44 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction

Answer 1
(1) The fifth line in the pattern is,
1 1 1 1 1 5

+—+ =+ —= + =
3 15 35 63 99 11
Easily verified using a calculator.
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(i)  Statement

n 1 n
= for all positive integer
;(Zr—l)(2r+1) 2n + 1 P gers)

Proof by Induction

1
1 1
Whenn = 1, LHS _
enn =2 ;(Zr—l)(2r+1) 2x1-1)(2x1+1)

1
x 3

Wk P,

RHS= —+ -1
2x1+1 3

As LHS = RHS the summation formula is true fior 1
K
1 k

Assume that whem = Kk, =
zl“(Zr—l)(Zr+1) 2k +1

Withn = k + 1 the summation formula becomes,
k+1 1

21: (2r = 1)(2r +1)

—Ek: 1 . 1
4 (2r = 1)(2r + 1) (2(k+1)-1)(2(k+1)+1)

k 1
T k+1 T (k+1) (k+3)
3 Kk y (2k+3)+ 1
o2k + 1 (2k + 3) (2k + 1)(2k + 3)
2kZ + 3k + 1

(2k+1)(2k + 3)
o (k+1)(2k+ 1)
(2k+1) (2k + 3)
(k+1)
(2k + 3)
(k+1)
2(k+1)+1

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 2

Statement
n
dr o= 1 n(n+1)
1 2
Proof by Induction
1
Whenn =1 LHS=Yr =1
1
1
RHS = ?xlx(1+1): 1
As LHS = RHS the summation formula is true fior 1
K
1
Assume that whem = Kk, r=—k(k+1
; >k )

Withn = k + 1 the summation formula becomes,
k+1 k

or=Yr+(k+1)
1 1

%k(k+1)+(k+1)

(k+1) (%k+1)

(k+1)%(k+2)

=%(k+1)((k+1)+1)

Therefore, if the result is true far= k, then it is true form=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 3

Statement

L 1
Mr(r+3)==n(n+1)(n+5)
r=1 3
Proof by Induction

1
Whenn =1, LHS= Y1x(1+3) =14
1

RHS:%xlx(1+1)x(1+5):4

As LHS = RHS the summation formula is true fior 1

k
Assume that whem = k, Y r(r + 3) = %k(k+ 1)(k + 5)
1

Withn = k + 1 the summation formula becomes,
k+1

dor(r+3)
1

k
Mor(r+3)+ (k+1)(k+1+3)
1

—k(k+1)(k+5) +(k+1)(k+4)

(k+ 1)(k(k +5 + 3(k + 4))

(k+1)(K +5k+ 3k + 12)

P Wk Wk Wk ol ok

(k+1)(k2+8k+12)

(k+1)(k+2)(k+6)

§(k+1)((k+l)+1)((k+1)+5)

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

[ 6 marks]



Answer 4

Statement

n
2(4r3— 3r° +r) =nd(n+1)
r=1
Proof by Induction

1
Whenn =1, LHS= Y (4x1®-3x1°+1) =2
1

RHS= 13x (1+ 1) = 2
As LHS = RHS the summation formula is true fior 1

k
Assume that whem = Kk, 2(4r3 ~3r% 4 r) = k3(k+ 1)
1

Withn = k + 1 the summation formula becomes,
k+1

(4r3—3r2+r)
2
1
k
= 2(4r3—3r2+r)+4(k+1)3—3(k+1)2+(k+1)
1

C(k+1)+4(k+1)P°-3(k+1)2%+(k+1)

(k+1)(k3+4(k+1)2—3(k+1)+1)

—(k+1)(KC+4K% +8k+4-3k-3+1)
= (k+1)(k3+4k2+5k+2)
(k + 2) has to be a factor if the statement is true
so force factor it out and see if the other factor is then what is required
k2 + 2k + 1
k + 2| k3 + 4k?2 + 5k + 2
k3 + 2k2
2k? + Bk

2kZ + 4k

k + 2
k + 2

0 <« as expected

= (k+ 1) (k+2)(k+1)> = (k+1)°((k+ 1)+ 1)
Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 5

(a)
Statement

- 3_ 12 2
Yord = ZM(n+1)
r=1

Proof by Induction

1
Whenn =1 LHS=Yr’=1
1

1
RHS = lezx(1+1)2= 1
As LHS = RHS the summation formula is true fior 1

K
1
Assume that whem = k, 3= 7 K (k + 1)
r=1

Withn = k + 1 the summation formula becomes,
k+1

>
1

k
2r3+(k+1)3
1
LRk + 12+ (k+ 1)

(k+ 1)V (2 + 4k + 1)

(k+ 1) (2 + 4 + 4)

(k + 1)%(k + 2)°

N N N Y

= o (k+ 12((k+ 1)+ 1)°

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]



(b)

n n n
S(rP-2)=Yr-2%1
r=1 r=1 r=1
:%nz(n+1)2—2n
1 2
:—n(n(n+1) —8)
4
:%n(n(n2+2n+1)—8)
:%n(n3+2n2+n—8)
[ 3marks]
(c)
80 U ¥ 4
z(r—z): (r—2)—2(r—2)
r=20 r=1 r=1
=%x50x(503+2x502+50—8)
—%lex(193+2x192+19—8)
= 1625525- 36062
= 1589463
[ 3marks]
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