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Lesson 1
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
1.1 Matrix as Organiser

A matrix can be viewed as an organiser; a tool that allows information to be
processed in a systematic, compact and efficient manner. When solving, for
example, a system of five simultaneous equations with five unknowns, using
matrices keeps the working both manageable and presentable. Computerisin
the solution techniques developed is then straight forward as most computel
languages have matrix arithmetic built in.

1.2 Two Equations, Two Unknowns

As a simple example consider the following two simultaneous equations with
two unknown variableg andy,

2X+ 5 =14
6Xx + 4y = 1
These are rewritten as the following matrix calculation,

(& 2)5)-(3)

The theory for this rewrite in matrix form was covered in Lesson Blaifix
Transformations where how to transform a poiltk, y) using a matrix was
studied.

Here is a reminder of that key previous result;

Point Transformation by a Matrix (Two Dimensions)

The point( x, y) is written );

2 alb)-

The point( x, y) has been transformed to the poirdx + by, cx + dy)

and placed right of thigansforming matrix

ax + by
cX + dy

From GCSE it is known that the algebra of solving two simultaneous equations
has a geometric interpretation, namely, of finding the point where two straight
lines intersect. So matrices, previously used to manipulate points, are also of ust
in solving simultaneous equations because solving them is all about finding a
point; the point &, y ) of intersection of the two straight lines.



To advance the example, another previous result is needed, that of writing down
the inverse matrix of a given matrix,

The Inverse of aMatrix

. . . o1
In general, the inverse of a non-singular mattixs the matrixM  such that

-1 -1
MM =M M =1

In particular, ifM :(a b),thenM_lz 1 ( d —b)
c d detM \ -c a

This result in turn required knowing how to find the determinant of a matrix,

Definition of the Determinant
Given the generalised>22 square matriXyl, where,

ab

M= cd

the determinan is given by,
IM| = ad - be
This can also be writtestet M or AM
e If |M | =0 thenM is a singular matrix
e If | M |0 thenM is a non-singular matrix

At last, armed with this background knowledge, the example can be progressed !
Teaching Video http://www.NumberWonder.co.uk/v9095/1.mp4

Watch the video and
then write out a full
solution here:

[]

[ 5 marks ]


http://www.NumberWonder.co.uk/v9095/1.mp4

1.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 30
Question 1

7
Let P be the matrlx( 3 o )

Calculate the matriPQ

and letQ be the matri>< 16)

[ 3 marks ]

Question 2
In the teaching video, it was claimed that when the Left Hand Side of

22501

-1
was front multiplied byM  the result was jus(t?)

Show in more detail exactly how this comes about.

[ 4 marks ]



Question 3

.10 4
Let A be the matrl>{ 7 3)

. -1
DetermineA

Question 4

LetM be the matri><( 0.5 0'25)

2 15
(1) Calculate the value alet(M)

N , -1
(i) DetermineM
Simplify your answer

[ 4 marks ]

[ 2 marks ]

[ 2 marks ]



Question 5
Solve the following simultaneous equations using matrix methods,

33X + 4y = 18
X - y= 5

[ 5 marks ]



Question 6
Solve the following simultaneous equations using matrix methods,

5 -2y = 16
X+ 6y =-4

[ 5 marks ]



Question 7

The matrixA = ( ;

andAB = (

NN
(o )
N~ o©
_

Find the matrixB

[ 5 marks ]
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1.4 Answers
Further A-Level Pure Mathematics : Core 1

Matrix Systems of Equations
1.4.1 Solution to 1.2 Example (Teaching Video)

2X+5 =4
6x + 4y =1

The representation in matrix form is then,
2 5\(x| _[4
6 4/ly] |1

LetM = ( 2 5 ) be the matrix of the coefficients, in which case,

6 4
-1 —
vl 1 4 -5

2x4-5%x61\-6 2
_ L (-4 s
22 6 -2
LX) L (-4 54
\y) o 22 6 -2 /)11
_i -4x4+5x1
T 22 16x4+(-2)x1
_ 1 (-n
o2\ 22
_[-05
1

Thatis,x = =05 y =1
[ 5 marks ]



1.4.2 Solutions to 1.3 Exercise

Answer 1

[ 7 51\[6

o= (1 58

_[7Tx6+5x1

|3x6+2x1

47

120

[ 3 marks ]

Answer 2

M'125X—i‘4525x
6 4)\y|] 22 6 -2J/\6 4/\y

1 [(-4Hx2+5%x6 (-4 x5+5x4

22 | 6x2+(-2)x6 6x5+(-2)x4

AR
(5 3103)
- (5]

)

[ 4 marks ]

Answer 3

_[10 4

A= ( 7 3)

Al 1 3 —4)
- 10x3-4x7\-7 10
_ L 3 -4
~ 21 -7 10
B 15 -2
~|\-35 &5

[ 4 marks ]



Answer 4

(i)

(i)

Answer 5

_[05 025
2 15

05x 15-025x% 2
0.75- 05
0.25

|

15
-2

det (M)

[ 2 marks ]

1
~ 025

o

15
-2

-0.25
0.5

|

|

-0.25
05

[ 2 marks ]

33X + 4y = 18

4 - y= 5

The representation in matrix form is then,

3

LetM =(4

M

-1

3
4

4
-1

X
y

18
5

(20013

) be the matrix of the coefficients, in which case,

|

4

-1

1
3x(-1)-4x14

_L(-1 -4
19\-4 3
1 18
4

)

1x 18+ 4x5
4x18-3 x5
2

38
)

57
Thatis,x = 2, y =3

3
4

4
-1

4
-3

|

[ 5 marks ]



Answer 6
5 -2y = 16
X+ 6y =-4

The representation in matrix form is then,

(5 I 124)

LetM = ( g _g ) the matrix of the coefficients, in which case,
-1
ML= 1 ( 6 2)
5x6-(-2)x7\—-7 5
_1( 6 2
44\ -7 5
C(xy_ 1 6 2]\(16
“\y] " 44\ -7 5])\-4
1 6 x 16+ 2 x (—4)
T 44\ (-7 x 16+ 5x (-4
_1( 88
44\ -132
_ 2
=3
Thatis,x = 2, y = -3
[ 5 marks ]
Answer 7
(1 -3
A‘(z 1)

A"l 1 (13):i(13)
1x1-(-3x2\-2 1 7\-2 1
B_i13419_i72821
7\-2 1 1 9 4) 7\-7 7 -14

1 4 3
-1 1 -2
[ 5 marks ]
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Lesson 2
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
2.1 The 3x 3 Matrix
To solven equations witim unknowns, the working is with amx n matrix. In
this course, the focus is upon 3 equations with 3 unknowns, and on working with
a 3x 3 general matrix.

The general & 3 matrix can be expressed in two ways.

Firstly, and the method preferred by the A-Level course,

a b c
A=|d e f
g h i

Secondly, and more easily extendable to larger matrices,
1 2 3

1[a;n ap as
A =2|ay ay axs
3\ as axn as

However it is expressed, for thex3 matrix, two questions immediately arise.
e How is its determinant worked out ?
e How is its inverse, assuming one exists, found ?

The first will be addressed in this lesson, the second in the next.




2.2 The Determinant of a 3x 3 Matrix

Before looking at the method of finding the determinant of>xa3matrix it is
useful to be able to find what is termed the minor of such a matrix.

The Minor of a 3 x 3 Matrix
The minor of an element in a33 matrix is the determinant of thex2 matrix

that remains after the row and column containing that element are crossed out.

Example #1

2 7 -4
8 4 9
Teaching Video http://www.NumberWonder.co.uk/v9095/2a.mp4

oA
En

Watch the video and
then write out a full
solution here:

Find the minor of the element 6 in the matri =

5 -3 6)

[]

[ 3 marks ]
Spot Check

-3
Show that, foA = 7 -4
4

N o1

[ 3 marks ]


http://www.NumberWonder.co.uk/v9095/2a.mp4

The determinant of a & 3 matrix is found by “expanding along a row or
column”. As beginners, always expand along the top row. Using other rows or
columns will be explored in the exercise. All, of course, arrive at the same
answer !

The Determinant of a 3x 3 Matrix

a b c

g h i

Notice that this could be written using the minors of the matrix as,

a b c
d e f = aMll—bM12+CM13
g h i

which is easier to remember.

Example #2

Find the value o{

|—\ooH
NN
wrFk A

Teaching Video http://www.NumberWonder.co.uk/v9095/2b.mp4

EI"""

Watch the video and
then write out a full
solution here:

[

[ 4 marks ]


http://www.NumberWonder.co.uk/v9095/2b.mp4

2.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 25

Question 1
-3 1 9
The matrixH is 2 5 3
-1 6 8

Without using a calculator, show thathas a determinant of 68

[ 4 marks ]

Question 2
Further A-Level Examination Question from June 2017, FP3, Q6 (a) (Edexcel)
The matrixM is given by,

1 Kk 0 1
M = 2 =2 1,keR,k¢?
-4 1 -1

Show thatdetM = 1 — 2k

[ 2 marks ]

Question 3

If a matrix is described as being singular, what does this tell you about its
determinant ?

[ 1 mark]



Question 4
Further A-Level Examination Question from June 2016, FP3, Q1 (Edexcel)

-2 1 -3
A = k 1 3 |, wherek s a constant
2 -1 k

Given that the matriA is singular, find the possible valueskof

[ 4 marks ]
Question 5
2 -1 3
The matrixA = k 2 4 , wherek is a constant
-2 1 k+3

Given that the determinant Afis 8, find the possible values lof

[ 5 marks ]



Question 6
Every elementa;j in a matrix has associated with it a cofactor.

The cofactor; is minorM;; which may or may not have its sign changed.

If i+ j is even the cofactor is the unchanged minor, otherwise its sign is
changed In practice, this means that the cofactors in xa 3 matrix are the
minors adjusted in accordance with the following pattern,

+ - 4+
—_ + —_
+ - 4+
When expanding the matrix by the top row, this is where the signs in frant of
b andc came from; they were the top row of of this pattern mattix,, +

That is,

f :+aM11—bM12+CM13
i

Q Qo
> 0O O

-7 3
Let G be the matrix, G= 0 2
5 6

Show that the determinant obtained by expansion along the top row is the sam«
as that obtained by expansion along the middle row.

5
0
4

[ 5 marks ]



Question 7

2 =2 4
Show that, for all real values gfthe matrix 3 X —2 |is non singular
-1 3 X

[ 4 marks ]
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2.4 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
2.4.1 Solution to Example #1 (Teaching Video)

The minor of the element 6 is given by,

12 7
M13—‘8 4
=2x4-8x7
=8-8x7
=8(1-7)
= 8 x (—6)
= —48
[ 3 marks ]
Solution to Spot Check
5 -3 6
A=1|2 7 -4
8 4 9
-3 6
MZl—‘ 4 9‘
=(-3)x9-4x%x6
= -27-24
= -51 O
[ 3 marks ]
Solution to Example #2 (Teaching Video)
1 2 4
2 1 3 1 3 2
3 2 1|=1x ‘—Zx +4’ ‘
‘_1 4 3 4 3 -1 3 -1 4

=1(2x3-4x1)
-2(3x3-(-1)x1)
+4(3x4-(-1)x2)
=2-20+ 56

= 38
[ 4 marks ]



2.4.2 Solutions to 2.3 Exercise

Answer 1
-3 1 9
5 3 2 3 2 5
2 5 3 :(—3)’ ‘—1‘_ +9‘ ’
1 6 8 6 8 1 8 -1 6
=-3(5x8-6x3)
-1(2x8-(-1) x 3)
+9(2x6-(-1)x5)
= —-66 — 19 + 153
= 68 O
[ 4 marks ]
Answer 2
1 k 0 1
M = -2 1], ke R, k# =
-4 1 -1
Y 1] 2 1 2 -2
|M|"1‘ 1 —1‘ k‘—4 1 +O‘—4 1‘
=1((-2%x(-1)-1x1)-k(2x(-1)-(-49x1)+ 0
=1-2k O
[ 2 marks ]
Answer 3
It tells you that the determinant is zero.
[1mark]
Answer 4
As the matrix is singulardet A = 0
-2 1 -3
k 1 3|=0
2 -1 k
1 3 k 3 k 1] _
(_a‘—l k‘_l‘z k‘_g‘z _1]=0
(-2)(k+3) - (K ~6)-3(-k-2)=0
—2k-6-K +6+3k+6=0
“K+k+6=0
K-k-6=0
(k-3)(k+2)=0

Eitherk = 3ork = -2
[ 4 marks ]



Answer 5

2(2(

detA = 8
2 -1 3
k 2 4 |=8
-2 1 k+3
kK 4 k 2| _
’—2 K+ 3 +3‘—2 1| =8

k+3)-1x4)
+ 1(k(k+3)-(-2) x 4)

+3(kx1-(-2)x2 =8

MK +12-8+K +3k+8+3k+12=8

Answer 6
Top row expansion,

-7 3 5

0 2 0
5 6 4

Middle row expansion,

-7 3 5
0 2 0
5 6 4

K>+ 10k + 16 = 0
(k+8)(k+2)=0
Eitherk = -8 ork = -2

0

~ 2 0
S EIARE H

0 0 2
4 +5‘5 6‘

=-7x8-3x0+5x(-10

— _56-0-50
— _106

|3 s 7 5| -7 3
= 0‘64+2‘54‘ 0‘56‘

0+2((-7)x4-5%x5)-0

= 2 (-28 - 25)
= 2 X (—593)
= —106 As before O

[ 5 marks ]

[ 5 marks ]



Answer 7

2 =2 4
3X_2:2x—2+23—2+43x

3 -1 -1 3
-1 3 X

2(x®+6)+2(3x-2)+4(9+x)
2% + 12 + 6X — 4 + 36 + 4X

2% + 10X + 44

2[x2+5x]+44

2
:2{(x+§)_§}+44
2 4
2
( 5) 25 88
=2|X+—=| - —/— + —
2 2 2
2
5 63
2[x 302
X+ o)+ 5

This expression is always positive
. There is no real value farthat will cause the matrix to be singular

That is, the matrix is always non singular d
[ 4 marks ]
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Lesson 3
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
3.1 Inverting a3 x 3 Matrix
Finding the inverse of ax83 matrix makes use of a “Cookbook Recipe”.
Before listing the five steps in the recipe, there is one matrix manipulation that
has not been previously mentioned:

The Transpose of a Xk 3 Matrix

c
f | the transpose of matri®
[

Given, for example, the matr@ =

Q QO Q
> 0O O

. T . .
is denoteds and is formed by an interchange of rows and columns.

T a d g
Thus, G =|b e h
c f i

. . : . -1
Starting with a matrixA, the recipe cooks up the matrix,

Inverse Matrix “Cookbook Recipe”

Step 1: Find the determinant of &, det A

Step 2: Form,M, the matrix of minors oA by replacing each of the nine elements
of the matrixA with that element's minor.

Step 3: Form,C, the matrix of cofactors by reversing the sign of some elements ¢
the matrix of minors according to the pattern matrix,

+ - 4+

— + —

+ - 4+

+ indicates no change whereasindicate change

. T .
Step 4: Write down,C , the transpose of the matrix of cofactors

-1 1 T
Step5:A T = — ¢
P det A




3.2 Example

Find the inverse of the matriR, =

2 1 1
3 2 1
2 1 2

Teaching Video http://www.NumberWonder.co.uk/v9095/3.mp4

St
4

Sl

Watch the video and
then write out a full
solution here:

[

[ 6 marks ]

3.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 25
Question 1

-1, : -1
Calculate the product & , in the above example, with. ThatisA XA
Explain why the answer is not a surprise.

[ 3 marks ]


http://www.NumberWonder.co.uk/v9095/3.mp4

Question 2

-4 5 2
By use of the “Cookbook Recipe”, find the inverseWwf = [ —5 6 2 )
8 -9 -3

In your solution, label each of the five steps.

[ 6 marks ]



Question 3

3 2 =2
By use of the “Cookbook Recipe”, find the inverseRf= ( -2 k 0 )

In this matrixk is a constank # O.
Your answer will, of course, be in termskof

[ 6 marks ]



Question 4

In examinations, if a matrix contains only numbers and no unknown constants, yc
may use your calculator to obtain the inverse matrix.

Use your calculator to find the inverse of the following matrix,

1 3 1
S=10 4 1
2 -1 0
[ 2 marks ]
Question 5
-1 2
(1) ProvethatifA = A then A =1
[ 2 marks ]
5 a 4
(i) ThematrixA = | b -7 8
2 -2 c
-1
GiventhatA = A , find the values of the constarasb andc
[ 6 marks ]
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3.4 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
3.4.1 Solution to 3.3 Example (Teaching Video)

Step 1: Find the determinant of &, det A
1
21
2x3-1x4+1x (-1
=1

N W

RN R

N PR
Il

2 3
2|3 2]-13

1 3 2
2 +1‘2 1‘

Step 2: Form,M, the matrix of minors oA by replacing each of the nine elements
of the matrixA with that element's minor.

2 1 3 1 3 2

1 2 2 2] |21
M:‘11‘21 21:“;"2‘_3

12 [2 2] |21 1.1 1

1 1] |21 2 1

2 1] [3 1 3 2

Step 3: Form,C, the matrix of cofactors by reversing the sign of some elements ¢
the matrix of minors according to the pattern matrix,

+ - +

—_ + —_

+ - +

+ indicates no change whereasindicate change

3 -4 -1
C=(-1 2 o
-1 1 1

: T .
Step 4: Write down,C , the transpose of the matrix of cofactors

T 3 -1 -1

C =] -4 2 1

-1 0 1

- 1 T
Step 5: A =
P det A

1 1 3 -1 -1 3 -1 -1
A :T -4 2 1= -4 2 1
-1 0 1 -1 0 1

[ 6 marks ]



3.4.2 Solutions to 3.3 Exercise
Answer 1

. 3 -1 -1\[2 1
AA=|-4 2 1|3 2
-1 0 1/{2 1

N R
-

6-3-2 3-2-1 3-1-2
=1 -8+6+2 -4+4+1 -4+2+2
-2+0+42 -14+40+41 -14+40+2

1 0 O
=10 0
0 1

1
0
= |

. . . . -1
This is not a surprise as for any matixwhich has an invers¢

1

- -1
XX =X X =1

wherel is the identity matrix

[ 3 marks ]



Answer 2

Step 1: Find the determinant of &%, det W

-4 5 2 e
-5 6 2 ==—4‘ 8 _o
8 -9 -3

6 2| (-5 2
-9 -3 8 -3

+2‘ 6‘

= (-4 x0-5x-DH+2x (-3
=-1

Step 2: Form,M, the matrix of minors of by replacing each of the nine elements
of the matrixA with that element's minor.

6 2 -5 2 -5 6

-9 -3 8 -3 8 -9
M = ’ 5 2‘ -4 2 -4 5 _ g :i :3
-9 -3 8 -3 8 -9 5 .1

5 2 —4 2 ~4 5

6 2 -5 2 -5 6

Step 3: Form,C, the matrix of cofactors by reversing the sign of some elements ¢
the matrix of minors according to the pattern matrix,

+ - 4+

— + —

+ - +

+ indicates no change whereasindicate change

0 1 -3
C=|-3 -4 4
-2 -2 1

: T .
Step 4: Write down,C , the transpose of the matrix of cofactors

; 0 -3 -2

cC =| 1 -4 -2

3 4 1

Steps:W = —— ¢
P> det A

i L 0 -3 -2 0 3 2
Wo=—— 1 -4 -2|=|-1 4 2
b3 4 1 3 -4 -1

[ 6 marks ]



Answer 3

Step 1: Find the determinant of &, det R

3 2 -2

k 0 -2 0 -2k
2k o|-3 - 2| - 2] |
. .3 a -3 3 -1 3 -1 -3

3x3kK-2x%x(-6)—2x(6+K)
9k + 12 — 12 — 2k
7K

Step 2: Form,M, the matrix of minors oA by replacing each of the nine elements
of the matrixA with that element's minor.

k 0 -2 o |-2 «k

-3 3 -1 3| |[-1 -3
_ ’ 2 —2‘ 3 -2 3 2| |_ %f -2 §f7k
-3 3 -bs -Lo-3 2k -4 3k+4

2 -2 3 -2 3 2

k of [-2 o] |-2 k

Step 3: Form,C, the matrix of cofactors by reversing the sign of some elements ¢
the matrix of minors according to the pattern matrix,

+ - 4+

— + —

- = -

+ indicates no change whereasindicate change

3k 6 6 +k
0 7 7
2k 4 *k+4

C =

. T .
Step 4: Write down,C , the transpose of the matrix of cofactors

- 3k 0 2k
C = 6 7 4
6 +k 7 3k+4
- 1 T
Step5: W = ——C
P det A
w2 i? g ﬁf
7K

[ 6 marks ]



Answer 4

1 3 1 1 -1 1 1
S=10 4 1| =>S =|-=-2 2 1
2 -1 0O 8 -7 -4
[ 2 marks ]
Answer 5
-1
(1) A=A
AA =AA Pre-multiply both sides by A
2
A =1 O
[ 2 marks ]
-1 2
(i) Frompart (i) ifA = A thenA =1
5 a 4 5 a 4 1 0 O
b -7 8 b -7 8|={0 1 0
2 -2 ¢ 2 -2 c 0O 0 1
25+ ab + 8 S5a-7a-8 20+ 8a+ 4c 1 0 O
50 -7b+16 ab+49-16 4b-56+8 [=(0 1 O
10-2b+2c 2a+14-2c 8- 16+ c? 0O 0 1
a1 =0
5a-7a-8=0
-2a=8=> a=-4
a, =0
50 -7+ 16 =0
-2b=-16 > b =8
a3 =0
b -56+8c =0
32-56+8 =0
8 =24=c¢c=3
[ 6 marks ]
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Lesson 4
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
4.1 Three Equations, Three Unknowns

The previous two lessons have developed the mathematics necessary to solve
set of three simultaneous equations in three unknowns using matrix methods.

The strategy employed is exactly the same as that used in Lesson 1 whel
guestions of two equations in two unknowns where tackled.

Example
Use your calculator help find the unique solution to the system of equations,

2X +4y - z=12
X— y+4z= 6
X + 5y - z =17

Teaching Instructions :
How to use a CASIO fx-991EX to help solve this is presented on the next page.

[ 4 marks ]



Calculator Assisted Solution using the CASIO CLASSWIZ fx-991EX
First write the system of equations as a matrix equation,

2 4 -1 \[x 12

1 -1 4 ([|Y]|=]| 6

4 5 -1 Z 17
2 4 -1 12
In what followsA = | 1 -1 4 |andB = | 6
4 5 -1 17

Use the calculator to get the inverse of madrias follows,

e Turn the calculato®ON andMENU 4 to get into matrix mode

¢ Presdl to define matrixA

¢ Press3 and3 again to specify 3 rows and 3 columns for madrix

¢ Enter the nine elements of the matidpressing-= after each entry

e PressAC to tell the calculator the matri is now defined

e PresOPTN 3 to initiate a calculation involving matrii

e Press the buttox 1 followed by=

e Scroll through the elements of the inverse matrix and write down,
X 1 [-19 -1 15}/12
Y| = 51 17 2 -9 ( 6
z 9 6 —-6)\17

The above line of working is worth half marks.

Now the calculator will be used to perform the matrix muItipIicam;nlB
and so yield the values »fy andz
e Press?MENU 4 to again enter the Define Matrix screen
¢ Pres to define matrixB
e Press3 and1 to specify 3 rows and 1 column for matBx
e Enter the three elements of the maBipressing= after each entry
¢ PressAC to tell the calculator the matrB is now defined
e PresOPTN 3 to initiate a calculation involving matrik
e Press the buttox 1 followed byx
e PresOPTN 4 to enter matribB into the evolving calculation
e Now press= and write down,

X 1
Y| =13
z 2
- The unique solutionix =1, y=3, z= 2
[ 4 marks ]



4.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 30

Question 1
Further A-Level Examination Question, May 2018, Core 1, Q1 (a), (b) (Edexcel)
2 1 -3
M=|4 -2 1
3 5 -2

-1
(a) FindM giving each element in exact form.

[ 2 marks ]

(b)  Solve the simultaneous equations,
2X+ y—-3z=-4
XK -2y + z =
X+ 5y -2z

Il
(&)}

[ 2 marks ]



Question 2
In the following system of equatiorsjs an unknown constanta = — 2,

(i)

(i)

(i)

X— y+ z= 4
4x + z=2a

2X+ay+ 22= a

Construct a suitable matrix equation with a view to preparing to solve
this system of equations by matrix methods.

[ 1 mark]

Find, in terms of, an expression for the determinant of the matrix,

1 -1 1
S=14 0 1
2 a 2

[ 2 marks ]
FromsS, form the matrix of minordyl, in terms ofa

[ 4 marks ]



(iv)  FromM, form the matrix of cofactor€;, in terms ofa

[ 1mark]

: T . :
(v) Write down the transpos€, , of the matrix of cofactors, in terms @f

[ 1 mark]
-1
(vi)  Write down in terms o the inverse matri$
[ 1 mark]
(vii) Find, in terms of, the values ox, y, andz
[ 2 marks ]

(wviii) Show that ifa = 3, the values of, y andz are integers.

[ 2 marks ]



Question 3
Three planed, B andC are defined by the following equations;

A: X+ y+ z= 3
B:2x-y-2z= 0
C: X-2y+ z=-1

By constructing and solving a suitable matrix equation, show that these three pla
intersect at a single point and find the coordinates of that point

[ 5 marks ]



Question 4

Use your calculator to find the inverse of,

1 1

2 3
0 1
0 2

Question 5

100
Find the inverse of the matrix0 k 0 | wherek is a constant
001

0
1
2
3

anN b~

[ 4 marks ]

[ 3 marks ]
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4.3 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
4.3.1 Solution to 4.1 Example (Teaching Video)

12
X— y+4z 6
X + 5y — z =17

2X + 4y — z

In matrix form these become,

2 4 -—-1\(X 12
1 -1 4 ||ly|=1| 6
4 5 -1]/\z 17

Using a calculator to get the inverse matrix, and pre multiplying both sides by it g

X 1 [ -19 -1 15})(12
Y| = 57 17 2 -9 6

2 2l 9 6 —6)\17
1
=13
2
- The unique solutionix =1, y=3, z= 2
[ 4 marks ]
4.3.2 Solutions to 4.2 Exercise
Answer 1
2 1 -3 B 1 1 13 5
(a) M=|4 -2 1 |=>M ZE -11 -5 14
3 5 -2 - 26 7 8
[ 2 marks ]
X 1 1 13 5\/-4
(b) y :E -11 -5 14 9
z - 26 7 8 5

~. The unique solutionix = 2, y=1, z=3
[ 2 marks ]



Answer 2

1 -1 11}\/X 4
(1) 4 O 1]||ly|=1|2a
2 a 2/\z a
[1mark]
1 -1 1
Gi)y |4 o0 1l=1x|9 Ys1x|? Li1x|? O
a 2 2 2 2 a
2 a 2
=—-a+ 6+ 4a
= 3(a+ 2)
[ 2 marks ]
0 1 4 1 4 0
a 2 2 2 2 a
B -1 1 1 2 1 -1
(i) M = ‘a 2‘ 1 2 2 a
-1 1 1 4 1 -1
0 1 1 1 4 0
—a 6 4a
=|-2-a 0 a+2
-1 -3 4
[ 4 marks ]
—-a -6 4a
(iv) C = 2+ a 0O -a-2
-1 3 4
[ 1 mark]
T —-a 2+a -1
(v) C =| -6 0 3
da —-a-2 4
[1mark]
- 2+a -1
—1 1 a
(vi) S = -6 0 3
3(a+ 2) da —a-—2 4

[ 1 mark]



X 1 -a 2+a -1 4
(vii) Y| = m———| -6 0 3 || 2a
2 3@+ s a2 4 J\a
1 —da + 4da+ 2a% - a
ZW —24+20+3a
16a — 2ac — 4a + 4a
1 a(z2za-1)
= 3ai o 3(a-8)
(a+2) 2a(8 — a)
[ 2 marks ]
(viii) With a=3,
X 1 3(2x3-1)
Y= 3G |, 338
, (3+2) 1oax3(8-3)
I
15 30
1
=|-1
2
x=1 y=-1 z=2
which shows that, y andz are integers. as required.]
[ 2 marks ]

Answer 3
The given system of equations can be written in the following matrix form,

1 1 11\[X 3
2 -1 -1 ]|lYy|-= 0
3 -2 1/\z -1

Using a calculator to obtain the inverse matrix, this becomes,

X 13303
y§5 2 =311 O

z 1 -5 3/\-1

[ 5 marks ]



Answer 4

7 -3 0 1
-8 4 1 -2
2 -1 1 0
2 -1 -1 1

O ONPF
NF,WER
wiNPEF- O
anN b~

[ 4 marks ]

Answer 5

With such a simple matrix the inverse is easiest to find by setting up a general mi
as the inverse and using the fact that a matrix multiplied by its inverse is the iden
matrix. Then study the multiplications...

1 0 o\la b c 1 0 O
0 kK ofld e f|l=(0 1 0
0 0 1/)/lg h i 0 0 1
a b c 1 0 O
kd ke kf |=(0 1 0
g h i 0 0 1
a=1 b=0 ¢c=0
1
d=0 == f=0
,e k’
g=0, h=0 1i=1
-1
1 0 0 1 0 0
Thusf 0 k 0| =|0 £ O
k 0 0
1
=?01o
0 0 k

[ 3 marks ]
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Lesson 5
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
5.1 Word Problems
The examination may feature a question in which the matrix calculations can be
done on a calculator. Before getting to that point, however, the problem given
may be in words, and setting up the matrix equation in the first place becomes ¢
significant part of the problem.

5.2 Example

Miranda has decided to invest £24500 spread between three bank account
which pay the following interest rates per annum;

Account X : An “Extra Gold” Account ... ...... ... 4%
Account Y : A “Why settle for less ?” Account ... 5.5 %
Account Z : An “eZee saver” Account ... ... ......6.%

The amount of money that Miranda places in the “Extra Gold” account is four
times the amount of money that she places in the “Why settle for less ?”
account. One year later, she has made £1300 in interest.

Set up a matrix equation from the information provided and then solve that equat
to determine how much money Miranda initially placed in each account.

Teaching Video http://www.NumberWonder.co.uk/v9095/5a.mp4
http://www.NumberWonder.co.uk/v9095/5b.mp4

OfeD A
'1!;'-‘." 5'55,' <==Part 1 Part 2 ==> %_5.5* I'i

Watch the video and
then write out a full
solution here:

[]

[ 6 marks ]


http://www.NumberWonder.co.uk/v9095/5a.mp4
http://www.NumberWonder.co.uk/v9095/5b.mp4

5.3 Exercise

Any solution based entirely on graphical

or numerical methodsis not acceptable

Marks Available : 30

Question 1
Harry, Boris and Sid went went to the shop, “Play and Party”, to buy decorations
for their school's sixth form dance. For £244, Harry purchased three inflatable
space aliens, four boxes of indoor fireworks and five bags of party poppers.
Boris spent £304 when he bought six inflatable space aliens, five boxes of
indoor fireworks and two bags of party poppers. Sid bought three inflatable
space aliens, two boxes of indoor fireworks and one bag of party poppers. Sid
spent £134.

Form a system of equations in matrix form from the information provided and
then solve them to determine the unit cost of each item.

[ 6 marks ]



Question 2
A specialist farmer breeds only Suri Alpacas, Huacaya Alpacas or Domestic Llan

The BBC's Kate Humble with a young Suri Alpaca in Peru

Initially the farm has 2810 of these three types of animal.
There were 160 more Suri Alpacas than Huacaya Alpacas.
After one year :
e the number of Suri Alpacas had increased by 5 %
e the number of Huacaya Alpacas had increased by 3 %
¢ the number of Domestic Llamas had decreased by 4 %
e overall the farm had 46 more of these three types of animal
Form and solve a matrix equation to find out how many Suri Alpacas, how many
Huacaya Alpacas and how many Domestic Llamas there were initially.

[ 6 marks ]



Question 3

Oscar is making a tropical fruit punch for his school's sixth form dance using
bananas, oranges and papayas. Altogether he uses seventy pieces of frui
costing £34.20. He uses twice as many oranges as bananas.

Each banana cost 27p, each orange cost 32p and each papaya cost £1.60.

Form and solve a matrix equation to find out how many of each type of fruit
were used in Oscar's (rather good) tropical fruit punch. Cheers Oscar !

[ 6 marks ]



Question 4
A colony of bats is made up of brown bats, grey bats and black bats.

Initially there are 2000 bats and there are 250 more brown bats than grey bats.

After one year;

¢ the number of brown bats had fallen by 1 %

e the number of grey bats had fallen by 2 %

e the number of black bats had increased by 4 %

e overall there were 40 more bats
Form and solve a matrix equation to find out how many of each colour bat there
were in the initial colony.

[ 7 marks ]



Question 5
Use a calculator to find the unique solution to this system of equations,

X+ y+ z+ w= 13
2X+3y+0z- w=-1
-3X+4+ z+ 2w = 10

X+2y-z+ w= 1

[ 5 marks ]
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5.4 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations
5.4.1 Solution to 5.2 Example (Teaching Video)
The words give rise to the following three equations;

X+ Y+ z= 24500
0.04x + 0.055/ + 0.06z = 1300
X—4y + 0z = 0

The middle equation can be multiplied through by 100 to make the numbers a
little easier to handle,

X+Yy+2z= 24500
4x + 5.5y + 6z = 130000
X—4y + 0z = 0

Translating this into a matrix equation gives,

1 1 1 X 24500
4 55 6 ||Yy| = 130000
1 -4 O z 0

Using a calculator to get the inverse of the leftmost matrix results in,

X 48 -8 1 24500
y = 17 12 -2 -4 || 130000
z -43 10 3 0
8000
= | 2000
14500

.. Miranda invested £8000 in account X,
£2000 in account Y
and £14500 in account Z

[ 5 marks ]



5.4.2 Solutions to 5.3 Exercise

Answer 1

Let a represent the number of inflatable space aliens.
Let f represent the number of boxes of indoor fireworks.
Let p represent the number of bags of party poppers.
Thus the system of equations becomes,

3a + 4f + 5p = 244
6a + 5f + 2p = 304
Ja+2f + p=134

As a matrix equation this will be,

345)\[a 244
652|/f|=]|304
321/\lp 134

Using a calculator to get the inverse of the leftmost matrix results in,

a 1 [-1 -6 17)\[244
fl= | 0 12 -24 304
p 3 -6 9 /|134
1750
= | 36.00
9.50

The unit cost of each item is thus,
1 inflatable space alien : £17.50

1 box of indoor fireworks : £36.00
1 bag of party poppers : £9.50

[ 6 marks ]



Answer 2

Let srepresent the initial number of Suri Alpacas.

Let h represent the initial number of Huacaya Alpacas.
Let d represent the initial number of Domestic Llamas.

The words give rise to the following three equations;
s+ h+d = 2810
0.05 + 0.03h — 0.04d = 46
s—h+0d = 160

The middle equation can be multiplied through by 100 to make the numbers
easier to handle,

s+ h+ d= 2810
5s + 3h — 4d = 4600
s— h+0d = 160

Translating this into a matrix equation gives,

1 1 1\/[s 2810
5 3 -4 || h|=]4600
1 -1 0/\d 160

Using a calculator to get the inverse of the leftmost matrix results in,

(s) 1 4 1 7 2810)
hl=—| 4 1 -9]|| 4600
a/ 181 g —2 2| 160
1060
= | 900
850

. Initially there were 1060 Suri Alpacas, 900 Huacaya Alpacas and 850
Domestic Llamas.

[ 5 marks ]



Answer 3

Let b represent the number of bananas.
Let o represent the number of oranges.

Let p represent the number of papayas.
Thus the system of equations becomes,

b+ o+ p= 70
2 + 320 + 160p = 3420
2b- o+ Op= 0

As a matrix equation this will be,
1 1 1 b 70
27 32 160 || 0| = | 3420
2-1 0]/\p 0

Using a calculator to get the inverse of the leftmost matrix results in,

a 160 -1 128 70
fl=z —— _ _
389 320 2 133 || 3420
p - 91 3 5 0
20
= | 40
10
The number of each item is thus,
bananas : 20
oranges : 40
papaya: 10

[ 6 marks ]



Answer 4

Let brn represent the number of brown bats.
Let gry represent the number of grey bats.
Let blk represent the number of black bats.
Thus the system of equations becomes,

brn + gy + blk = 2000
—0.0lbrn — 0.02gry + 0.0dblk = 40
brn — gy + Oblk = 250

The middle equation can be multiplied through by 100 to make the numbers a
little easier to handle,

brn + gry + blk = 2000
—brn — 2gry + 4blk = 4000
brn — gry + Oblk = 250
As a matrix equation this will be,
1 1 1\/brn 2000
-1 -2 4 ||loy]| =] 4000
2 -1 0/\blk 250

Using a calculator to get the inverse of the leftmost matrix results in,

brn 1 4 -1 6 \[ 2000
aoy|=—1|4 -1 -5 || 4000
bk Mla3 2 —1/| 250
500
- | 250
1250

The number of each type of bat is thus,
brown : 500

grey : 250
black : 1250

[ 7 marks ]



Answer 5
The system of equations,

X+ y+ z+ w= 13

2X+3y+0z- w=-1

-3X+4+ z+ 2w = 10

X+2y-z+ w= 1

converted into matrix form becomes,

1 1 1 1 X 13
2 3 0O -1 yi_ |-1
-3 4 1 2|lz| |10
1 2 -1 1/\w 1

Using a calculator to get the inverse of the leftmost matrix results in,

15 3 -9 6 |[13
1]|-410 6 2 |[-1

54 | 25 5 3 -26 || 10
18 -18 0 18 1

S N < X

N OTOOON

[ 5 marks ]
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Lesson 6
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

6.1 Test
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 30
Question 1
2 1 -1 3 1 2
Matrix A = 1 0 4 [andmatrixB = | k 4 5 | wherekis a constant.
-4 2 1 0 2 3
(1) Evaluate the determinant Af

[ 2 marks ]

Given that the determinant Bfis 2,
(i) find the value ok

[ 3 marks ]



Question 2

a 2

Given thatA = 3 2a

) wherea is a real constant

-1
(1) find A interms ofa

[ 3 marks ]

.. . : -1 .
(i) write down two values dd for whichA — does not exist

[ 1 mark]

Question 3

-1
If A = A, then the matriXA is said to be self-inverse.
(It's its own opposite)

Give a example of a matrix that is self-inverse other than an identity matrix.

[ 1 mark]



Question 4

The matrixA =

XD
AR, W

|

=3k + 1)

> PO

(1) Show thatdet

[ 3 marks ]

-1
(i) Giventhatk = -1, find A

[ 4 marks ]



Question 5
A colony of 1000 mole-rats is made up of adult males, adult females and youngst
Originally there were 100 more adult females than adult males.
After one year,;

e the number of adult males had increased by 2 %

¢ the number of adult females had increased by 3 %

¢ the number of youngsters had decreased by 4 %

e the total number of mole-rats had decreased by 20
Form and solve a matrix equation to find out how many of each type of mole-rat
were in the original colony.

[ 6 marks ]



Question 6
Further A-Level Examination Question, June 2019, Core 2, Q7 (Edexcel)

2 -1 1
M=1]3 k 4 | wherek is a constant
3 2 -1

(a) Find the values df for whichM has an inverse

[ 2 marks ]
(b) Find, in terms op, the coordinates of the point where the
following planes intersect,
2X—- Y+ z=
33X — 6y + 4z =
X+2y- z=0
[ 5 marks ]
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6.2 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

Answer 1
(1) Expanding along the top row,
2 1 -1
0 4 1 4 1 0
SR EE R
‘_4 5 1 2 1 -4 1 -4 2
=2%x(-8-1x17-1x2
=-35
[ 2 marks ]
3 1 2
(i) k 4 5|=2
0 2 3
4 5 k 5 k 4| _
3‘2 3‘_1‘0 3 +2‘o 2| =2
3x2-1x3k+2x2k =2
6 -3k +4k =2
k =-4
[ 3 marks ]
Answer 2
. , < [a b -1 1 d -b
(1) Using the result, iM = c OI),thenM Yy (—c a
a2
=2a° -6
:2(a2—3)
A—1: 1 2a -2
2(a2-3) | -3 a
[ 3 marks ]

(ii) The inverse matrix does nor exist if the determinant is zero.
That is, whena = ++/3
[ 1 mark]



Answer 3
The obvious answer is to give &2 reflection matrix or the 18Qotation matrix.

2
Any answerA, should satisfyA = | which can be used to check answers given

[ 1 mark]



Answer 4
(1) Expanding along the top row,

0 3
1

! .
1 4

1
4

2
Kk
1

:2‘

k 1
+3‘1 1‘
2x3+3x(k-1)
3(k+1) O

[ 3 marks ]

(i) M = ‘

PWw AW DR
PO PO Rk

~N DN X

3k -2 2

T 3 3 -3
C =|1-4 5 3k-2
k-1 -2 2

[ 4 marks ]



Answer 5

Let mrepresent the number of adult male mole-rats.
Let f represent the number of adult female mole-rats.
Lety represent the number of youngster mole-rats.
Thus the system of equations becomes,

m + f+ y = 1000
0.02m + 0.03 — 0.04y = —20
-m+ f+ Oy= 100

The middle equation can be multiplied through by 100 to make the numbers a
little easier to handle,

m+ f+ y= 1000
2m + 3f — 4y = — 2000
-m+ f + 0y = 100

As a matrix equation this will be,

1 1 1\[m 1000
2 3 —-4||f]|=[-2000
-1 1 o0o/\y 100

Using a calculator to get the inverse of the leftmost matrix results in,

m 1[4 1 -7 1000)
fl=—"14 1 6 |l-2000
yl Bls —2 1 100
100
= | 200
700

The initial number of each type of mole-rat is thus,
adult male : 100
adult female : 200
youngsters : 700

[ 6 marks ]



Answer 6
(a) Finding the determinant by expanding along the top row,

2 -1 1

R TR PR PR
=2(-k-8)+1x(-15+1x (6 - 3k)
=-2k-16-15+6 - 3Kk
= -5k — 25
= (-9(k+5)

.M has an inverse for all real valueskpexcepk = -5

(b)  The given equations can be written in the matrix form,

2 -1 1\[X p
3 -6 4 [yl=11
3 2 -1/\z 0

The leftmost matrix is the part (a) matrix wklx — 6

Using a calculator to get the inverse of the leftmost matrix,

X 1] -2 1 2\[p
y| = 5 15 -5 -5||1
z 24 -7 -9]/\0
-2p+1
1 p
=z 15 -5
24p — 7
The point of intersection is thus,
1-2 -
p , 3p — 1’ M
5 5

[ 5 marks ]

This document is a part ofathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2023 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



Lesson 7
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

7.1 Describing a Three Dimensional Plane
In three dimensional Euclidean space, a plane has an equation of the form,

ax + by + cz = d wherea, b, candd are constants

For example the equatiox + 2y + 3z = 6 describes a plane.
It can be sketched by realising that,
e it will cross thex-axis whery andz are zero; (6, 0, 0)
e it will cross they-axis wherx andz are zero; (0, 3,0)
e it will cross thez-axis whernx andy are zero; (0, 0, 2)
which leads to,

| _'Skrffﬁ oF .ri_zij-p%z =b

A plane can be considered to “look” in the direction given by its normal, which
gives us a means of detecting parallel planes; they will have normals that look in
the same direction (or the 180pposite direction).

The Three-Dimensional Plane
A Cartesian equation of a plane in three dimensions can be written in the form

ax + by + cz = d wherea, b, candd are constants.

a
b
c
in which the plane is “looking”.

Parallel planes look either in the same direction, of b@@osite directions.
Theunit normal is a vector in the normal's direction of length 1 unit.

The vectorn = is the normal to the plane and, intuitively, gives the




7.2 Point Intersection of Three Planes
Suppose that we have the following three planes,

2X—-3y+ z=
X+ 2y -4z =

-6
12

X+ y+2z= 7

Typically, three planes chosen at random will intersect in a single common point
and such planes are said to be “in general position” as illustrated below.

N

The point of intersection is most easily found by setting up and solving a matrix
system of equations. Use a calculator if all of the entries in

numbers.

For the above three planes we'd proceed as follows;

2 -3 1}\(X
1 2 -4|y
3 1 2]/\z
X
y
z

|

-6
12
7

30 _5-11 7\ 7

8 7 10\[/-6
-14 1 9|12

2
3
-1

So the three planes intersect at the pgi@f 3, —1)

Notice that the intermediate line of working, showing the inverse matrix, should
be given. However, most of the calculation is all in the calculator with nothing

written down.

the matrix are



7.3 Special Case Three Plane Intersections

There are only two types of configuration with two planes; either the planes are
parallel and they do not intersect, or else they intersect in a common line.

With three planes, there are a total of five situations that can arise. The first of
these, where the the planes are in general position, has been dealt with but thel
are four special cases to consider, as illustrated below.

\
Two of the planes (only) are parallel All three planes are parallel
The planes form a sheaf The planes form a prism
They share a common line They meet in pairs in parallel lines

With all of these different possibilities to worry about, we need a general
strategy that will work through then in a brisk and efficient fashion. This is in
three steps and is presented next.

Step 1 : Test for Planes in General Position

Unless you have reason to believe one of the other configurations is in play, tes
first to see if the three planes are in general position with a single point of
intersection through which all three planes pass. Do this by expressing the
equations of the three planes as or8 fatrixS and consider it to be a system

of equations with a solution that is the point of intersectiny,(2). If the
determinant oS is not zero thethis is good newsthere is a unique solution, a
single point, and the planes are in general position. Solve the system of
equations to find this point.

If the determinant is zero then one of the other four situations applies and it is
necessary to proceed to step 2.



Step 2 : Test for Parallel Planes

Having found that the determinant of the system of equations is zero, the next
test is to find out if two or three of the planes are parallel. Do this by looking at
the directions of the normal vectors. The number of normal vectors in the same
direction (or a 189 opposite direction match) gives the number of parallel
planes. The 'raw' normal vectors will likely be of different lengths (unless you
process them to make them all of unit length) so take care not miss any that art
in the same direction. Unfortunately, the A-Level course does not teach you how
to do this using matrices. Beyond A-Level, you calculate something called the
rank of a matrix and you may like to explore Wolfram AlpHdatrixRank
command to help determine the number of normal vectors that are in the same
direction.

If no parallel planes are detected one of the remaining two situations applies anc
it is necessary to proceed to step 3

Step 3 : Testing for a Sheaf or Prism

Having worked through steps 1 and 2 without identifying the configuration, only

two possibilities remain. We can test for which in one go. Combine one of the
three equations separately with each the other two. For example, say the first it
added to the second and, separately, the first is added to the third. If a
consistency is obtained then a sheaf has been detected. If an inconsistency

obtained then a prism has been detected. Alas, once again the A-Level cours
does not develop the topic of matrices far enough to do this by “Gaussian
elimination” so you need to do it using algebraic wits.

7.4 An Example
Consider the three planes with equations

X+ 2y+ 3 =13
- X—-3y+ 2z 2
- X—-4y+ 7z 9
(1) Set up a matrix system of equations and then show thak&ma&trix

involved has a determinant of zero. State what this tells you about the
configuration of the planes.

[ 4 marks ]



(i)

(i)

Write down the normals for each plane.
Explain how these tell you none of the planes are parallel.

[ 4 marks ]

Add together the upper and middle equations.

Separately, add together the upper and lower equations.
Show that an inconsistency results.

In which configuration are the three planes ?

[ 4 marks ]



7.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 45
Question 1
By setting up a matrix system of equations, find the point of intersection of the
following three planes using the matrix facility on your calculator.

X+4 -52= 8
2X+3y+ z=-1
X- y+22= 3

[ 4 marks ]
Question 2
Three planes have the equations,

X—2y+ z= 5
X -—-6y+ 3= 12
X+2y—- z2=-2
Kevin has worked out the the associated matrix has a determinant of zero.

What is the configuration of these planes ?
Give a reason for your answer.

[ 4 marks ]



Question 3
FM A-Level Examination Question from October 2020, Paper Core Pure, Q15 (MEI)
(a)  Show that the three planes with equations,

X+ Ay+3z=-12
2X+ y+52=-11
X—2y+22=-9

where/ is a constant, meet at a unique point except for one value of
which is to be determined.

[ 3 marks ]

(b) In the casel = —2, use matrices to find the point of intersection
of the planes, showing your method clearly.

[ 3 marks ]



Question 4

Determine the configuration of the following three planes,

X+ 4y — 5z
2X+ 3y + z
X+ 7y — 4z

8
-1
5

[ 4 marks ]



Question 5
FM A-Level Examination Question from October 2021, Paper Core Pure, Q15 (MEI)
The equations of three planes are,

—-AdX+py+72=14

X—2y+52=(

2X+3y+z2=2
Given that the planes form a sheaf, determine the valyearadq

[ 6 marks ]



Question 6
FM A-Level Examination Question from October 2020, Paper Core Pure, Q9 (MEI)
Three planes have equations,

kx + y—2z= 0  wherekis a constant
2X+ 3y -6z =-5
X-2y+52= 1

Investigate the arrangement of the planes for each of the following cases.
If in either case the planes meet at a unique point, find the coordinates of that po

(a) k=-1

[ 3 marks ]

[ 4 marks ]



Question 7
FM A-Level Examination Question from June 2019, Paper Core Pure, Q14 (MEI)
Three planes have equations,

-X+ ay = 2
2X+3y+z=-3
X+by+z= ¢

wherea, b andc are constants.
(a) In the case where the plards not intersect at a unique point,
(1) find b in terms ofa

[ 4 marks ]

(i) find the value ot for which the planes form a sheaf.

[ 3 marks ]



(b) In the case wheré = a and c = 1, find the coordinates of the point
of intersection of the planes in termsaof

[ 6 marks ]



Question 8
FM A-Level Examination Question from June 2021, Paper 1, Q12 (AQA)

1 5 3
The matrixA = | 4 -2 p |, wherepis a constant.
8 5 -11

: . : I
(a) Given thatA is a non-singular matrix, find  in terms ofp.

State any restrictions on the valuepof

[ 6 marks ]



(b)  The equations below represent three planes,
X+5%+ 3= 5
X -2y + pz= 24
8x + 5y — 11z = -30

(1) Find, in terms op, the coordinates of the point of intersection
of the three planes.

[ 4 marks ]



(ii) In the case where = 2, show that the planes are mutually
perpendicular.

[ 4 marks ]
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7.6 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

7.6.1 Solution to 7.4 Example

(1) In matrix form the system of equations will be...
1 2 3|\[X 13
-1 -3 2||Yy|=12
-1-4 7/\z 9

Expanding along the upper row to obtain the determinant...

HEHND) - EHE)) - 2D - ED@) +3(CDEDH - D (=93)
=(-21+8 -2(-7+2) +34-3

=-13+ 10+ 3

= 0 as anticipated
This tells us that the three planes do not meet is a single point.

[ 4 marks ]
1 -1 -1
(i) The normals ares = (2|, m = [-3|] and | = |-4
3 2 7

None of these are parallel because there is no conkgants, or Ky
forwhichu = kgmm, u = kyl or m = ky |
As none of the normals are in the same direction (parallel), none of the

planes are parallel.
[ 4 marks ]

(i) Adding together the upper and middle equations...

X+ 2y+3 =13
-X-3y+2z2= 2

-y+52=15
Adding together upper and lower equations...
X+2y+ 3 =13

X—-4y+7z= 9

-2y + 10z = 22
-y+ 52 =11

The inconsistency shows that the three planes form a.prism
[ 4 marks ]



7.6.2 Solutions to 7.5 Exercise

Answer 1

X 1 7 -3 19\( 8
Y| = —| -1 17 -11||-1
z o8 -11 13 -5 3

I
I

NI—‘N
Npe T

The point of intersection i2, — 1, —2)
[ 4 marks ]

Answer 2

As Kevin has worked out that the determinant is zero we know the three planes
do not intersect in a unique point (Thanks, Kevin).

So, we now look at the normals which are,

1 3 1
u=|[-2 m=1|-6 | = 2
1 3 -1

1
As u = 3 m there are at least two parallel planes.

As there are no constamg or kyy for whichu = ky | or m = kyy |

the remaining plane is not also parallel to the other two.
So the configuration is “exactly two parallel planes”.
[ 4 marks ]



Answer 3
In matrix form the system of equations will be...

(a)

(b)

1 1 3\(X
2 1 5|y
1 -2 2

~12
= [-11

-9

V4

Expanding along the upper row to obtain the determinant...
1(D@) - O - BB - DHE) +3(D(=2 - (DH(D)

=1-3

2+ 10— A(4 -5 + 3(-4- 1)
12 + A — 15

The determinant will be zero if= 3.
So the planes will meet in a unique point except whers.

With 4 = —2 we have,
1 -2 3}\[X

2 1 5|y

1 -2 2]/\z

X

y

z

[ 3 marks ]

&

1 -12 2 13\[-12
—|( -1 1-1](-11

5 5 0-5/\-9

Thus, the point of intersection (s, 2, —3)

[ 3 marks ]



Answer 4

wWN B
~N w b

Determinant :
14D - (D) - 4D - Q) -5 - 33
=(-12-7 -4(-8-3)-5(14-9
=-19+ 44 - 25

= 0  So planes do not meet in a single point

1 2 3
The normals aral = 4], m=|3] and | = 7
-5 1 -4

None of these are parallel because there is no conkgants, or Ky
forwhichu = kgym, u = kyl or m = ky |
As none of the normals are in the same direction (parallel), none of the

planes are parallel.

Let the equations be uppét, middle,M, and lowerL, as follows,
X+4 —-52= 8 U
X+3y+ z=-1 M
X+7Wy—-4z2= 5 L

Working outU + 5M
X+ 4y-52= 8
10x + 15 + 52 = -5

11x + 1% = 3
Working outL + 4M

X+ Ty-4z =

8X + 12y + 4z = —

11X + 1% =1

As these two equations for X% 19y are inconsistent, the three
planes form a prism.
[ 4 marks ]



Answer 5
In matrix form the planes can be expressed as the system of equations given by,

-4 p 7\[x 4
Yl =14
z 2

1-25
2 31
To form a sheaf, the determinant must be zero.
—4((=2(1) - 3O) - p((DH(D) - AO) + (DO - (2(-2) =0
— 41D -p-9+7x (D=0
68+ 9p+49=0
9 = -117
p=-13

Substituting in the value fqr gives the equations as,
-4 - 13y +7z=4 U
X— 2y+52=q¢ M
X+ Y+ z=2 L
where the equations have be labelled upgemiddle,M, and lowerL

Working out - U
14x + 21y + 7z = 14

-4 - 13y +7z= 4
18x + 34y = 10
X + 1% = 5
Working out % - M
10x + 15 + 5z = 10
X— 2y+52=q
X + 1% =10-¢

For a sheaf these two equations3®r+ 17/ must be consistent.

Thus,q = 5
[ 6 marks ]



Answer 6

(a)

With k = — 1 the system of equations is,
-1 1 -2\[X 0
2 3 -6]ly|=(-5
3-2 5]/\z 1

Determinant:

DO - (=2(=6) - LD B) - (=6) - 2((D(-2) - 3 (3)
(-1)(15— 12) — 1(10 + 18) — 2(-4 - 9)
-3-28+ 26

-5  so the three planes will intersect in a unique point

X 1 -3 1 0 0
y| = 5 28 -1 10||-5
Z 13-1 5 1

(3

Thus, there is a point of intersection(atl, 3, 2)

[ 3 marks ]



(b) With k = % the system of equations is,

% 1 -21\(x 0
2 3-6|Y=|">
3 -2 5/\Z 1

Determinant:

2
(3)((3)(5) - (=29=6) - PO - (=6) - 2(D(=2 - Q)

(%)(15— 12) - 1(10 + 18) — 2(-4 — 9)

=2-28+ 26

=0 So planes do not meet in a single point

So, we now look at the normals which are,

3

-2
1
As u = 3 m there are at least two parallel planes.

As there are no constarkg or kyy for whichu = ky | or m = k|

the remaining plane is not also parallel to the other two.
So the configuration is “exactly two parallel planes” with the third
separately intersecting each in a line.

[ 4 marks ]



Answer 7
In matrix form the planes can be expressed as the system of equations given by,

-1 a 0}\/(x 2
2 31 =|-3
1 b 1/\z C

(a) (1) To not intersect at a unique point, the determinant must be zero.

D (B (D) - b(1) - a2 - D(@) =0
-3+b-a=0
b=a+3

[ 4 marks ]
(i) With b =a + 3 (because a sheaf has determinant zero)
the equations are,

-X + ay = 2 U
2X + y+z=-3 M
X+ (@+3)y+z= ¢ L

are labelled uppel), middle,M, and lowerL

Working outL — M
X+ (@a+3y+z

2X + y+z=-3

-X + ay =Cc+3
For a sheaf this result musie consistent with the upper equation.

Thus,c = -1
[ 3 marks ]
(b) For b=a and c= 1 the system of equations becomes,

-1 a 0}|(Xx 2
2 3 1||yl=1-3
1 a 1/\z 1

0
1
1

-1 a
Let A = 2 3
1 a
-1 a O
|IAl=] 2 3 1
1 a 1
o 31| 21
= (-1 x a1 a x 11‘
=(-D@B-a-a

= -3



a 0 -1 0 -1 a
3-a 1 2a-3
- a -1 ~2a
a -1 -3-2a
3-a -1 2a-3
€= —a -1 2a
a 1 -3-2a
T 3-a —-a a
C = 1 -1 1
2a-3 2a -3-2a
A = 2 1 -1 1
(_ ) 2a — 3 2a -3 _ 2a
X 1 3—-a -—-a a 2
z (=3) 1 2a-3 2a -3-2a/| 1
1 6-2a+3a+a
- -2+3+1
=3) l4a-6-6a-3- 2a
B 1 28.;—6
=3) _4a_9

The point of intersection is( +6 2 —4(61 -9 )

-3 " =3 3)
_( _ 2a+ 6 _3 43__9)
= -5 -

[ 6 marks ]



Answer 8

1 5 3
L I R N RN NS
8 5 -11 - -
=22-5p+5x%x 44+ 40p + 60 + 48
= 350 + 35
= 35(10 + p) restriction orpis thatp # —10
-2 p 4 p 4 -2
5-11 8 -11 8 5
M = 5 3 1 3 1 5
5-11 8 -11 8 5
5 3 1 3 1 5
-2 p 4 p 4 -2
22 -5 -44-8p 36
= -70 -35 -35
50 + 6 p-12 -22
22 -5p 44+ 8p 36
C = 70 -35 35
Sp+6 —-p+12 -22
- 22-5 70 5p+6
C =(44+8 -35 -p+12
36 35 -22
) 1 22-5 70 5p+6
A= ———— — _
35(10 + p) 44 + 8p 35 p+ 12
36 35 -22

[ 6 marks ]



X 1 22-5 70 55p+6 5
Y| = 7| 44+8 -35 -p+12 24
35(10 +
z ( P) 36 35 -22 -30
1 110 - 25 + 1680 - 1500 — 180
= m 220+ 40p — 840 + 30p — 360
180 + 840 + 660
1 1610- 17%
= ———| —980+ 70p
35(10
(19+p) 1680
1 46 — 5p
= -28+ 2p
10
TP 48

46 - 5p —-28+ 2p 48
10+p° 10+p ~10+p

The point of intersection |s
[ 4 marks ]
(i) With p = 2 the equations become,
X+5%+ 3= 5
Ix -2y + 22= 24

8X + 5y - 11z = -30
Showing 1st and 2nd are mutually perpendicular;

1 4
[ ]
3

-2=1%x4+5x-2+3%x2=0
Showing 1st and 3rd are mutually perpendicular;

2

1 8
)-(5)=1x8+5x5+3xelb:o

3 -11

Showing 2nd and 3rd are mutually perpendicular;
4 8

—2| e 5|=4x8+(-2)x5+2x(-11) =0
2 -11

Thus, via the scalar products of all possible pairs of the
planes' normal vectors it is shown that the planes are mutually
perpendicular.

[ 4 marks ]
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Lesson 8
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

8.1 In The Corner Of A House
Traditionally, in moving from two dimensions into three, ¥axis stays where
is is and the old wall made by thkexis and theg-axis falls backward to become
the floor, with the newly introducedaxis pointing skyward.
The floor is a surface, and points on that surface have no height.
In other words, the floor is a plane with equation O and thez-axis gives the
direction of that plane's normal. The point (0, 0, 1) is onzthgis and the
displacement vector from the origin to that point is a handy version of the (floor)
plane's normal. That is,
0
szo =10

1

Likewise, the front wall (with a window in it) is the plane with equatienO. It

0
1|.
0

has normalN y_ =

1
Finally, the left side wall has equatig O and normaNy_, = (0)

, 0
DL
[T | [ | [T 0
[ 17 y [ [
| 1o
o Aorofx Y~
|
[ 1 | >




8.2 The Matrix Of Normals
The three normals can be used as the columns sfZrBatrix,

1
Nx=0 =10

0
I

The matrix formed is the 8 3 identity matrix. If any three dimensional point
(X, Y, 2) is multiplied by this matrix it will remain where it is. Now for the clever
bit: for a transformation of interesk, ask “what will T do to the standard three
normals”? Then, write down the corresponding matrix of (transformed) normals.
You will then have a matrix that will transform any points you feed it.

8.3 Reflection inz=0 (Example)

Suppose that it is desired to reflect points in the floor, the @an@. To work

out the matrix that will do this note that the side wall and the front (with a
window) walls normal vectors need to be left alone, but the floor's normal
vector, instead of pointing upward, will (after the reflection) point downward.

The matrix to reflect in the plare= 0 is now formed like so;

1 0 0
Nx-o = |0 Ny-o = |1 Ref,_q = 0

0 -1
| |

o

O Or ¢
Or O ¢+

v
0
0
-1

8.4 Asleep On The Floor

Sleep on the floor : SleepazgzzZ Z : The floor isz=0...



8.5 Rotation of 180 about they-axis

To reduce clutter in diagrams, regard the axes as the normal vectors and viev
the points (1, 0, 0), (0, 1, 0) and (0, O, 1) as displacement vectors that are
the normals to the plana&s= 0,y = 0 andz = O respectively.

Suppose that it is required that the matrix representing arb&ion about the
y-axis is determined. Think about where this would send the three normal
vectors associated with the red, amber, and green points in the above diagran
After a pause for thought, a diagram like the one below will be in mind.

X
0
3 o
-1
-1 0 O
Writing down the matrix of normals in red, amber, greenorderd 1 0
0O 0-1

Multiplying any points by this matrix will now rotate them by 1&®out the
y-axis. Note that the rotation is anticlockwise when looking down the positive
y-axis towards the origin. For 18& does not matter if you went the wrong way
but for other angles, say 90t would be important to get that correct.



8.6 Example

M =

1 0 O
0 0-1
0O 1 O

(1)  With the aid of the following diagram, or otherwise, determine the single
transformation represented by the malviix

[ 3 marks ]
(ii) The pointA(3, — 1, 4)is transformed using this matrix.
Find the coordinates of the imageAof

[1mark]
(iii) The point B(a, —a, 2a — 1) is transformed to the point with

coordinatega, a — 5, — a) using matrix\.
Find the value oé.

[ 3 marks ]



8.7 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

With the aid of the above diagram, or otherwise, write down the matrix that will
represent,

(1) reflection in the plang =0

[ 2 marks ]

(i) rotation of 180 about thex-axis

[ 2 marks ]

(iit)  rotation of 90 about they-axis

[ 2 marks ]



Question 2
The three dimensional plot is of the plane with equatior y

4

Write down the matrix that will reflect points in the plae-y

[ 2 marks ]
Question 3
Describe the transformations represented by the following matrices,
1 0 O
(i) 0-1 0
0 0 1
[ 2 marks ]
0O 0 1
(i) 0 1 0
1 0 O
[ 2 marks ]

[ 2 marks ]



Question 4
Further A-Level Examination Question from October 2020, Paper 1, Q3 (OCR)

1 0O
0 01
0-10

Your are given the matri& =

(a) Find A"

[ 1 mark ]
(b) Describe the transformation thatrepresents.
[ 2 marks ]
The matrixB represents a reflection in the place 0
(c) Write down the matriB
[ 1mark]

The pointP has coordinate@, 3, 4).
The pointP” is the image oP under the transformation representedby
(d)  Find the coordinates &

[ 1 mark]



Question 5
Further A-Level Examination Question from Practice Paper Set 1, Q5 (OCR)
(a)  Write down the %k 3 matrixM that represents a reflection in the plgre0

[ 1mark]

(b)  Write down the single transformation represented by the mitrix

1 0 O
M2 = 0 —1 0
0 0-1
[1mark]
(c) (1) Find the determinants &, andM-
[ 2 marks ]

(i) Explain how the signs and magnitudes of these determinants
relate to the transformations representelayandM-

[ 2 marks ]

(d) (1) Find the matrixM; whereM3; =M1 M3

[ 1 mark]

(i) Describe the single transformation representel by

[ 2 marks ]



Question 6

A is the matrix representing a reflection in the plare0d andB is the matrix
representing a reflection in the plane 0

(1) Write down the matrice& andB

[ 2 marks ]
(ii) The pointP(a, b, c) is transformed using matri.
Find the coordinates & in terms ofa, b andc
[ 2 marks ]
(iit) P’ istransformed using matri.
Find the coordinates of the imageRsfin terms ofa, b andc.
[ 2 marks ]

Question 7
Further A-Level Examination Question from May 2020, Paper 1, Q3 (AQA)
Which one of the matrices below represents a rotationcal®8ut thex-axis ?

Circle your answer.
-1
0
0

|

O o
(ol SN e)
L OO

OO
= OO
O o
OO
(ol SN e)
O o
= OO
I
O+ O
—_

[ 2 marks ]



Question 8
Further AS-Level examination Question from October 2020, Q4, (OCR)

0-1 0
ThematrixMis|{1 0 O
0O 0 1

(a) (1) Calculate deM

[ 1 mark]

(i) State two geometrical consequences of this value for the
transformation associated with.

[ 2 marks ]

(b) Describe fully the transformation associated wWith

[ 1 mark]
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8.8 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

8.8.1 Solution to 8.6 Example

(1) Rotation of 90 (anticlockwise) about theaxis.
[ 3 marks ]
1 0 O 3 3
(i) 0O 0-1||-1|=1(-4
0O 1 O 4 -1
S (3,_1, 4) - (3,_43_1)
[ 1 mark]
1 0 O a a
(i) 0 0-1 -al=|a-5
0 1 0/\lza-1 -a
a a
-2a+1=|a-5
-a -a
-2a+1=a-5
a=2
[ 3 marks ]
8.8.1 Solutions to 8.7 Exercise
Answer 1
(1) reflection in the plang =0
x = 0is the (left hand) side wall
-1 0 O
Refy_o = 0O 1 0
0O 0 1
[ 2 marks ]
(ii) rotation of 180 about thex-axis
1 0 O
ROtlg()( =10-1 0
0O 0-1
[ 2 marks ]
(1ii)  rotation of 90 about they-axis
0O 01
Rotgo, =| 0O 1 O
-1 0 O

[ 2 marks ]



Answer 2

[ 2 marks ]
Answer 3
Describe the transformations represented by the following matrices,
1 0 O
(1) 0-1 0 Reflection in the plang = 0O
0O 0 1
[ 2 marks ]
0 0 1
(i) 0O 1 O . Reflection in the plane = z
1 0 O
[ 2 marks ]
-1 0 O
(i) 0-1 0 . Rotation of 180 about thez-axis
0O 0 1

[ 2 marks ]



Answer 4

I

(e Ne)
001__
- 0o
- =
X
e Ne)
001__
— 0o

i

— O O

oo
I

——

O O -

co~ OHoO o-Ho

OO0 100 «H0O0

[ 1 mark]

A rotation of 270 about thex-axis

(b)

[ 2 marks ]

oo -

O 0O

— O O

=0

B = Ref;

(c)

[ 2 marks ]

[1mark]



Answer 5

(a)

(b)

(c)

(d)

1 0 O
M]_:Refyz(): 0-1 0
0 0 1
[ 1 mark]
1 0 O
M, =(0-1 O : Rotation 180 about thex-axis
0O 0-1
[1mark]
1 0 O
(i) [Mi=]0-1 0|=@OCEHO=-1
0O 0 1
1 0 O
M| =]0-1 0|=OEHED =1
0O 0-1
[ 2 marks ]

(i) The magnitude of the determinant has the geometric
interpretation of “area scale factor”. Both of these
matrices would not change the area of a shape being
transformed by them.

The sign of the determinant gives the orientation of the
image and s, will flip the orientation andvi2 will not.

[ 2 marks ]
(i) Mz=MM,
1 0 0\/f1 O O
=|{0-1 0fj0-1 O
O 0 1/{0 0 -1
1 0 O
=({0 1 O
0 0-1
[ 1 mark]

(i) M3 represents reflection in the plane O
[ 2 marks ]



Answer 6

-1 0 O
(i) A=Refko=| 0 1 0
0O 0 1
1 0 O
B = Refy_o = 0-1 O
0O 0 1
[ 2 marks ]
-1 0 O0}\/a —a
(i) 0 1 oflbl=1| b
0O 0 1/l\c (o
[ 2 marks ]
1 0 O0\/- —-a
(i) 0-1 0| b]=1[-b
0O 0 1 c (o
[ 2 marks ]
Answer 7
1 0 O -1 0 O 1 0 O 1 0 O
0O 1 O 0O 1 O 0 0 1 0 0-1
0O 0-1 0O 0 1 0O 1 O 0O 1 O
[ 2 marks ]
Answer 8
0-1 0
(a) (i) 1 0 0|=--H(H@D =1
0O 0 1
[ 1 mark]

(ii) The magnitude of the determinant has the geometric
interpretation of “area scale factor”. This matrix will
not change the area of a shape being transformed by it.
The sign of the determinant gives the orientation of the
image and this matrix will preserve the orientation.
[ 2 marks ]

0-1 0
(b) ( 1 0 0) . Rotation of 90 about thez-axis
0O 0 1

[1mark]
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Lesson 9
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

9.1 Rotations In Two and Three Dimensions

Consider the following diagram. It is an aid to remembering the two dimensional
rotation matrices for rotations (anticlockwise) 6f 80>, 180° and 270.

zeros line . y A , zeros line
0-1 1 0
1 O (0 1
900 \\\\ ,,/, OO
AR >
’/ \\ X
180 .* N 270
-1 0 0 1
0 -1 -1 0
zeros line”’ s zeros line
1 O 0-1 -1 0 0 1
|:Ro:( 0 l) Rgo = 1 0) RlSO:( 0_1) R270:(_1 0)

These matrices are special cases of the following general result,

Rotation through angleé about ( 0, 0)

Ry =

cosfd -—sno
siné coso

This generalised result was proverMatrix Transformations, Lesson 6.

Proof: https://www.NumberWonder.co.uk/Download/PD9090/9090(6).pdf



https://www.NumberWonder.co.uk/Download/PD9090/9090(6).pdf

The two dimensional rotation matrix, has a centre of rotation about the origin.
To rotate about an other point would involve translating the other point to the
origin, doing the rotation there, and then translating the origin back to the other
point. In three dimensions, the rotation is naturally about eithes, they or the

z axis. For each of the three axes, we'll now give the special rotatioAsafP 0

180° and 270 about the axis, followed by the general rotation matrix for that
axis. Keep in mind the generalised matrix for two dimensional rotation because,
in moving up a dimension, it is this 2 x 2 matrix that is embedded with in the
more general 3 x 3 rotation matrix.

e Rotation byo about thex-axis;

1 0 O 1 0 O
Rxo = 0O 1 O Rxoo={0 0 -1
0O 0 1 0O 1 O
1 0 O 1 0 O
Rxiso=| 0-1 0 Rxeo=(0 0 1
0O 0-1 0-1 O
1 0 0
Ryy =| 0 cosf® —sind
0 sn® cosé
e Rotation byo about they-axis;
1 0 O 0O 0 1
Ryo = 0O 1 O Rygo = 0O 1 O
0O 0 1 -1 0 O
-1 0 O 0 0-1
Ry’]_go = 0 1 0 Ry_270 = 0 1 0
0O 0-1 1 0 O
cosf 0O sné
Ryo = 0 1 0
—-snO® 0 cosé
e Rotation byd about thez-axis;
1 0 O 0-1 0
RZ,O - 0 1 O ngo = 1 O O
0O 0 1 O 0 1
-1 0 O 0O 1 O
Rz180 = 0-1 0 Rzoo=|-1 0 O
0O 0 1 0O 0 1

snf® cos® O
0 0 1

cosf —sin6 O)



9.2 Example
Further A-Level Examination Question from June 2020, Paper 2, Q9 (AQA)

The matrixC = ‘g B b), wherea andb are positive real numbers, and
c™ =

1 J3

2 2
UseC to show thatcos(%) can be written in the form—‘m2+n, where

m andn are integers.

[ 7 marks ]



9.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
Further AS-Level Examination Question from November 2021, Q3
The matrixM represents a rotation about thaxis.

1 0 O
M-| 0 a3
1

0 b-5

Determine the value @& and the value df

[ 2 marks ]

Question 2
Further AS-Level Examination Question from November 2020, Q6
Anna has been asked to describe the transformation given by the matrix,

1 0 0
¥3 1
0 -5 -3
1 _J3
0 3 >

She writes her answer as follows:
The transformation is a rotation about #axis through an angle éf where

1 1
sng = — and - snf = ——
2 2

0 = 30
Identify and correct the error in Anna's work.

[ 2 marks ]



Question 3
Further AS-Level Examination Question from June 2018, Q5 (AQA)

1
2 2
Describe fully the transformation given by the matfix /3 1 o
2
0

[ 3 marks ]
Question 4
Further A-Level Examination Question from June 2019, Paper 1, Q7 (AQA)
Three non-singular square matricAsB andR are such that
AR =B
The matrixR represents a rotation about thaxis through an angiand

—cosf® sng O
snfd cosf® O
0 0 1

(a)  Show thatA is independent of the value &f

B =

[ 3 marks ]

(b)  Give a full description of the single transformation represefited

[1mark]



Question 5

Eol
5 3
M=|0 1 o
1 V3
-3 0 5

(a) Describe the transformation representedvby

[ 3 marks ]

(b) Find the image of the point with coordinatesl, — 2, 1) under
the transformation represented My

[ 2 marks ]
Question 6

P is the matrix representing a rotation of 12@ticlockwise about theaxis.
(a)  Write down the matri®

[ 1 mark]
(b) ApointQ=(3, -1, 0)is transformed using the matif
Find the coordinates of the image(@f
[ 1 mark]

(c) A pointR = (k, 0,k) is transformed using matrix
Find, in terms ok, the exact coordinates of the imagédRof

[ 3 marks ]



Question 7

The matrixC = E‘ _2), wherea andb are positive real numbers, and
211
R A
Sl 1
y2 V2
UseC to show thatcos(%) can be written in the form—‘m2+n, where

mandn are integers.

[ 7 marks ]



Question 8

_Jd3 o _41

5 3

M=| 0 1 0
1 V3

5 0 -5

(a) Find the transformation representedNby

[ 3 marks ]

(b) The point with coordinatesk, — k. 0) is transformed usiniyl.
Find, in terms ok, the exact coordinates of the image of this point.

[ 3 marks ]
Question 9
/3 -2
/3

(a) Find the scale factor of the enlargement.

The matrixM = ( ) represents a rotation followed by an enlargement.

[ 2 marks ]
(b) Find the angle of rotation.
[ 3 marks ]

A point P is mapped onto a poift underM.
Given that the coordinates Bf are @, b),
(c) find, in terms ofa andb, the coordinates d?.

[ 4 marks ]



Question 10
The formula for the volume of a tetrahedron is,

Vigr = % X basearea x height

(a)  Write down the matrix representing a rotation of 3abticlockwise
about they-axis.

[ 2 marks ]

A tetrahedrorT has vertices atl, 0, - 1), (1, 1,-1), (3, 2, 3) and (0, O, 0).
(b) Find the images of the vertices of the tetrahedron under the
transformation described in part (a).

[ 3 marks ]

(c) Hence find the volume af.

[ 2 marks ]
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9.4 Answers
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

9.4.1 Solution to 9.2 Example

: B -3 6 _sing
_ . . . _ [ cos —gn
C = 1 3 is in the form of a rotation matriRy = §no cose)
2 2
with cosé = —3 = 0 = i, ﬁ
2 6 6

1 7 b
andsng = — = 0 = —, —

2 6 6

2_[ a-b} _[ a-b)f a-b|_ a2 - b2 -2ab
b a b a b a 2ab a2 — b2
a2—b2:£ and 2ab:i
2 2

b=
da
az_(i)z_ﬁ
dal 2
2 1 B V3
16a2 2
16a* - 1 = 8v/3 a?
16" -8/3a2-1=0
2 - 8/3 ++/64x 3-4x 16x (-1)
32
_ 8/3 +16
B 32
:M asa>o
4
V3 +2
a=——&/¥—¥/——
2
cos(%) = # which is in the requested form

[ 7 marks ]



9.4.2 Solutions to 9.3 Exercise

Answer 1
o 0 1 0 0
3
CompareM =| 0 @ % with Ryy = | 0 cosf —siné
0 b _% 0 sn® cosé
1 V3
a=-—andb=-——
2 2
[ 2 marks ]
Answer 2
Anna should be making a comparison between the matrix in the question,
1 0 0
0. 3 _1 Lt o 0
2 2 | andRyy = 0 cosf® —sno
o L1 _i3 0 sné coso
2 2
Anna should have deduced thah 0 = % and cosf = —g

The first givesfd = 3(°, 150 and the second giveg = 150, 210
So the value of that satisfies both equationsdis 150°
[ 2 marks ]

Answer 3
The matrix given is recognized as being a rotation aboutéves.
_1 _Jd3 :

2 2 cosf® —snfd O

So, comparef 3 1 0 with Rzp = [ snf cosf® O
2 2 0 0o 1
0 0 1

from which is deduced thatsin6 = g and cosf = —%

The first givesd = 60, 120 and the second gives= 120, 240
So the value of that satisfies both equationsfés= 120

The matrix is a rotation about tkexis of 120
[ 3 marks ]



Answer 4

cosf —sné O
(a) R must be of the formh sin® cos® 0
0 0 1

The inverse oR must be a rotation about th@xis through an angle- 6)

1 cos(—60) —sin(-60) O
~R =1|s9n(=6) cos(-6) O
0 0 1

cos® sne O
=|-sn® cosd® O

0 0 1
(Ascos @ is an even function, arsih 6 is odd)

AR =B

-1 -1
ARR =BR

-1
A =BR
—cosf sng O cosf® sno O
= sn® cos® 0|l —-snfh cosd O
0 0 1 0 0 1
—cos?H — sin?0 —cosfsind + snfcoshd O
= | sin®cosH — cosH sinh sin26 + cos? 0 0
0 0 1
-1 0 O
= 0 1 0 which showsA is independent of
0O 0 1

[ 3 marks ]

(b) Aisareflection in the plane= 0
[ 1 mark]



Answer 5
(a)  The matrix given is recognized as being a rotation abouwt&xes.

43 o9 4 _
2 cosd 0 sné
So,compareg] 0 1 O | with Ryy = 0 1 0
_1 0 J3 —-sn® 0 cosé
2 2
from which is deduced thatsin = % and cosf = g

The first givesd = 30°, 150 and the second gives= 30°, 330
So the value of that satisfies both equations fis= 30°
The matrix is a rotation about tlgeaxis of 30

[ 3 marks ]
V3 1 ¥3 .1
> 0 Z -1 |2t
(b) 0O 1 0 ([[-2|= -2
1 J3 |\ 1 1,43
-2 0 % >+ 2
The image of the point-1, —2, 1) is ( 1_2\/§,—2, 1+2\/§
[ 2 marks ]
Answer 6
_ _1 _Jd3 ¢
cos120 —sn120 O 2 2
(a) P = RleO: sin120 cos120 O = B _ 1 0
0 0 1 2 2
0 0 1
[1mark]
1 _J3 3,43
-2 -2 O3 [2*t2
(b) |43 _1 ofl-i=133,1
2 2 0 2 2
0 0 1 0
The image of the point3, — 1, 0) is ( — 3; ﬁ, 3\/§2+ 1, 0
[ 1 mark]
_1 .43 o K
2 2 k 2
(¢) |43 _1 oflo]=|k3
2 2 k 2
0 0 1 k
The image of the pointgk, 0, k) is (— % @ k

[ 1mark]



Answer 7

N R
2 | V2 J2|... : oo [ cos® -sind
C = 1 1 is in the form of a rotation matriRy = §no cos@)
J2 V2
) 1 7 I
with cos = —— = 6 = —, —
\V 2 4° 4

2_( a-b) _( a-b)[ a-b)_ a2 — b2 —2ab
b a) | b a/l b a/] | 2ab a2-0b2
2 2 1 1
- = —— 2ab = ——
a b N and ab N
b = 1
2V2 a
¢ () - 7
2v2al V2
2 L _ V2
8a2 2

8a% -1 =42 &%
gat—4/2a%-1=0

2 _ M2 + 16X 2 - 4x 8x (1)
B 16

4H2 +8
16

V2 +2

B 16

V2 +2
4

(n) V2 +2
cos|—)| = ——
8 4

asa >0

which is in the requested form

[ 7 marks ]



Answer 8

(a)  The matrix given is recognized as being a rotation abouwt&xes.
_Jd3 o _41 .
2 2 cosf# 0 sné@
So, compare[ 0 1 0 |with Ry, = 0 1 0
1 o _43 —-sin® 0 cosé
2 2
from which is deduced thatsin6 = —% and cosf = — g
The first givesd = 210, 330 and the second gives= 150, 210
So the value of that satisfies both equationsés= 210
The matrix is a rotation about tlyeaxis of 210
[ 3 marks ]
_J3 o _1 _J3k
2 2 2
(b) 0 1 0 -k| =1 -k
1 o _d3[lo K
2 2 2
The image of the pointk, — k, 0) is ( _\/fk .-k, %
[ 3 marks ]
Answer 9
/3 -2
a M| = =2V3 x2V3 -2x (-2 =16
(a) [M] e (-2
The determinant is the area scale factor so the length scale factor is 4
[ 2 marks ]
(b)  Thus we have that,

& r=7 A

The opposite of an enlargement by 4 is an enlargeme%{ by

1
N i (2\/§ 2
’ o+l 2 2/3
_ . _ [ cos —sn
= 1 /3 compared withRy = Sno 058
2 2
from which is deduced thatsing = % and cosf = g

So the value of that satisfies both equations éis= 30°
[ 3 marks ]



(c)

2\/§—2(x
2 2/3[\Y
y3 1
(40)2 2(
o 4)| 1 /3
7 2
E_;
)
;B
5 2

SoP has the coordinatgs

(

Let the coordinates ¢t be (x, y) in which case...

a

)=()

b
1
40
;
0
1o

c0os330 —-sin330\| 4 a

sin330 cos330 O% b

311 o
|72 2|4 (a)
- 1 J3 1 \b

-5 5 04

J¥3 1
_ 8 8 a

_1 43 [\b

8 8

_1(V3 1 |(a

8| -1 V3
_1[V3a+h

8l-a++vV3b

v3a+b —a+\/§b)

’ 8

[ 4 marks ]



Answer 10

—-snO® 0O cosé

cos® 0 sino )

N2 g _Jd2
c0s315 0 sin315 5 0-73
SORy,315: 0 1 0 = 0 1 0
—-sn315 0 cos315 QO V2
2 2
[ 2 marks ]
2 V2
2 0-7 1 1 30 v2 V2 0 0
(b) 01 0 0 1 2 0|l=|0 1 2 o0
%0% -1-1 3 0 0 0 3W2o0
Thatis, (1, 0,-1) — (vV2, 0, 0)
1 1-1) - (V2,1 0
3.2 3 - (0,2 3V2)
0, 0,0 — (0, 0, 0
[ 3 marks ]
(c)
1 .
VTEr-Exbaseareaxhelght
1 1
:Ex?xﬁxlx&/?
=1
[ 2 marks ]
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Lesson 10
Further A-Level Pure Mathematics : Core 1
Matrix Systems of Equations

10.1 Reflections In Two and Three Dimensions

Consider the following diagram. It is an aid to remembering the two dimensional
reflection matrices for reflections in the lings X, y = — X, thex-axis andy-axis.

y A
10 0 1ly=x
0 1 10
_ y-axis AN
zeros line -
x-axis ¢
- (1 0
/// \ O _1 X
- zeros line
y=-X 0-1 \‘ . ’
-1 0 e

(01 _ (- _( 0-1 _( 10
My:x'( 1 o) My = ( 0 1) My=x = (—1 o) M = ( o-—1)

These matrices are special cases of the following general result,

Reflection in the mirror line through ( 0, 0) at angled

coSs 20 sin20 )

Mo =1 4n26 —cos20

The following video briefly shows one way of proving this result, leaving it to the
interested viewer to properly work through the steps shown.

https://www.NumberWonder.co.uk/v9095/10.mp4



https://www.NumberWonder.co.uk/v9095/10.mp4

10.2 Example
(a) Use matrix methods to work out the exact coordinates of the image

when the point ( 8, 2i} reflected in the line with equation = L X

V3

[ 4 marks ]

(b) Mark the image oP on the diagram below.

[ 1mark]



10.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 58

Question 1
_ 0 1 _ 0 1
A = ( 1 0 and B = (_1 O)

(1) Describe fully the transformations represented by the mathicasiB

[ 4 marks ]

(ii) The point (p, q) is transformed by the matrix produB
Give the coordinates of the image of this point in ternsaridg.

[ 2 marks ]
Question 2
2
. cos260 sin26
(1) Calculate SNn20 — cos20
[ 2 marks ]
(i) Give a geometric interpretation of your part (i) answer.
[ 1 mark]
11
3 5
iii Hence, or otherwise, determing,
" F-3

[ 2 marks ]



Question 3
Further AS-Level Specimen Examination Paper, 2017, Q4 (AQA)

(1 2 (-1 0
A_(lk B‘(01)

(a) Find the value ok for which matrixA is singular.

[ 1 mark]
(b) Describe the transformation represented by m&rix
[ 1 mark]
(c) (i) Given thatA andB are both non-singular, verify that,
-1 -1 -1
A B = (BA)
[ 4 marks ]

-1 -1 -1
(i) Prove theresulM N = (NM) for all non-singular

square matricell andN of the same size.

[ 4 marks ]



Question 4
Advanced Higher Examination Question from May 2015, Q11 (SQA)
(1) Write down the Z 2 matrix,M 1, associated with a reflection in tix@xis.

[1mark]

(ii) Write down a second 2 2 matrix,M», associated with an anticlockwise

rotation through an angle eg— radians about the origin.

[ 1 mark]

(i)  Find the 2x 2 matrix,M 3, associated with an anticlockwise rotation througl

% radians about the origin followed by a reflection in yFeis.

[ 1 mark]
(iv)  What single transformation is associated With?

[ 1mark ]

Question 5

Find the 3x 3 matrix representing the single transformation that is equivalent
to a reflection in the plane= 0, followed by a rotation of 27@bout they-axis,
followed by a reflection in the plarye= 0

[ 4 marks ]



Question 6
Further AS-Level Examination Question from October 2020, Q8 (MEI)

(a)

(b)

The matrixM is 1 0

2ol

(i) FindM®

[1mark]
(i) Write down the transformation representedwby
[ 1 mark]
(iii)  Hence state the geometrical significance of the result
of part (i)
[ 1 mark]
k+1 O

The matrixN is

K Kka+2/ wherek is a constant.

Using determinants, investigate whethecan represent a reflection.

[ 4 marks ]



Question 7

Further AS-Level Examination Question from May 2018, Q5 (Edexcel)

A =
3 _1
2 2

(a)

Describe fully the single geometric transformatibnepresented b

[ 3 marks ]

The transformatioV, represented by thex22 matrixB, is a reflection iny = —x
(b)  Write down the matriB

[ 1mark]

Given thatU followed byV is the transformatioff, represented by the matix
(c) find the matrix C

[ 2 marks ]
(d)

Show that there is a real numiifior which (1,K) is invariant under

[ 4 marks ]



Question 8
Further A-Level Examination Question from June 2019, Q11 (MEI)
(a)  Specify fully the transformation represented by the following matrices,
B % 1 0
M]_ = % M2 = (O _ 1)

ols olw

[ 4 marks ]
(b) Find the equation of the mirror line of the reflectRnepresented
by the matrixMsz =M1 M»

[ 5 marks ]

(c) It is claimed the reflection represented by the marix= M, M1 has
the same mirror line @ Explain whether or not this claim is correct.

[ 3 marks ]
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Further A-Level Pure Mathematics : Core 1

10.4 Answers
Matrix Systems of Equations

10.4.1 Solution to 10.2 Example
The angle of the line with the positixeaxis is given by,

(a)
0 = arctan(i)
- V3
4 .
= 30 or ry radians
The matrix to reflect in the ling = % X is thus
. 1 J3
cos60 sn60 2 2
sn60 —cos60 J3 1
2 2
Using this matrix to move the point,
1(1 ﬁ(s): 1 \/§(4)
2 vz -1)\2) " \yz -1/l1
_[4+ V3
43 -1
(8,2) > (4++V3,4V3 -1)
[ 4 marks ]

(b) (8,2)—(5.7,5.9) for plotting on the graph.

[1mark]



10.4.2 Solutions to 10.3 Exercise

Answer 1

(1) A = ( 2 é) : Reflection in the liney = x
0
1

é) : Rotation of 270 about (0, 0)

[ 4 marks ]
N P\ ([ 0 1 0 1)\(P
TR B e 4
_[=1 o0)\(p
L 0 1/\g
_[7P
q
(p.q9) » (-=p. Qq)
[ 2 marks ]
Answer 2
(i) C0s260 sin26\[cos20 sSn20
sin20 —cos20 )\ sn20 —cos26
_ cos? 260 + sin?20 c0s20 sin26 — sin 260 cos 26
sin 26 cos20 — cos26 sin 260 sin?26 + cos? 26
(10
~\01
[ 2 marks ]
(ii) Reflecting any point in a mirror, and then reflecting it back is the
same as doing nothing, as indicated by the identity matrix answer
in part (i)
[1mark]
11
1 43 1 43
Giii ) 2 2 _|1 2 2
3 1 3 1
2 2 2 2

[ 2 marks ]



Answer 3
(a) A matrix is singular when its determinant is zero.

Al =0
1 2| _
-
k-2=0
k =2
[1mark]
-1 0} . _ .
(b) B :( 0 1) . Reflection in they-axis
[1mark]
. . -1 -1 -1
(c) (1) Verifythat A B = (BA)
-1_-1
LHS=A B
-1 -1
(1 2 -1 0
S\l k 0 1
~ ezl 1 Tl o)
k-2\-1 1) (-1 0-1
1 k-2\[-1 O , . .
= k—Z(—l 1)( 0 1) showing B is self inverse
1 (k-2
- k—2( 1 1) kK#2
RHS = (BA)™ !
= (BA)
1
-1 0 1 2
0 1 1 k
-1
-1-2
1 kK
__ 1 k 2)
-k+2\-1-1
1 -k -2
- k—2( 1 1) k#2
= LHS

Thus, for matrice& andB the claimed result is true
[ 4 marks ]



-1 -1 -1
(ii) Ifitis true thatM N = (NM)

-1 -1
then NM x M N will yield the identity matrix|
-1 -1
LHS =NM xM N
N(M M INT?
1

= NIN
-1
= NN
= |
= RHS
So the claimed result is indeed true.
[ 4 marks ]
Answer 4
. L . -1 0
(1) Reflection in they-axis : M, = ( 0 1)
[ 1 mark]
(i) Rotation of% radians about the origin M, = ( 2 _é)
[ 1 mark]
(i) Mz = MM,  (Notice the order)
(-1 0 0-1
L0 1/l 10
[ 0 1
B 1 0
[1mark]
(iv) ( (1) é) . Reflection in the liney = x
[1mark]

Answer 5
1 0 O 0 0-1\/-1 O O 1 0 O0\/ 0 O0-1
0-1 O 0 1 O 0O 1 0|]=|0-1 0Ol 01 O
0O 0 1 1 0 O 0O 0 1 O 0 1/\-10 0
0O 0 -1
= 0 -1 O
-1 0 O

[ 4 marks ]



Answer 6

() i M= 97595

(10
-\ 01
[ 1 mark]
(i) M= (—Cl) _é) . Reflection in the lingg = —x
[ 1mark]

(iii)  The opposite of a reflection is the same reflection.
For example, a point is reflected, and then reflected back
to its original location.
[ 1 mark]

(b) N

k k+2
=(k+1)(k+2)-kx0

=(k+1)(k+ 2)
If N represents a reflection theN | = — 1

:‘k+1 0 ‘

~ werequire(k + 1)(k+2) = -1
K+3k+2=-1
K°+3k+3=0

But this has no solutions (it has a negative discriminant)

SoN can never represent a reflection.
[ 4 marks ]
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