
4.3  Answers
Further A-Level Pure Mathematics, Core 2

 Complex Numbers II
Answer 1

z =  2 ( cos (  π 
 6 ) +  sin (  π 

 6 ))i

∴   z5 = (  2  )5( cos (  π 
 6 ) +  sin (  π 

 6 ))
5

 i

= 4  2 ( cos (  5π 
 6 ) +  sin (  5π 

 6 ))i

= − 2  6 + 2  2  i
[ 3 marks ]

Answer 2

w = 2 ( cos (  π 
 3 ) +  sin (  π 

 3 ))i

    ∴   w4 = 24 ( cos (  π 
 3 ) +  sin (  π 

 3 ))
4

i

= 16( cos (  4π 
 3 ) +  sin (  4π 

 3 ))i

= 16( cos (− 
 2π 
 3 ) +  sin (− 

 2π 
 3 ))  i can skip this step

= 16( cos (  2π 
 3 ) −  sin (  2π 

 3 )  )        i can skip this step

= − 8 − 8  3  i
[ 3 marks ]

Answer 3

v =  3 ( cos (  3π 
 4 ) −  sin (  3π 

 4 ))i

=  3 ( cos (  3π 
 4 ) +  sin (− 

 3π 
 4 )  )  i being pedantic !

          ∴   v6 = (  3  )6 ( cos (  3π 
 4 ) +  sin (− 

 3π 
 4 ))6i

= 27( cos (  18π 
 4 ) +  sin (− 

 18π 
 4 ))i

= 27( cos (  9π 
 2 ) +  sin (− 

 9π 
 2 ))i

= 27( cos (  π 
 2 ) +  sin (− 

 π 
 2 ))i

= 0 − 27 i
[ 3 marks ]



Answer 4
( i )

z = − 2 + ( 2  3  )  i

| z | = (− 2)2 + ( 2  3  )2    tan φ =
 2  3  

 2 

=  4 + 12      φ = arctan (  3  )

= 4       φ =
 π 
 3 

     π −
 π 
 3 

=  
 2π 
 3 

Angle required for polar form is

∴ z = 4 ( cos (  2π 
 3 ) +  sin (  2π 

 3 )  )i

[ 3 marks ]
( ii )

z6 = 46 ( cos (  2π 
 3 ) +  sin (  2π 

 3 )  )6i

= 4096( cos ( 4π ) +  sin ( 4π ))i

= 4096

[ 2 marks ]
Answer 5

    z = 3 +  3  Let i

| z | = (3)2 + (  3  )2    tan φ =
   3  

 3 

=  9 + 3          φ = arctan (   3  
 3 )

= 2  3         φ =
 π 
 6 

    
 π 
 6 

Angle required for polar form is unchanged

 z = 2  3  ( cos (  π 
 6 ) +  sin (  π 

 6 )  )i

z5 = ( 2  3  )5( cos (  π 
 6 ) +  sin (  π 

 6 ))
5

i

= 32 × 9  3  ( cos (  5π 
 6 ) +  sin (  5π 

 6 ))i

= 288  3 ( cos (  5π 
 6 ) +  sin (  5π 

 6 ))i

= − 432 + 144  3  i
[ 4 marks ]



Answer 6

(r e θ )
n

= rn e nθi i

= (r e θ )
n

LHS i

= rn (e θ)ni

= rn ( cos θ +  sin θ )ni

= rn ( cos (nθ) +  sin (nθ))i

= rn e nθi

=   ¸RHS

[ 4 marks ]

Answer 7

 ( cos (  3π 
 4 ) +  sin (  3π 

 4 ))6  

 ( cos (  π 
 4 ) +  sin (  π 

 4 ))11 
= cos (  π 

 4 ) −  sin (  π 
 4 )

i

i
i

=
 ( cos (  3π 

 4 ) +  sin (  3π 
 4 ))6  

 ( cos (  π 
 4 ) +  sin (  π 

 4 ))11 
LHS

i

i

=  ( cos (  3π 
 4 ) +  sin (  3π 

 4 ))6  ( cos (  π 
 4 ) +  sin (  π 

 4 ))
− 11

i i

= ( cos (  18π 
 4 ) +  sin (  18π 

 4 )) ( cos (− 
 11π 

 4 ) +  sin (− 
 11π 

 4 ))i i

= e
 18π 

 4  × e
−  11π 

 4  i i

= e
 7π 
 4  i

= e
−  π 

 4  i

= cos (− 
 π 
 4 ) +  sin (− 

 π 
 4 )i

= cos (  π 
 4 ) −  sin (  π 

 4 )i

=     ¸RHS

[ 6 marks ]



Answer 8
( i )

 1 +  3   
 1 −  3  

=
 1 +  3   
 1 −  3  

×
 1 +  3   
 1 +  3   

i

i 

i

i 

i

i

=
 1 +  3  +  3  + 3 2 
1 +  3  −  3  − 3 2 

i i i

i i i

=
− 2 + 2  3   

 4 
i

= − 
 1 
 2 

+
  3  

 2 
 i

| z | = (− 
 1 
 2 )

2
+ (   3  

 2 )2    tan φ =
   3  

 1 

=  
 1 
 4 

+
 3 
 4 

            φ = arctan (  3  )

= 1          φ =
 π 
 3 

   π − φ =  
 2π 
 3 

Angle required for polar form is 

∴   
 1 +  3   
 1 −  3  

= e
 2π 
 3  i

i 
i

[ 4 marks ]
( ii )

(  1 +  3   
 1 −  3  

 )n = ( e 2π 
 3   )

n
i

i 
i

= e
 2nπ 

 3  i

= cos (  2nπ 
 3 ) +  sin (  2nπ 

 3 )i

 sin (  2nπ 
 3 ) = 0For a real positive solution, 

 2nπ 
 3 

= 0,  π,  2π,  3π,  ...

2nπ = 0,  3π,  6π,  9π,  ...

n = 0,  
 3 
 2 

,  3,  
 9 
 2 

,  ...

∴  Smallest positive integer value of n is 3 as in that case

(  1 +  3   
 1 −  3  

 )3 = cos (2π) +  sin (2π) = 1
i

i 
i

[ 3 marks ]



Answer 9

 18( 1 −   )39 
 ( 1 +  )41 = 18 ×

 (  2  e−  π 
 4   )39

 

(  2  e
 π 
 4   )41

i

i

i

i

= 18 × (  1 
  2  )

2

× e
−  39π 

 4  × e
−  41π 

 4  i i

= 9 × e
−  80π 

 4  i

= 9 e− 20π i

= 9 e0

= 9

[ 5 marks ]
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