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Lesson 1
Further A-Level Pure Mathematics, Core 2
Telescoping Series

1.1 The Classic Telescoping Series Example

Often in mathematics, a seemingly unremarkable question can lead to an
ingenious solution with an underlying technique, then of use in solving many
similar and seeming harder questions. This in turn leads to a focus on question:
that one feels should be solvable in a likewise manner but which are not.

A excellent example of such an apparently unremarkable question is the sum,
4 1 1 1 1 1

= + + + .. + —
er(r+1) 1x2 2x3 3x 4 n(n+1)

One approach is to look at the initial partial sums of the series,
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A reasonable guess at this stage would be that,
4 1 n
z‘lr(r+1) T h+1
This guess could be proven correct with a proof by induction.

There is an unsatisfactory messiness with this approach for it does not give
insightful about why the result is true.

For the “insight” an old tool is needed, that of partial fractions, along with a
willingness to explore the resulting equivalent series.



Teaching Video http://www.NumberWonder.co.uk/v9097/1a.mp4
http://www.NumberWonder.co.uk/v9097/1b.mp4

ﬁiﬁg <=Partl

After watching the video, write out the details of the Telescoping Series method ¢
showing that,

zlr(r+1) n+1

[ 6 marks]


http://www.NumberWonder.co.uk/v9097/1a.mp4
http://www.NumberWonder.co.uk/v9097/1b.mp4

1.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 34
Question 1

1 . . :
(a) Express in partial fractions

(r+2)(r+3)

[ 1mark ]

(b) Hence use the Telescoping Series method to find the sum of the series,

2 (r+2)(r+3)

[ 5marks]



The Telescoping Series are the result of applying a technique known as
The Method of Differences

Question 2
Further A-Level Examination Question from June 2010, FP2, Q1
(a) Express 3 in partial fractions

(3r —1)(3r +2)

[ 2marks]

(b) Using your answer to part (a) and the method of differences, show that

z”: 3 _ 3n
“ (3 -1)Br+2)  2(3n+2)

[ 3marks]
1000 3

(c) Evaluater;l:00 ETEEWETE)

to 3 significant figures

giving your answer

[ 2 marks]



Question 3

(a) Express in partial fractions

rer+2)

[ 1 mark ]

n
(b) Hence find the sum of the seriei _r using the
r=1

r(r+2)
method of differences

[ 5marks]



Question 4
Further A-Level Examination Question from June 2018, 1AL, F2, Q5

 + 2 . : :
(a) Express in partial fractions
r(r+1)(r+2)

[ 3marks]

(b) Hence using the method of differences, prove that

Ar(r+1)(r+2)  2(n+1)(n+2)
wherea andb are constants to be found

z“: 4 + 2 n(an + b)

[ 5marks]



Question 5
Further A-Level Examination Question from June 2017, FP2, Q1
(a) Show that, for > 0

1 1 2r +1

12 (r+1)2 T r2(r+ 1)

[ 1mark ]
(b) Hence prove that, fare N
z“: 2r+1 _ n(n+2)
Ar2(r+ 1) (n+1)2

[ 3marks]



(c) Show that, fone N, n>1

%‘: 6r + 3 an? +bn+ ¢
Ar2(r +1)2 0 n2(3n+ 1)2
wherea, b andc are constants to be found.

[ 3marks]
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1.3 Answers
Further A-Level Pure M athematics, Core 2
Telescoping Series

1.3.1 Solution to 1.1 Example (Teaching Video)

_ 1 _A, _ B
r(r+1) r (r+1)
1=A(r+1)+Br
Letr =0 = A=1
Letr = -1 = B=-1
1 _i_ 1
r(r+1) r (r+1)
n 1 N1 n 1
g‘lr(r+1) :2417_21”1
_ 11
12
1 1
+___
2 3
1 1
+___
3 4
1
+__
4
1
+ —_ —
n
1 1
+__
n n+1

All terms cancel except the first and the last to give,

L 1 _ 1

ar(r+1) n+1
_n+1 -1
 n+1
_n
Con+1

[ 6 marks]



1.3.2 Solutionsto 1.2 Exercise

Answer 1
(a)
1 A B

(r+2)(r+3)  (r+2) " (r +3)
1=A(r+3)+B(r+2)
Letr = -2 = A=1
Letr = -3 = B=-1
1 1 1

(r +2)(r +3) (r +2) (r +3)

[ 1mark ]
(b)
A 1
a r2=1 (r +2)(r +3) -

M=
[ —
N
!
DM1=
+ [P
w

_‘
Il
o
]
-
Il
-

|
aglk &= +

Oglkr &k Wk

1
n+ 2
1 1

n+ 2 n+3

+ ... -

All terms cancel except the first and the last to give,

L 1 1 1
El(r+z><r+3) "3 n+3
n+3 -3
3(n+ 3)
_ n
3(n+ 3)

[ 5marks]

In general,
1 n

Z'l (r+m)(r+m+1) (m+1)(n+m+1)




Answer 2

(a)
3 _ A . B
(3r —1)(3r +2) (3r - 1) (3r +2)
3=A(I¥+2)+B(3r-1)
Letr :% = A=1
Letr:—%:B:—l
3 _ 1 1
(3r —1)(3r +2) (3 -1)  (3r+2)
[ 2 marks]
(b)
R 3 w1 L1
B 2‘1 (3r — 1)(3r + 2) _213r—1 _213r+2
11
-2 5
11
5 8
L1
8
L1
3n-1
L1 1
3n-1 3n + 2
All terms cancel except the first and the last to give,
3 1 1
21 (3r—1)(3r+2) 2 3n+2
_3n+2 -2
© 2(3n+2)
B 3n
T 2(3n+2)
[ 3marks]
(c)
1000 3 1000 3 99 3
r:zl"ofj(sr—l)(suz) N r§1(3r—1)(3r+2) _z‘l(sr—l)(suz)
_ 3000 297
~ 2x3002 2 x 299

0.00301

[ 2marks]



Answer 3
1 A B
(a) e T
rr +2) r (r +2)
1=A(r+2)+bBr

1 1

Letr =0 :A:? andletr=—2:>B=—2
. 1 _+r 1
Tr(r+2) 2 2(r+2)

[ 1 mark ]
L 1 01 0 1
b . _— = _ = -
(b) rg‘lr(r+2) glzr rZ“IZ(r+2)
_ 1 1
2 6
1 1
+___
4 8
1 1
+—__
6 10
1
+__
8
L 1
2n
N 1 B 1
2n — 2 2n + 2
11
2n 2n + 4

All terms cancel except the first two and the last two to give,

z”: 1 _1.1 1 1

Lr(r+2) 2 4 2n + 2 2n + 4
3 1 1
T4 2n+1) 2(n+2

3(n+1)y(n+2)-2(n+2)-2(n+ 1)
4(n+ 1)(n+ 2)
3 +N+6-2n-4-2n-2
4(n+ 1)(n+ 2)
3n? + 5n
4(n+ 1)(n+ 2)

n(3n+5)
A4(n+ 1)(n+ 2)

[ 5marks]



Answer 4

Ir + 2 A B C
(a) = — + +
rer+ 1) (r+2) r r+1 r+ 2
 +2=A(r+21)(r+2)+Br(r+2)+Cr(r+1)

Letr =0 : 2=A(1)(2) =>A= 1

Letr = -1:-2=B(-1)(1) = B= 2

Letr =-2:-6=C(-2(-1) =>C=-3
4 + 2 1 2

= +
rer+1)(r+2) r r+1 r+ 2
[ 3marks]

n 4r + 2 2 L3
b . = _
() z‘lr(r+1)(r+2) r+1 z‘lr+2

\gE!
~ |-
+
\gE!

_‘
I
=
—
I
=

1 2 3
:—+___
1 2 3
1.2 3
2 3 4
1.2 3
3 4 5
1
+ — + -
4
3
+ + - —
n
1 2 3
+ + — -
n-1 n n+1
1 2 3
+ — + -

n n+1 n+ 2

All terms cancel except the top left and bottom right triangles of three.

L 4 + 2 _t,2, 1 3 2 3
L r(r+1)(r+2) 1 2 2 n+1 n+1 n+ 2
_E_ 1 B 3
2 n+1 n+2

5(n+1)(n+2)-2(n+2)-6(n+1)
2(n+ 1)(n+ 2)
5n° + 150 + 10 - 2n — 4 — 6n — 6
2(n+ 1)(n+ 2)
n(sn+7
2(n+ 1)(n+ 2)

[ 5marks]



Answer 5

(a)

1
(r+1)?

(r + 1)2—r2
r2(r + 1)%2

1
LHS = = -

24+ 2r+1-r2

r2(r + 1)%2
2r +1
rZ(r+ 1)
= RHS O

[ 1mark ]
(b)
2r +1

LHS = ————
Cr2(r + 1)

|
M

r

Il
Ms

1 4 1
AP Ty

"
=
LIRS

Ol Bk R~k

+

|
S
N|'_‘

1

n2 (n+ 1)>2

All terms cancel except the first and the last to give,

z”: r+1 1 1
“rZr+1)¥ 1 (n+ 1)2
(n+1)2 -1
(n+ 1)2
nP+2n+1-1
(n+ 1)2
nin+2)
(n+ 1)>2

= RHS O

[ 3marks]



(c)

LHS

%‘: 6r + 3
A2+ 1)2
3n n-1
2r +1 2r +1
3 s T= s -
(;1 r2(r + 1)>2 z‘l r2(r+1)2)
(3n(3n+2) B (n—l)(n+1))
(3n + 1)2 n2
2
3 3nd(3n+2)-(n?-1)(3n+1) )
nZ(3n + 1)>2
3 9n4+6n3—(n2—1)(9n2+6n+1))
n2(3n + 1)>2
3 9n4+6n3—(9n4+6n3+n2—9n2—6n—1))
nZ(3n + 1)>2
3 9n4+6n3—9n4—6n3+8n2+6n+1)
nZ(3n + 1)>2
8n% +6n+ 1
3= 2
n“(3n+ 1)
24n% + 18n + 3
nZ (3n + 1)>2
RHS witha = 24, b = 18 andc = 3 O

[ 3marks]
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L esson 2
Further A-Level Pure Mathematics, Core 2
Telescoping Series

2.1 A Refusal To Telescope

The “Method of Differences” is a powerful tool in finding the sum terms of

many series but, as the name implies, it relies on there being a subtraction part ir
any partial fraction expansion so that the resulting equivalent series telescopes.

n
The sum, )| 2r+ 3
o (r+1)(r +2)
Yet applying the partial fraction technique does not give any subtraction part.
n

Z 2r + 3 X 1 +2”: 1
(r +1)(r+2) 1 =6

looks similar to those considered previously

=0 o+ r+ 2
1 1
= — 4+ —
1 2
1.1
2 3
1.1
3 4
1
+ — +
4
1
+ ...+
n+1
1 1
+ +
n+1 n+ 2
:1+2i+i+i+...+ L + 1
2 3 4 n+1 n+2

The problem identified by the failure of the method of differences to generate a
telescoping series is more serious than it might at first seem for the series at the
heart of the problem is The Harmonic Series,

2 3 4 n
This is divergent and the partial sums have no simple formula in tenms of

201 1 1 1 1
HHZZT:1+_+_+_+"-+_
r=1

Teaching Video http://www.NumberWonder.co.uk/v9097/2.mp4

A [ e
Ll I&;’ The Teaching video will talk through the above example


http://www.NumberWonder.co.uk/v9097/2.mp4

2.2 In The Exam

In the Further A-Level examination, the questions asked will avoid problems
such as that presented in the Teaching Video. Unless a question states otherwis
the default techniquesven when not explicitly stated, is to apply the partial
fractions method.

2.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 34
Question 1

Further A-Level Examination Question from 2018, Mock Paper, Core 1, Q4
(a) Prove that, for all positive integens

z“: 1 _ n
= (5r—2)(5r+3) a(bn+c)
wherea, b andc are integers to be determined

[ 5marks]

(b) Hence, showing your working, find the exact value of

50 1
r;O (5r —2)(5 + 3)

[ 2 marks]



Question 2
Further A-Level Examination Question from June 2019, Core 1, Q4
Prove that, forneZ,n>0

n

z 1 _ (n+a)(n+bh)
A(r+ 1) (r+2)(r+3)  c(n+2)(n+3)
wherea, b andc are integers to be found

[ 5marks]



Question 3

(a) By multiplying the numerator and the denominator by the denominator's
conjugate, turn the following into a telescoping series and hence obtain
expression for the sum toterms,

n
1
2‘1\/7+\/r+1

[ 4 marks]

(b)  Hence evaluate,
V4 ++/5 v5 ++v6 7 /80 ++81

[ 2 marks]



Question 4

(a) Show that—— - = _ __+
(r+ 1) r! (r + 1)

[ 2 marks]

M:

(b) Hence find
(r + 1)'

[ 5marks]



Question 5
Determine the exact value of,

30 1 1
r;( In(r + 1) B In(r + 2)

[ 5marks]



Question 6
Show that the partial fractions method fails when trying to determine the following
sum via a telescoping series,

n

1
Zl (3r —2)(3r + 2)

r

Interestingly, this #FAIL example does have a subtraction component. Thus it is
a step on from the #FAIL example at the start of this lesson which didn't work
because there were no subtractions at all. However, this example still cannot bt
made to work, essentially becaule — 2 # 3q + 2 for any integerg andag.

[ 4 marks]
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2.4 Answersto 2.3 Exercise
Further A-Level Pure M athematics, Core 2
Telescoping Series

Answer 1
(a) No mention of partial fractions but that's the solution method,
1 _ A s B
(5r —2)(5r +3) (51 —2) (5r + 3)
1=A(5+3)+B(5 -2)
Letr _ 2 :>A:i
5 5
Letr=—§:>B:—i
5 5
1 _i( 11 )
(5r —2)(5r+3) 5\5 -2 5 +3
4 1 1 & 1 1
Thus, :—Z( - )
=1 (5r = 2)(5 + 3) S 4\ or -2 5 + 3
_i(i_i
- 513 8
1 1
+ e —
8 13
1
+ _—
13
1
+ .=
5n - 2
1 1 )
+ —_
5n - 2 5n + 3

All terms cancel except the first and the last to give,

4 1 141 1 )
Z'l (5r — 2)(50 +3) E(E_ 5n + 3
~1/5+3-3

E( 3(5n+3))

n
3(5n + 3)
[ 5marks]

& 1 50 9

(b) r;()(5r—2)(5r+3) T 3(5x50+3) 3(5x9+3)

50 9
759 144
41
12144

[ 2marks]



Answer 2

Again, there is no mention of partial fractions although that is the solution methoc
1 A N B N C

r+ 1@+ 2@ +3 r+1 ¢+2 (r+3

1=A0r+2r+3)+Br+L(+3)+C(r+ 1 +2

1
letr =-1=1=AD@ =A==
letr = -2 = 1 = B(-1)(1) = B=-1
Letr = 3 = 1= C(-2)(- 1):>c_%

. 1 _i( 1 2 N 1)
Cr+Dr+20r+3 2\r+1 r+2 r+3
z”: 1 ‘ii( 12 1)
S +Dr+20r+3 2 4~\r+1 r+2 r+3
1(1 2 1
:——__+_
2\1 2 3
1 2 1
==+ =
2 3 4
1 2 1
+=- =4+ =
3 4 5
1
= - L+
4
2 1
+ .. - +
n+1 n+ 2
1 2 1 )
- +
n+1 n+2 n+3

Most terms cancel in 'threes' in lines rising diagonally.
z”: 1 1 (1 2 1 1 2 1 )

= + -+ - +
+ D + 2)(r + 3 21 2 2 n+2 n+2 n+3

LY N —

2 n+ 2 n+3
(N+2)(N+3)-2(n+3)+2(n+ 2)
2(n+ 2)(n+ 3) )

3|
i(n +5N+6-2n-6+2n+ 4
2 2(n+ 2)(n+ 3)

n? + 5n + 4
4(n+ 2)(n+ 3)
(n+1)(n+ 4)
A4(n+ 2)(n+ 3)

La=1b=4c=4

[ 5marks]



(a)
z“: 1 - 1 X\/T—m
AN VT H T AN VT H D T T -V + 1
VTNV
A = (r+1)
n
=Y Vr+1-+r
r=1
=vV2 - V1
+3 -2
+vV4 -3
+
+ vn -vn-1
+vn+1-+n
All terms cancel except the second and the second last
n
1
= 1-1
2‘1\/7+\/r+1 n+
[ 4 marks]
(b)
1 s 1 - 1
V4 ++5 V5 ++6 7 /80 ++81

80 3
1 1
r2‘1\/7+\/r+1_2‘1\/7+\/r+1

=vV8l -1- (V4 -1)
=9-1-2+1
=7

[ 2marks]



Answer 4

(a)
RHS:i—;
r (r + 1)
_1 . o+l 1
o (r+1) (r + 1)
_r+1-1
o (r+ 1)
B r
Co(r+ 1)
= LHS O
[ 2marks]
(b)
v j(i_ -
Ao(r+1)y o Al (r + 1)
1 1
TR
1 1
+___
2! 3
1
+__
3
+ —_
1
+ .. = —
n!
11
n! (n+ 1)
All terms cancel except the first and last
< r o 1
A (r+ 1)y (n+ 1)

[ 5marks]



Answer 5

3 1 1 1 1
z‘l( Inc +1) In(r+2) ) In2 In3
1 1
n3  In4
N
In4
+
N B 1
In31
N 1 3 1
In31 In32
1 1
" In2  In32
1 1
~ In2  In2®
1 1
~ In2  5In2
5-1
~ 5In2
B 4
~ 5In2

[ 5marks]



Answer 6
1 _ A .\ B
(3r —2)(3r +2)  (3r-2) (3r + 2)

1=A(3r+2)+B(3r -2)
Letr:£:>A:i
3 4
Letr:—£:>B——i
5 4
1 _i( 1 B 1 )
(3r —=2)(3r+2) 4\3r -2 3r+2
n n
Thus,z 1 =i2( - L )
1 (3r =2)(3r +2) 4 ~=\3r -2 3+ 2
_1/1_1
~4\1 5
1 1
+ _— e —
4 8
1 1
+ —_— e —
7 11
1 1
+ —_—
10 14
1
+ J—
3n-1
1 B 1 )
3n -2 3N+ 2

And there is no cancelling to be had !
[ 4 marks]
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Lesson 3
Further A-Level Pure M athematics, Core 2
Telescoping Series

3.1 TheMethod of Differences
Thus far, when the Method of Differences has been employed, the differences
have occurred somewhat accidentally as a result of applying partial fractions to

problems. The concept can be more purposefully set up and deployed to
powerful effect.

First, however, a formal statement of exactly what the method of differences is:

The Method of Differences
If the general termy,, of a series can be expressed in the form

f(r+121) —f()

n n
then ou o= D (fr+1-1(m)
r=1 r=1
In consequence, u; = f(2) — f(1)
u = (3 -2
us = f(4) - (3

up = f(n+ 1) —f(n

u =fn+1 -1




3.2 Example
Use the method of differences to find a formula for,

n
Yorr+ D+ 2
r=1
Begin by showing that,

rer+ 1@ +2) = %(r(r + D) +2 +3) - —Dr + 1 + 2)

Teaching Video http://www.NumberWonder.co.uk/v9097/3.mp4

[=]pray [
[13% 9

[ 6 marks]


http://www.NumberWonder.co.uk/v9097/3.mp4

3.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50
Question 1

(a) Prove thatr (r + 1) — (r — Dr = 2r

[ 2mark ]

(b) Hence prove, by the method of differences, that

n
or = in(n+1)
r=1 2

[ 4 marks]



Question 2
Use the facts that

e (r+1P¥-r*=3r2+3 +1

n

. r=—n(n+1 Proven in Question 1
21 >N ) ( Q )
n

e d1l=n ( Obvious !)
r=1

to construct a proof, using the method of differences, that

n 2 1
Y re==n(n+1)(2n+1)
r=1 6

[ 6 marks]



Question 3
Further A-Level Examination Question from June 2016, FP2, Q2
(a) Show that,

r2(r + 1)2— (r - 1)2r2 = 4r3

[ 3marks]
L 1
Given that r=—n(n+1
20 = gnne D
(b) use the identity in ( a ) and the method of differences to show that

2
(13+23+33+...+n3):(1+2+3+...+n)

[ 4 marks]



Question 4
This question is about finding a formula for the series,

n
(rxr)=1x1U+2x2+3x3 +..+nxnl
r=1

(a) Provethat((r + 1) = 1) - (r! = 1) = r x r!

[ 2marks]

(b) Use the part (a) answer and the method of differences to find a formula
n

for D (rxrl)

r=1

[ 4 marks]

(c)  Evaluate i(r xrl)

r=1

[ 1mark ]



Question 5
This question is about finding a formula for the series,

n
S (rP+1)rl=2x1U +5x2 +10x3 + ..+ (n?+1)n

r=1

(a) Provethat((r + 2)) = (r + D) = 2(r + ! = r1) = (r2 + 1)r!

[ 4 marks]

(b) Use the part (a) answer and the method of differences to find a formula

n
for Z(r2 +1)r!

r=1

[ 6 marks]



Question 6
Further A-Level Examination Question from June 2011, FP2, Q4
Given that,

(2r + 1)3 - Arl+Brl+Cr+1
(a) find the values of the constaisB andC

[ 2marks]
(b) Show that,

(2r + 12 —(2r —1)3 = 2412+ 2

[ 2marks]

(c) Using the result in part (b) and the method of differences, show that

n > 1
re==n(n+1)(2n+1)
r-1 6

[ 5marks]
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3.4 Answers
Further A-Level Pure M athematics, Core 2
Telescoping Series

3.4.1 Solution to 3.2 Example (Teaching Video)

RHS = (r(r+1)(r+2)(r+3)—(r—1)r(r+1)(r+2))

re +D)r +2(r+3) - -1))

N N Ny

= Zr(r + D + 29
=1+ 1 + 2
= LHS O

With f(r) = (r = Dr(r + 1)(r + 2)

n

Y (f(r+1-1fm)

r=1

n
Mor(r+1)(r+2)
r=1

| B[P

(fin+1) - f®Q)

(n(n+ 1)(n+ 2)(n+3) -0

nin+ 1(n+ 2)(n+ 3



3.4.2 Solutionsto 3.3 Exercise

Answer 1
(a)
LHS =r(r+1)—-(r —1)r
=24 -1’4
= 2r
= RHS Il
[ 2marks]
(b) Version 1
n 1 n
r=—>(r(r+1)—-(r-1)r)
2722
:i(Z—o
2
+6-2
+12-6
+
+n(n+1)-(n-1)n)
All terms cancel except the second last
n
Zr:in(n+1) O
r=1 2
[ 4 marks]
(b) Version 2

1 1
r=—r(r+1)-— @ -1)r
2( ) 2( )

f(r) = %r(r + 1) andf(r + 1) = %(r +1)r

(1 1
dor = rzl(?r(r +1) - S(r —1)r)

r=1

(far+1-f)

Il
M: [

1

n+1 —f()

_;
Il

Il
—~

(n+1)n-0

n(n+1) O

N|[= NP

[ 4 marks]



Answer 2

Version 1 for first part

(r+1)3—r3:3r2+3r+1

Z((r + 1% -9 = Z(3r2+3r +1)
r=1

r=1

Considering the LHS,

n

Z((r+1)3—r3):8—1

r=1
+ 27 -8
+ 64 — 27
+ ..

+(n+ 1)3—n3

All terms cancel except second and second last
n
Z((r + 1) =(n+1)¥ -1
r=1

n3+3n2+3n+1—1

n3+ 3n2+ 3n

Version 2 for first part

Letf (r) = r3 in which casef r+1 =(r+ 1)3

n n
Then,Z(r+1)3—r3 Yt +1-fm
r=1 r=1

f(n+1 -1

(n+1)y°%-13

n3+3n2+3n+1—1

n3+3n2+3n



n
RHS = > (3r*+3r+1) =
r=1

M:

,
Il

n
1
=3Y¥Yr’+3x =n(n+1)+n
Zl > N )
%n(n+l)+n:n3+3n2+3n

2+3n(n+1)+2n=2n3+6n2+6n

2n3+6n2+6n—3n(n+1)—2n

Gir2
r=1
= 2n°+6n% +6n—3n° - 3n-2n
= 2n° +3n +n
= n(2n2+3n+1)
=n(n+1)(2n+1)

n
2 = —n(n+1)(2n+1)

[ 6 marks]



Answer 3
(a)
LHS = rz(r + 1)2 —(r - 1)2r2

:rz(r2+2r+1)—(r2—2r+1)r2

=t 2rde 2ot 23 4?
:4r3
= RHS O

[ 3marks]

(b) To prove that,

2
(13+23+33+...+n3):(1+2+3+...+n)

n
LHS = [1®+ 22+ 3B+ .+ n®| = 2r3
r=1
_ L Z(rz(r + 12 - (r - 1)%r?)
4I’=1
1
=—(4-0
4
+ 36— 4
+ 144 - 36
+ ..

+n’(n+ 1% - (n-1)n%)

All terms cancel except the second (which is zero) and the second last

1
13+23+33+...+n3) = an(n+1)2

2
n

RHS = (1+2+3+ ... + n)Z:( Zr)
r=1

2

(%n(n+1))

1l - 2
—n“(n+1
7 ( )
= LHS

.. The claimed result is true O
[ 4 marks]



Answer 4

(a)

(b)

(c)

LHS = ((r + 1) = 1) - (r! = 1)
=(r+1y-1-r+1

zz"l(r xrl)

(r+21)r! —r!

rxrl +rl —rl!

r xrl

RHS

- i(((r+1)! -~ 1) - (rr-1))

r=1
=1-0
+5-1
+23-5

+ ..

+((n+1)0-1)-(n -1)

[ 2marks]

All terms cancel except the second, which is zero, and the second last

n
Sy (rxr)=(n+1)-1
r=1

Answer 5

(a)

LHS = ((r + 2)! = (r + 1)) = 2((r + 1)! = r!)
(r +2)(r+1)rl —(r+2)r! = 2(r + 1)r! + 2r!
n((r+2)(r+1)-3(r+1)+2)

2

2

rrere+ 1

RHS

)

i(rxr!)

n-1

5039

r!(r +3r+2—3r—3+2)
(

[ 4 marks]

[ 1mark ]

[ 4 marks]



(b)
2(r2+ 1)r =
r=1

((r+2) = (r+D) =2 ((r+1)-r
= r=1

r=1

n
Y ((r+2)-(r+1))=6-2
r=1

+24-6
+ 120 - 24

+ ...

+(n+2) —(n+ 1)

All terms cancel except the second and second last

o r+ 2 = (r+ ) =(n+2) -2
r=1

zn:((r+1)!—r!):2—1

r=1
+6-2
+24-6
+ ...
+(n+ 1) —n

All terms cancel except the second and second last

oy r+ - =(n+1) -1
r=1

Z(r2+1)r! =(n+2)-2-2((n+1)-1)
r=1

=(N+2) -2-2(n+ 1) +2
=(n+2)(n+ 1! = 2(n+ 1)
=(n+1)! (n+2 -2

=n(n+ 1)

[ 6 marks]



Answer 6

(a) (2r+1)3 8r3+3x4r2+3x2r +1

8r3+12r2+6r+1
SLA=8 B=12andC = 6

[ 2marks]
(b) LHS= (2r + 1)3 - (2r - 1)3
=8r+12r%+6r +1 —(8r3— 12r% + 6r —1)
= 24r% + 2
= RHS O

[ 2marks]

(c) From part (b), (2r+1)3—(2r—1)3: 24r% 4+ 2

|
N
N
M=
—‘I\)
+
N
M-
=

a Y (2r + 1) - (2r - 1)9) =
r=1

n
LHs = Y ((r+ 1® - (r - 1)) =27-1
r=1
+ 125 - 27
+ 343 - 125
+ ...

+(2n+1)3—(2n— 1)3

((r+ 13— (2r =19 =(2n+13-1

n
>
r=1
n
Thus, 24 ) r2
r=1

n
+2¥1=(n+1y°-1
r=1
n
24y r* = 8n®+ 12n° + 6n+ 1 - 1 - 2n
r=1
- 8n° + 12n° + 4n
= 4n(2n2+3n+1)
=4dn(n+1)(2n+ 1)
4 1
A~ YrP= Zn(n+1)(2n+1) 0
r=1 6

[ 5marks]
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Lesson 4
Further A-Level Pure M athematics, Core 2
Telescoping Series

4.1 Test
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40
Question 1
(1) Provethat,iz— 1 5 = 22r+12
r (r+1) r<(r+1)

[ 1 marks]
(i) Hence, using the method of differences, find a formula for,
i 2r +1
Ar2(r+1)2
[ 5marks]
(iii)  State if the sum to infinit i _ i+l is convergent or divergent
yr!:1 r2(r+1)2, g g *

Give a reason for your answer.

[ 2marks]



Question 2
Further A-Level Examination Question from June 2014, FP2, Q1

(a) Express 2 in partial fractions
(r+2)(r+4)

[1mark ]

n 2 ~ n(7n + 25)
(b) Henceshowthatz,l (r+2)(r+4)  12(n+3)(n+4)

[ 5marks]



Question 3

(1) Use the method of differences to obtain a formula for,
n

Y (1024" - 102477)

r=1

[ 3marks]

(i) Hence, or otherwise, determine the exact value of,

29: (1024" - 102477)

r=5

[ 3marks]



Question 4
Further A-Level Examination Question from June 2016, FP2, Q2
(a) Show that, for >0

1 1 -7 -5

r-3+ — =
r+1 r+ 2 (r +1)(r+2)

[ 2marks]

(b) Hence prove, using the method of differences, that

i -7 -5  n(n®+an+b)
A+ (r+2) 2(n+ 2)
wherea andb are constants to be found

[ 5marks]



Question 5

ok k-1 (k- 1) 21
i Prove that - ~
(1) rove a1 K K(K+ 1)

[ 3marks]
(i) Use the method of differences to obtain a formula for,

n (k—1)2k_1
2( kK(k+1)

r=1

[ 4 marks]



Question 6
Prove that,
2 3 n 1
+ + ... + 1
o+ 1 + 2! U+ 2 +3 mM-2'+ (n-1L! +n n!

[ 6 marks]

This document is a part ofMathematics Community Outreach Project initiated by Shrewsbury School
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4.2 Answers
Further A-Level Pure M athematics, Core 2
Telescoping Series

Answer 1
(i)
LHS = i2_;2
r (r+1)
1 (r+1)2 1 r2
27 (r+1) (r+1)2% = r2
B 2+2r+1-r2
o r2(r + 1)2
B 2r +1
Cor2(r + 1)?
= RHS O
[ 1mark ]
(i)
i r +1 Z(i 1
Er2(r + 1)2 “~\ r2 (r+1)»2
1 1
T 12 22
1 1
tE g
1 1
R
+
L1
n2 (n+ 1)>2
All terms cancel except the first and last
z”: r+1 1
Ar2(r+ 12 (n+ 1)2
[ 5marks]

(iii)  Convergent

1
AS N — oo, 2—)0
(n+ 1)
n 2r + 1
22 7 =1
ore(r+ 1)

[ 2marks]



Answer 2

(a)

(b)

Thus,

LHS =

+

2 A B

(r+2)(r+4)  (r+2) " (r +4)
Multiply through by[ (r + 2)(r + 4) ]
2=A(r+4)+B(r+2)

+

Letr = -2 =2=2A .- A=1
Letr = -4 =2=-2B.-.B=-1
2 B 1 B 1
(r+2)(r+4)  (r+2) (r +4)
[ 1mark ]

i 2

= (r+2)(r+4)

i( 1 _ 1

L (r+2) (r+4)

1 1 1 1

___+—_—

3 5 4 6

1 1 1 1

___+—_—

5 7 6 8

1 1 1 1

___+—_—

7 9 8 10

1 1 1 1

n+1 n+ 3 n+ 2 n+4

Most terms cancel, leaving first, third, third last and last

i 1 1 1
n+3 n+4

+_
3 4
7(n+3)(n+4)-12(n+4) - 12(n+ 3)
12(n+ 3)(n+ 4)

7n% + 490 + 84— 12n — 48 — 12n — 36
12(n+ 3)(n+ 4)

7n? + 25n
12(n+ 3)(n+ 4)

n(7n + 25)
12(n+ 3)(n+ 4)

RHS O

[ 5marks]



Answer 3

(i)
n 1 1 1
2(1024rl - 1024f+1) = 10241 — 10242
r=1
1 1
+ 10242 — 10243
1 1
+ 1024° — 1024*
+ ..
1 1
+ 10247 — 1024n+1
All terms cancel except the first and last
1 1
= 10241 — 10240+1
1
= 1024 - 1024n+1
[ 3marks]
(i)

29: (1024" - 102477 = 29: (1024F - 102477 - 24: (1024" - 102477)
r=5 r=1 r=1

_1

1
1024 — 102419 — 1024 + 1024°
=-2+4
= 2

[ 3marks]



Answer 4
(a)
LHS =r -3 + ! - !
r+1 r+ 2
(r =3)(r+L)(r+2)+(r+2)—-(r+1)

(r+21)(r+2)
(r=3)(r2+3r+2)+r+2-r-1
(r+21)(r+2)
34324+ 2r-3r2-—or-6+1
(r+21)(r+2)

3 37 -5
T o(r+1)(r+2)
= RHS O
[ 2 marks]
(b) First of all,
i(l—l)—i—i+i—i+ 11
“\r+1 r+2/) 2 3 3 4 n+1 n+2
_i_ 1
2 n+2
In consequence,
L -7 - L 1 1
Z r-s :z(r—3+ - )
= (r+1)(r+2) =i + 1 r+2
n n n
-3 Ese Bl )
21 Z‘l z:“ r+1 r+2
1 1 1
=—=n(n+1)-3n+ — -
2 2 n+ 2
o nm+1lh+2)-6n(n+2)+ (n+2) -2
B 2(n+2)
_n3+3n2+2n—6n2—12n+n+2—2
B 2(n+2)
_n3—3n2—9n
 2(n+2)
~ n(n®-3n-9)
B 2(n+ 2)

lea=-3 b=-9
[ 5marks]



Answer 5

(i)
2k 2k—1
LHS = -
k+1 k
T T k+1k
~ 2><2k—1x£_ 2k—1x (k+ 1)
- k+1 k k (k+1)
Ktk -k -1)
B k(k + 1)
_(k—1)2k-1
 k(k+ 1)
= RHS O
[ 3marks]
(ii)
i((k—l)z'“l)_z”: 2k okt
A\ k(k+1) AV k+1 k
2l 20
-2 T 1
22 2
+___
3 2
23 22
+___
4 3
+
2I’] 2ﬂ—1
n+1 n

All terms cancel except the second and second last
2n
n+1

[ 4 marks]



Answer 6
The series needs manipulating into an expression that's a difference.

r r
(r—2)!+(r—1)!+r!: r=—291+ - -2 +r@ -1 - 2)
r
T - [+ -Drrr-1]
r
T -2 [1+4r-1+r2-r]
B r
-2 [r?]
B 1
o = 2)
_ (r-1
Cor(r = - 2)
_r-1
Y
o 1
TR
__r 1
o - 1! rl
- 1
=1 rl
4 r 4 1 1
Thus, Z‘z r-2!'+ @ =L +r! :;‘2( (r = 1) TR
1 1
TR
1 1
+___
2! 3
1 1
+___
3 4!
+
1 1
+—__
(n — 1) n!
All terms cancel except the first and the last
4 r 1
N rg‘z(r—Z)!+(r—1)!+r! :1_7 H

[ 6 marks]
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