5.2 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction
Answer 1

Statement

n 2 1
Yrf= =n(n+1)(2n+1)
r=1 6
Proof by Induction

1
Whenn =1, LHS=Yr?=1%=1
1

RHS:%xlx(1+1)(2><1+1) =1
As LHS = RHS the summation formula is true fior 1

K
Assume that whem = Kk, Zrz = %k (k+1)(2k + 1)
1

With n = k + 1 the summation formula becomes,
k+1

>
1

2+(k+1)2

-~

K(k+1)(2k+1)+ (k+1)°

(k+1) (k(2k+ 1) +6(k+ 1))

(k+1)(2k2+k+6k+6)

(k+1)(2k2+7k+6)

(k+ 1)(k+2)(2k + 3)

|k ok o|k o|k ok o|k M=

5 (k+D)(k+1)+1)(2(k+1)+ 1)

Therefore, if the result is true far= k, then it is true form=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 2

Statement

For all positive integers, f (n) = 2>"*1 1 3(52"*1) is divisible by 17

Proof by Induction

Whenn = 1, f(1) = 28%t+1 4 g(g2x1+1)

=2*13x5

= 16 + 375

= 391

= 17 x 23  which is divisible by 17

3k+1 2n+1

Assume that whem = k, f(k) = 2 +3x5
in which case...

f(k+1) = 23(k+l)+1 4 3x 52(k+1)+1

is divisible by 17

1 3x 52k+3

23k+123 + 3 x (52k+1 5 52)

8 x 23k+1 + 75 x 52k+1

23k+4

8<23k+1 4 3 x 52k+1) 4 51 x 52k+1

8f (k) + 17(3 x 5%*1)
- f(k + 1) is divisible by 17
Therefore, iff (n) is divisible by 17 whem = Kk,

thenf (n) is also divisible by 1whenn = k + 1

Asf (n) is divisible by 17 whem = 1, f (n) is also divisible by 17 for alt e A
by mathematical induction. O

[ 6 marks]



Answer 3

(i)
Statement
0 2r +1 1
Zﬁzl_—z
opre(r+1) (n+1)
Proof by Induction
1
Whenn =1 LHs= Yy =2*+1 _ 2xi+1 _ 3
T re(r+ 1) 1(1+1) 4
RHS=1——l 5 =1—i=i
(1+1) 4 4
As LHS = RHS the summation formula is true fior 1
k
Assume that whem = Kk, % = 1—;2
re(r +1) (k+1)
Withn = k + 1 the summation formula becomes,
kil 2r +1 _zk: 2r +1 N 2(k+1)+1
A2+ 12 A2+ 1) (k+ 1)2((k+ 1)+ 1)>2
3 B 1 N 2k + 3
B (k + 1)2 (k + 1)2(k + 2)2
4 1 (k + 2)2 2k + 3

(k+12 “(k+22 T (kx1)2(k+2)7
kK + 4k +4 -2k - 3

=l T 2k 272
_q1_ K2+ 2k + 1
B (k +1)2(k +2)2
4 (k + 1)
B (k+1)2(k+2)2
1

ST

1

((k+1)+1)?
Therefore, if the result is true far= k, then it is true form=k+ 1
As the result has been shown to be truerfor 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 5marks]



(ii)
Statement
8

. . . _ 1
For the sequence with the iterative description= 3, Uyy1 = 3 Un + )

n
for all positive integers, then™ term is given by, = 5 x (%) + %

Proof by Induction

Whenn =1, u; = 5 x (%) + % = 3 which is the correct initial term

k
Assume that whem = k, ux = 5><(%) +%inwhichcase...
u —iu + — 8
k+1 = 3 k 9
1 1 8
dfex(3f+4)+3
37"\ 3 9
(1)*1 4 8
=5%x|—= + =+ =
3 9 9
k+1
=5><(i) +i
3 3

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]



Answer 4

Proof by Induction

1 a 0
Whenn =1, A = al — pt 1
b
a—->b
_ a 0 . :
=11 b ) which matches that given fé«
. ak 0
Assume that whem = k, A = ak — pK K in which case...
b
a-b
k+1 k
=AA
ak 0 a 0
= ak_ bk bk 1 b)
a->b
Fxa+0x1 k
ax0+0xb
= | gk _ pK k bk
x a+ bKx1 x 0+ bKx b
a—->b -
a.|(+:|. 0
= | gk+1_ gpK . a-b kil * Must show unsimplified matrix *
+ b b
a—->b a-b
a.|(+:|. 0
= | ak+1_ apk 4 apk bt k+1
b
a—->b
ak+1 0
= ak+l _ bk+l bk+1
a—-b

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 6 marks]



Answer 5

Statement

For all positive integers, f (n) = 5" + 3n — 1 is divisible by 9

Proof by Induction

Whenn = 1, f(1) = 521 +3x1-1

= 27 which is divisible by 9

Assume that whem = k, f (k) = 5%€ 1 3k — 1 is divisible by 9
in which case...

fk+1) =5

2K+ L3k 1 1) -1

52k+ 2

+3k+3-1

25 x 5% 4 3k + 2

25(5% 4 3k — 1) - 25x 3Kk + 25 + 3Kk + 2
25f (k) — 72k + 27
25 (k) + 9(— 8k + 3)
- f(k + 1) is divisible by 9
Therefore, iff (n) is divisible by 9 whem = k,

fk+1)

thenf (n) is also divisible by @vhenn = k + 1

Asf (n) is divisible by 9 whem = 1, f (n) is also divisible by 9 for alh e Al
by mathematical induction. O

[ 6 marks]
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