
3.4  Answers
Further A-Level Pure Mathematics, Core 2

 Telescoping Series

3.4.1  Solution to 3.2 Example (Teaching Video)
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 4 
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 4 
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3.4.2  Solutions to 3.3 Exercise

Answer 1
( a )

= r ( r + 1 ) − ( r − 1 ) rLHS

= r2 + r − r2 + r

= 2r

=    ¸RHS

[ 2 marks ]
( b ) Version 1

∑
n

r = 1

r =
 1 
 2 ∑

n

r = 1

( r ( r + 1 ) − ( r − 1 ) r )

=
 1 
 2 

( 2 − 0 

   + 6 − 2

 + 12 − 6

 +  ...

 + n ( n + 1 ) − ( n − 1 ) n )
All terms cancel except the second last

∴  ∑
n

r = 1
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 n ( n + 1 )   ¸

[ 4 marks ]
( b ) Version 2
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[ 4 marks ]



Answer 2

Version 1 for first part

( r + 1 )3 − r3 = 3 r2 + 3r + 1

∴  ∑
n

r = 1

(( r + 1 )3 − r3) = ∑
n

r = 1

( 3 r2 + 3r + 1 )

Considering the LHS,

∑
n

r = 1

((r + 1)3 − r3) = 8 − 1

 + 27 − 8

 + 64 − 27

 + ...

+ ( n + 1 )3 − n3

All terms cancel except second and second last

∴  ∑
n

r = 1

((r + 1)3 − r3) = ( n + 1 )3 − 1

= n3 + 3 n2 + 3n + 1 − 1

= n3 + 3 n2 + 3n

Version 2 for first part

 f (r) = r3  f (r + 1) = ( r + 1 )3Let in which case  

∑
n

r = 1

( r + 1 )3 − r3 = ∑
n

r = 1

f (r + 1) − f (r)Then, 

= f (n + 1) − f (1)

= (( n + 1 )3 − 13

= n3 + 3 n2 + 3n + 1 − 1

= n3 + 3 n2 + 3n



= ∑
n

r = 1

( 3 r2 + 3r + 1 ) = 3 ∑
n

r = 1

r2 + 3 ∑
n

r = 1

r + ∑
n

r = 1

1RHS

= 3 ∑
n

r = 1

r2 + 3 ×
 1 
 2 

 n ( n + 1 ) + n



3 ∑
n

r = 1

r2 + 3 ×
 1 
 2 

 n ( n + 1 ) + n = n3 + 3 n2 + 3n

6 ∑
n

r = 1

r2 + 3n ( n + 1 ) + 2n = 2 n3 + 6 n2 + 6n

6 ∑
n

r = 1

r2 = 2 n3 + 6 n2 + 6n − 3n ( n + 1 ) − 2n

= 2 n3 + 6 n2 + 6n − 3 n2 − 3n − 2n

= 2 n3 + 3 n2 + n

= n ( 2 n2 + 3n + 1 )
= n ( n + 1 ) ( 2n + 1 )

∴  ∑
n

r = 1

r2 =
 1 
 6 

 n ( n + 1 ) ( 2n + 1 )

[ 6 marks ]



Answer 3
( a )

= r2 ( r + 1 )2 − ( r − 1 )2 r2LHS

= r2 ( r2 + 2r + 1 ) − ( r2 − 2r + 1 )  r2

= r4 + 2 r3 + r2 − r4 + 2 r3 − r2

= 4 r3

=    ¸RHS

[ 3 marks ]

( b ) To prove that,

( 13 + 23 + 33 + ... + n3 ) = ( 1 + 2 + 3 + ... + n|)2


   = ( 13 + 23 + 33 + ... + n3 ) = ∑
n

r = 1

r3LHS

=
 1 
 4 ∑

n

r = 1

( r2 ( r + 1 )2 − ( r − 1 )2 r2 )

=
 1 
 4 

( 4 − 0 

 + 36 − 4

 + 144 − 36

 + ...

 + n2 ( n + 1 )2 − ( n − 1 ) n2 )
   All terms cancel except the second (which is zero) and the second last

∴  ( 13 + 23 + 33 + ... + n3 ) =
 1 
 4 

 n2 ( n + 1 )2



= ( 1 + 2 + 3 + ... +  n )2 = ( ∑
n

r = 1

r )2RHS

= (  1 
 2 

 n ( n + 1 )  )2

=
 1 
 4 

 n2 ( n + 1 )2

= LHS

    ∴    ¸The claimed result is true

[ 4 marks ]



Answer 4
( a )

= (( r + 1 )! − 1) − ( r! − 1 )LHS

= ( r + 1 )! − 1 − r! + 1

= ( r + 1 )  r! − r!

= r × r! + r! − r!

= r × r!

=    ¸RHS

[ 2 marks ]
( b )

∑
n

r = 1

( r × r!  ) = ∑
n

r = 1

((( r + 1 )! − 1) − ( r! − 1 ))

= 1 − 0

 + 5 − 1

 + 23 − 5

 +  ...

 + (( n + 1 )! − 1) − ( n! − 1 )
All terms cancel except the second, which is zero, and the second last

∴ ∑
n

r = 1

( r × r!  ) = ( n + 1 )! − 1

[ 4 marks ]
( c )

∑
6

r = 1

( r × r!  ) = 7! − 1

= 5039

[ 1 mark ]

Answer 5
( a )

= (( r + 2 )! − ( r + 1 )!) − 2 (( r + 1 )! − r!)LHS

= ( r + 2 ) ( r + 1 ) r! − ( r + 1 ) r! − 2 ( r + 1 ) r! + 2r!

= r! ( ( r + 2 ) ( r + 1 ) − 3( r + 1 ) + 2 )
= r! ( r2 + 3r + 2 − 3r − 3 + 2 )
= r! ( r2 + 1)
=    ¸RHS

[ 4 marks ]



( b )

   ∑
n

r = 1

( r2 + 1 ) r! = ∑
n

r = 1

(( r + 2 )! − ( r + 1 )!) − 2 ∑
n

r = 1

(( r + 1 )! − r!)

∑
n

r = 1

(( r + 2 )! − ( r + 1 )!) = 6 − 2

 + 24 − 6

 + 120 − 24

 + ...

 + ( n + 2 )! − ( n + 1 )!

All terms cancel except the second and second last

∴  ∑
n

r = 1

(( r + 2 )! − ( r + 1 )!) = ( n + 2 )! − 2

∑
n

r = 1

(( r + 1 )! − r!) = 2 − 1

 + 6 − 2

 + 24 − 6

 + ...

 + ( n + 1 )! − n!

All terms cancel except the second and second last

∴  ∑
n

r = 1

(( r + 1 )! − r!) = ( n + 1 )! − 1

∑
n

r = 1

( r2 + 1 ) r! = ( n + 2 )! − 2 − 2 ( ( n + 1 )! − 1 )

= ( n + 2 )! − 2 − 2 ( n + 1 )! + 2

= ( n + 2 ) ( n + 1)! − 2 ( n + 1 )!

= ( n + 1 )!  ( n + 2 − 2)
= n ( n + 1 )!

[ 6 marks ]



Answer 6

   ( 2r + 1 )3 = 8 r3 + 3 × 4 r2 + 3 × 2r + 1     ( a )

= 8 r3 + 12 r2 + 6r + 1

∴ A = 8,   B = 12    C = 6and

[ 2 marks ]

= ( 2r + 1 )3 − ( 2r − 1 )3( b )                   LHS

= 8 r3 + 12 r2 + 6r + 1 − ( 8 r3 − 12 r2 + 6r − 1 )
= 24 r2 + 2

=    ¸RHS

[ 2 marks ]

 ( 2r + 1 )3 − ( 2r − 1 )3 = 24 r2 + 2( c ) From part (b),

∴ ∑
n

r = 1

(( 2r + 1 )3 − ( 2r − 1 )3) = 24 ∑
n

r = 1

r2 + 2 ∑
n

r = 1

1      

= ∑
n

r = 1

(( 2r + 1 )3 − ( 2r − 1 )3) = 27 − 1LHS

 + 125 − 27

 + 343 − 125

 + ...

 + ( 2n + 1 )3 − ( 2n − 1 )3



∴   ∑
n

r = 1

(( 2r + 1 )3 − ( 2r − 1 )3) = ( 2n + 1 )3 − 1

   24 ∑
n

r = 1

r2 + 2 ∑
n

r = 1

1 = ( 2n + 1 )3 − 1Thus,

24 ∑
n

r = 1

r2 = 8 n3 + 12 n2 + 6n + 1 − 1 − 2n

= 8 n3 + 12 n2 + 4n

= 4n (2 n2 + 3n + 1 )
= 4n ( n + 1 ) ( 2n + 1 )

∴  ∑
n

r = 1

r2 =
 1 
 6 

 n ( n + 1 ) ( 2n + 1 )   ¸

[ 5 marks ]
This document is a part of a Mathematics Community Outreach Project initiated by Shrewsbury School

It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was voted “Independent School of the Year 2020”               

© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com


