
11.2  Answers
Further A-Level Pure Mathematics, Core 2

 Complex Numbers II
Answer 1

      g (x) =
 f (x) + f (− x)  

 2 
⇒ g (− x) =

 f (− x) + f (x)  
 2 

( i )

=
 f (x) + f (− x)  

 2 
= g (x)  ∴ g (x)  is an even function

[ 2 marks ]

       h (x) =
 f (x) − f (− x)  

 2 
⇒ h (− x) =

 f (− x) − f (x)  
 2 

( ii )

= − 
 f (x) − f (− x)  

 2 
= − h (x)  ∴ h (x)  is an odd function

[ 2 marks ]

    = g (x) + h (x)( iii ) LHS

=
 f (x) + f (− x)  

 2 
+

 f (x) − f (− x)  
 2 

      

=
 f (x) + f (− x) + f (x) − f (− x)  

 2 

=
 2 f (x)  

 2 
= f (x)

=    ¸RHS

[ 1 mark ]

    f (x) ,  ( iv ) Every function, can be written as the sum of an even function

and an odd function
[ 1 mark ]



Answers 2
METHOD 1

    
 cos 2θ +  sin 2θ 
 cos 9θ −  sin 9θ 

=
 cos 2θ +  sin 2θ 

 cos (− 9θ) +  sin (− 9θ)  
 

i

i

i

i

    ( cos sin As is an even function, and is an odd function)

=
 e 2θ 

 e− 9θ

i

i

= e 11θi

= cos 11θ +  sin 11θi

METHOD 2

 cos 2θ +  sin 2θ 
 cos 9θ −  sin 9θ 

         
i

i

    =
 cos 2θ +  sin 2θ 
 cos 9θ −  sin 9θ 

×
 cos 9θ +  sin 9θ 
 cos 9θ +  sin 9θ 

i

i

i

i

=
 cos 9θ cos 2θ  − sin 9θ sin 2θ  + ( sin 9θ cos 2θ + cos 9θ sin 2θ )  

cos2 9θ −  cos 9θ sin 9θ +  sin 9θ cos 9θ + sin2 9θ
i

i i

=
 cos ( 9θ + 2θ ) +  sin ( 9θ + 2θ )  

 1 
i

= cos 11θ +  sin 11θi

[ 4 marks ]
Answer 3

=
 1 + e θ 

 1 − e θ 
LHS

i

i

=
 1 + e θ 

 1 − e θ 
×

 e−  θ 
 2  

e
−  θ 

 2 

i

i

i

i

=
 e−  θ 

 2 + e
 θ 
 2  

 e−  θ 
 2 − e

 θ 
 2  

i i

i i

= − 
 e

 θ 
 2  + e

−  θ 
 2  

 e
 θ 
 2  − e

−  θ 
 2  

i i

i i

= − 
 2 cos (  θ 

 2  )  

 2  sin (  θ 
 2  )

×
  
  i

i

i

= cot (  θ 
 2 )i 

[ 5 marks ]



Answer 4
( a )

= zn +
 1 
 zn 

LHS

= e nθ +
 1 

 e nθ 

i
i

= e nθ + e
− nθi i

= cos (nθ) +  sin (nθ) + cos (− nθ) +  sin (− nθ)i i

cos sin As is an even function and odd

= cos nθ +  sin nθ + cos nθ −  sin nθi i

= 2 cos nθ

=    ¸ RHS

[ 2 marks ]

     ( z +
 1 
 z 

 )4( b ) Apply the binomial theorem to

( z +
 1 
 z 

 )4 = 1 × z4 × (  1 
 z )

0

 + 4 × z3 × (  1 
 z )

1

 + 6 × z2 × (  1 
 z )

2

 + 4 × z1 × (  1 
 z )

3

 + 1 × z0 × (  1 
 z )

4

∴  ( z +
 1 
 z 

 )4 = z4 + 4 z2 + 6 + 4 (  1 
 z2 ) + (  1 

 z4 )
( 2 cos θ )4 = ( z4 +

 1 
 z4 ) + 4( z2 +

 1 
 z2 ) + 6

16 cos4 θ = 2 cos 4θ + 8 cos 2θ + 6

8 cos4 θ =  cos 4θ + 4 cos 2θ + 3

cos4 θ =
 1 
 8 

( cos 4θ + 4 cos 2θ + 3 )  ¸

[ 4 marks ]



Answer 5

         C + S = a ( cos θ +  sin θ )i i

 + a2 ( cos 2θ +  sin 2θ )i

+ a3( cos 3θ +  sin 3θ )i

 +  ...

= a e θ + a2 e 2θ + a3 e 3θ + ...i i i

=
a e θ 

 1 − a e θ  

i

i

=
 a cos θ + a  sin θ 

 1 − a cos θ − a  sin θ 
×

 1 − a cos θ + a  sin θ 
 1 − a cos θ + a  sin θ 

i

i

i

i

=
a cos θ − a2 cos2 θ + a2  cos θ sin θ + a  sin θ − a2  sin θ cos θ − a2 sin2 θ

 1 − a cos θ − a cos θ + a2 cos2 θ + a2sin2 θ 
i i i

=
 a cosθ − a2 ( cos2 θ + sin2 θ ) + a sin θ

1 − 2 cos θ + a2 ( cos2 θ + sin2 θ )
i 

=
 a cos θ − a2 + a  sin θ 

 1 − 2 cos θ + a2 
i

  ∴  C =
 a cos θ − a2 

 1 − 2 cos θ + a2 
      

           S =  
 a sin θ 

 1 − 2 cos θ + a2 
 ¸and

[ 8 marks ]



Answer 6

= 1 + z + z2 + ... + z2n − 1LHS

= 1 + e
 π 
 n + ( e π 

 n  )
2

+ ... + ( e π 
 n  )

2n − 1
i i i

=
 1 ( 1 − ( e π 

 n  )2n
 )  

 1 − e
 π 
 n  

i

i

=
 1 − e

 2nπ 
 n 

 1 − e
 π 
 n   

i

i

=
 1 − e2π  

 1 − e
 π 
 n   

i

i

=
 1 − 1 

1 − e
 π 
 n  i

= RHS
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