9.5 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbersl|
9.5.1 Solution to 9.3 Example (Teaching Video)
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9.5.2 Solutionsto 9.4 Exercise

Answer 1
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[ 4 marks]



Answer 2

(i)
C+iS=1

1 -
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[ 4 marks]
(i)
3 3 -cosf +isnd

3 -cosf —isnd X 3 -cosf +isnd

3 9 — 3cosf + 3isnd

9 - 3c0sd — 3ising — 3co89 + COS20 + isndcosd + Asnd — i infcosh — i 2sin26
9 — 3cosh + 3isno

9 - 3cosf — 3cosh + 1

9 — 3cosO + 3isind
10 — 6cosé

9 — 3cosO + 3isneg

C+iS=
10 — 6¢cosé@
_ 9 — 3cos6 L 3sno
10 - 6¢cos6 10 — 6¢coséd
S C = 9 — 3cosd
10 — 6c¢cos6
3sno
and S = 10 — 6cos @

[ 4 marks]



Answer 3
(1)

C+iS=cos@ +isno
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[ 4 marks]
(i)
2¢'? 2cos6 + 2isné 2 — cos40 + isn4o

— = — X —
o _ (% 2 — cos40 — isin49 2 — cos40 + isin4d

The “clutter” can be reduced by noting that all of the imaginary terms
in the denominator cancel each other out when complex conjugates
multiply.

Also, as only the imaginary part of the answer is sought, there is no
need to work out any of the real terms in the numerator.

2icos@sndd + 4ssn® — 2 sin cos4o
4 — 2cos40 — 2cosd0 + cost40 + sin?40

IS =

Carefully shuffling the pieces around yields,

4snO + 2(sin46 cosf — cosd40sin6)

S =
4 — 2cos40 — 2cos40 + 1

_4s8n0 + 2sn30 O
5 - 4cos40

[ 4 marks]



Answer 4

i e = cosng +isinn
() N6 0 .. 0
[ 1mark ]
ii e = coshfd —isnn
. In6 0 0
[ 1mark ]
(iii) " = cosng + isnno
ADD €' = cosnd — isinng
e 4 e — 2cosng
1 . _-
cosnd = E(e'n‘9+e'”9) O
[ 1mark ]
v e = cosng + isinn
. 1n@ 0 .. 0
SUBTRACT e ' - cosnd — isinne
e _ e _ 2isnng
. 1 - _-
smn0:7<e'n9—e'n6) O
[ 1mark ]
Answer 5
B k I Zj k
Y (1+i)f = 3 (vzel)
k=0 k=0
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1+\/7e%i+ (ﬁe%i) +...+<\/7e%i)

(1o (vzet))
(1—<V§ﬁ”)

1- 16e%i
1- \/?cos(%) — V2 sin(%)

1 -16cos(27) — 16i€in(27) o i
B 1-1-1i i

i — 16
—-15 O

[ 4 marks]



Answer 6

(i)
LHS = (2 + €¥y(2 + &%)
=4+ 2ei9 + 2e’i9 + ed
=4+ 2c0sO + 2isnd + 2cos(—60) + 2isin(—=0) + 1
=5+ 2c0os6 + 2isin6 + 2cosH — 2 siné even and odd functions
= 5+ 4cos6
= RHS O
[ 2marks]
(ii)
C-is=1

1 .

- E(cose +19Nn68)
1 ..

+ Z(cosze +13n20)

1 .
—E(COSBG +1sn30)

+
:1—ie"9+i 'Ze—ié36+...
2 4 8
1 2
- i0 X?
1
1+ 2e
B 2
2+e'9
3 2 y 2 + cosO® —isno
2+ cosO +isng 2 + cosf — ising
3 4+ 2cosf — 2isn6
4+ 2cosO + 2cosO + cos?H + sin2 o
4+ 2cosf - 2isng
B 5 + 4cos6
4 + 2cos sin
co Ar20080  gs- SN0
5+ 4cos6 5+ 4cos6

Notice that the minus sign was already in the expresSieniS
[ 4 marks]



Answer 7

(i)
LHS = 1 + &
=1+ cos20 + isn20
= 00526 + Sin°0 + oL H — Sin“H + i2sin O cosd
= 2c0 6 + 2isinf cosh
= 2Cc0s6f (cosH + isng)
= RHS O
[ 2marks]
(ii)
C+iS=1
+ 2)(00320+sin20)
+ 2)(cos4e+sin40)
+ ..
+ 2)(0052n0+isin2n9)
_ [ n} o n\ _26i n\| _49i n\ _2noi
—(Oe + 1e + 2)e +...+(n)e
. 1 2 .\N
n 20i n\( _2e6i n\( _2e6i n\( 2e6i
_(0 (e )+ 1)(e )+(2)(e )+...+ n(e )
AN
= (1 + eze') Binomial Theorem “backwards”

(2cosO (cosO + isind )" using the part (i) result

2"cos" 0 (cos6 + isng)"
= 2"cos" 6 (cosnd +isinnd) by de Moivre's Theorem
. C = 2"cos" 6 cosny O
andS = 2"sin"@sinng
[ 7marks]



(i)
Sk 0 1 2 3
Moi=i o+i+i +i
K=0
=1+i-1-1i
=0
[ 1mark ]
(ii)
15 7 11 15
k k 0 k k k
= Y-+ Y+ D+ D
K=0 K=0 K=4 k=8 k=12
=0-1+0+0+0
- _1
[ 2marks]
(iii)
i 12 12,
ez =i .Y X = i
k=0 k=0
7 11
K k k 12
= Y i+ Y0+ Yi +i
K=0 k=4 k=8
2 [ 4m+3 .\ 15
= 2( i |+
m=0\ k=4m
2
= > (0)+1
m=0
=1
[ 2 marks]
(iv)
i 121 121
e 2 = —j }:.f = > (-i)
K=0 K=0
29 [ 4m+3
K 120 121
= ( Yoi |+ (=) + (i)
m=0\ k=4m
29
= Y (0)+1-i
m=0
=1-1i
[ 2marks]
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