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Lesson 1
Further A-Level Pure Mathematics: Corel
Proof by Induction
1.1 The Domino Effect
Proof by induction is often likened to an imaginary line of infinite extent of
dominoes. To prove that all of the dominoes will fall over one must prove,
firstly, that the first domino in the line will fall over and, secondly, that if any
domino in the line falls over it will cause the domino after it to also fall over.

g

1.2 Example

Suppose that numbers in the sequebBge= F" + 11 are to be investigated

n 1 2 3 4 5 6
En 20 92 740 6572 59060 531452
Prime Factorisation 22.5 | 22.23 | 22.5.37 | 22.31.53| 22.5.2953| 22.132863

From looking at the data in the table, the conjecture could be made that all
numbers in this sequence are divisible by 4 which is the most striking feature for
the first six terms in the sequence.

However, there is uncertainly as to whether or not the property of being divisible
by 4 will continue to hold for all subsequent terms.

To resolve the matter a proof is needed one way or the other.



Statement

For all positive integers, P + 11 is divisible by 4

Proof by Induction
Letf(n) = 3"+ 11, ne Z*
Whenn = 1, f(1) = 3%t + 11
= 20 whichis divisible by 4

Assume that whem = k, f (k) = FX 4 11 is divisible by 4
in which case...

fk+1 = 3K 411
=3 Fin
ox 3411

8(3)+ 3+ 11
8(3) + f (k)

= 4(2(3%) + f 1
. f(k + 1) is divisible by 4

Therefore, iff (n) is divisible by 4 whem = k,
thenf (n) is also divisible by 4vhenn = k + 1

Asf (n) is divisible by 4 whem = 1, f (n) is also divisible by 4 for alh € YAl
by mathematical induction. O

[ 6 marks]
The Teaching Video will talk you through the above proof.

Teaching Video http://www.NumberWonder.co.uk/v9096/1.mp4
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http://www.NumberWonder.co.uk/v9096/1.mp4

1.3 Exercise

Question 1

Numbers in the sequend®, = n> + 2n are to be investigated

Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40

n 1 2 3 4 5 6
Dy 3 12 33 72 135 228
Prime Factorisation| 3 223 3.11 | 2332 335 22319

From looking at the data it would seem that for all positive integetse terms

in the sequencB,, are divisible by 3.

Use mathematical induction to prove that this is indeed the case.

[ 6 marks]



Question 2

Numbers in the sequend® = F" _ 1 aretobe investigated

n 1| 2 3 4 5 6
P, 8| so| 728 | 6560 | 59048 531440
Prime Factorisatio 23 | 25| 23713 | 2°541 | 2311261 | 25.7.1373

From looking at the data it would seem that for all positive integetse terms
in the sequenck, are divisible by 8
Use mathematical induction to prove that this is indeed the case.

[ 6 marks]



Question 3
(1) Explain why the product of any two consecutive integers will divide by 2.

[ 1 mark ]

(ii) Explain why 51k (k + 1) is divisible by 6for any integek

[ 2marks]

(iii)  Numbers in the sequenc, = 17n° + 103 are to be investigated

n 1 2 3 4 5 6

Zy 120 342 | 768 | 1500 2640 4290

Prime Factorisation} 2335 | 2.3219| 283 | 2235% | 243311 2.3.5.11.13

From looking at the data it would seem that for all positive integetse
terms in the sequen@g are divisible by 6.
Use mathematical induction to prove that this is indeed the case.

[ 6 marks]



Question 4
Numbers in the sequendgn) = 13" — 6" are to be investigated

n 1] 2 3 4 S 6

f(n) 71 133 | 1981 | 27265 363517 4780153

Prime Factorisation 7 | 7.19| 7.283| 5.7.19.41| 7.11.4721]| 7.19.127.283

From looking at the data it would seem that for all positive integetise terms
in the sequencA, are divisible by 7

(i)  Showthatf (k + 1) = 6f (k) + 7(13)

[ 3marks]

(i) Hence, or otherwise, prove by induction that for all positive integers,
f (n) is divisible by 7

[ 4 marks]



Question 5

Further A-Level Examination Question from June 2019, Core 1, Q6 (Edexcel)
Prove by induction that for all positive integars

f(n) = 32n+4 _ 22n
is divisible by 5

[ 6 marks]



Question 6
Further A-Level Examination Question from January 2018, IAL, F1, Q8 (ii) (Edexcel)
Prove by induction, for all positive integars

f(n) = 3°"*3 4 40n — 27 is divisible by 64

[ 6 marks]
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1.5 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction
Answer 1

Statement

For all positive integers, nS + 2n is divisible by 3

Proof by Induction
Letf (n) = n° + on, ne Z"
Whenn =1, f(1) = 13+ 2x 1

= 3 which is divisible by 3
Assume that whem = k, f (k) = k3 + 2k is divisible by 3
in which case...

fk+1) = (k+1)°%+2(k+1)

K+ 3K 3k +1+2k+2

3K2 + 3k + 3+ K+ 2k
=3(K+k+1)+fK

-~ f(k + 1) is divisible by 3

Therefore, iff (n) is divisible by 3 whem = k,
thenf (n) is also divisible by 3vhenn = k + 1

Asf (n) is divisible by 3 whem = 1, f (n) is also divisible by 3 for alh e YAl
by mathematical induction. O

[ 6 marks]



Answer 2

Statement

For all positive integers, F" _ 1 is divisible by 8

Proof by Induction
letfm) = 3" -1, ne Z'
Whenn = 1, f(1) = 321 _1
= 8  which is divisible by 8

Assume that whem = k, f (k) = 3 — 1 is divisible by 8
in which case...

fk+ 1 = 32K+D _q

= 8(3%) 4+ 3% _1
= 8(3) + (K
- f(k + 1) is divisible by 8
Therefore, iff (n) is divisible by 8 whem = Kk,
thenf (n) is also divisible by &henn = k + 1

Asf (n) is divisible by 8 whem = 1, f (n) is also divisible by 8 for alh e Al
by mathematical induction. O

[ 6 marks]



Answer 3

(i)

(i)

(iii)

As integers alternate odd, even, odd, even, odd, even...
one of any two consecutive integers must be even.
Therefore the product of any two consecutive integers will divide@y 2
[ 1 mark ]

If kis an integer, therk + 1 is the next consecutive integer.
The product of any two consecutive integers can be writt&r las+ 1)
As just explained the produdt( k + 1) is divisible by 2.
Furthermore, the number 51 is divisible by 3.
- Blk(k + 1) is divisible by 6
[ 2marks]

Statement

For all positive integers, 17 n° + 107 is divisible by 6

Proof by Induction
Letf(n) = 17n° + 10, n e Z"
Whenn = 1, f(1) = 17x 1° + 103x 1
= 120  which is divisible by 6

Assume that whem
in which case...

fk+1) = 17(k + 1) + 103(k + 1)

k, f(k) = 17k> + 10X is divisible by 6

= 17k> + 51K + 51k + 17 + 10X + 103
= 17K3 + 10 + 51k + 51k + 120
= f(k) + 51k(k + 1) + 120
The three terms on the RHS are all divisible by 6
- f(k + 1) is divisible by 6

Therefore, iff (n) is divisible by 6 whem

K,
thenf (n) is also divisible by Gvhenn = k + 1
Asf (n) is divisible by 6 whem = 1, f (n) is also divisible by 6 for all
neZz by mathematical induction
Ol

[ 6 marks]



Answer 4

(i)

(i)

fk) = 13 - 6
13k+1_6k+1

- 13F¥%x13-6x6

- 6(13 - 6) + 7(13)

= 6f (k) + 7(13) 0

s fk+ 1)

[ 3marks]
Statement

For all positive integers, 13" — 6" is divisible by 7

Proof by Induction
Letf(n) = 13- 6", ne Z"
Whenn =1, f(1) = 13- 6
= 7  which is divisible by 7
Assume that whem = k, f (k) = 13 — 6% is divisible by 7
in which case...
fk+ 1) = 13- 6

6f (k) + 7( 1?‘) from part (i)

f(k+1) - 6f (k) = 7(13)

- f(k + 1) is divisible by 7

Therefore, iff (n) is divisible by 7 whem = Kk,

thenf (n) is also divisible by Whenn = k + 1
Asf (n) is divisible by 7 whem = 1, f (n) is also divisible by 7 for all

neZz by mathematical induction
[

[ 4 marks]



Answer 5

Statement

For all positive integers, 3" *# — 22" is divisible by 5

Proof by Induction
Letf(n) = 3"T4 2" nhezZt
1, f() =3-2?
= 725 which is divisible by 5

Whenn

Assume that whem = k, f (k) = 3% - 2% is divisible by 5
in which case...

f(k + 1) = 32(k+1)+4 _ 22(k+1)
_ 32k+4 5% 32 _ 22k 5% 22
_ 9x32k+4—4x22k

4( P _ ) 4 5 i g4
4f (k) + 5(3%+4)
f(k + 1) — 4f (k) = 5(3%*+%)

- f(k + 1) is divisible by 5

Therefore, iff (n) is divisible by 5 whem = k,
thenf (n) is also divisible by svhenn = k + 1

Asf (n) is divisible by 5 whem = 1, f (n) is also divisible by 5 for alh e VA
by mathematical induction. O

[ 6 marks]



Answer 6

Statement

2n+3

For all positive integers, 3 + 40n — 27 is divisible by 64

Proof by Induction
Letf(n) = "3+ 4n-27 ne Z'
Whenn = 1, f(1) = 3 + 40 — 27

= 256  which is divisible by 64

Assume that whem = k, f (k) = PK+3 1 40k — 27 is divisible by 64
in which case...

fk+ 1) = FKEDF3 L a0k + 1) - 27
32K*S 1 40k + 40 — 27

[9x 3] + 40k + 13

[9(3%*3 4 40k — 27) — 9 x 40k + 9 x 27] + 40k + 13
of (k) — 320k + 256

of (k) + 64(4 — 5k)

. f(k + 1) is divisible by 64

Therefore, iff (n) is divisible by 64 whem = Kk,
thenf (n) is also divisible by 64vhenn = k + 1

Asf (n) is divisible by 64 whem = 1, f (n) is also divisible by 64 for ali e YAl
by mathematical induction. O

[ 6 marks]
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L esson 2
Further A-Level Pure Mathematics: Corel
Proof by Induction

2.1 Iterative Relations and Induction
A sequence is defined iteratively by the term-to-term formula,

U =1, U1 =3u, +4
The first few terms of this sequence are,
n 1 2 3 4 5 6 7 8
Un 1 7 25 79 241 | 727 | 2185 | 6559

It is thought that a position-to-term formula is, = 3" — 2
It works for the eight terms listed, but to ensure it will always work a proof is neec

Statement
For the sequence with the iterative definitien,= 1, un+; = 3u, + 4

for all positive integers, then™ term is given byu, = 3" — 2

Proof by Induction
Whenn = 1, u; = 3t -2

= 1  which is the correct initial term
Assume that whem = k, ux = 3k — 2 in which case...

Uc+1 = 3ug + 4

= 3(3-2)+4
=31 _6+4
:3k+1_2

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]
The Teaching Video will talk you through the above proof.

Teaching Video http://www.NumberWonder.co.uk/v9096/2.mp4



http://www.NumberWonder.co.uk/v9096/2.mp4

2.2 Exercise

Question 1

A sequence is defined iteratively by the term-to-term formula,

Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 30

Uy =1, Ups1 = 2uh + 1
The first few terms of this sequence are,

n 1

2

3

4

5

6

7

8

Un 1

3

7

15

31

63

127

255

Prove by induction that the position-to-term formulaijis= 2" - 1

Did you know ?

[ 5marks]

n . .
Numbers of the form 2— 1that are prime are called Mersenne Primes



Question 2
A sequence is defined iteratively by the term-to-term formula,

U = 7, Uysq1 = 2Un— 1
The first few terms of this sequence are,

n 1 2 3 4 5 6 7 8

Un 7 13 25 49 97 193 385 769

Prove by induction that the position-to-term formulaiis= 3 x 2" + 1

[ 5marks]



Question 3

A sequence is defined iteratively by the hybrid formula,

Uy=6, Ui =U +2"+4 n>1
The first few terms of this sequence are,
n 1 2 3 4 5 6 7 8
Un 6 12 20 32 52 88 156 288

Prove by induction that the position-to-term formulaiis= 2" + 4n

[ 5marks]



Question 4
Further A-Level Examination Question from June 2013, IAL, FP1, Q9 (a)
A sequence of numbers is defined by

up = 8
Up+1 = 4U, — 9n n>1
Prove by induction that, far ¢ yAl

uph = 4" +3n+1

[ 5marks]



Question 5
Further A-Level Examination Question from January 2018, IAL, F1, Q8 (i) (Edexcel)
A sequence of numbers is defined by,
up = 3
Uh+1 = Un + 30— 2 n=1
Prove by induction, for all positive integaers
3 - 7

Uy = —NnN"— —n+5
2 2

[ 5marks]



Question 6
Further A-Level Examination Question, January 2013, 1AL, FP1, Q8 (b) (Edexcel)
A sequence of positive integers is defined by,

u =1
Us1 = U+ N(3n+1) ne Al
Prove by induction that,
Uy = nz(n—1)+1 neZ"

[ S5marks]
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2.3 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction
Answer 1

Statement
For the sequence with the iterative descriptign= 1, Un;; = 2u, + 1

for all positive integers, then™term is given by, = 2" -1

Proof by Induction

Whenn =1, u; = 21 -1 1 which is the correct initial term

Assume that whem = k, ux = Zk — 1 in which case...

U1 = 2uk + 1
= 2(2¢-1)+1
=Xl _241
:2k+1_1

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]
Answer 2

Statement
For the sequence with the iterative descriptian= 7, Up+1 = 2up — 1

for all positive integers, then™term is given by, = 3x 2" + 1

Proof by Induction

Whenn =1, u; = 3 x 21 +1 =7 which is the correct initial term

Assume that whem = k, ux = 3 x 2k + 1 in which case...
Ug+1 = 2Uk — 1

=2(3x2X+1)-1

k+1

=3x 2 +2-1

—3x 214

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]



Answer 3

Statement
For the sequence with the iterative descriptign= 6, Un;: = Up + N4 a

for all positive integers, then™term is given by, = 2" + 4n

Proof by Induction

Whenn = 1, u; = 2rax1 =6 which is the correct initial term
Assume that whem = k, ux = X4 4k in which case...
Uks1 = uk+2k+4
=Xy ak+2X44

=2x2X+ak+4

=214k + 1)

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]
Answer 4

Statement
For the sequence with the iterative descriptian= 8, Uh;: = 4u, — 9n

for all positive integers, then™ term is givenby, = 4" + 3n + 1

Proof by Induction

Whenn =1, u; = 41 +3x1 +1= 8 whichisthe correct initial term
Assume that whem = k, ux = 4k + 3k + 1 in which case...
Uk+1 = 4ug — 9n
4(4+3k+1) - %K
4x 8+ 4% 3K+ 4— 9%k

AL 1k - ok + 4
k

4y 3k + 4

-4 3k+1)+ 1
Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]



Answer 5

Statement

For the sequence with the iterative description= 3, Uyy1 = Up + 3n — 2

2

7

e L 3
for all positive integers, then™ term is givenby, = —n° - —n+5

2

Proof by Induction

Whenn = 1, ul=%x12——xl+5
= 3 which is the correct initial term
7
Assume that whem = k, ux = %kz -5 k+5

in which case...
Uy = U + 3K — 2
3 7

= 2P ki +3k-2
2 2

2

%[(k+1)2—2k—1]—%[(k+1)—1]+5+3k—2

_ 3 2 3 7 7
_2(k+1) 3k > 2(k+1)+2+5+3k 2
=2 k1P L (ke — kK454 L
2 2 2 2
3
2

(k+1)2—%(k+1)+5

Therefore, if the result is true for = k, thenitistrue fon = k + 1

As the result has been shown to be truerfog 1, the conclusion is that

itis true foralln e Z" by mathematical induction

O

[ 5marks]



Answer 6

Statement
For the sequence with the iterative descriptian= 1, Uyy1 = Up + N(3n + 1)

for all positive integers, then™ term is given byu, = n2( n—1)+1

Proof by Induction
Whenn =1, u; = 12 x (1-1)+ 1= 1 whichis the correct initial term
Assume that whem = k, u, = kz(k — 1) + 1 in which case...

Uk+1 = Uk +N(3n+ 1)

K (k-1)+1+k(3k+1)

K-+ 3K+ k+1
K+ 2k +k+1
k(k2+2k+1)+1
k (k + 1)2+ 1

(k+ 1Y% (k+1-1)+1

(k+ 172 ((k+1)-1)+1

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 5marks]
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Lesson 3
Further A-Level Pure Mathematics: Corel
Proof by Induction
3.1 Matricesand Induction
This lesson focuses on matrix based statements that can be proved using inducti
The overall structure of the proofs are the same.

3.2 Example
Prove by induction the following statement,

Statement
(1 O n 1 0 e
IfA = ( 5 1) then A = ( 50 1) for all positive integers;

Proof by Induction

1
Whenn =1, A :(

1 0\ (10
5x1 1) |5 1

) which matches that given fév

k
Assume that whem = k, A = ( 5i 2) in which case...
k+1 k
A =AA

_ 1 0\[1 O

5% 1)l5 1

= 10 * Must show unsimplified matrix *

5k +5 1
B 1 0
Sl Bk+1 1

Therefore, if the result is true for= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]

The Teaching Video will talk you through the above proof.

Teaching Video http://www.NumberWonder.co.uk/v9096/3.mp4



http://www.NumberWonder.co.uk/v9096/3.mp4

3.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 30
Question 1
Prove by induction the following statement,

Statement
(2 0 n 2n 0 o
If A = ( 11 ) then A" = ( n_1 1 ) for all positive integers)

[ 6 marks]



Question 2
Prove by induction the following statement,

Statement
_ (3 -4 n_ [2n+1 —4n L
If A = ( 1 -1 ) then A" = N Con 4 1 for all positive integers;

[ 6 marks]



Question 3
Prove by induction that for all positive integers

2 9\" [(-3+1 o
-1 4] -n 3n+1
Hint : One way to do this question would be toAet= ( :i j and observe

the question is claiming that the following statement is true,

Statement

(-2 9
|1=A_(_1 "

-3n+1 9n

n
)thenA_( - n 3Nn+1

) foralln e Z*

[ 6 marks]



Question 4
Further A-Level Examination Question from May 2018, Core 1, Q8 (Edexcel)

Prove by induction that far e YA

5-8) [4n+1 —8n
2 -3 2n 1 - 4n

[ 6 marks]



Question 5
Further A-Level Examination Question from 2018, Mock Core 2, Q6 (Edexcel)
Prove by induction, that for all positive integers

1 1 2 1 n %(n2+3n)
0 1 1] =10 1 n
0 01 0 0 1

[ 6 marks]
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3.4 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction

Answer 1
Statement
(2 0 n_ 2N 0 L
If A = ( 1 1) then A" = ( on_ 1 1) for all positive integers;

Proof by Induction

21 0

1
Whenn =1, A =
211 1

) ( i ) which matches that given fér

0
1
k
Assume that whem = k, A = ( ) in which case...

k+1 k

A =AA
_ 2k 0lf(f2 0
k-1 1)l1 1
k
= ‘ 2’x2 0 * Must show unsimplified matrix *
(X-1)yx2+1 1
_ ok+1 0
k+1_241 1
ok+1 0
- 2k+1 -1 1

Therefore, if the result is true far= k, then it is true form=k+ 1
As the result has been shown to be truerfor 1, the conclusion is that
it is true for all positive integers by mathematical induction a
[ 6 marks]



Answer 2

Statement
_ (3 -4 n_[2n+1 —4n L
If A = ( 1 _1) then A" = N _on 4 1) for all positive integers;
Proof by Induction
_ 1 [2x1+1 -4x1
Whenn =1, A = 1 o141

( i’ :411 ) which matches that given fér
Assume thatwhem = k, A = [ 2+ 1 =4 4 ynich case...
k -2k + 1
Ak+1 _ AkA
_(k+1 - 3 -4
K -2k+1/{1 -1

(2k + 1) x 3 -4k (2k+1)Xx (-4 + (-4k) x (-1
kx3+ (-2k+1) x1 Kx (-4 +(-2k+1)x(-1)

3x2k+3-4k -8k-4+4k
3k -2k+1 -4k + 2k -1

_[2k+3 -4k -4

Tl k+1 -2k-1

2(k+1)+1 -4(k+1)
k+1 -2(k+1)+1

Therefore, if the result is true far= k, then it is true fom=k+ 1

As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

* Must show unsimplified matrix *

[ 6 marks]



Answer 3

LetA = ( :i Z ) in which case the question is claiming that the following is tru
Statement

[ -2 9 n_ [=-3n+1 9n +
IfA_(_1 4)thenA _( h 3n+1)forallneZ

Proof by Induction

1 _
Whenn = 1 A :( 3x1+1 9x1 )

-1 3x1+1

( :i Z ) which watches that given féx
k _
Assume that whem = k, A = S+ 1 9K in which case...
-k 3k +1
k+1 k

A =AA

[ -3k +1 9k -2 9

B -k 3k +1 -1 4

3k +1) x(2+%x(-1) (-3k+1)x9+9% x4
kyx (-2 + (3K + 1) x (-1 —Kkkx9+(3k+1)x4

6k — 2 - 9% —-27 + 9 + 36k
2k —3k-1 -9+ 1%k + 4

-3k -2 9k+9
-k-1 3k+4

-3(k+1)+1 9(k+1)
-(k+1) 3(k+1) +1
Therefore, if the result is true far= k, then it is true fom=k+ 1

As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

* Must show unsimplified matrix *

[ 6 marks]



Answer 4

LetA = ( g :2 ) in which case the question is claiming that the following is tru
Statement

_ [ 5 -8 n_ [(4n+1 —-8n +
IfA_(2 _3) then A _( on 1_4n)forallneZ

Proof by Induction

1 —
Whenn = 1 A :(4><1+1 (8)><1)

2x1 1-4x1

(g :2) which matches that given fér
_ k _[4k+1 -8k | . :
Assume that whem = k, A = ( ok 1_ 4k) in which case...
k+1 k
A =AA
[ 4k +1 -8k 5 -8
B 2k 1-4k/)\2 -3
[ (&K +1) x5+ (-8 x2 (4&k+1)x (-8 + (-8
- 2k x5+ (1-4k)x 2 2k X (=8) + (1 — 4k) x

20k + 5 - 16k -3k - 8 + 24k
10k + 2 - 8k —16k — 3 + 12

[ 4k +5 -8k-8
ol 2k+2 —-4k-3
4(k+1)+1 -8(k+1)
2(k+1) 1-4(k+1
Therefore, if the result is true far= k, then it is true fom=k+ 1

As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

X (-3
=3

= ) * Must show unsimplified matrix *

[ 6 marks]



Answer 5

Statement
1 1 2 . 1 n %( nZ + 3n)
fA=|0 1 1| thenA = foralln e Z*
0 1 n
0O 0 1 0 0 1

Proof by Induction

1
Whenn =1, A =

o o

Assume that whem = k, A

k+1

o O

o O

oNe

o o

1
~10
0

which isA

= in which case...

k S(KR+3)|[1 1
1 K 0 1
0 1 0 0

P RN
—_

1+k 2+k+%(k2+3k)

1 1+k
0 1
1+ k %(4+2k+k2+3k)
1 1+k
0 1

1+ k %(k2+2k+1+3k+3)
1 1+k
0 1
1+k %((k+1)2+3(k+1))

1 1+Kk
0 1

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

[ 6 marks]
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Lesson 4
Further A-Level Pure Mathematics: Corel
Proof by Induction
4.1 Summation Formulae and Induction
Here is a number pattern,

o o s n|w w|n N e

N |
o|
S
N

+
3|
o

+
8|
o

|
(o))

Here is a “reveal” of how the next line of this pattern would be constructed
1 1 1 1 1 1 6

+ + + + + =
1x2 2x3 3x4 4 x5 5x 6 6 x7 7

The pattern suggests the relationship,

n

1 n

D = for n> 1

T r(r+1) n+1
Further exploration may well convince most sceptics that this relationship will
continue to hold an the number of terms continues to be increased but, as alway:
what is really sought is a proof such that the relationship is established with

absolute certainty.

S0,Y0U 'I'HINK ABSOLUTECERTAINTY
.; L'\:IIIIESN 'TEXIST

| -

TELL ME, ARE YOU Ansomum
CERTAINA™ " =

WL Memegenesator.net




4.2 Example
Prove by induction the following statement,
Statement

4 1 n L
Z = for all positive integers)
T r(r+1) n+1

Proof by Induction

1
1 1 1

Whenn = 1, LHS = = - —
zl“r(r+1) 1x2 2

RHS = ! = i
1+ 1 2
As LHS = RHS the summation formula is true fior 1
K
1 k

Assume that whem = Kk, =
21“ r(r+1) k+1

Withn = k + 1 the summation formula becomes,

k+1 1 k 1 1

; r(r+1) :zl“r(r+1) " (k+1)(k+1+1)
k N 1

k+1 (k+1)(k+2)

k o (k+2)+ 1
k+1 (k+2) (k+ 1)(k+2)

K2+ 2k + 1
(k+1)(k+2)

(k + 1)2

(k+1)(k+2)

(k+1)

(k +2)

(k+1)

(k+1)+1
Therefore, if the result is true far= k, then it is true formn=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

[ 6 marks]
Teaching Video http://www.NumberWonder.co.uk/v9096/4.mp4

L
e

<== The Teaching Video will talk through the proof


http://www.NumberWonder.co.uk/v9096/4.mp4

4.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40

Question 1

Consider the following first four lines of a number pattern,

1 _1

3 3

1 1 2

— 4t — = —

3 15 5

1 1 1 3

—+ — + — = =

3 15 35 7

1 1 1 1 4

-t — + — + — = —

3 15 35 63 9

The left hand side is being constructed from the reciprocals of product pairs of

consecutive odd numbers.
1 1 1 1
+ + + ...+
1x3 3x5 5x7 (2r —1)(2r +1)

. . n
The left hand side is conjectured to Su%

(1) Write down the fifth line of the number pattern and verify that it too
has the sum suggested.

[ 2 marks]

(i) Assuming that the sum of the series is indez?]eil—l what is the sum

of the series as the number of terms tends towards infinity ?
That is, what is,
1 1 1
+ + +
1x3 3x5 Sx7

[2mark ]



(1ii)  The pattern suggests the relationship,

n

1 n
D = for n > 1
T (2r = 1)(2r +1) 2n + 1

Prove by induction the suggested relationship.

[ 7marks]



Question 2
Prove by induction the well known result that,

n

1
Yr==n(n+1)
T 2

[ 6 marks]



Question 3
Further A-Level Examination Question from January 2013, FP1, Q8 (a) (Edexcel)

Prove by induction that, fon e YA

or(r+3)= %n(n+1)(n+5)
r=1

[ 6 marks]



Question 4

Further A-Level Examination Question from January 2017, IAL, F1, Q9 (i) (Edexcel)

Prove by induction that, fon e YA

n
2(4r3—3r2+r) =nd(n+1)
r=1

[ 6 marks]



Question 5
Further A-Level Examination Question from January 2012, FP1, Q6 (Edexcel)
(a) Prove by induction

- 3_ 12 2
r==n(n+1)
r=1 4

[ 5marks]



(b) Using the result in part (a), show that

n
2(r3—2):%n(n3+2nz+n—8)

r=1
[ 3marks]
50
(c) Calculate the exact value ofz <r3 - 2)
r=20
[ 3marks]
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44 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction

Answer 1
(1) The fifth line in the pattern is,
1 1 1 1 1 5

+—+ =+ —= + =
3 15 35 63 99 11
Easily verified using a calculator.

[ 2 marks]
n n
i lim = |lim—
(i) an2n+1 n— oo 2N
.1
= |lim—
n—o 2
_ 1
2

[1mark ]



(i)  Statement

n 1 n
= for all positive integer
;(Zr—l)(2r+1) 2n + 1 P gers)

Proof by Induction

1
1 1
Whenn = 1, LHS _
enn =2 ;(Zr—l)(2r+1) 2x1-1)(2x1+1)

1
x 3

Wk P,

RHS= —+ -1
2x1+1 3

As LHS = RHS the summation formula is true fior 1
K
1 k

Assume that whem = Kk, =
zl“(Zr—l)(Zr+1) 2k +1

Withn = k + 1 the summation formula becomes,
k+1 1

21: (2r = 1)(2r +1)

—Ek: 1 . 1
4 (2r = 1)(2r + 1) (2(k+1)-1)(2(k+1)+1)

k 1
T k+1 T (k+1) (k+3)
3 Kk y (2k+3)+ 1
o2k + 1 (2k + 3) (2k + 1)(2k + 3)
2kZ + 3k + 1

(2k+1)(2k + 3)
o (k+1)(2k+ 1)
(2k+1) (2k + 3)
(k+1)
(2k + 3)
(k+1)
2(k+1)+1

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 2

Statement
n
dr o= 1 n(n+1)
1 2
Proof by Induction
1
Whenn =1 LHS=Yr =1
1
1
RHS = ?xlx(1+1): 1
As LHS = RHS the summation formula is true fior 1
K
1
Assume that whem = Kk, r=—k(k+1
; >k )

Withn = k + 1 the summation formula becomes,
k+1 k

or=Yr+(k+1)
1 1

%k(k+1)+(k+1)

(k+1) (%k+1)

(k+1)%(k+2)

=%(k+1)((k+1)+1)

Therefore, if the result is true far= k, then it is true form=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 3

Statement

L 1
Mr(r+3)==n(n+1)(n+5)
r=1 3
Proof by Induction

1
Whenn =1, LHS= Y1x(1+3) =14
1

RHS:%xlx(1+1)x(1+5):4

As LHS = RHS the summation formula is true fior 1

k
Assume that whem = k, Y r(r + 3) = %k(k+ 1)(k + 5)
1

Withn = k + 1 the summation formula becomes,
k+1

dor(r+3)
1

k
Mor(r+3)+ (k+1)(k+1+3)
1

—k(k+1)(k+5) +(k+1)(k+4)

(k+ 1)(k(k +5 + 3(k + 4))

(k+1)(K +5k+ 3k + 12)

P Wk Wk Wk ol ok

(k+1)(k2+8k+12)

(k+1)(k+2)(k+6)

§(k+1)((k+l)+1)((k+1)+5)

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

[ 6 marks]



Answer 4

Statement

n
2(4r3— 3r° +r) =nd(n+1)
r=1
Proof by Induction

1
Whenn =1, LHS= Y (4x1®-3x1°+1) =2
1

RHS= 13x (1+ 1) = 2
As LHS = RHS the summation formula is true fior 1

k
Assume that whem = Kk, 2(4r3 ~3r% 4 r) = k3(k+ 1)
1

Withn = k + 1 the summation formula becomes,
k+1

(4r3—3r2+r)
2
1
k
= 2(4r3—3r2+r)+4(k+1)3—3(k+1)2+(k+1)
1

C(k+1)+4(k+1)P°-3(k+1)2%+(k+1)

(k+1)(k3+4(k+1)2—3(k+1)+1)

—(k+1)(KC+4K% +8k+4-3k-3+1)
= (k+1)(k3+4k2+5k+2)
(k + 2) has to be a factor if the statement is true
so force factor it out and see if the other factor is then what is required
k2 + 2k + 1
k + 2| k3 + 4k?2 + 5k + 2
k3 + 2k2
2k? + Bk

2kZ + 4k

k + 2
k + 2

0 <« as expected

= (k+ 1) (k+2)(k+1)> = (k+1)°((k+ 1)+ 1)
Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 5

(a)
Statement

- 3_ 12 2
Yord = ZM(n+1)
r=1

Proof by Induction

1
Whenn =1 LHS=Yr’=1
1

1
RHS = lezx(1+1)2= 1
As LHS = RHS the summation formula is true fior 1

K
1
Assume that whem = k, 3= 7 K (k + 1)
r=1

Withn = k + 1 the summation formula becomes,
k+1

>
1

k
2r3+(k+1)3
1
LRk + 12+ (k+ 1)

(k+ 1)V (2 + 4k + 1)

(k+ 1) (2 + 4 + 4)

(k + 1)%(k + 2)°

N N N Y

= o (k+ 12((k+ 1)+ 1)°

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]



(b)

n n n
S(rP-2)=Yr-2%1
r=1 r=1 r=1
:%nz(n+1)2—2n
1 2
:—n(n(n+1) —8)
4
:%n(n(n2+2n+1)—8)
:%n(n3+2n2+n—8)
[ 3marks]
(c)
80 U ¥ 4
z(r—z): (r—2)—2(r—2)
r=20 r=1 r=1
=%x50x(503+2x502+50—8)
—%lex(193+2x192+19—8)
= 1625525- 36062
= 1589463
[ 3marks]
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Lesson 5
Further A-Level Pure Mathematics: Corel
Proof by Induction

5.1 From the Examination Hall

Summary

Proof by induction is used to prove that a statement is true for all positive integer:
A typical proof by induction will have four main steps;

e Basis The statement is proved true for 1

e Assumption The statementis assumed to be truenferk

¢ Inductive The statement is shown, in consequence, to be true=fdr+ 1

e Conclusion The statement is consequently deduced true for all positive integ

Cases Considered

¢ Proving divisibility by an integer

¢ Proving a position-to-term formula for a sequence defined by a term to term fori
¢ Proving a relationship about a matrix raised to the power

¢ Proving a formula for the sum of a series, often involving sigma notation

As with all proofs, what examiners are looking for is the quality of the logical
reasoning and an attention to the detail.



5.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 33
Question 1
Further AS Level Sample Assessment Materials, Core 1, Q6 (a) (Edexcel)
Prove by induction that for all positive integers

n 2 1
rf==n(n+1)(2n+1)
r=1 6

[ 6 marks]



Question 2

Further A-Level Sample Assessment Materials, Core 1, Q2 (Edexcel)
Prove by induction that for all positive integars

f(n) = 23n+1 i 3(52n+1)
is divisible by 17

[ 6 marks]



Question 3
Further A-Level Examination Question from May 2016, Q8 (Edexcel)

(i) Prove by induction that, fon e yA

O R
S (r+ 12 (n+ 1)>2

[ 5marks]



(i) A sequence of positive rational numbers is defined by,
U = 3

1 8 n
Uj+1 = — Un + neZ

3 9
Prove by induction that, fon € yAl

1\" 4
un:5><(—) + =
3 3

[ 5marks]



Question 4
Further A-Level Examination Question from May 2018, IAL F1, Q8 (Edexcel)
Prove by induction that, fon e YA

n a 0
a 0\ _
(1 b)_ al — b"

n
a-b b

wherea andb are constants arak b

[ 5marks]



Question 5
Further A-Level Examination Question, January 2017, 1AL, F1, Q9 (ii) (Edexcel)
Prove by induction that, fon e YA

fm)y=5"+3n-1
is divisible by 9

[ 6 marks]
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5.2 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction
Answer 1

Statement

n 2 1
Yrf= =n(n+1)(2n+1)
r=1 6
Proof by Induction

1
Whenn =1, LHS=Yr?=1%=1
1

RHS:%xlx(1+1)(2><1+1) =1
As LHS = RHS the summation formula is true fior 1

K
Assume that whem = Kk, Zrz = %k (k+1)(2k + 1)
1

With n = k + 1 the summation formula becomes,
k+1

>
1

2+(k+1)2

-~

K(k+1)(2k+1)+ (k+1)°

(k+1) (k(2k+ 1) +6(k+ 1))

(k+1)(2k2+k+6k+6)

(k+1)(2k2+7k+6)

(k+ 1)(k+2)(2k + 3)

|k ok o|k o|k ok o|k M=

5 (k+D)(k+1)+1)(2(k+1)+ 1)

Therefore, if the result is true far= k, then it is true form=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 6 marks]



Answer 2

Statement

For all positive integers, f (n) = 2>"*1 1 3(52"*1) is divisible by 17

Proof by Induction

Whenn = 1, f(1) = 28%t+1 4 g(g2x1+1)

=2*13x5

= 16 + 375

= 391

= 17 x 23  which is divisible by 17

3k+1 2n+1

Assume that whem = k, f(k) = 2 +3x5
in which case...

f(k+1) = 23(k+l)+1 4 3x 52(k+1)+1

is divisible by 17

1 3x 52k+3

23k+123 + 3 x (52k+1 5 52)

8 x 23k+1 + 75 x 52k+1

23k+4

8<23k+1 4 3 x 52k+1) 4 51 x 52k+1

8f (k) + 17(3 x 5%*1)
- f(k + 1) is divisible by 17
Therefore, iff (n) is divisible by 17 whem = Kk,

thenf (n) is also divisible by 1whenn = k + 1

Asf (n) is divisible by 17 whem = 1, f (n) is also divisible by 17 for alt e A
by mathematical induction. O

[ 6 marks]



Answer 3

(i)
Statement
0 2r +1 1
Zﬁzl_—z
opre(r+1) (n+1)
Proof by Induction
1
Whenn =1 LHs= Yy =2*+1 _ 2xi+1 _ 3
T re(r+ 1) 1(1+1) 4
RHS=1——l 5 =1—i=i
(1+1) 4 4
As LHS = RHS the summation formula is true fior 1
k
Assume that whem = Kk, % = 1—;2
re(r +1) (k+1)
Withn = k + 1 the summation formula becomes,
kil 2r +1 _zk: 2r +1 N 2(k+1)+1
A2+ 12 A2+ 1) (k+ 1)2((k+ 1)+ 1)>2
3 B 1 N 2k + 3
B (k + 1)2 (k + 1)2(k + 2)2
4 1 (k + 2)2 2k + 3

(k+12 “(k+22 T (kx1)2(k+2)7
kK + 4k +4 -2k - 3

=l T 2k 272
_q1_ K2+ 2k + 1
B (k +1)2(k +2)2
4 (k + 1)
B (k+1)2(k+2)2
1

ST

1

((k+1)+1)?
Therefore, if the result is true far= k, then it is true form=k+ 1
As the result has been shown to be truerfor 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 5marks]



(ii)
Statement
8

. . . _ 1
For the sequence with the iterative description= 3, Uyy1 = 3 Un + )

n
for all positive integers, then™ term is given by, = 5 x (%) + %

Proof by Induction

Whenn =1, u; = 5 x (%) + % = 3 which is the correct initial term

k
Assume that whem = k, ux = 5><(%) +%inwhichcase...
u —iu + — 8
k+1 = 3 k 9
1 1 8
dfex(3f+4)+3
37"\ 3 9
(1)*1 4 8
=5%x|—= + =+ =
3 9 9
k+1
=5><(i) +i
3 3

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]



Answer 4

Proof by Induction

1 a 0
Whenn =1, A = al — pt 1
b
a—->b
_ a 0 . :
=11 b ) which matches that given fé«
. ak 0
Assume that whem = k, A = ak — pK K in which case...
b
a-b
k+1 k
=AA
ak 0 a 0
= ak_ bk bk 1 b)
a->b
Fxa+0x1 k
ax0+0xb
= | gk _ pK k bk
x a+ bKx1 x 0+ bKx b
a—->b -
a.|(+:|. 0
= | gk+1_ gpK . a-b kil * Must show unsimplified matrix *
+ b b
a—->b a-b
a.|(+:|. 0
= | ak+1_ apk 4 apk bt k+1
b
a—->b
ak+1 0
= ak+l _ bk+l bk+1
a—-b

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 6 marks]



Answer 5

Statement

For all positive integers, f (n) = 5" + 3n — 1 is divisible by 9

Proof by Induction

Whenn = 1, f(1) = 521 +3x1-1

= 27 which is divisible by 9

Assume that whem = k, f (k) = 5%€ 1 3k — 1 is divisible by 9
in which case...

fk+1) =5

2K+ L3k 1 1) -1

52k+ 2

+3k+3-1

25 x 5% 4 3k + 2

25(5% 4 3k — 1) - 25x 3Kk + 25 + 3Kk + 2
25f (k) — 72k + 27
25 (k) + 9(— 8k + 3)
- f(k + 1) is divisible by 9
Therefore, iff (n) is divisible by 9 whem = k,

fk+1)

thenf (n) is also divisible by @vhenn = k + 1

Asf (n) is divisible by 9 whem = 1, f (n) is also divisible by 9 for alh e Al
by mathematical induction. O

[ 6 marks]
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Lesson 6
Further A-Level Pure Mathematics: Corel
Proof by Induction

6.1 Test
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 36
Question 1

Further A-Level Examination Question, June 2011, 1AL, FP1, Q9 (b) (Edexcel)

Prove by induction that, fon e yA

fn=7"14+5
is divisible by 12

[ 6 marks]



Question 2
Further A-Level Sample Assessment Materials, Core 2, Q3 (ii) (Edexcel)
Prove by induction that for all positive integars

(3 o\ _ 3 0
6 1) ~|3(3n-1) 1

[ 6 marks]



Question 3
Further AS-Level Examination Question, May 2018, Core 1, Q8 (ii) (Edexcel)
Prove by induction that, fon e YA

f(n) = 4n+1 n 52n—1
is divisible by 21

[ 6 marks]



Question 4
Further A-Level Examination Question, May 2015, IAL, FP1, Q6 (ii) (Edexcel)

Prove by induction that, fon e YA

Z(Zr—l) % (4n® - 1)

[ 6 marks]



Question 5
Further A-Level Examination Question, January 2009, 1AL, FP1, Q6 (Edexcel)

A series of positive integets, U,, Us, ...is defined by
uy =6 and uyy1 = 6us, — 5 for n > 1

Prove by induction thati, = 5 x 6" ly1forn>1

[ 5marks]



Question 6
Further A-Level Examination Question, June 2009, 1AL, FP1, Q8 (a) (Edexcel)

Prove by induction that, fon e YA

f(n) = 5" + 8n + 3 is divisible by 4

[ 7marks]
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6.2 Answers
Further A-Level Pure Mathematics: Corel
Proof by Induction
Answer 1

Statement

2n—1

For all positive integers, f (n) = 7 + 5 is divisible by 12

Proof by Induction

Whenn = 1, f(1) = 7%t 14+ 5
= 12  which is divisible by 12

Assume that whem = k, f (k) = 721, 5 is divisible by 12
in which case...

fk+1) = 72k+D-1 5
_ 72k+1 L5

49x 72145

(1+48) x 7% 145

R G- B G

f(k) + 48 x 751

fk+1) = fk +12(4 x 721
- f(k + 1) is divisible by 12
Therefore, iff (n) is divisible by 12 whem = Kk,
thenf (n) is also divisible by 12vhenn = k + 1

Asf (n) is divisible by 12 whem = 1, f (n) is also divisible by 12 for alt e Al
by mathematical induction. O

[ 6 marks]



Answer 2

LetA = ( g 2 ) in which case the claim is that the following is true,
Statement
(3 0 n_ 3" 0 L
If A = ( 5 1) then A" = ( 3(3 - 1) 1) for all positive integersy
Proof by Induction
1

Whenn = 1, A1 = 3 0

3(3t-1) 1

( g’ 2 ) which matches that given fév
k 3K 0] . .
Assume that whem = k, A = K in which case...
3(FK-1) 1
k+1 k
A = AA
~ 3 0|3 o)
3(¥-1) 1/\6 1
K x3+0x6 Kx0+0x1

3(FK-1)x3+1x6 3(FK-1)x0+1x1

k+1
- 3 0 ) * Must show unsimplified matrix *

K+2_94+6 1

3k+1 0
- 3k+2 -3 1
3k+1 0
3K+l _1y1
Therefore, if the result is true far= k, then it is true fom=k+ 1

As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

[ 6 marks]



Answer 3

Statement

For all positive integers, f (n) = 4""1 + 52"~ s divisible by 21

Proof by Induction

Whenn = 1, f(1) = 4'71 4 g2x1-1
=16+ 5
- 21 which is divisible by 21

Assume that whem = k, f (k) = 41 + 5%~ 1 s divisible by 21
in which case...
f(k+1) = 4(k+1)+1 n 52(k+1)—1
= 4x 452 5xt
= 4 x 414 25 % 51
= 4x &My (44 21y x 52T
= 4(4t 4 5% ) 401 5%
f(k+ 1) = 4f (k) + 21(5%"1)
-~ f(k + 1) is divisible by 21
Therefore, iff (n) is divisible by 21 whem = Kk,
thenf (n) is also divisible by 2vhenn = k + 1

Asf (n) is divisible by 21 whem = 1, f (n) is also divisible by 21 for alt € YAl
by mathematical induction. O

[ 6 marks]



Answer 4

Statement

n 2 1
3 (2r - 1)° = En(4n2— 1)
r=1

Proof by Induction

Whenn =1 LHS= S (2r - 1% = (2x1-1)Y° =1

1

r=1
1 2

RHS:§x1(4><1 ~1)=1

As LHS = RHS the summation formula is true fior 1

K
Assume that whem = k, Y (2r — 1) = %k(4k2 - 1)
r=1

Withn = k + 1 the summation formula becomes,
k+1

3 (2r - 1)
r=1

k
3 o(2r - 1%+ (2(k+1) - 1)
r=1

k(4K — 1)+ (2k + 1)°

K(2k+ 1)(2k — 1) + (2k + 1)

(2k + 1)(k(2k — 1) + 3(2k + 1))
(2 + 1)( 2K — k + 6k + 3)

(2 + 1)(2K% + 5k + 3)

(2k+1)(2k + 3)(k+ 1)

(k+1) (2(k+1) -1)(2(k+1)+1)

1
P Wk Wk ok oo oe el

= S (k+1)(4(k+ 1)~ 1)

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O

[ 6 marks]



Answer 5

Statement
For the sequence with the iterative description= 6, Un,; = 6uy — 5,

for all positive integers, then™term is given by, = 5 x |

Proof by Induction

Whenn = 1, u; = 5x 611 + 1 = 6 which is the correct initial term
Assume that whem = k, ux = 5 x 6k_1 + 1 in which case...
Ug+1 = Bux — 5
= 6><(5><6k_1+1)—5
=6x5x61+6-5
= 5x 6+ 1

=5x 6Kl
Therefore, if the result is true for= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction O
[ 5marks]



Answer 6

Statement
For all positive integers, f (n) = 5" + 8n + 3is divisible by 4

Proof by Induction

Whenn =1, f(1) = 5 + 8x 1 + 3
= 16  which is divisible by 4

Assume that whem
in which case...

k, f(k) = 5+ 8k + 3 is divisible by 4

fk+ 1) = 5¢

+1+8(k+ 1)+ 3
= 5x 54+ 8k+8+3
= (1+4)><5k+8k+8+3
=518k +3+4x5+8
= (54 8k+3)+4(54+2)
fk+1) = fk+4(5+2)
- f(k + 1) is divisible by 4
Therefore, iff (n) is divisible by 4 whem = k,

thenf (n) is also divisible by 4vhenn = k + 1

Asf (n) is divisible by 4 whem = 1, f (n) is also divisible by 4 for alh e Al
by mathematical induction. O

[ 7marks]
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