5.4 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbersl|
5.4.1 Solutionsto 5.2 Example (Teaching Video)

2
(cos® +isn®) = cos(20) +isin(20) by de Moivre's theorem

2 0
(cos® +isnd) =1 x (cosh)’ x (isng) by the Binomial theorem

1
2 x (cosf)! x (isno)

+

2
1 x (cos8)° x (isng)

+

= cos?0 +i2cosfsng — sin® 0
Equating the two expansions gives,
cos(20) + isin(20) = cos?H +i2cosOsné — sin’ @

Matching the real part on the LHS with the real part on the RHS vyields,
cos(20) = co? 6 — sin’ 9

Matching the imaginary part on the LHS with the imaginary part on the RHS yield
sin(20) = 2sin6 cosH

[ 6 marks]



5.4.2 Solution to 5.3 Exercise

Answer 1
(cos® + isno )3 = cos(30) + i sin(39) by de Moivre's theorem
(coso + isin0)3 = 1 x (cos6) x (i sine)O by the Binomial theorem
+ 3 x (cosh ) x (isin¢9)1
+ 3 x (cosh)t x (isin9)2
)3

+1x (cos0) x (isng
= cos36 + i3coszesin6 - 300808in20 — sin30

= cos’0 — 3cosOsn’ O + i(3003293in0 — sin39)

Equating the two expansions gives,

cos(30) + isin(30) = cos’ @ — 3cosOsin®d +i(3cofHsing — sn°0)

Matching the real part on the LHS with the real part on the RHS yields,
cos(39) = cos®@ — 3cosh sin® @

cos> 0 — 3c0sé (1 - cosze)

00330 — 3cosO + 300530

4cos39 — 3co0s6 O

Matching the imaginary part on the LHS with the imaginary part on the RHS yield
sn(39) = 3co?9sind — sn°H

3(1 — sin29)5in0 — §ne

3sné - 3sin20 - sin3(9

3sin0 — 4sin 0 0

[ 6 marks]



Answer 2
8x°—6x—-1=0
let x = cosO to obtain,

800530 —6¢c0sfd —1=0

2(400336 — 30030) =1
400539 — 3c0s0 = %
1
cos39 = —
2
39 L, > It
3 3 3
g - L > It
9 9 9
X = 0.940 -0.174 —0.766

[ 5marks]

Answer 3
cos59 + 5cos30 =

(1600556 — 20c0s> 6 + 50056) + 5(400539 - 3c050)

Il
o O o o o

1600556 - 20cos39 + 5c0s60 + 2000530 — 15cos6

1600350 — 10cosé@

20050(800540 - 5) =

Either cos9 = 0 = 0 = % = 1571

Or cosf® = + 1% % = 0 = 0475 2.666

Thatis,0 e {0.475 1571 2.666}
[ 6 marks]



Answer 4

(a)

5
(cos6 +isng) = cos(50) + i sin(59) by de Moivre's theorem

3
(cos® +isnd) = 1x (cosd)° x (isng) by the Binomial theorem
)

+ 5x (cos@)4>< isné

(

(
+10x (cosf)° x (isng
+ 10 x (cos0)? x (

(

+ 5x (cos®) x (isng)
+ 1x (cos8) x (isng)
= 00550 + i50054esin6 - 1Ocos3esin20

- i10c05205in30 + 5c0s0sn*0 +isn’o

Equating the two expansions gives,
cos(50) + isin(50) = cos°@ — 10cos>sin’ @ + 5cosd sin* 0

+ i(5cos4esin6) — 10cof0sin®0 + sin50)

Matching the imaginary part on the LHS with the imaginary part on the RHS yield
sn(50) = 5cos*Asing — 10cos”Osn> 6 + sn° 9

2
5(1-sn?0) snf — 10(1 — sin®9)sin° 9 + sin°0

5(1 ~25n%0 + sin40)sin(9 ~ 10sin®0 + 10sn°0 + sin° 0

5sné - 1Osin30 +5sn°0 — 105in3(9 + 10sin°6 + sin°6

5sn6 — 20sin°6 + 16sn°0

16sin°6 — 20sin%0 + 5sin@ 0

[ 5marks]



(b)
16x5—20x3+5x+% -0
let x = sinO to obtain,

16sin50 - 203in30 + 58n6 + i =0

2
. 1
sn59 + — =0
2
. 1 :
sin50 == (OK to do the next part in degrees
JT JT JT JT JT
= -2 — —, - —_, - —, 21 — —
56 7T 6,ﬂ+6, 6,n+6,ﬂ 5
sg . ¥ S m v 1lm
6’ 6’ 6 6 6
0__1371 _ﬁ n  ITn 1lx

30" 30° 30" 30 30
X = —0.978 — 0.5, —0.105 0.669 0.914

[ 5marks]
(c)
x . 5 . 3 _ 1 Y e
_[0(4sn 0 — 5sn°6) do = 4[0 (sn59 — 5sin6) do
1T T
:Z—COSSQ +50050]
B 0
1[ V2 5\/?} 1[ 1 }
= — + - —|-—=+5
4L 10 2 4 5
_Af2evZ ] if2e]
4Ll 10 4L 5
_ 13v2 6
20 5

[ 4 marks]



Answer 5
(1)

4
(cos® +isin®) = cos(40) + i sin(40) by de Moivre's theorem

.. 4 . .
(cos® +isnd) = 1x (cosd ) x by the Binomial theorem

+ 4 x (cosh) x

( )
( )
+6x (cosh) x (isng)
+ 4 x (cosf)t x ( )
)

1x (cos®)’ x (ising

+

= cos' O + i4<:0330 sné — 6c05205in29

- i4cos¢9$in30 + sin*e

Equating the two expansions gives,
cos(46) + isin(40)

= cos46 + i4cos3esin0 - 6COSZQSin2¢9 — 4cosesin30 + sin46

Matching the imaginary part on the LHS with the imaginary part on the RHS yield

sin(46) = 4cos’9sin@ — 4cosdsn>o O
[ 4 marks]

(i)
Matching the real part on the LHS with the real part on the RHS yields,

cos(46) = cos’ 0 — 6co O sn’ 0 + sn* o

LHS = tan46
_sSn4o
~ cos40
B 4cos20sin® — 4cosOsin3o 00%49
T 0?0 — 6coPO S0 + s . L1
costo

4tan@ — 4tan36
1 - 6tan?o + tan*0o
= RHS (]

[ 4 marks]



(iii)
X'+ a3 -6 —4ax+1=0
Let x = tan @ in which case,
tan*0 + 4tan°0 — 6tan’6 — 4tand + 1 = 0

4tan 6 — 4tan36

tan40 - 6tan20 +1

4tan@ — 4tan36

=1
1 - 6tan?6 + tan*o
tan40 = 1
40 - i, 57'[’ 971’ 1371’
4 4 4 4
0 = 7 5: 9% 13

16> 16° 16° 16
X = 0.20, 1.50, - 5.03 —0.67
[ 5marks]



Answer 6

. 7
(cos® +isng) =

7
(cos® +isng)

+

+

+ 35 x (cose)3><

+

+

+

+

1 x (cosf) x (

7 x (cos0)® x (

21 x (cosf)° x (

+35x (cos)* x (isn
(

21 x (cosf)? x (

7 x (cos0)! x (

)
1 x (cosf)° x (isiné))7

cos(76) + i sin(76)

isng)

ising)

N

isin

)
~

)
N—"

isng)
5
isng)

isno

Equating the two expansions gives,

cos(76) + isin(70)

by de Moivre's theorem

by the Binomial theorem

cos76 + i7cos6esin0 - 21cossesin20 — 35cos49 sin39

35cos36)sin40 + i21coszesin59 - 7cos€)sin60 — sin70

= cos’ 0 + i7c03605in0 - 21c03505in20 — 35003403in36

+ 35c05365in46 + i21coszesin50 — 7cosf sin69 — sin79

Matching the real part on the LHS with the real part on the RHS vyields,

cos(76)

cos’ 6 — Zlcos5esin20 + 350033esin40 — 7co0s6 sin60

64cos70 — 11200550 + 5600536 — 7cosé

cos’ — 2100550(1 - 00520) + 35cos30(1 - c0520)2 - 70050(1 - 00520)3
cos’ 6 — 21cos 9 + 21cos’ O + 350033(9( 1-2cos 6 + cos40)

— 7cose(1 — 3c0s? 0 + 3coste - cosGH)
cos' @ — 21cos’ 6 + 21cos’ @ + 35c0s° @ — 70cos’ O + 35c0s’ 6

— 7cosfO + 21c053¢9 - 21c0556 + 7cos76

[ 6 marks]
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