
6.2  Answers
Further A-Level Pure Mathematics : Core 1

 Proof by Induction
Answer 1

Statement

   f (n) = 72n − 1 + 5  For all positive integers n, is divisible by 12

Proof by Induction
 

    n = 1,   f (1) = 72 × 1 − 1 + 5When

           =  12 which is divisible by 12

    n = k,  f (k) = 72k − 1 + 5 Assume that when   is divisible by 12

in which case...

f (k + 1) = 72( k + 1 ) − 1 + 5

= 72k + 1 + 5

= 49 × 72k − 1 + 5

= ( 1 + 48 )  × 72k − 1 + 5

= 72k − 1 + 5 + 48 × 72k − 1

= f (k) + 48 × 72k − 1

f (k + 1) = f (k) + 12( 4 × 72k − 1 )
∴  f (k + 1)  is divisible by 12

  f (n)  n = k,Therefore, if is divisible by 12 when 

          f (n)   n = k + 1then is also divisible by 12 when

   f (n)  n = 1, f (n)  n ∈ Z
+

As is divisible by 12 when is also divisible by 12 for all 

by mathematical induction. ¸

[ 6 marks ]



Answer 2

= (  )  Let A 3   0
6   1

in which case the claim is that the following is true,

Statement

= (  )    n = (  )   If A 3   0
6   1

then  A
3n   0

   3( 3n − 1 )    1
for all positive integers, n

Proof by Induction

    n = 1,   
1

= (  )  When A
31   0

3( 31 − 1 )    1

        =  (  )   3   0
6   1

which matches that given for A

    n = k,  
k

= (  )   Assume that when A
3k    0

3( 3k − 1 )    1
in which case...

   
k + 1

=
k

A A A

= (  ) (  )3k   0

3( 3k − 1 )    1
3   0
6   1

= (  )3k × 3 + 0 × 6    3k × 0 + 0 × 1

3( 3k − 1 ) × 3 + 1 × 6     3( 3k − 1 ) × 0 + 1 × 1

= (  )   3k + 1   0

3k + 2 − 9 + 6   1
* Must show unsimplified matrix *

= (  )3k + 1  0

  3k + 2 − 3   1

= (  )3k + 1 0

3(3k + 1 − 1 ) 1

Therefore, if the result is true for  n = k, then it is true for  n = k + 1
As the result has been shown to be true for  n = 1, the conclusion is that
it is true for all positive integers by mathematical induction ¸

[ 6 marks ]



Answer 3

Statement

   f (n) = 4n + 1 + 52n − 1  For all positive integers n, is divisible by 21

Proof by Induction
 

    n = 1,   f (1) = 41 + 1 + 52 × 1 − 1When

= 16 + 5     

= 21 which is divisible by 21

    n = k,  f (k) = 4k + 1 + 52k − 1  Assume that when is divisible by 21

in which case...

f (k + 1) = 4(k + 1) + 1 + 52(k + 1) − 1

= 4 × 4k + 1 + 52 × 52k − 1

= 4 × 4k + 1 + 25 × 52k − 1

= 4 × 4k + 1 + ( 4 + 21 ) × 52k − 1

= 4( 4k + 1 + 52k − 1 ) + 21 × 52k − 1

f (k + 1) = 4 f (k) + 21( 52k − 1 )
∴ f (k + 1)  is divisible by 21

  f (n)  n = k,Therefore, if is divisible by 21 when 

          f (n)   n = k + 1then is also divisible by 21 when

   f (n)  n = 1, f (n)  n ∈ Z
+

As is divisible by 21 when is also divisible by 21 for all 

by mathematical induction. ¸

[ 6 marks ]



Answer 4

Statement

∑
n

r = 1

( 2r − 1 )2 =
 1 
 3 

 n ( 4 n2 − 1 )
Proof by Induction

    n = 1,  = ∑
1

r = 1

( 2r − 1 )2 = ( 2 × 1 − 1 )2 = 1When    LHS

          =
 1 
 3 

× 1 ( 4 × 12 − 1 ) = 1   RHS

As LHS = RHS the summation formula is true for n = 1

    n = k,  ∑
k

r = 1

( 2r − 1 )2 =
 1 
 3 

 k ( 4 k2 − 1 )Assume that when

n = k + 1  With the summation formula becomes,

∑
k + 1

r = 1

( 2r − 1 )2 = ∑
k

r = 1

( 2r − 1 )2 + ( 2 ( k + 1 ) − 1 )2

=
 1 
 3 

 k ( 4 k2 − 1 ) + ( 2k + 1 )2

=
 1 
 3 

 k ( 2k + 1 ) ( 2k − 1 ) + ( 2k + 1 )2

=
 1 
 3 

 ( 2k + 1 ) ( k ( 2k − 1 ) + 3( 2k + 1 ))

=
 1 
 3 

( 2k + 1 ) ( 2 k2 − k + 6k + 3 )

=
 1 
 3 

 ( 2k + 1 ) ( 2 k2 + 5k + 3 )

=
 1 
 3 

( 2k + 1 ) ( 2k + 3 ) ( k + 1 )

=
 1 
 3 

 ( k + 1 )  ( 2 ( k + 1) − 1 ) ( 2 ( k + 1 ) + 1 )

=
 1 
 3 

( k + 11) ( 4 ( k + 1 )2 − 1 )
Therefore, if the result is true for  n = k, then it is true for  n = k + 1
As the result has been shown to be true for  n = 1, the conclusion is that
it is true for all positive integers by mathematical induction ¸

[ 6 marks ]



Answer 5

Statement

    u1 = 6,    un + 1 = 6 un − 5,For the sequence with the iterative description,

  nth  un = 5 × 6n − 1 + 1for all positive integers n, the term is given by

Proof by Induction

    n = 1,   u1 = 5 × 61 − 1 + 1 =  6  When which is the correct initial term

    n = k,  uk = 5 × 6k − 1 + 1  Assume that when in which case...

uk + 1 = 6 uk − 5

= 6 × ( 5 × 6k − 1 + 1 ) − 5

= 6 × 5 × 6k − 1 + 6 − 5

= 5 × 6k + 1

= 5 × 6( k + 1 ) − 1 + 1

Therefore, if the result is true for  n = k, then it is true for  n = k + 1
As the result has been shown to be true for  n = 1, the conclusion is that
it is true for all positive integers by mathematical induction ¸

[ 5 marks ]



Answer 6

Statement

   f (n) = 5n + 8n + 3 For all positive integers n, is divisible by 4

Proof by Induction
 

    n = 1,   f (1) = 51 + 8 × 1 + 3  When

           =  16 which is divisible by 4

    n = k,  f (k) = 5k + 8k + 3 Assume that when   is divisible by 4

in which case...

f (k + 1) = 5k + 1 + 8 ( k + 1 ) + 3

= 5 × 5k + 8k + 8 + 3

= ( 1 + 4 ) × 5k + 8k + 8 + 3

= 5k + 8k + 3 + 4 × 5k + 8

= ( 5k + 8k + 3 ) + 4( 5k + 2 )
f (k + 1) =  f (k) + 4( 5k + 2 )

∴ f (k + 1)  is divisible by 4

  f (n)  n = k,Therefore, if is divisible by 4 when 

          f (n)   n = k + 1then is also divisible by 4 when

   f (n)  n = 1, f (n)  n ∈ Z
+

As is divisible by 4 when is also divisible by 4 for all 

by mathematical induction. ¸

[ 7 marks ]

This document is a part of a Mathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use

In October 2020, Shrewsbury School was voted “Independent School of the Year 2020”
© 2022 Number Wonder

Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk


