5.4 Answers
Further A-Level Pure Mathematics, Core 2
Maclaurin Series
5.4.1 Solution to 5.2 Example

f(x) = xe* = f0) =0
f7(x) = xe + &

= f(x) + & = f'(0) =1
70 = [f0) ] + €
[f0) + €] + &

f(x)+ 2¢€° = f7(0) = 2

7)) = [f'(x) ] + 2¢€°

=[fx) + €] + 2€°

= f(x) + 3€° = f”(0) = 3
fMx) = f(x) + nes - M) =n

(All set for a proof by induction !)

TheMaclaurin Series

A given functionf (x), may be written as the polynomial,
” (r)

O X+ T ©
2! r!

provided thaf (0), f'(0), £7(0), ..., 7 (0), ... all have finite values

f(x) = f(0) + f (0) x + X+

2 X X 8
fX) =~ X+X+—+—+ — + —=
2 6 24 120

[ 8 marks]



5.4.2 Solutionsto 5.3 Exercise

Answer 1
(i) Fx) = el
f/(x) — el—ZX(_z)
= -2f (%
700 = =2 [0 ]
= -2[-2fx ]
= 4f(X)
700 = 4100 ]
= 4[-2f(0 ]
= —-8f (X O
[ 3marks]
[ 2marks]
(iii) Asf (0) = g £ 1" 2"e
[ 1mark ]
(IV) f(X):f(O)+f’(O)X+fﬂX2+f—(o)
2! 3l
= e—2ex+£x2—ﬁx3+—16ex4_ 32 4 64ex6—,,_
2 6 24 120 720
~ e—2ex+2ex2—£x3+£x4_ix5+ﬁx6
3 3 15 45
[ 3marks]
X2 X'
(v) From € = 1+X+2_I+"'+r_l+" valid for allx

(vi)

with x replaced with( 1 — 2x) comes,

- 1 1
et~ = 1+(1—2x)+2—|(1—2x)2+3—|(1—2x)3+...

[ 1 mark ]
Every bracket when expanded gives a number, and so the first term
of the Maclaurin series is obtained as an infinite series rather than a
single number. It is,

The same issue arises in trying to determine the coefficiendof
indeed, the coefficient of any powenroin the series.
[ 2marks]



(vii )

fx) = et™%
:ele—2x
o2 o3 _ond oD o6
=e 1+(—2x)+(2X)+(2X)+(2X)+(2X)+(2X)+...)
2! 3 4 5l o!
:e(1—2x+2x2—ix3+£x4—ix5+ix6+...)
3 3 15 45
ze—2ex+2ex2—£x3+£x4—£x5+£x6
3 3 15 45

Which is exactly the same sextic as was found in part (iv]J
[ 2marks]

(viii) From part (v),

et = 1+(1—2x)+Zil(l—zx)2+3il(1—2x)3+...

withx=0
e1_1+1+—+i i i+i+ .......
2 3 41 5l 6!
[ 2marks]
Answer 2
(i) fx) = e - e
f/(x) = 36> + 3e X
= 3(e¥X+ e¥)
7(x) = 3(3e* - 3¢ )
_ 32(e3x _ e—3x>
= 3f(x) 0
[ 2marks]
(i) 7(x) = FF (x)

fP0 = F [0 ]
[ 3 ]
3 (%) 0

[ 2marks]



(iii) A reasonable deduction is thdf?® (x) = 3"f (x)
Asf (x) = 0 it follows that Y (0) = 0

In the Maclaurin series for (x) the coefficients of all the even powers of
x are thus zero. That is, the series will not contain even powgrs df]

An alternative argument can be made involving odd functions.

It is simply that, a$ (x) is an odd function it can contain only odd powers
of x. That s, the series will not contain even powens of [

Letf (x) = € — & > in which case
f=x) = &0 _ g3

e X e3x

_ _e3x n e—3x

_ _( e3x _ e—3x>

= -

- f(x) is an odd function

The graph of the odd functioh(x) = > — &
[ 2marks]
(iv) 0 =3eX+e¥) =0 =3x2 Istterm
7(x) = 3 (x) = f7(0) = F x 2 2dterm
fOx = 3 % = {00 = P x 2 3dterm
- 3, 815
f(X) =~ 6x+9x° + 20x
[ 3marks]
(v) n"termwillbe 32" 1 x 2 x e i o n -1

[ 2marks]



Answer 3

(a)

f(x) = e*cosx = f0) =1

/(x) = € (—sinx) + 2> cosx

—e®dnx + 2f (%) = f/(0) =2

—e®cosx + (-2€®) sinx + 2 (%)

7 (%)

—f(x) - 2e¥sinx + 21/ (x)

—e®sinx + 2f (X)

From, " (X)

e sinx

2f (x) — " (%)

) = —f ) - 2(2F (%) - (%) + 2 (X)
—fX) —4f(X) + 2f"(x) + 2f"(X)

-5f(X) + 41" (x) = 70 = 3
Thatis,p=-5 andq=4

[ 5marks]
(b)
f7(x) = =5f"(X) + 41”7 (X)
—5f(X) + 4 (-5f(x) + 4f" (X))

—20f (x) + 11" (x) = 70 =2

fBx) = —20f (x) + 117 (%)
—20f"(x) + 11(=5f (x) + 4f" (X))

_55f (x) + 24f (%) = fP0) = -7

fOx) = 55" (x) + 24 (x)
—55f"(X) + 24(—5f (x) + 41" (X))

—120f (x) + 41f" (%) = f®©0) = -38

7@ 2, , 0

X+
2! r!

f(x) = f(0) + f (0) x +

f(x) = 1+2x+§x2+ix3—lx4—1—9x5
2 3 24 60

[ 3marks]



Answer 4
g(x) = €'sinx

= g0 =0

= h0) =1

o g (X = €cosx + €sinx
= h(X) + g(x) (Note alsog’ (x) = f (X))
h(x) = € cosx
h(x) = €(—sinx) + € cosx

= h -9
f 00 = g+ h(x
= h() + 9 +hXx) -9

= 2h(x)

f7(x) = 2h ()
= 2h(x) - 29(x)

f7(x) = 20 (X) — 20 (X)

= 2h() - 29() - 2h(x) - 29(X)

= -490%

@0 = -4gx
= —4h() - 49(%)

fOx = -4 - 49 (0

= —4h(X) + 49(X) — 4h(X) — 49(X)

= (0 = 2

= 7(0) = 2

: f 1444 (O) — O

= 90 = -4

_ _8h(x) = 0 = -8
” (r)
fx) = £ + f (0) x + fZEO) X+ + f r'(O) X +
2 1 5
fX) ~1+2Xx+ X" — —X — —X

6

[ 8 marks]



Answer 4: Graph

Answer 4 : Checking Coefficients using Wolfram Alpha
SeriesCoefficiendxp (X) (sn(x) + cos(X)), {x,0,0}]
1
SeriesCoefficientxp (X) (sn(x) + cos(X)), {x,0,1}]
2
SeriesCoefficientxp (X) (sn(x) + cos(X)), {x,0,2}]
1
SeriesCoefficientxp (X) (Sn(x) + cos(X)), {x,0,3}]
0
SeriesCoefficiengxp (X) (Sn(x) + cos(X)), {x,0,4}]

1

6
SeriesCoefficientdxp(X) (sn(x) + cos(X)), {x,0,5}]
1

15



Answer 5
(1) Mr Hansen's Method

f(xX) = In(1+ cos2x)

, 1 .
fr(x) = 17 oo X (—sin2x) x 2
_ oy sin 2x
1 + cos2x
_ oy 28N XCcosx
CO? X + SIN?X + COS2X — Sin2x
PN 28N XCcosx
2 cos? X
3 sinx
T COS X
= —2tanx O

Sheldon's Method
f(X) = In(1+ cos2x)

2% + cosx — sinzx)

= In(coszx + 8N
In(2c052x)

In2 + In( cos’x)

In2 + 2In(cosx)

f(x) = 0 +

X (—sinx)

COS X
—2tanx O

[ 2marks]

(i)

f7(x) = _2sec’x

f”7(X) = —2 x 2secxsecxtanx
~1x (-2s?x) (- 2tanx)
-1f7(x) f" (X
— 7)) £7(x) — £ (0 f (%)
—(£700 100 + (f7(0%) )

f ”n (X)

[ 5marks]



(iii )

f(0) =1In2
f"(0) =0
f7(0) = -2
f7(0) = 0
f77(0) = —4

” (r)
fx) = f(0) + f (0) x + %x2+ ot O g,

f(X) ~ In2 - xz—%x

[ 8marks]
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