Ple[1]=0=>3+P+20=0=P+2Q =-3 D
Q |2
[ 1mark ]
1 6
(b) Ple|-2]=0=>6-2P-7Q=0=2P+7Q =6 2
Q \-7
[ 1mark ]
(c) 2P+7Q = 6 (2
2P +4Q = -6 (1) x 2
3Q = 12
Q=4 =P=-11
1
The vector perpendicular to bothandr,is | —11
4
[ 2marks]
Answer 10
1 4
Ple(10|=0=>4+10P-3Q=0= 10P-3Q = -4 (1
Q \-3
[ 1mark ]
1 5
Ple|-9]=0=>5-9P+7Q=0= -9P+7Q = -5 2
Q 7
[ 1mark ]
70P — 21Q = - 28 (L) x 7
—-27P + 21Q = —-15 (2 x 3
43P = - 43
P=-1 = Q=-2
1
The vector perpendicular to bothandr,is | -1
-2
[ 2marks]
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Lesson 4
Further A-Level Pure M athematics
Vectorslll : Corel

4.1 Shortest Distance from Point to Line

Example
Question :
Find the shortest distance between the géjrt5, 7, 4)
7 3
and the line with equation = |-3| + 4|1
5 2
Answer :

Call the location on the line that is closesPtthe pointX

P(=5 7 4)

[ 4 marks]



4.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
Find the shortest distance between the geirt3, 8, 0) and the line with equation
10 4
r=13|+uwul-2
1 1

Begin by calling the location on the line that is close$t the pointX

:

P(-3 8 0)

[ 4 marks]



Question 2
Find the shortest distance between the geint,— 1,— 6 ) and the line with equation

—7 2
r=|15|+ u(-4
2 1

[ 5marks]



Question 3
C4 Examination Question from January 2011, Q4

Relative to a fixed origii®, the pointA has position vector— 3j + 2k and
the pointB has position vector 2i + 2] — k
The pointsA andB lie on a straight liné

(a) Find AB

[ 2marks]
(b) Find a vector equation of

[ 2marks]
The pointC has position vector 2+ pj— 4k with respect t®, wherep is a constant.
Given thatAC is perpendicular th find
(c) the value op

[ 4 marks]
(d) the distanc&C

[ 2marks]



Question 4
With respect to a fixed origi®, the lined; andl, are given by the equations

Iy ©r=(9i +13) —3Kk) +A(i +4j - 2k)

lob :r=(2i—j)+k) +u(2i +j+Kk)
whered andu are scalar parameters.

(a) Given thatl; andl; meet, find the position vector of their point of intersectic

[ 5marks]

(b) Find the acute angle betwelkerandl,, giving your answer in
degrees to 1 decimal place

[ 3marks]



Given that the poinA has position vector 4+ 16j — 3k and that the poirR lies
onls such tha®P is perpendicular tf,

(c) Find the exact coordinates Bf

[ 6 marks]



Question 5

P3 Examination Question from January 2002, Q6

Relative to a fixed origii®, the pointA has position vector 4+ 8] — k, and the
point B has position vector i7+ 14] + 5k

(a) Find the vector AB

[ 1mark ]
(b) Calculate the cosine ofOAB

[ 3marks]
(c) Show that, for all values df the pointP with position vector

A+ 2]+ (24 —9)klies on the line througA andB

[ 3marks]



(d) Find the value of for whichOP is perpendicular té&B

[ 3marks]
(e) Hence find the coordinates of the foot of the perpendicular
from O to AB

[ 2marks]
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4.3 Answers

4.3.1 Solution to 4.1 Example

P(_ 5a 7a 4)

There must be a special valueldhat moves a point along the line from the
start point ofl 7, — 3, 5) to the pointX. Call this special valu¥.

Thus,X (7 + 31,-3+ 1, 5+ 21)

PX = x— p
7+ 3V -5
=|-3+ /X 7
5+ 2% 4
12 + 3V
=|-10+ X
1+ 27
Making use of the scalar product,
12 + 3V 3
—10+ AV | |1
1+ 2 2
6+ -10+4V+2+4 =0
28+ 14V =0
N==-2

X(7+3V, -3+ 1, 5+21) =X(1,-51

The distance betweefiandP is,
VA - =92+ (-5 -T2+ (1 -42 = 6 + (-1272 + (-3
= /36 + 144+ 9
= /189  (or 3V21 or 1375

[ 4 marks]



4.3.2 Solution to 4.2 Exercise

Answer 1

P(_ 3, 8, 0)

There must be a special valueldhat moves a point along the line from the
start point ofl 10, 3, 1) to the pointX. Call this special valug.

Thus,X (10 + 44, 3-24, 1+ 1)

s
PX=x-p
10 + 4% -3
=|3-2" |—-| 8
1+ X 0
13 + 4%
=|-5-2
1+ X
Making use of the scalar product,
13 + 4% 4
-5-2V]e|-2
1+ X 1
52+ 16 + 10+ +1+ 4 =0
63+ 210 =0
AV =-3

X(10+4V,3-24,1+71)=X(-2 9 -2

The distance betweetfiandP is,
V2 = 32+ (9-82+ (-2 - 07 = 12+ 12 + (-2
=6  (or 245

[ 4 marks]



Answer 2

There must be a special valueldhat moves a point along the line from the
start point of— 7, 15 2) to the poinX. Call this special valu#.

Thus,X (-7 + 2/, 15- 41, 2+ 1)

PX = x - p
-7+ 2V 7
=(15-4 |-|-1
2+ X -6
-14 + 24
= | 16 — 4%
8+ /X
Making use of the scalar product,
-14 + 2% 2
16— 44 || -4
8+ X 1
-28+ 4V —-64+161 +8+ 1 =0
-84 +214 =0
V=4

X(=7+2), 15— 4, 2+ 1) = X(1, -1, 6)

The distance betweefiandP is,
JA -T2+ (D= 12+ (6~ (-6 = /(67 + 02+ (127
= /36 + 0 + 144
= /180 (or 6/ 5 or 1342

[ 5marks]



[ 2marks]
1 -3
(b) r=|-3|+4 5 for example
2 -3
[ 2marks]
. 2 1 1
(c) AC=c-a=|p|-(-3=|p+3
-4 2 -6
1 -3
As AC is perpendicular tb, p+3|e| 5|=0
-6 -3
-3+5+15+18=0
5p = -30
p=-6
[ 4 marks]

. 1
(d) |AC|=‘(—6+3 = J12+ (32 + (-6 = 46 or 6.78

-6

[ 2marks]



Answer 4

9 1 2 2
(a) 13|+ A1 4| =|-1| +u|l
-3 -2 1 1
Upperrow 9 + 1 =2+ 2u = A - 2u = -7 (1)
Middlerow:13+ 44 = -1+ u = 4 —u = -14 (2
Solve simultaneouslyt — 2u = -7 (1
81— 2u = -28 (2) x 2
-7 = 21
A==-3 . u=4+14
p= 2
Crucial !
Check the lowerrow: LHS=-3-24 RHS =1+ u
=-3+6 =1+4+2
=3 =3
As LHS = RHS the lines intersect.
To get the point of intersection,
9 1 9 1
13|+ 41 4| =|13|-3| 4
-3 -2 -3 -2
6
=101 i.e. (6, 1, 3)
3

[ 5marks]

1 2
(b) Using the scalar product ( 4 ) o (1

2+4-2=12+ 8+ (=22 V22 + 12+ 12 cosh

4
S0 = 5T Ve
B 4

- 3V14
0 = 691°

[ 3marks]



(c)

A(416,-3)

There must be a special valueldhat moves a point along the line from the
start point of( 9, 13 — 3) to the pointP. Call this special valu#.

Thus,P (9 + 4, 13+ 414, -3 - 21)

?P:p—a
9+ X 4
=|13+4V |- | 16
-3-2¥ -3
5+ X
=|-3+4
_2)"
Making use of the scalar product,
5+ 4 1
-3+41V || 4
-2 -2
5+ -12+164 +41 =0
-7+2W =0
1
V==
3
1 1 2
P(9+ A, 13+44,-3-2V) = P(9=, 14-, - 3=
(9+ 4, 13+ 44, ) (3, 3 3)

[ 6 marks]



Answer 5

. 7 4 3 .
(a) AB=Db-a=|(14|-(8|=|6|or AB=3i+6]+6Kk
5 -1 6
[ 2marks]
UGN -4 3
(b) ADe AB=|-8|e|6
1 6

(-4 x3+ (-8 x6+1x6=+v16+64+1 9+ 36+ 36c0sh
-12 - 48+ 6 = v 81 v 81 cosé

cosfh = —% Direction Important, see lesson 5
[ 3marks]
0 1
(c) The line givenis = | 0 |+ 4| 2
-9 2

By letting/ = 4 pointA is reached
By letting/4 = 7 pointB is reached
. The pointP represented by the limgpasses through andB
[ 3marks]



(d)

1 =7
2) B(7 14 5)
2

0(0,0,0)
There must be a special valueldhat moves a point along the line from the
start point ofl 0, 0, —9) to the pointP. Call this special valu#.

Thus,P (0O + 4, 0+ 20, -9+ 21)

—>

OP=p-o0
N 0
= 2/ -{0
-9+ 2 0
il
= 21
-9+ 2
Making use of the scalar product,
N 1
2 °|2
-9+ 2 2
A+ 4y - 18+ 4 =
-18+ % =0
N=2
[ 3marks]
P(O+ A, 0+2V,-94+2)) =P(2 4-5)
[ 2marks]
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Lesson 5

Further A-Level Pure Mathematics

:Corel

Vectorslil|

5.1 Which Angle From The Scalar Product ?

AABC is formed from the point& (2, 3), B(5, 1) andC (4, 7)

Determine the size of CAB in degrees correct to one decimal place.

[ 3marks]



5.2 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable

Question 1
You are given that,

(i)

(i)

(iii )

(iv)

(v)

—>

Marks Available : 50
3
and BC =(-2
-6

., (-4
AB=| 1

Write down the vector?A

[ 1mark ]
. _—>
Determlne| BA|
[ 1mark ]
. _—>
Determlne| BC |
[ 1mark ]
DetermineZABC in degrees, accurate to 1 decimal place.
[ 2marks]

Find the area cAABC

[ 1mark ]



Question 2
AABC is formed from the point& (-4, 7,3),B(-8,5,2)andC(9,1,-6)
Determine the size of BAC in degrees correct to one decimal place.

[ 3marks]



Question 3
C4 Examination Question from January 2007, Q7

The pointA has position vecta = 2i + 2] + k and the poinB has position
vectorb =i +j — 4k relative to an origi®.

(a) Find the position vector of the poi@t with position vectoc given
by c=a+b

[ 1 mark ]
(b) Show thatOACB is a rectangle, and find its exact area

[ 6 marks]



The diagonals of the rectanghB andOC meet at the poird

(c) Write down the position vector of the pot

[ 1mark ]
(d) Find the size of the anghkDC

[ 6 marks]



Question 4
C4 Examination Question from June 2010, Q7 (edited)
The linel; has equation;

wherel is a scalar parameter.
The linel; has equation;

whereu is a scalar parameter.
Given thatl; andl, meet at the poir, find
(a) the coordinates o

[ 3marks]



The pointA is the point orl; whered = 0 and the poirB is the point
onl, whereu =—1

(b) Find the size of the anghCB.
Give your answer in degrees to 2 decimal places.

[ 4marks]
(c) Hence, or otherwise, find the area of the triakBe

[ 5marks]



Question 5

C4 Examination Question from January 2012, Q7

Relative to a fixed origi®, the pointA has position vector 2—j + 5k,
the pointB has position vector 6+ 2j + 10k

and the poinD has position vectori +j + 4k

The linel passes through the poisandB

(a) Find the vectoAB

[ 2marks]
(b) Find a vector equation for the lihe

[ 2marks]

(c) Show that the size of the andd&D is 109, to the nearest degree.

[ 4 marks]



The pointsA, B andD, together with a poirt, are the vertices of the
parallelogramABCD, where AB =DC

(d) Find the position vector ¢

[ 2marks]
(e) Find the area of the parallelogra&BCD, giving your answer
to 3 significant figures.
[ 3marks]
(f) Find the shortest distance from the pdnto the linel, giving
your answer to 3 significant figures.
[ 2marks]
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5.3 Answers

5.3.1 Solution to theintroductory example

A

L -

To get the correct angleZCAB, it is necessaito get both direction
vectorsaway from the pointA

Thus the calculation proceeds as follows...

B-v-a-(3)-(5)- (3
- ema= (3] (3) - 2]

3x 2+ (-2) x4 =+32+-22 22+ 42 cos@

-2 =+13+v 20 cosf — 0.124
cosf = -0124 .. 6 = 971°

[ 3marks]

Tt Having both direction vectors towards the pdimtiso works but having
one toward# and one away frorA will get the angle's compliment.
i.e. 180- £LCAB.
Often examinations questions are about directions between lines in which
case the angle wanted is not as tightly specified, and such questions usually
ask for the acute angle between the lines. i.e. The angle less than 90°.



5.3.2 Solutionsto 5.2 Exercise

Answer 1
R 4
(1) BA=(-1
8
[ 1mark ]
(i) |BAl=9
[ 1mark ]
(i) |8c| =7
[ 1mark ]
—> —> 4 3
(iv) BAeBC =|-1|e|-2
8 -6
12+ 2 - 48 = 9 x 7 x cos (£LABC)
-34
cos (£LABC) = ——
( ) 53
ZABC = 1227°
[ 2marks]
(v) AreaA = 05 x 7 x 9 x sn (1227°)
= 265
[ 2marks]
Answer 2
N -8 -4 -4
AB=|5|-|17|=(-2
2 3 -1
R 9 -4 13
AC=|(1|-|7]|=1|-6
-6 3 -9
N -4 13
ABe AC=|-2|e|-6
-1 -9
-52+ 12+ 9 = v 21 v 286 cos(£BAC)
-31
cos (£BAC) = 77.498
ZABC = 1136°

[ 4 marks]



c=3i+3] -3k
[ 1mark ]

(b) As c = a + b we could simply show that any one of the four vertex
angles is 99and it follows that all four angles are°ind thus that
OABC is a rectangle.

B C
>
a
b b
>
O a A
Alternatively, show thade b=0
Thus,
2 1
aeb=[2]|e| 1
1 -4
=2+2-14
=0

.. As the scalar product is zero each angle of quadrilad#®@B is 90°

and sdOACBis arectangle O

Area = V22 4+ 224 12 x /12 + 12 + (-4
3x V18
9V 2 + Exact area asked for

[ 6 marks]

— 1—

(c) oD = —0C

%(Si + 3j - 3Kk

15i + 1.5] — 15k
[ 1mark ]



(d)

—> —>
DA ¢ DC

0.75+ 0.75 - 375 =
cos (£LADC) =

cos (£ADC)

ZADC =
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_225

6.75
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L esson 6
Further A-Level Pure Mathematics
Vectorsllil : Corel
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 28
6.1 Test

Question 1

Two points,V andW have coordinatesv (9,8,—7) and W(11,11-1)
In addition,O is the origin with coordinate® ( 0, 0, 0).

(i) Determine the vectorW

[ 2marks]
(ii)  Calculate| VW|

[ 2marks]
(iii) ShowthatVWe VO = 0

[ 2marks]

(iv)  What does paifc) tell you abouta OVW ?

[ 1mark ]



Question 2
(1) Determine the vector equation of the lihehat passes through the
pointsA and B with coordinatesA(2,8,3) andB(7,5,1)

[ 3marks]

(i) State, giving a reason if the pofdt — 8, 2, 7) is on the linel,

[ 2marks]



Question 3
With respect to an origi®, the position vectors of the poirtsandM
arei —j + 3k and 2i — 4 + 2k respectively.

(i)  Write down the vectolLM

[ 1mark ]
(ii)  Showthal OL|=|LM]|

[ 2marksg]
(1)  Find £LOLM, giving your answer to the nearest tenth of a degree

[ 3marks]



Question 4
C4 Examination Question from January 2008, Q6
The pointsA andB have position vector 2+ 6] — k and 3i + 4 + k respectively.

The linel; passes through the poiftsandB

(a) Find the vectoAB

[ 2marks]
(b) Find a vector equation for the lihe

[ 2marks]

A second lind; passes through the origin and is parallel to the veetér
The linel; meets the lin& at the poinC

(c) Find the acute angle betwelrandl,

[ 3marks]



(d) Find the position vector of the poiGt

[ 4 marks]
This document is licensed for use by staff and studei®isratvsbury School, England
To obtain a licence please visit www.NumberlsAll.com
© 2020 Number Is All



6.2 Answers

Answer 1

() mw(ﬁ)(i)(i)

-1 -7 6
[ 2marks]
(i) |vw|=v2Zrz+6 =vao =7
[ 2marks]
(iii)  Toshow, VW e VO
LHS =VW « VO
2 -9
=|3]||-8
6 7
=-18- 24 + 42
=0
= RHS 0O
[ 2marks]
(iv)  AOVWis right angled a¥
[ 1mark ]
Answer 2
2 7 2 2 5
(i) r=|(8|+4{|[5|-|8||=7r=]8]|+4|-3] forexample
3 1 3 3 -2
[ 3marks]
(i)  Tryi = -2,
2 5
r=18(+4|-3
3 -2
2 5
=(8|-2|-3
3 -2
-8
=| 14
7

. (=8, 2, 7) is not on the lind,
[ 2marks]



Answer 3

(i) |ol]l=yr2r g+ ® = Vit
|IM| = V22 + =32+ (—17 = V1T

~lot| = M| o

(iii)  Making use of the scalar product,

—> —_

LO e LM

-1 1

1 || -3

-3 -1
-1-3+3=+11 v 11 cosé@

1

cosf = — —

11

0 = 952°

[ 2marks]

[ 2marks]

[ 3marks]



Answer 4

s 3 2 1
(a) AB=b-a=|4|-[6]|=|-2
1 -1 2
[ 2marks]
2 1
(b) b :r=|6|+A[-2 for example
-1 2
[ 2marks]
(c) Making use of the scalar product,
1 1
—-2|e|0
2 1
1+0+2=+12+(-22+22 12+ 0 + 12 cosh
cose—L
Vo V2
1
V2
0 = 45
[ 3marks]
2 1 1
(d) 6 |+4-2|=u|0
-1 2 1
Middlerow:6 - 24 = 0 = 1 = 3
2 1 2 1
TogetpointC, | 6 |+4|-2|=| 6 |+3|-2
-1 2 -1 2
5
=|0] ie. C(5 0, 5)
5
[ 4 marks]
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