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COMPLEX NUMBERS I

Lesson 1
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
1.1 Odd and Even Functions
Functions can be usefully classified as being one of three types,
e Odd e Even ¢ Neither odd nor even

The terminology comes from the fact tfi@k) = x" is an odd function ifiis
odd and an even functionnfis even.

Odd Functions
If a function f (x) has the property thdt(—x) = —f (X)
then that function is described as being “odd”.
Its graph has half-turn rotational symmetry about the origin.

Even Functions
If a function f (X) has the property thdt(—x) = f (X)
then that function is described as being “even”.
Its graph has mirror symmetry in thxis.

1.2 Example

The odd functionf (x) = X — x (like all odd functions) has a graph, shown red,
that has half-turn rotational symmetry about the origin.

The even functiorg(x) = |x2 - 1| — 1 (like all even functions) has a graph,
shown blue, that has mirror symmetry in jhaxis.



1.3 Odd and Even Proofs

Prove that (i) f(x) = x> — x is an odd function

(i) g = |x2 - 1| — 1 is an even function

Teaching Video http://www.NumberWonder.co.uk/v9099/1.mp4

[ 4 marks ]
1.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

Prove thatn(x) = L}:l is an odd function

[ 3 marks ]


http://www.NumberWonder.co.uk/v9099/1.mp4

Question 2

h(x) = V1I+x+x2 +V1-x+x2

Prove thath (x) is an even function

[ 4 marks ]

Question 3

(1) What feature of the graph d¢f(x) = sinx suggests that the sine function
is an odd function ?

[ 1mark]

(i) Prove thatf (x) = sinx is an odd function by making use of its
Maclaurin series

[ 4 marks ]



Question 4

2+ 1

X -1

The graph of/(x) suggests that it may be an even function

V(X) = X

Prove that/ (x) is indeed an even function

[ 4 marks ]

Question 5

(1+ )

= is an even function

Prove thats(x) =

[ 5 marks ]



Question 6
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Prove that_(x) is indeed an odd function

[ 5 marks ]



Question 7

It can be showhthat,

¢ the derivative of an odd function is an even function
¢ the derivative of an even function is an odd function

The graph ofk (x) = In( X+vV1+ x2 ) is given below and suggests that this
may be an odd function

(1) Show that the derivative df(x) is

1+ X2

[ 6 marks ]

(i) Hence prove thak (x) is indeed an odd function

[ 2 marks ]
T See Question 9



Question 8

2
p) = In(2x3 - x) XER,x;tO,x;ti,/%

The graph op(x) suggests that it may be an even function

Prove thap(x) is indeed an even function by,

(1) First showing that' (xX) is an odd function

[ 4 marks ]

(i) only algebra and no differentiation

[ 4 marks ]



Question 9
(1) Study the following proof,

e The derivative of an odd function is an even function

Suppose thaf (x) is an odd function in which cadg—x) = —f (X)

- f(x) = (%)
differentiate both sides
—f"(x) = f"(-x) x (=1) by the chain rule
-0 = - (=%
Thatis, ' (x) = f'(-%)

Which is saying the derivative 6f{which was an odd function)
Is an even function O

(i) Prove the following,

e The derivative of an even function is an odd function

[ 4 marks ]



Question 10
Given a functionf (x) give a reason why ( |x| ) is guaranteed to be an even

function but| f (x) | is not

[ 4 marks ]
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1.5 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
1.5.1 Solution to 1.3 Example (Teaching Video)

(i) f(x) = X - x
L HEX = (=00 - (%)
= X+ x
= - (¢ =x)
= —-f (X - f(x) is an odd function O
[ 2 marks ]
(ii) g = [¥-1[-1
g0 = =xf -1 -1
=[x -1]-1
= g(x) - g(x) is an even function O
[ 2 marks ]
1.5.2 Solution to 1.4 Exercise
Answer 1
) = 3xt + 1
W
= nex) = 3=x"+1
(=X)
3+
B X
= -n(
- n(x) is an odd function O
[ 3 marks ]
Answer 2

h(¥) = VI+x+x +vV1-x+x2

= hEX) =1+ =X+ (X2 +41 - (=% + (=x?2

=V1-x+x +V1+x+x2

=V1+x+x +V1-x+x2
= h(x

- h(x) is an even function O
[ 4 marks ]



Answer 3

(1) The graph off (x) = sinx has half-turn rotational symmetry about
the origin which is the hallmark of an odd function.

[1mark]
(i) f(X) = sinx
X x X
=X—-— 4+ — - — +
3 5! 7!
= f(—X) = sin(=x)
w3 N Y
S Gt A Al R
3 5! 7
x3 X2 x’
=X+ — - — + — —
3 5! 7!
x3 X2 x’
= —|{X-—=— 4+ =— - —
3 5! 7
= -
- f(X) is an odd function O
[ 4 marks ]

Answer 4
22X+ 1
2X -1
2%+ 1
= VEX = X =1
27X+ 1 2%
>x_1 X
y 1+ 2%
1- 2%
x2X+1
X -1
= V(X)

V(X) = X

- V(X) is an even function O
[ 4 marks ]



Answer 5

S(X)

= S(—X)

Il
CD><
+
N
+
@

X

s(X)

- S(X) is an even function O
[ 5 marks ]

Answer 6

0.5 + X
LX) = 'n( 05— x)
0.5+ (—x)
'n( 05 — (—x) )
05 - x
B In( 0.5 + X )
= In(05 - x) = In(0.5 + x)
= - (-=In(05 - x) + In(0.5 + x) )
= —(In(05+ x) — In(05 — x)
05 + x
B —In( 05 - x )
= -L(X

= L(=X

- L(x) is an odd function [
[ 5 marks ]



Answer 7

(i)

(i)

= K (=X

1
KX = (x+\/11+x2) X 1+%(1+x2)2x2x

1 X
B (x +V1+x2) 8 1+\/1+x2)

1 V14 x2 X
B (x +V1+x2) 8 V1+x2 " V1+x2
~ 1 X+ V14 x2
C (x+V1+x@) SNE
S V1eZ

[ 6 marks ]

B 1
Sl (=%2
3 1
= K(X)

.. kK (X) is an even function and do(x) is an odd function [

[ 2 marks ]



Answer 8
(i)
3 2
p(x) = In(2x - x)
= 2In(2x3—x)

p(x) = x (6x% - 1)

2
(2x3 - x)
2(6x - 1)
(2x3 - x)

2(6 (=x?% - 1)
(2(=%3- (%)
. 2(8x2-1)
C =D(2x3 + x)
~2(6x*-1)
(2x3 - x)
=-pPX
. P (X) is an odd function and sp(x) is an even function O

= p(=x =

[ 4 marks ]

(i) Kevin's solution (2nd November 2022),

3 2

p(x) = In(2x - x)
= In(4x6 —axt 4 x2)

= px = In( 4=%° - 4=x* + =%?)
= In(4x6 4t + X )
= pX

- p(x) is an even function O
[ 4 marks ]



Answer 9

(i)

e The derivative of an even function is an odd function

Suppose thaf (x) is an even function in which cagg—x) = f (x)

f) =f(=x
differentiate both sides
f"(x) = f'(-=x) x (—1) by the chain rule
f'(x) = =" (—%)
Which is saying the derivative 6fwhich was an even function)

is an odd function O
[ 4 marks ]

Answer 10
Let g(x) = | x| and letfg(x) be the functiorh (x)
By definition, | (=x) | = |x| or, in other wordsg(—x) = g(x)
s As g(=x = g(x
it follows that fg(—x) = fg(x)
or h(=x) = h(x)
which is the definition of an even function
but this is simply sayingt ( | (=x) | ) = f(|x])

So, f(|x|) isan even function

To show thaf f (x) | is not guaranteed to be an even function, simply find a

a counter-example where it is an odd function or a counter-example where it
is neither odd nor even.

[ 4 marks ]
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Lesson 2
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
2.1 Tales Of The Infinite

For realx, the exponential functione®, can be written as the series expansion,

€ =14+ X+ —F— +—— + — + .+ — + .. x e R
! ! ! r!

The utility of this function is enhanced by defining it to also apply whiera
complex number and exploring the consequences.

Of particular interest is how the series expansion can be manipulateckwhen
is the complex humbex,= i@ where# is a real number constant.

. M2 s 3 s 4 5 6
ee' =1+i0+<|0) +(I9) +(I0) +60) +69) + ...
2! 3 4 5| 6!
%2 %3 Yt i%ed %6
=1+ 00+ + + + + + ..
2! 3l 4 51 6!
i 0> i e* e 6°
SO T T T T e T e
6>  ¢* 6 _ 63  6°
ST R B LT

cosf +isng

Euler's Relation

e'e = cos@ +isn@

2.2 Exponential Form
The everyday use of Euler's Relation is in writing complex numbers that are in

e rectangular forrz = a + ib Also called Cartesian form

or e polarformz = r(cos® + isn®) Also called Trigonometric form
into the exponential form,

z:remwhere -1 <0< =n

Note :r = |z| and 6 = arg(2)



2.3 Examples
Plot the following on an Argand diagram, then express them in exponential form,

(i) —1-+3i (i) \/E(cos(%)—isin(i))

6

Teaching Video http://www.NumberWonder.co.uk/v9099/2a.mp4
http://www.NumberWonder.co.uk/v9099/2b.mp4

:'{..l' .-ﬁ. <=Partl Part 2 ==

[ 3, 3 marks ]


http://www.NumberWonder.co.uk/v9099/2a.mp4
http://www.NumberWonder.co.uk/v9099/2b.mp4

2.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 56
Question 1
Plot the following on an Argand diagram, then express them in exponential form,

() a = V2 (eosl ]+ isn )
(i) 2= %(COS(%)”%(%))
(i) zc=ﬁ(cos(%)_ign(%))

() 2 = 2fcos(Z] - isn(Z]




Question 2

Plot the following on an Argand diagram, then express them in exponential form,

(1)
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[3,3,3,3marks ]



Question 3

1i
eG

e et S e i e e e R R B e R e I R

Y\

Express the following in the formm + iy wherex, y e R and also plot

the points on an Argand diagram,

(1)

[3, 3, 3,3 marks ]



Question 4

Express the following in the polar form= r (cosf + isnf), -7 <0 <@
and plot the point on an Argand diagram,
i
(i) z=v3e?!
(i) z=¢"
17x
(i) z=v2e &'
. 3 _4xj
(iv) 2z = e

[3, 3, 3,3 marks ]



Question 5

. . . 1( _i
(1) Use Euler's Relation to show thah 6 = ﬁ(e'e - e '9)

[ 4 marks ]

(ii) Suggest a similar result famos® and demonstrate its validity, again
by using Euler's Relation

[ 4 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2022 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



2.5 Answers

Further A-Level Pure Mathematics, Core 2

Complex Numbers I
2.5.1 Solution to 2.3 Example (Teaching Video)

(i)

For the purple triangle witlt = —1 — /3 i

2 = Je 12+ (V3 ) tang = @

=v1+3 ¢ = arctan(V3)
JT
= 2 = —
¢ 3
Angle required for exponential form is- = + S —%
_21j
nz=2e 3

[ 3 marks ]

For the green triangle witk = ﬁ(cos( 6) —i sm( %))
As cos6 is an even functloncos(— —) cos(
As sin® is an odd functlonsn(— —) = —sin(

JU JU
< 2= V3 oosl- ) +isn[-
z =3 cos 5) isnl-5

. z=+36 8
[ 3 marks ]



2.5.2 Solution to 2.4 Exercise

Answer 1

(1)

(i)

(i )

(iv)

ZA=

ZA:

ZB:

ZB:

\/7(005(%) + isin(%)) -1+
V7 et!

%(cos(%n) + isin(%)) = —% + 3\/§i

—-0.75 + 1.30i

—-1.5 - 0.866i

[3, 3, 3,3 marks ]



Answer 2

. 6 8 .
(i) zA_€+€|

6\2 [ 8)2 8 6 4
=/|—= — tang = — + — = —
2] J(5)+(5) P55 "3
= £+ﬁ =2 ¢:arctan(i):0.927
25 25 3
0 = ¢ z—2e0'927'
3 1.
(i) zB_—E+E|
R e
- 2 2 2 2 3
:\/3+i:ﬂ ¢:arctan(i):0.321
4 4 2 3
0 =n—¢ =282 .-.z:—vzloez-sz'




3
3\2 4\2 4 4
2] \/( 3)+( 3) ane = 3 3
9 16 5
==+ — = = = arctan|—| = 0.927
9+ 9 3 [0 arcan( ) 0.9
0 =-n+¢=-221 ;= 2 g221

Answer 3

(1)

(ii) =0-2i
(iii) %_i,
(iv) —0.539 — 0.392i

[3,3,3,3marks ]



Answer 4
(i) ZA=\/§e%i=\/§e—%i
) \E(COS(_%) ¥ ‘S‘”(—%)) = 0-V3i

(i) 2= €' = cos()—isin(m) = —1 + Oi

(i) z=vZe #-yzed
- \/7(003(—%) + isin(—%)) — 1

[3,3,3, 3marks]



Answer 5

(i)
RHS — i( o -|9)
2
1 . .
= E((cose+|sm0)—(cos(—9)+|sm(—0)))
1 . .
= j(cos(9+|sm6 — (cosf —ising))
1, .
= —(2 0
2i( isne)
= Sné
= LHS O
[ 4 marks ]
(i)
cosf = %(ei‘9+e‘i9)
RHS = %(ei9+e’i9)
= %((cos@+isin0)+(cos(—0)+isin(—0)))
= %(cosé)+isin9 +(cosf —isng))
1
= —(2
2( cosf)
= cosé
= LHS O
[ 4 marks ]
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Lesson 3
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
3.1 Making Use of Exponential Form

Although it cannot be assumed that the laws of indices work in the same way
with complex numbers as they do with real numbers, one of the merits of writing
complex numbers in exponential form is the following key result,

The Multiply Divide Rule

If 22 = e andz = r,% then o 72 = r;r,e (91+62)

z r i(o-
1 _ M1 i(01-02)

[ ] _— =
V2 r

3.2 Example

If zz = rq et and L =1, 02 then, by means of Euler's Relation, and without

using the laws of indices, prove thé{l— = %ei(el‘@)
2 2
Proof
LHS = %
r ef1
i r, €02

r.(cos6; + isino,
r,(cos@, + isino,

using Euler's Relation

(cos, —ising,)
(cosf, — ising,)

X

~— | ~— ~—|~—

(
r,(cosf; + isino,
r,(cosf, + isiné,

ri y cosf,c0s0, — 1 cosf;9N6H, +1SNHO;C0SH, —1 SINO1SN 6O,

r c0s2 0, — i C0SO, SN0, + i SiN0,c0s0, — i25n26,

r « Ccosf,cosf, + SiNf,SNH, + i(sSNB,cos6, — cosSHSNH)
r cos? 6, + sin 6,

I 9 cos(6, — 6,) +isn(6, — 6,)
s 1

r i _
_1€|(01 02)
)

= RHS (]

using Euler's Relation

[ 4 marks ]



Teaching Video http://www.NumberWonder.co.uk/v9099/3.mp4

Erm il

_‘_,_:
I'..pg-

The video will talk through the proof on the previous page

3.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

If zz = rq ¢t and Z =1, 02 then, by means of Euler's Relation. and without

using the laws of indices, prove thatz, = ryr, e (01+02)

[ 5 marks ]


http://www.NumberWonder.co.uk/v9099/3.mp4

Question 2

If z = ¢ then, by means of Euler's Relation, and without using any laws of

. 1 _i
indices, prove that; =gl

[ 5 marks ]

Question 3
Use The Multiply Divide Rule to help calculate the following.

Give your simplified answers in the exponential fam ré? with -7 < 0 < x

(i) 2v3el x3y3 el

[ 4 marks ]

[ 4 marks ]

01 5[l ranf-35) ) x v ) ron( )

[ 4 marks ]



Question 4
Use the exponential form for a complex number to simplify,
(cos116 + isin116)(cos50 + i sin50)
Cos70 + isn70

[ 3 marks ]

Question 5
In

zandware suchthat = -9 + 3V3i, |w| = v/3 andarg(w) = 5

Express the following in the forme'® where—z < 0 < x

(i) z

(i) w
(i) zw
. z
(v) -

[3,3,3,3marks ]



Question 6

Given thatz = ﬁe%l write down, in exponential forrd' for n taking all integer
values between 1 and 8 inclusive. Convert each power in theXariry and plot
each of the resulting points on an Argand diagram.

There is no need to cancel down any fractions, or resttacthe range 1 <0< x

zn z"
n (exponential form) (Cartesian form)
r e\’ X+iy

What geometric interpretation can be attached to the complex nardber

[ 7 marks ]



Question 7
This question looks at a proof of Euler's Relation.
It begins by “pulling a rabbit out of a hat” in the form of defining this function;

cosf +isno

f0) = .
eIG

(1) Differentiate this function using the quotient rule and show that, for all
values of9, it is zero.

[ 4 marks ]

(i) If the derivative of a function is zero then the function must equal
a constant. To work out what that constant must be, put zero into
the original function. State the value of this constant.

[ 1 mark]

(i)  Explain how Euler's relation may now be deduced.

[1mark]
Note :
There is an assumption in this proof that the derivative of the exponential functior
of a complex number behaves as you would hope !
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3.4 Answers

Answer 1
Prove thatz; z, = rlrzei(91+02)
LHS = 712
01 162

i
=r,.e XTIy€

= r,(cosf; +isind,)ry(cosd, +isinob,)

2
= rlrz(coselcosé)z + icosf,S9nH, +1snHycosO, + i siné)lsinez)
= r,r,(cos0,cos6, — Sin@,SN0, + i(SiN6,cos0, + cosh,sinb,))
= ryrp(cos(6, + 6,) +isn(6, + 6,))

~ rir,d (01402)

= RHS O
[ 5 marks ]

Answer 2

1 _
Prove that; =e

LHS = —

1
cosf +isng

1 o cosfd —isno
cosf + isno cosf —isno

cosf® —isnd

cos?0 — icosOSind + isindcosd — i%sin20

cosf —isno
cos2 0 + sin2 0
= cos@ —isn@

= cos (—60) +isn (—0)

[ 5 marks ]



Answer 3

Zi Zi 37,21 5z
(i) 2v3et x3vaed = 18d TFF) 2 1ge!
[ 4 marks ]
| |
(ii) V8e — (F+3)] — ZG%I — 2@%'
\/?e_%I
[ 4 marks ]
(iii ) \/@(COS(—E)Jr|S|n(—E))xﬁ(cos(?)ﬁsm(?))
= V6 xV3eiz'e?! = 3v2 et
[ 4 marks ]
Answer 4
(cos119 + isin119 )(cos50 +isin50) 1
cos76 + isin76 B 7O
_ i
= c0s99 + isn99
[ 3 marks ]
Answer 5
(i) z=-9+3V3i
2] = J-92 + (3V3 ) tang = 28
= V8l +27 =63 ¢ = arctan(g) = %
.y
0 =n—¢ ..z=6V366
[ 3 marks ]
o
(i) w=+3et?
[ 3 marks ]
.y o e ey
(i) 2z2w=6vV3eb' xy3elZ' = 18¢12' = 18¢ 12
[ 3 marks ]
.y
. z 6vV3eb i
(v) — =——— =6e"

[ 3 marks ]



Answer 6

zn z
n (exponential form) (Cartesian form)
r e’ X+iy
1 VZ e 1+ i
pn
2 26" 0+ 2i
3 2VZ et —2+ 2]
4 :
4 4e 4 -4 + 0i
5 4NZ g4 —4— 4]
6 .
6 8e 4 0-8i
P
7 8\VZ e 8 — 8i
8rj :
8 16e 4 16 + 0i

o
Each successive multiplication f{2 e4 'is rotating the point by% radians

and increasing its distance from the origin by a length scale facto? of

[ 7 marks ]



Answer 7

(i)
£(0) = cose+.|sm6
olf
io . , T .
£(0) = e (—sm0+|cose)—|2e (cosé +isndb)
()
o, , . 2 .
€7 (=9nf +1cosf —1cosf —1 sSno)
= —
()
3 eie(—sin0+icose—icos<9+ sné)
= —
()
) eie 0)
= ——
(&)
=0
[ 4 marks ]
(i)
£(0) = cos (0) +.|sm(0)
(0
_1+0
1
=1
[ 1mark]
(i)
f(x) =1
cosf +ising 1
olf
- €” = cos6 +ising O
[1mark]
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Lesson 4
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
4.1 The Merge of Trigonometry and Complex Numbers
Euler's Relation is important because it firmly links together the subjects of
trigonometry and complex numbers in a fundamental way. This merging of two

topics, each important in their own right, is further strengthened by a formula
found by Abraham de Moivre in 1707,

De Moivre's Theorem
For any positive integen,

(r(cos6 +ising))" = r"(cos(ng) + i Sn(ng))

The formula will also work with negative integers although not, as it stands,
with fractional values af. Here it will be proven for positive integers.

Proof (by induction)
Basis step :

1
Forn=1 LHS = (r(cos@ +isnd)) =r(cosé +ising)

RHS = r!(cos(16) + isin(10)) = r(cos® +ising)
As LHS = RHS, de Moivre's theorem is true for= 1
Assumption step :

Assume that de Moivre's theorem is true foe k, k € Z " in which case,

k
(r(cosd +isng)) = r(cos(ks) + i sin(ke))
Inductive step :
Whenn = k + 1, the LHS of the theorem becomes,

k+1
(r(cosé +ising)) ’

(r(cos6 + isin@))k(r(cose +i sin(?))1

rK(cos(kg) + i sin(kd))r (cosd +ising)

= r**1(cos (ko) cos® — sin(kd) sin@ + i(sin(kd) cos® + cos(kd)sine )
= r**1(cos(ko + ) + isin(ko + 6))
KL (cos((k + 1)0) + isin((k + 1)6))

which is the RHS of the theorem with= k + 1
Conclusion step:
Thus, if the theorem is true far = k, then it is true fom = k + 1
As the theorem is true fon = 1, it is true for all positive integers, by inductiofl



Teaching Video http://www.NumberWonder.co.uk/v9099/4.mp4

The video talks through the proof of de Moivre's theorem on the previous page

Abraham de Moivre

(1667-1754)
A French mathematician known for de Moivre's theorem, a formula that links complex

numbers and trigonometry, and for his statistics work with the normal distribution.
He wrote a book on probability theory, “The Doctrine of Chances”, much prized by gamblers.
He moved to England to escape religious persecution, there becoming

a friend of Isaac Newton, Edmond Halley and James Sterling.
He was the first to postulate the Central Limit Theorem, a cornerstone of probability theory.


http://www.NumberWonder.co.uk/v9099/4.mp4

4.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

= 2(en{) i3]

Find the exact value (zfs, giving your answer in the form + i b wherea, b € R

[ 3 marks ]

Question 2

e afeal3) 100 (3]

Find the exact value mﬁ4, giving your answer in the form + i b wherea, b € R

[ 3 marks ]

Question 3

o3 v [3)

Find the exact value @P, giving your answer in the form + i b wherea, b € R

[ 3 marks ]



Question 4
z=-2+(2V3)i
(1) Express in the polar fornr (cosé + isin®) wherer andd have
values that you have determined.

[ 3 marks ]

Using de Moivre's theorem,

(i) show thatZ® is a real number, and state its numerical value

[ 2 marks ]

Question 5

5
Express(3 + V3i) inthe forma + b+/3 i wherea andb are integers

[ 4 marks ]



Question 6
De Moivre's theorem can be used to establish to following useful result,

Exponential Form, Powered

N .
(rele) _ (ndne

Prove this result without using any laws of indices, but using de Moivre's theorern

[ 4 marks ]

Question 7

Using de Moivre's theorem or any of the laws of indices previously proven,
6

(cos(FF) + i sin(-FF)

o) -y~ e

prove that

[ 6 marks ]



Question 8

+V3i

: 1 . '
(1) Express — in the formr e'e, wherer > 0 and—-n7 < 60 < &

1-+3i

[ 4 marks ]

(i) Hence find the smallest positive integer valua @r which

1+\/§i)n
1-+V3i

Is real and positive

[ 3 marks ]



Question 9
Determine, in as simple a form as possible, the value of
18(1 — i)%°
(1+i)¥

[ 5 marks ]
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4.3 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbers I

Answer 1
= 2 eal3) ()
L 2= (\/7)5(005( ) + |sm(%))
- v (e ) 100( 2
= —2v6 +2V2i
[ 3 marks ]
Answer 2
w = 2(005(%) + |sm(%))
wh = 24(cos(%) + isin(%))4
= 16(cos(4?ﬂ) + isin(%r)
= 16( cos(— %) + isin(— %)) can skip this step
= 16( cos(%) — isin(%) ) can skip this step
= -8 -8+3i
[ 3 marks ]
Answer 3

+ 1 sin(— %) ) being pedantic !

[ 3 marks ]



Answer 4

(1)
z=-2+(2v3)i
=22+ (2B tanp = Y2
= V4 + 12 ¢ = arctan(/3)
JT
=4 ¢:?
Angle required for polar form iz — % = %
21 N % 1
..z:4(cos(?)+|sm(7))
[ 3 marks ]
(i)
6 _ 46 2w\ .. [2m)\6
z —4(003(3)+|S|n( 3))
= 4096( cos(4r ) + isin(4r))
= 4096
[ 2 marks ]
Answer 5
Letz = 3+ V3
z| =\/(3)2+(\/§)2 tang = %
=v9+3 ¢ = arctan(g)
:2\/§ ¢:%

Angle required for polar form is unchang{%d
203 ({3 1o

# - 203 onlz) 1 3)]

32 x 9V3 (cos( ) + |sn(%))

288\/3( cos(%) +1 sm(%))

—432 + 1443 i

[ 4 marks ]



Answer 6

"(cos® +ising)"

"(cos(nb) + isin(ng))

Il Il
= = =

rI’1e|r19

RHS O
[ 4 marks ]

[ 6 marks ]



Answer 8

(1)
1++3i 1443 14431
1-v3i 1-v3i 1+v3i

1+v3i+v3i+3i2
1+vV3i-v3i-a3i’

=2+ 2V3i
- 4
1, V3
=-—=+
2 2
Rl :
R s
1 3
=77 ¢ = arctan(+/3)
JT
:1 = —
? 3
, . 2n
Angle required for polar formis — ¢ = Y
1++/3 2|
i L I
1-+V3i

[ 4 marks ]
(i)
1+ V3 )n _ (e%i)n

1-+V3i
20
= e3
= cos(—zm) + isin(—zm)
- 3 3

o .. [2n
For a real positive solutlonsm(Tﬂ) =0

2nr

=0, n, 27, 37, ..
3 JT JT
2nt = 0, 37, 67, 97, ...
3 9
n=0 — 3 —, ..
2 2
. Smallest positive integer value ofs 3 as in that case

1++/3i

3
LT ) = cos(27) + isn(27) = 1

[ 3 marks ]



Answer 9

1139
18(1 — i)%° (ﬁe‘?)
(1+1)22 18 x !
(\/?e“ )
18 1\ sy 4
= X | — X e X e
V2
_80r
=0Oxe 4
:9e—2oni
_9e0
=9

[ 5 marks ]
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Lesson 5
Further A-Level Pure Mathematics, Core 2
Complex Numbers Il
5.1 Trigonometric ldentities, Type 1
Thanks to Euler's Relation and de Moivre's theorem, the world of complex
numbers is a natural setting in which to generate trigopnometric identities.
One fruitful approach is to consider an expression of the foo®0 + i sin6 )"

for some integer value af. By then expanding the brackets in two different
ways, and setting the resulting expressions equal to each other, many usefL
trigonometric identities are obtained.

5.2 Example

By expanding the brackets qfcosd + isné )2 in two different ways, derive
two well known trigonometric identities.

Teaching Video http://NumberWonder.co.uk/v9099/5.mp4

DFyC

[ 6 marks ]


http://NumberWonder.co.uk/v9099/5.mp4

5.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

By expanding the brackets afcosé + isin6 )3 in two different ways, derive

the following two well known trigonometric identities, frequently obtained “the
long way” in the single A-Level examination papers,

cos30 = 400539 — 3cos® and sSn3@ = 3sn6 — 4sin30

[ 6 marks ]



Question 2
By means of the substitution = cosé, and making use of the trigonometric identit

cos30 = 4cosc 6 — 3cos#, to find allthree solutions to the equation,

8x2—6x—1=0
Give your answers to 3 decimal places

[ 5 marks ]

Question 3
This question is about finding all the solution to the equation

cos50 + 5cos30 = 0 06 <nm
You are given thatos50 = 16c0s°0 — 20c0s° 0 + 5C0s6

and also thatos39 = 4cos> 9 — 3coso
Give your answers to 3 decimal places

[ 6 marks ]



Question 4
Further A-Level Examination Question from June 2014, FP2(R), Q7 (Edexcel)
(a) Use de Moivre's theorem to show that,

sn50 = 16sin°6 — 20sn%0 + 5sin6

[ 5 marks ]



(b) Hence find the five distinct solutions of the equation
16x5—20x3+5x+% =0

giving your answers to 3 decimal places where necessary.

[ 5 marks ]
(c) Use the identity given in (a) to find
j§(4gn59 _ 5sn%6) do

expressing your answer in the foran/2 + bwherea andb are
rational numbers.

[ 4 marks ]



Question 5
(1) Use de Moivre's theorem to show that

sin49 = 4cosgesin0 — 4cosf sin30

[ 4 marks ]

(ii) Hence, or otherwise, show that,

4tand — 4tando

tan40 =
1 - 6tan’ 6 + tar*o

[ 4 marks ]



(iit)  Use your answer to part (b) to find, to 2 decimal places, the four solution:
of the equation,

x4+4x3—6x2—4x+1=0

[ 5 marks ]



Question 6
Further A-Level Examination Question from June 2018, FP2, Q7(a) (Edexcel)
Use de Moivre's theorem to show that

cos760 = 6400579 — 11200359 + 5600530 — 7coso

[ 6 marks ]
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5.4 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
5.4.1 Solutions to 5.2 Example (Teaching Video)

2
(cos® +isn®) = cos(20) +isin(20) by de Moivre's theorem

2 0
(cos® +isnd) =1 x (cosh)’ x (isng) by the Binomial theorem

1
2 x (cosf)! x (isno)

+

2
1 x (cos8)° x (isng)

+

= cos?0 +i2cosfsng — sin® 0
Equating the two expansions gives,
cos(20) + isin(20) = cos?H +i2cosOsné — sin’ @

Matching the real part on the LHS with the real part on the RHS vyields,
cos(20) = co? 6 — sin’ 9

Matching the imaginary part on the LHS with the imaginary part on the RHS yield
sin(20) = 2sin6 cosH

[ 6 marks ]



5.4.2 Solution to 5.3 Exercise

Answer 1
(cos® + isno )3 = cos(30) + i sin(39) by de Moivre's theorem
(coso + isin0)3 = 1 x (cos6) x (i sine)O by the Binomial theorem
+ 3 x (cosh ) x (isin¢9)1
+ 3 x (cosh)t x (isin9)2
)3

+1x (cos0) x (isng
= cos36 + i3coszesin6 - 300808in20 — sin30

= cos’0 — 3cosOsn’ O + i(3003293in0 — sin39)

Equating the two expansions gives,

cos(30) + isin(30) = cos’ @ — 3cosOsin®d +i(3cofHsing — sn°0)

Matching the real part on the LHS with the real part on the RHS yields,
cos(39) = cos®@ — 3cosh sin® @

cos> 0 — 3c0sé (1 - cosze)

00330 — 3cosO + 300530

4cos39 — 3co0s6 O

Matching the imaginary part on the LHS with the imaginary part on the RHS yield
sn(39) = 3co?9sind — sn°H

3(1 — sin29)5in0 — §ne

3sné - 3sin20 - sin3(9

3sin0 — 4sin 0 0

[ 6 marks ]



Answer 2
8x°—6x—-1=0
let x = cosO to obtain,

800530 —6¢c0sfd —1=0

2(400336 — 30030) =1
400539 — 3c0s0 = %
1
cos39 = —
2
39 L, > It
3 3 3
g - L > It
9 9 9
X = 0.940 -0.174 —0.766

[ 5 marks ]

Answer 3
cos59 + 5cos30 =

(1600556 — 20c0s> 6 + 50056) + 5(400539 - 30050)

Il
o O o o o

1600556 - 20cos30 + 5c0s60 + 20c0530 — 15cos6

1600350 — 10cosé@

20050(800540 - 5) =

Either cos9 = 0 = 0 = % = 1571

Or cosf® = + 1% % = 0 = 0475 2.666

Thatis,0 e {0.475 1571 2.666}
[ 6 marks ]



Answer 4

(a)

5
(cos6 +isng) = cos(50) + i sin(59) by de Moivre's theorem

5
(cos® +isn6) = 1x (cosh)° x

0
ising) by the Binomial theorem
)

(
+ 5x (cos0) x (isne
+10 x (cos)® x (isin@)2
+ 10 x (cosf)? x (isiné?)3
( 4

+ 5x (cos0) x (isno)

. 5
+ 1x (cosf) x (isng)
— c0s°0 + i5c08"0sng — 1Oc05395in20

- ilOcoszesin30 + 500505in49 + i sin50

Equating the two expansions gives,
cos(50) + isin(50) = cos° @ — 10cos>#sin® 6 + 5cosd sin* o

+ i(5cos405in6 ~ 10cos? O sin° 0 + sin56)

Matching the imaginary part on the LHS with the imaginary part on the RHS yield
sn(50) = 5cos*@sing — 10cos?HsinSH + sn° @

2
5(1—-sn®0) sing — 10(1 — sin®9)sin>0 + sin°H

5(1 ~2s8n%6 + sin40)sin6 ~ 10sin°6 + 10sn°0 + sn°0

5sné - 1Osin30 + 53in56 - 1Osin36 + 1Osin50 + sin50

5sné - 205in30 + 16sin56

16sin50— 205in36+55in6 O

[ 5 marks ]



(b)
16x5—20x3+5x+% -0
let x = sinO to obtain,

16sin50 - 203in30 + 58n6 + i =0

2
. 1
sn59 + — =0
2
. 1 :
sin50 == (OK to do the next part in degrees
JT JT JT JT JT
= -2 — —, - —_, - —, 21 — —
56 7T 6,ﬂ+6, 6,n+6,ﬂ 5
sg . ¥ S m v 1lm
6’ 6’ 6 6 6
0__1371 _ﬁ n  ITn 1lx

30" 30° 30" 30 30
X = —0.978 — 0.5, —0.105 0.669 0.914

[ 5 marks ]
(c)
x . 5 . 3 _ 1 Y e
_[0(4sn0 5sn°0) do = 4fo(sm50 5sin6 ) do
1T T
:Z—COSSQ +50050]
B 0
1[ V2 5\/?} 1[ 1 }
= — + - —|-—=+5
4L 10 2 4 5
_Af2evZ ] if2e]
4Ll 10 4L 5
_ 13v2 6
20 5

[ 4 marks ]



Answer 5
(i)

4
(cos® +isin®) = cos(40) + i sin(40) by de Moivre's theorem

.. 4 . .
(cos® +isnd) = 1x (cosd ) x by the Binomial theorem

+ 4 x (cosh) x

( )
( )
+6x (cosh) x (isng)
+ 4 x (cosf)t x ( )
)

1x (cos®)’ x (ising

+

= cos' O + i4<:0330 sné — 6c05205in29

- i4cos¢9$in30 + sin*e

Equating the two expansions gives,
cos(46) + isin(40)

= cos46 + i4cos3esin0 - 6COSZQSin2¢9 — 4cosesin30 + sin46

Matching the imaginary part on the LHS with the imaginary part on the RHS yield

sin(46) = 4cos’9sin@ — 4cosdsn>o O
[ 4 marks ]

(i)
Matching the real part on the LHS with the real part on the RHS yields,

cos(46) = cos’ 0 — 6co O sn’ 0 + sn* o

LHS = tan46
_sSn4o
~ cos40
B 4cos20sin® — 4cosOsin3o 00%49
T 0?0 — 6coPO S0 + s . L1
costo

4tan@ — 4tand @
1 - 6tanf o + tan*o

= RHS O

[ 4 marks ]



(i)
X'+ a3 -6 —4ax+1=0
Let x = tané@ in which case,
tan'o + 4tan>0 — 6tan’@ — 4tand + 1 = 0

4tanf — 4tan36

tan40 - 6tan20 +1

4tan@ — 4tand 6

=1
1 - 6tant o + tar*o
tan40 = 1
40 - i, 57'[’ 971’ 1371’
4 4 4 4
0 = T 5t 9% 13x

16> 16° 16° 16
X = 0.20, 1.50, - 5.03 —0.67
[ 5 marks ]



Answer 6

. 7
(cos® +isng) =

7
(cos® +isng)

+

+

+ 35 x (cose)3><

+

+

+

+

1 x (cosf) x (

7 x (cos0)® x (

21 x (cosf)° x (

+35x (cos)* x (isn
(

21 x (cosf)? x (

7 x (cos0)! x (

)
1 x (cosf)° x (isiné))7

cos(76) + i sin(76)

isng)

ising)

N

isin

)
~

)
N—"

isng)
5
isng)

isno

Equating the two expansions gives,

cos(76) + isin(70)

by de Moivre's theorem

by the Binomial theorem

cos76 + i7cos6esin0 - 21cossesin20 — 35cos49 sin39

35cos36)sin40 + i21coszesin59 - 7cos€)sin60 — sin70

= cos’ 0 + i7c03605in0 - 21c03505in20 — 35003403in36

+ 35c05365in46 + i21coszesin50 — 7cosf sin69 — sin79

Matching the real part on the LHS with the real part on the RHS vyields,

cos(76)

cos’ 6 — Zlcos5esin20 + 350033esin40 — 7co0s6 sin60

64cos70 — 11200550 + 5600536 — 7cosé

cos’ — 2100550(1 - 00520) + 35cos30(1 - c0520)2 - 70050(1 - 00520)3
cos’ 6 — 21cos 9 + 21cos’ O + 350033(9( 1-2cos 6 + cos40)

— 7cose(1 — 3c0s? 0 + 3coste - cosGH)
cos' @ — 21cos’ 6 + 21cos’ @ + 35c0s° @ — 70cos’ O + 35c0s’ 6

— 7cosfO + 21c053¢9 - 21c0556 + 7cos76

[ 6 marks ]
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Lesson 6
Further A-Level Pure Mathematics, Core 2
Complex Numbers I

6.1 Trigonometric Identities, Type 2

Previously, identities were derived where a trigonometric function was applied
to a multiple of the angl® and it was equated to an expression containing
powers of trigonometric functions &

For example,

cos76 = 64cos’ @ — 112c08° 0 + 56c0s°0 — 7cosé (Type 1)

This can be done the other way around, by which is meant a power of a trigonon
function in@ is equated to a power free expression of trigopnometric functions of
multiples of the anglé.

For example,

1
coste = 5(00540 + 4cos20 + 3) (Type 2)

6.2 A Pair of Essentials
In finding such Type 2 identities the following pair of results is invaluable,

The Type 2 Key

1 1 .
. i“+?_2cos(n0) . z”—?_msm(ne)
Proof
LHS = '+ =
z
=2'+Zz"

(cos® +isind)" + (cos® +ising) "

cos(nd) + isin(nd) + cos(-no ) +isin(-nd) by de Moivre's theorem

= cos(nf) + isin(nd) + cos(nd) — i sin(nv) even and odd functions
= 2cos(nb)
= RHS O

A proof of the other result is very similar and is left as an exercise for the reader.



6.3 Example
Use the appropriate Type 2 Key result to prove that,

costo = %(00549 + 4c0s20 + 3)

Teaching Video http://www.NumberWonder.co.uk/v9099/6.mp4

Oks3i0

TR
it

[ 4 marks ]


http://www.NumberWonder.co.uk/v9099/6.mp4

6.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable

Marks Available : 50
Question 1
2
: : . 1 1
The binomial theorem gives th#tz + 7) = (22 + ?) + 2

(1) Make use of the “The Type 2 Key” to obtain a useful formuladsf 6

[ 2 marks ]

(i) Hence determine the exact value ﬁo? cos® 6 do

[ 2 marks ]
112
(iii)  Ina similar manner, consid@ -5 ) and use “The Type 2 Key”

T
to determine the exact value q?;’ sin2 60 do

[ 3 marks ]



Question 2
13
(1) Beginning with an expression f(()rz — 7) find the constantgandq

in the identity sSng = psin30 + qsind

[ 4 marks ]

(i) Provesin(% — 0) = cos6 andsin(% - 3(9) = —C0s30

[ 2 marks ]

(iir)  Combine your part (i) and (ii) results to find the constartsds

in the identity00530 = r cos30 + scosf

[ 2 marks ]



Question 3
143
(1) Express( 7+ ?) in terms ofcos66 and cos 260

[ 3 marks ]

(i) Hence find constantsandb such thatcos> 20 = acos60 + bcos26

[ 3 marks ]

(i)  Hence show thatJf cos’20 do = k3 wherek is a rational constant

[ 4 marks ]



Question 4
Further A-Level Examination Question from June 2016, FP2, Q5 (Edexcel)
(a) Use de Moivre's theorem to show that

sin5¢9 = asnb9 + bsn30 + csno
wherea, b andc are constants to be found

[ 5 marks ]

53

(b)  Hence show thatF SnP0dy = ——
0 480

[ 5 marks ]



Question 5
Further A-Level Examination Question from June 2007, FP3, Q4(b)(c) (Edexcel)

(1) Expre5532c0560 in the formpcos66 + qcos46 + r cos20 + s
wherep, g, r ands are integers

[ 5 marks ]

(i) Hence find the exact value o_fj co® 9 do

[ 4 marks ]



Question 6

Further A-Level Examination Question from June 2006, FP2, Q2(a)(ii) (MEI)
14 12

By considering( z - < ) (z + ?) find A, B, C andD such that

sin49 cosze = Acos66 + Bcos40 + Ccos26¢ + D

[ 6 marks ]
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6.5 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
6.5.1 Solution to 6.3 Example (Teaching Video)

1
coste = 5(00349 + 4c0s20 + 3)

4
Apply the binomial theorem tc( Z+ %)

[0 2] - i 3
vaxx (3]
roxZx (L]
raxdx (L)
vt (3

e g a2 o ald) (3

(2cos0)’ = (74 L)+ a(Z+ L) 6

16cos46 = 2c0s40 + 8cos26 + 6

800540 = c0s40 + 4cos20 + 3

1
costo = 5(00540 +4cos20 +3) O
[ 4 marks ]



6.5.2 Solutions to 6.4 Exercise

Answer 1

1 2

zZ+ —
z

(1)

2+ 37)

(2cosf )
4005”0

cos? 0

(i) jfcoszede

1 2

7 — —
z

z- )

(2ising)?

(i)

—4sin29

= (22+ iz)+ 2
Z

2Cc0s20 + 2

2c0s20 + 2

1 1
— C0S20 + —
2 2

[ 2 marks ]
1 %
_EJ‘O cos20 + 1do
~ 1[1. r
=5 25m29+(9
0
50+ 5 -0-0]
=—|0+—-0-0
2 2
_ T
4
[ 2 marks ]
1
= 22+—)—2
( 22
= 2C0S20 — 2
= 2C0s20 — 2
1
= — — — cos260
2 2
fl—coszede
_ 13
(9——sm2<9}
0
7T 1 V3 }
— — —x——-0+0
6 2 2
_ V3
8
- 3V3
24

[ 3 marks ]



Answer 2

(i)
3
1 3 3 1
z-—| =72 -324+ — - —
( z) z 2
- ) -3(z- 5]
( 73 z
(2isng)’ = 21s§n30 - 3x A sno
—8isin°f = 2isin30 — @ sno
sin30:—isin30+isin0
4 4

Thatis,p = —% andq = %

[ 4 marks ]
(i)
. JT
LHS = sm(— — 0)
2
= sin(i)cose - cos(i)sin()
2 2
= Ccos6@
= RHS O
LHS = sin(% - 39)
= sin(ﬂ)cos?ﬁ - cos(ﬂ)sin?ﬁ
2 2
= —cos 30
= RHS O
[ 2 marks ]
(i) Substitute in(% - 9) in place o in
sin30 = —isin30 + isin@
4 4
to get sins(% - 9) = —%sin (% _ 39) n %gn(% + 9)

. cos3 0

i cos 30 + i cos o
4 4

ier—iands—E
T4 4

[ 2 marks ]



Answer 3

(i)
(22+i)3—z6+322+i+i
2 ) 72 pu
6 1 1
=(z +?)+3(22+?)
= 2Cc0S60 + 6cos26
[ 3 marks ]
(i)
.. (2cos260 )3 = 2C0sS66 + 6cos20
cos3 20 = i Cos60 + i Cos 20
4 4
i.e.a:iandb:i
4 4
[ 3 marks ]
(iit)
Fcos320 do = i F cos60 + 3cos20 do
0 4 70
1[1 _ 3 ]%
= —| — — 2
2 65m69+ 2sm 0
0
1 3 V3
—ﬂXO‘FEXT—O—O
_3V3
16
) 3 .
ie. k = 16 (A rational constant) O
[ 4 marks ]
Answer 4
(a)
5
1 5 10 5 1
=) =2-52+410z- — + = - =
(Z z) oz z +z3 2
. 5 1 1 1
219n6 :(25——)—(23——)+10(z——)
( ) yad 2 z

32isin°9 = 21sin50 — 10 sin30 + 20 sind

1 . 5 . 5 .
5 —9n59 — —9n30 + —sné@

T, 16 8
1 5 5
.. . = -_— b:—_ d = —
l.e. a 16, 16 anac 3

[ 5 marks ]



(b)

3T . 5 5 1 . 5 . 5 .
sn"0do = —s8n59 — —9n30 + —sSnodo
-[o -[0 16 16 8

! 5 5 K]
= |- —— CcOoS + — Ccos3¢ — — cos ]
L 80 >0 48 0 8 0

o

L 480 15 32
93
480
[ 5 marks ]
Answer 5
(i)
6
1 ) 15 6 1
Z+ — :z +6z +1522+20+
( z TATE
(20036)6=(26+i)+6(z4 1)+15(22 )+20
2 z
6400560 = 2C0S60 + 12cos46 + 30cos26 + 20
32cos68 = C0S60 + 6cos46 + 15cos26 + 10
ie.p=19g=6r =15ands = 10
[ 5 marks ]

(i)
T 6 1 (3
Io cos 0de = = Jo Ccos60 + 6cos49 + 15cos20 + 10dé

T
3

= i[isinGG + %sin40 + %sinze + 100}

32L 6
0
1 3V3 15v3 107
—1 0 - + + -0
32 4 4 3
_ 3\/_ 5
- 32 48

[ 4 marks ]



Answer 6

-2 f(ee 2 -

N

e
(24 %) (24 2))

2

2o 5] ol F)fee 2o 2

[2-
[2-
- ([z- z)(zz-
|
|
|

6 1 (4 1) 1
P42+ — 2P+ P+ o+ |+ P2+ =
pad 7z 7 2
6 1 4 2 2 1
=Py —+2-2F- 5 _272- 5 172 +2+ =
e pad 2 s
6 1 4 2 1
=Py ——2F -5 -5 +4
Vs va v

(2isin6))4 (2005«9)2 = 2C0S60 — 2 x 2cos40 — 2cos20 + 4
64sn*0 cos’ 9 = 2cos60 — 4cosdd — 2cos20 + 4

.4 1 1 1 1
n = — - — 40 — — 20 + —
s 000520 2 cos 66 16 cos 46 2 cos 26 16
1 1 1 1
atis, 32 160 © T 3 2 16

[ 6 marks ]
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Lesson 7
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
7.1 Complex Number Polygons
The focus of this lesson is upon solving equations of the Bt w where
zandw are complex numbers ands a positive integer.

The Fundamental Theorem of Algebra states that over the complex numbers ¢
polynomial of degre@ will have n roots. For any given andw the task is to
then find alln roots.

When the equatiorz8 = 256 is solved over the real numbers, two answers are

are obtained,z = = 2, because they are the only two real numbers that make the
equation true.

Over the complex numbers, however, the same equation has these eight roots;

ze{x2,+2i,x(V2 +V2i),x(V2 -V2i) }

On an Argand diagram this collection of roots lie at the vertices of a regular
octagon with its centre at the origin.

*********************************

777777777777777777777777777777777

Im, z,

) Z6

Thus there is thus a natural relationship between the roots of equations of the for

Z' = w and a regulan-gon. The radius of the circle that circumscribesrtig®n
and the angle by which ttmegon is rotated about the origin depend upon



7.2 Root Finding

Complex Roots Theorem
For a positive integat, w = r (cosé + i sinf) has exactly distinct

n™ roots given by
7 = 3 (COS(G +n2.7'[k) N isin( 0 +n2.7'[k ))
wherek =0, 1, 2,3 .., n-1

On an Argand diagram the roots lie at the vertices of a regiglan with its
centre at the origin.

Example

To solve the equatiora8 = 256 with the answers in Cartesian form...

Begin by observing that = 256, 8 = 0 and sow = 256 is better expressed in

trigonometric form asv = 256( cosO + i sin0)
From the Complex Roots Theorem, the roots will be given by,

4:%256(COS(O+TM)+i9n(Lﬁ())
= 2(cos(”—k)+ isin(”—k)) fork =0, 1, 2 ., n—1
4 4
For k=0:2 = 2(cosO +isn0) =2
For k=1:27 = 2(cos(7)+|sm(%)) = V2 +V2i
For k=2:2 = 2(005(%)+isin(%)) = 2i
For k =3: 2z = 2(cos(%)+isin(%)) = -2 +V2i
For k =4:2 =2(cos(x)+isin(n)) = -2
For k=5:@zz(cos(%)+isin(%)):—\/_—\/7i
For k=6 : 7z = 2(cos(£)+isin(ﬁ)):—2i
2 2
T T .
For k:7:27:2(COS(T)+|sm(T))=\/_—\/7|

These are the roots shown on the diagram on the previous page



7.3 A Special Case
Considerable importance is attached to the special case of solving the equation
Z' = w whenw = 1. The resulting roots are termed tiferoots of unity.

Geometrically, on an Argand diagram the roots will be equally spaced around
a unit circle, with one root always at+ Oi

The n" Roots of Unity

Then" roots of unity are the roots of the equatidh= 1

If those roots are denoted as w, wz, w”_lthen those roots sum to zero

1+w+w2+...+wn_1=0

Proof #1
Then'™ roots of unity are the solutions to the equatifin- 1 = 0.

In this equation the coefficient dtis 1 and the coefficient o~ Lis zero.

The sum of the roots of a polynomial is given by the coefficiediot O

Proof #2
Geometrically, the" roots of unity are equally spaced vectors around a unit
circle and so their sum is the centre of the circle whiadb s O O

Example

. 1
The cube roots of unity arg, - > +




7.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

. . 27. : : ,
(1) Solve the equatlorz3 = EI presenting the exact answers in Cartesian fol

[ 6 marks ]

(i) Plot the part (i) answers on an Argand diagram. By considering them the
vertices of an equilateral triangle, determine the exact area of the triangle

[ 5 marks ]



Question 2
Further A-Level Examination Question from June 2009, FP2, Q2 (Edexcel)
Solve the equation

2= 4v2 - 4V2i

giving your answers in the form(cosé + isin®),where—7 < 0 < &

[ 6 marks ]



Question 3
Further A-Level Examination Question from June 2017, FP2, Q3 (Edexcel)
Solve the equation,

2+32+323V3 =0

giving your answers in the forme'’ wherer > 0 and -7 < 0 < x

[ 6 marks ]



Question 4
(1) Find the five roots of the equatiaﬁ -1=0

Give your answers in the form(cosf® + isnf) where—-7n < 6 < x

[ 6 marks ]
(i) Hence, or otherwise, show that,

) =l = -
cos|—| + cos|—| = ——
5 5 2

[ 3 marks ]



Question 5
(1) Find the three roots of the equation + 1 )3 =-1

Give your answers in the form + iy, wherex, y € R

[ 6 marks ]

(ii) Plot the points representing these three roots on an Argand diagram.

[ 2 marks ]

(iir)  Given that these three points lie on a circle, state its centre and radius

[ 1mark]



Question 6
Further A-Level Examination Question from June 2016, FP2, Q3 (Edexcel)

(a)  Find the four roots of the equatia} = 8(v/3 + i) in the formz = re'?

[ 5 marks ]

(b)  Show these roots on an Argand diagram

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

[ 2 marks ]
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7.5 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbers I

Answer 1
27
i 2=
(i) 5
. . 27 27 . .
Begin by observing that = e 0 = % SOwW = ?I is better expressed,as

e g (oo 3] ion( )

From the Complex Roots Theorem, the roots will be given by,

X + 27k X + 27k
(5 (o 2 =)

3

%(COS(M) + isin(%%k)) fork =0, 1, 2

6
3 T 7T 3v3 3.
or 0: 7 > cos 5 +i9n 5 4 4|
For k=1: 2z i(cos(i)+|sm(ﬂ)) ——£+§|
N T2 6 6 N 4 4
. 3 3 3 B i.
For k—2.22—2(cos(2)+|sm(2)) = 2|

[ 6 marks ]

[ 5 marks ]



Answer 2

B=av2 —av2i=4av2(1-1i)

Observe that = 8and 6 = —% sow = 4v2 — 42 i becomes

w =8| 2 ) isn(- 2

From the Complex Roots Theorem, the roots will be given by,

— & + 27k — & + 27k
zk=’°{/§(cos( 4 +isn 47))
:2( (_”+8ﬂk)+|sin(ﬂ))fork:0,1,2
12 12
For k=0: 2 = 2(003(%)+|sin(%))
For k=1:27 = 2(005(7—n)+isin(7—n))
12 12
For k = 2 22=2(cos(ﬂ)+|sm(ﬂ))
4 4
[oos{ =)+ 1snf- 5
= 2(cos[——— | +19n|——
4 4
[ 6 marks ]
Answer 3

2= -32-32v3 = 32(-1-+3i)

Observe that = 64and 6 = —% sow = —32 — 32i1v/3 becomes

W = 64(008(—%) + id”(‘%))

From the Complex Roots Theorem, the roots will be given by,

—%+2nk —%+2ﬂk
Z = V64| cos — 3 +isin — 3
=4(COS(M)+isin(M))fork:O, 1, 2
9 9
_ _ _2n
For k = 0 : 20=4(cos(—2n)+|sin(—)) — 4¢ 9!
9 9
An
For k=1 21=4(cos(4?ﬂ)+|sm(%t)) = 4e9I
For k=2:2 = 4(cos(ﬁ)+isin(ﬁ))
9 9
8 8n _8aj
ool v ) -
S 5 +ig 5

[ 6 marks ]



Answer 4
(i)

r2-1=0e2=1
Observe thar = 1and 6 = 0 sow = 1 becomes

w = 1(cos(0) +isn(0))
From the Complex Roots Theorem, the roots will be given by,
% = W(Cos(o-i_—znk) + |Sn(0+—277:|())
5 5
= (cos(znTk)+ isin(%)) fork =0, 1, 2, 3 4

For k=0: 7 =

For k=1: 2z = (cos ﬂ)+|sm(ﬂ))
5 5
For k=2 : 2 = | cos 4—n)+isin(4—n))
5 5
— | +isn|{—
5 5
5 )il
= |cos(——— | +isin|l—-—
5

For k=4 :2 =

(cos(
e
e
For k=3 : 2 = [ cos|
e
e
|

[ 6 marks ]
(i) The sum of the 5 roots is zero.
This means the real part of the sum must be zero and the imaginary
part of the sum must also be zero.
Focussing on the real part,

27 4 4 271
cos(0) + cos(?) + cos(?) + cos(— ?) + cos(——) =0

5
21 4 4 2

1+ cos(—) + cos(—) + cos(—) + cos(—) =0
5 5 5 5

...the last line is becausesd is an even functian
ZCOS(E) + 2cos(4—ﬂ) =-1
5 5
1

() o)
cos|—| + cos| —| = —— O
5 5 2

[ 3 marks ]



Answer 5

(1) Let v=2z+ 1 in which case the equation becomes,
V= -
Observethatr = 1land ¢ = 7 sow = —1 becomes

w = 1(cos(x) +isin(x))
From the Complex Roots Theorem, the roots will be given by,

Vi = 3\/T(cos(ﬂ)+isin(ﬂ)) fork = 0, 1, 2

3 3
L 7 . 7 1 V3.
Fork_O.vo_(cos(3)+|sm(3)) =3 2|
_ 1 vs,
2= T T
For k:1:v1:(cos(£)+isin(£)) :i+£i
3 3 2 2
1 V3.
Z = —— + —i
2 2
For k=2 :v, = (cos(x)+isn(x)) = -1
L =-2
[ 6 marks ]
(i)
[ 2 marks ]

(iii)  Centre(-1, 0) Thatis,—1 + Oi and radius1
[ 1 mark]



Answer 6
(a)
A =8(V3 +i)

Observe thar = 16and 6 = % sow = -8(V/3 +i) becomes

JT .. JT
w = 16(003(—) + |sm(—))
6 6
From the Complex Roots Theorem, the roots will be given by,

X+ 27k X+ 27k
zk:‘§/16(cos(GT +isn GT))
=2(cos(%127ﬂ()+isin(%i%())fork=o,1,2,3
SARCIEEE G E R B
or 0: 1z cos 24 + 18N 24 e
. Zo = 1.98 + 0.26i
137 .. [ 137 L3rj
o 1= 2 L) an[ ) - e
or y2) cos >4 +idn >4 e

. z7 = —026+ 1.98

For k=2 :2 = 2(cos(ﬁ)+ isin(ﬁ))
24 24
_231j
= Z(COS(—&) + isin(—&)) = 2e 24
24 24
. b = —1.98 - 0.26i
3 . 37n
For Kk =3: 2z = 2(005(7)+ |sn(7 )
_1xj
:2(003(—ﬁ)+isin(—ﬁ)) = 2e 24
24 24

. 73 = 0.26 - 1.98

[ 5 marks ]



(b)

[ 2 marks ]
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Lesson 8
Further A-Level Pure Mathematics, Core 2
Complex Numbers I

8.1 The Spiral Similarity
In lesson 3 the effect of repeatedly multiplying the point ( 1 + i ) by the
complex number (1 + i) was investigated. Although the calculation can be
performed with the point and the multiplying number both in Cartesian form, the
use of exponential form made both the calculation easier, and clarified the
underlying structure of the process, especially by not simplifying fractions or
insisting that) be intherange 7 < 6 < =«

z" i
n (exponential form) (Cartesian form)
r e’ X+iy
1 VZ et 1+ i
2 :
2 2e 4 0+ 2i
e
3 2vZ et —2+ 2]
Arj :
4 4e 4 -4 + 0i
oy
5 4NZ er —4 - 4i
Lz .
6 8e 4 0- 8i
P
7 8\V2ed 8 — 8i
8rj .
8 16e 4 16 + 0i

Plotting the point after each multiplication revealed an attractive spiral lurking in
the background;

ffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff
************************************************************************************************
*******************************************************************************************

fffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffffff

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

T Lesson 3, Exercise 3.3, Question 6



Each successive multiplication bj2 e rotated the point byZ— radians

and increasing its distance from the origin by a length scale facto? of

This type of transformation, a rotation in combination with an enlargement is
termed a spiral similarity.

The Spiral Similarity

Multiplication of a point, or a set of points, on an Argand diagrane@y

gives rise to a spiral similarity where all points are rotated anticlockwise about
the origin by an anglé, and their distances from the origin alter by the factor

Whenr = 1 the transformation reduces to a rotatiorkgbout the origin

8.2 Example
A dart has vertice®, A, B andC. Bis the point (2, 0) andl andC are spiral

V3

similarities ofBrotated by+ % radians about the origin and scale faet%H

Find the exact Cartesian coordinate®\@ndC and the exact area of the dart.

Teaching Video http://www.NumberWonder.co.uk/v9099/8.mp4

[ 6 marks ]


http://www.NumberWonder.co.uk/v9099/8.mp4

8.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
An irregular pentagon has vertid@sC, D, C’ andB’ whereC’ andB’ are
reflections in the-axis of C andB respectively, as shown in the diagram.

Ais the midpoint of the vertical lin8B and has coordinate(s%, 0).

Bis aspiral similarity ofArotated by% radians abouD and scale factor 2.

The same spiral similarity applied BogivesC, and applied t& givesD.
Find the exact Cartesian coordinate8o€ andD and the exact area of the pentago

[ 7 marks ]



Question 2
An irregular hexagon has verticasB, C, O, C’ andB’ whereC’” andB’ are
reflections in they-axis of C andB respectively, as shown in the diagram.

y

A has coordinatgs0, 1)andBis aspiral similarity ofArotated by% radians

aboutO with scale factox/ 3. The same spiral similarity appliedBagivesC.
Find the exact coordinates BfandC and the exact area of the hexagon.

[ 7 marks ]



Question 3
TriangleOAB has vertexO at the origin and verteX at coordinates ( 2, 1).

VertexBis a rotation of verteA by 3 radians about the origin.

(1) Given that the exact coordinates of verBeare sought, identify the
issue that will arise if verte& is written in exponential form.

[ 2 marks ]

(ii) By writing the rotation in the Cartesian forso+ iy find the exact
coordinates of verteR.

[ 5 marks ]

(iir)  Find the exact perimeter of trianglAB

[ 2 marks ]



Question 4
Further A-Level Examination Question from June 2019, Core 2, Q6 (Edexcel)
In an Argand diagram, the poimdsB andC are the vertices of an equilateral
triangle with its centre at the origin.
The pointA represents the complex numliée# 2i
(a) Find the complex numbers represented by the pBiatsdC, giving

your answers in the forrx + iy, wherex andy are real and exact.

[ 6 marks ]

The pointD, E andF are the midpoints of the sides of triangBC
(b) Find the exact area of triandBEF

[ 3 marks ]



Question 5

Further A-Level Examination Question from June 2018, FP2, Q2(b) (MEI)

The vertices of a square with sides of length 1 unit lie on the axes on an Argand

diagram. The vertices represent the complex numhers, zz andz; and the

midpoints of the sides of the square represent complex numpays; andzs

(1) Expresszs, zs, z andzg in modulus-argument form, and hence determine
a polynomial equation of degree 4, with integer coefficients, whose roots
arezs, zs, z; andzg

[ 4 marks ]

LetP(2) be a polynomial equation of degree 8, with integer coefficients, whose
roots are, 2, 23, Z, Zs, Zs, Zr aNdzg

(i) Explain whyP (z) cannot be of the fornaZ® + b wherea andb are integers

[ 1 mark]

(i)  Find P(2

[ 4 marks ]



Question 6
Further A-Level Examination Question from January 2013, FP2, Q2(b) (MEI)

o
(1) Expresse 3 " in the formx + iy where the real numbexsandy
should be given exactly

[1mark]

An equilateral triangle in the Argand diagram has its centre at the origin.

One vertex of the triangle is at the point representing 2 + 4i

(i) Obtain the complex numbers representing the other two vertices,
giving your answers in the form + iy where the real numbexs
andy should be given exactly.

[ 6 marks ]



(iii)  Show that the length of a side2s/ 15

[ 2 marks ]
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8.5 Answers

Further A-Level Pure Mathematics, Core 2

Complex Numbers I
8.5.1 Solutions to 8.3 Example (Teaching Video)

The dart can be thought of as lying, not in the Cartesean plane but in the comple

plane; the poinB( 2, 0) can then be written in exponential form 26

. C . . . 3 +5xj
The spiral similarity can be written in exponential formﬁ\/g_— SR

PointsA andC are thus found by the following multiplication,

+ 5

3 +5z i
ge‘ﬁ x 2 = \/B3e 6

=43 (cos(iﬁ) + isin(iﬂ))
6 6
ascosis an even function,

andsinis an odd function this can be written as

V3 exsl ) = 19

— _i + £|
2 2
Although we've been working in the complex plane, the question was originally

set in the Cartesean plane; our answer should be given in Cartesean coordinates

Thus, with the help of the diagrarm(— i. - E) and C(— % g)

2 2

The area of the dart is given I#yx % X 2 % g = /3 unitg

[ 6 marks ]



8.5.2 Solutions to 8.4 Exercise
Answer 1

The spiral similarity can be written @23 and this is applied first tAwhich,

. . . . 1 &gi
viewed as a complex number, can be written in exponential fOFFZI’

B has coordinates given by,

263! x ieOI ie%I
4 2
= i(cos(£)+ |sm(—))
-2 3
1 V3. ( 1 \/5)
= — + —i = Bl —, —
4 4 4° 4
C has coordinates given by,
2e%i X ie%i = e%i
2
= cos|—| + isn[{—
[5) il
i Vs C(_i E)
2 2 2° 2
D has coordinates given by,
I 21 i
263 x g3 = 26
= -2 = D(-2, 0)

The area can be found in various ways, | cut it verticallyinto a triangle
plus a trapezium;

Ar - A/ — — | A/ - —_
ea 2 X 3 X 5 + 2 ( 3 + 5 X

_3V3 L 9v3
4 16

_21V3

- 16

[ 7 marks ]



Answer 2

The spiral similarity can be written a§3 e6' and this is applied first tAwhich

i
can be thought of as a complex number written in exponential fored 'as
B has coordinates given by,

il 27

V3eb xe? = 3 &3

C has coordinates given by,

a 21
V3 et xy3e3

I
w

I
w
— o
8
wn
—_—
m|§,‘
N—
+
Q.
o
—_—
|5

3. ( 3)
= — = cl-=22Y= =
+ Sl = _—

The area can be found in various ways, | thought of it as the large tria@gle
minus the small trianglABEB,,

1 3V3 3 1 V3 1
Nea:EXZ(‘T)XE‘E“(T X5
9vV3 V3
T4 4
= 23 unit

[ 7 marks ]



Answer 3

1
(i)  Trying to write the poinA in exponential form gives/5 & 22

, . 1)\. . :
and the issue now is tharctan(E) is now obviously expressible as

an exact quantity. The result is that there is not an obvious way to obtain
the exact coordinates of vertBxoy this method (even although it worked
so well in the previous two questions).

[ 2 marks ]

oni
(i) Working on the rotation, in exponential form it would &€ ' which
can be turned into Cartesian form via Euler's relation;

F cos(ﬁ) + isin(ﬂ)
3 3

1 V3. 1 .
:—E+TI :E(—1+\/§|)

Now the multiplication oA can be performed,

LcievEi2+i) %(—24 L 2V3i +V3i%)

2
-2 -43 +—1+2\/§i
2 2
-3 —1+2\/§)

So the exact coordinates Bfare( =2 > , >

[ 5 marks ]
(iiit)  Easiest method is to use the cosine rule to get the length of
o = & + b% — 2abcosO

(VB + (vB) - 2(vB)(V5) cos(%)

1
—54+5-10 (——)
732

=15= 0=+v15

The exact perimeter is2v/5 + V15 or V5 (2 ++/3)
[ 2 marks ]



Answer 4

(a) The get poinB, rotateA by 120, that is,% radians

o
To do this multiply bye 3 !

(6+zy%p1+¢§w=(3+m@1+¢§)

S343V3i-i+V3i
(-3-V3)+i(-1+ 3vV3) forB

To get pointC, rotateA by — 12(, that is— % radians

_2n
To do this multiply bye 3 !

1 V3
ST !
=-%F1—M§U
(6+2}%$1—M§U:(3+Up1—¢§w

_3-3V3i-i-V3i
(-3+vV3)+i(-1-3v3) forC

[ 6 marks ]



(b)

There are several ways of answering this question.
I'm going to focus on the blue isosceles triangle, three copies of which
will have the same area as the large equilateral trigkig(e

1 .
Area AABC 3x?xJ62+22 x \/ 62 + 22 xsn(%)

= 303

Equilateral triangl®EF has an area that is clearly one quarter of the
area of the larger equilateral triangiBC

%xBOx/g

15V3
2

Area ADEF

[ 3 marks ]



Answer 5

(1) With reference to the diagram,
Z 1 37 1 3

1 1 _ai
:—e4 :—e4 77 = —e = — 4
%575 %= T 8=

As all four roots lie of a circle centre origin and radius 0.5 the equation
will be of the formZ* = k, for some constark

By substituting in one of the points,
4

1 li)
- e4 =k
3
1 A
16
1
k = ——
16
. . 4 1
The equation is thug” = — T6

1628 +1 =0
[ 4 marks ]

(ii) The equation cannot be of the foad + b = 0 because the roots
of such an equation would all lie on the circumference of a circle centred

on the origin which these eight roots do not.
[ 1 mark]



(1ii)  The factors associated with the original square are,
(z——l )(z+—1 )(z——1 i)(z+—1 i)—O

V2 V2 V2 V2 o
2502 3) o

2 2
24—i—0

4
474 -1=0

. For P(2 =0
P = (167" +1)(4 - 1)
P2 = 642 + 204" - 1

Any multiple of this will, of course, have the same roots
[ 4 marks ]



Answer 6

(1) e%i = cos(%) + isin(—)
_ 1., V3.
2 2
[1mark]
(ii) %(—1+\/§i)(2+4i)=(—1+\/§i)(1+2)
=(-1-2V3)+i(-2++V3)
S(-1-V3i)(2+4) = (-1-V3i)(1+3)
=(-1+2v3)+i(-2-v3)
[ 6 marks ]

i) J(C1+2v3)-(1-2v3) P+ ((2-V3)-(2+v3) )
—J 142V +1+2V3P+(c2-V3 +2-v3 )

- J(aVE) + (-2vE )
=+v16x3+4x3 =60 =+V4x 15 = 2\/15 O

[ 2 marks ]
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Lesson 9
Further A-Level Pure Mathematics, Core 2
Complex Numbers Il

9.1 Complex Geometric Progressions
It has been established over the previous eight lessons that many results from th
world of real numbers have corresponding results in the complex numbers. For
example, several of the rules of indices carry across, albeit with very different
reasoning behind why they still work. One very useful real number result that
more directly carries across is that for summing a Geometric Progression.

The Sum of a Geometric Progression

n-1 n n
_ a(l-r a(r' =1
oZark:a+ar+ar2+...+ar”1: ( >: ( )
- 1-r r-1
k=0
- a
oZark:a+ar+ar2+... = |l <1

wherea, r € C

9.2 Two Useful Results

When working with complex numbers that are in Geometric Progression the
following pair of results are worth keeping in mind,

Two Trigonometric Functions, as Exponentials

e cos(ng) = %(eine + e_ine) e sin(ng) = %(eine - e‘ine)

Proof
1/ y
RHS = ?(e'ne +e In())

cos(nd) + i In(nd) + cos(—nb) + i Sin(—nbd . .
= (n) (n) ( ) ( ) using Euler's Relation

2
_ cos(n@) + 19N (nv) ; cos(nf) — 1 Sin(n@) even and odd functions
_2cos(no)
B 2
= cos(nh)
= LHS O

A proof of the other result is very similar and is left as an exercise for the reader.



9.3 Example
Further A-Level Examination Question from January 2007, Q2(b)(ii) (MEI)

~ i 9 . . . .
Expresse 2 + e? in simplified trigonometric form and hence, or otherwise

) o
show thatl + e‘gI = 2e2I cos(%)

Teaching Video http://www.NumberWonder.co.uk/v9099/9.mp4

IEI,,'.-tL..... :

A
.i"- 'l-“

R

[ 4 marks ]

9.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

~4j LT , , .
Expresse 2 — e? in simplified trigonometric form and hence, or otherwise

) o
show thatee' - 1=2i e2I sin(%)

[ 4 marks ]


http://www.NumberWonder.co.uk/v9099/9.mp4

Question 2
The convergent infinite seri€sandSare defined as,

C=1+ icosé) + icos26) + i(:0539 + ..
3 9 27

1 . 1 . 1 .
= — —sin2 —
S 3sm0+ 9sm 0 + 27S|n30+
. . 3
(1) Show thatC + iS = -
3_ ¢
[ 4 marks ]
(i) Hence show thaC = 9 = 3cosh_ and find a similar expression f8r
10 — 6cosé

[ 4 marks ]



Question 3
Further A-Level Examination Question from June 2019, Paper 2, Q4 (Edexcel)
The infinite serie€ andSare defined as,

C = cosé + %00550 + %00596 + %003136 + ...

S =4d9n6 + isin5¢9 + isin90 + isin13¢9 + ...
2 4 8

Given that the serigS andSare both convergent,

io
(a) ShowthatC + iS = —25—
o _ o

[ 4 marks ]

4snf + 2sn360

(i) Hence show that =
5 — 4cos40

[ 4 marks ]



Question 4

(1)

Use Euler's Relation to expreé@f9 in trigonometric form

[ 1 mark]

(i) Use Euler's Relation to expr&§§n9 in trigonometric form

[ 1mark]
(i) By treating your part (i) and part (ii) answers as a pair of simultaneous

equation, and adding them together, prove that,
1( K
cos(nd) = ?(e'”e +e '”9>

[1mark]
(iv)  In asimilar manner, prove a similar result &n(ng)

[ 1 mark]
Question 5

7

K
Showthat ) (1+i) =-1§8

k=0

[ 4 marks ]



Question 6

(1) Showthat<2+ei0)(2+e‘i0):5+40039

[ 2 marks ]

The convergent infinite seri€andS are defined by

C=1- icos@ + i00320 — i003319 + ...
2 4 8

S = isin9 - isin2¢9 + isin3(9 + ...
2 4 8
(i) By consideringC — iS show thatC = 4+ 2cos0 and write
5+ 4cos6

down the corresponding expression $or

[ 4 marks ]



Question 7
Further A-Level Examination Question from January 2013, FP2, Q2 (MEI)

20i

(1) Showthat, 1 + € = 2cosf (cos6 + isno)

[ 2 marks ]

(ii) The serie€ andS are defined as follows,

C=1+ 2 cos 26 + (2 cos46 + ... + cos2nl
n . n . .
S = (1 sn26 + 2)sn40+...+sn2n0

By consideringC + iS show thatC = 2" cos" 6 cosné and find
a corresponding expression for

[ 7 marks ]



Question 8
Determine, in as simple a form as possible, the value of,

3 K
(i) i
k=0
[1mark]
15
iy 3
k=1
[ 2 marks ]
12 .
(iii) D Z given thaz = &2
k=0
[ 2 marks ]
121 .
(iv) Y Kgiventhatz = ¢ %
k=0
[ 2 marks ]
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9.5 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbers I
9.5.1 Solution to 9.3 Example (Teaching Video)

gt 4 o cos(— i) + isin(— i) + cos(i) + i sin(i)
2 2 2 2

ol §) - 90(3) - ou(3)  30()

= Zcos(i)
2
i UA 0
Toshowthat,1 + e = 2e?2 cos >
9 0
RHS = 2e2 cos(?)
O] 0
= e? 2cos(—)
2
i o oi
= ezl(e 2 +e7')
_ e0| 4
=1+ em
= LHS O

[ 4 marks ]



9.5.2 Solutions to 9.4 Exercise

Answer 1

Il

o

ol

»
—_—
YIS

—_— DN

|

. .

> .
—_—
YRS
SN—

|

o

3
—_—
V[

|

0

S
—_—
N |
SN—

1]

|

S}

[7)]

S
N|
N —

W
RHS = 2ie? sin i)

Il

@D

Nl

AS]

Q.

=]
—_—
vl

[ 4 marks ]



Answer 2

(i)

C+iS=1

(i)

+

(cos® + isne

©o|r W~

(cos36 +isn

N
\1|"

)

(cos20 +isin20)

39)

io 1 '2‘9+ié3@+m

1
1+ —-e" +—e€

3 9
1
B lie)
(3
3. O
3_
3

27

X % sum to infinity of a GP

3-cosO +isnd

3-cosO —isng

3-cosO +ising

9 — 3cosO + 3isnd

[ 4 marks ]

9 - 3cosd — 3isind — 3c0s0 + C0S20 + isinACcosH + AsSinG — i Sinfcosd —i 2sin0

9 — 3cosf + 3isné
9 - 3cosf — 3cosh + 1
9 — 3cosO + 3isind

C+iS

10 — 6cosé

9 — 3cosO + 3isneg

3sné@

10 — 6¢cosé@
9 — 3cos6
10 - 6¢cos6
9 — 3cosd
10 — 6c¢cos6
andS =

+ i
10 — 6 ¢cosH

3sno

10 — 6coso

[ 4 marks ]



Answer 3
(i)

C+iS=cos@ +isno

+ %(00550 +isn50)
1 .
+ Z(COS% +isn99)

+ %(005139 +isn139)

_ g0 L, Lo, 1w,
2 4 8

ei‘g 2
= - X — sum to infinity of a GP
1_(;&@) 2
2
10
__2¢" -
[ 4 marks ]
(ii)
2¢'? 2cos6 + 2isné 2 — cos40 + isn4o

— = — X —
o _ (% 2 — cos40 — isin49 2 — cos40 + isin4d

The “clutter” can be reduced by noting that all of the imaginary terms
in the denominator cancel each other out when complex conjugates
multiply.

Also, as only the imaginary part of the answer is sought, there is no
need to work out any of the real terms in the numerator.

2icos@sndd + 4ssn® — 2 sin cos4o
4 — 2cos40 — 2cosd0 + cost40 + sin?40

IS =

Carefully shuffling the pieces around yields,

4snO + 2(sin46 cosf — cosd40sin6)

S =
4 — 2cos40 — 2cos40 + 1

_4s8n0 + 2sn30 O
5 - 4cos40

[ 4 marks ]



Answer 4

i M = cosng + isnng
(i)
[1mark]
(ii) e — cosng — isnng
[1mark]
(iii) " = cosng + isnno
ADD &' = cosng — isinng
e 4 &' = 2cosng
1 . _-
cosnd = E(e'n‘9+e'”9) O
[1mark]
(iv) e = cosng + isnng
SUBTRACT & ' = cosng — isinne
" _ ' = 2isnng
. 1 - _-
smn0:7<e'n9—e'n6) O
[ 1 mark]
Answer 5
B k I Zj k
Y (1+i)f = 3 (vzel)
k=0 k=0

2

1+\/7e%i+ (ﬁe%i) +...+<\/7e%i)

(1o (vzet))
(1—<V§ﬁ”)

1- 16e%i
1- \/?cos(%) — V2 sin(%)

1 -16cos(27) — 16i€in(27) o i
B 1-1-1i i

i — 16
—-15 O

[ 4 marks ]



Answer 6

(i)
LHS = (2 + €¥y(2 + &%)
=4+ 2ei9 + 2e’i9 + ed
=4+ 2c0sO + 2isnd + 2cos(—60) + 2isin(—=0) + 1
=5+ 2c0os6 + 2isin6 + 2cosH — 2 siné even and odd functions
= 5+ 4cos6
= RHS O
[ 2 marks ]
(i)
C-is=1

1 .

- E(cose +19Nn68)
1 ..

+ Z(cosze +13n20)

1 .
—E(COSBG +1sn30)

+
:1—ie"9+i 'Ze—ié36+...
2 4 8
1 2
- i0 X?
1
1+ 2e
B 2
2+e'9
3 2 y 2 + cosO® —isno
2+ cosO +isng 2 + cosf — ising
3 4+ 2cosf — 2isn6
4+ 2cosO + 2cosO + cos?H + sin2 o
4+ 2cosf - 2isng
B 5 + 4cos6
4 + 2cos sin
co Ar20080  gs- SN0
5+ 4cos6 5+ 4cos6

Notice that the minus sign was already in the expresSieniS
[ 4 marks ]



Answer 7

(i)
LHS = 1 + &
=1+ cos20 + isn20
= 00526 + Sin°0 + oL H — Sin“H + i2sin O cosd
= 2c0 6 + 2isinf cosh
= 2Cc0s6f (cosH + isng)
= RHS O
[ 2 marks ]
(i)
C+iS=1
+ 2)(00320+sin20)
+ 2)(cos4e+sin40)
+ ..
+ 2)(0052n0+isin2n9)
_ [ n} o n\ _26i n\| _49i n\ _2noi
—(Oe + 1e + 2)e +...+(n)e
. 1 2 .\N
n 20i n\( _2e6i n\( _2e6i n\( 2e6i
_(0 (e )+ 1)(e )+(2)(e )+...+ n(e )
AN
= (1 + eze') Binomial Theorem “backwards”

(2cosO (cosO + isind )" using the part (i) result

2"cos" 0 (cos6 + isng)"
= 2"cos" 6 (cosnd +isinnd) by de Moivre's Theorem
. C = 2"cos" 6 cosny O
andS = 2"sin"@sinng
[ 7 marks ]



Answer 8

(i)
Sk 0 1 2 3
Moi=i o+i+i +i
K=0
=1+i-1-1i
=0
[ 1 mark]
(i)
15 7 11 15
k k 0 k k k
= Y-+ Y+ D+ D
K=0 K=0 K=4 k=8 k=12
=0-1+0+0+0
- _1
[ 2 marks ]
(i)
i 12 12,
ez =i .Y X = i
k=0 k=0
7 11
K k k 12
= Y i+ Y0+ Yi +i
K=0 k=4 k=8
2 [ 4m+3 .\ 15
= 2( i |+
m=0\ k=4m
2
= > (0)+1
m=0
=1
[ 2 marks ]
(iv)
i 121 121
e 2 = —j }:.f = > (-i)
K=0 K=0
29 [ 4m+3
K 120 121
= ( Yoi |+ (=) + (i)
m=0\ k=4m
29
= Y (0)+1-i
m=0
=1-1i
[ 2 marks ]
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Lesson 10
Further A-Level Pure Mathematics, Core 2
Complex Numbers I

10.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

(i) simplify (Vx2+1 - x)(Vx@+1 +x)

[ 1 mark]

(i) The graph is of the functioh(x) = In(x +Vx2 +1 )

Given that the graph would seem to have half turn rotational symmetry
about the origin does this suggest that the function is even or odd ?

[ 1 mark]

(1ii)  Prove that the function is either an even function or an odd function,
as dictated by your answer to part (ii)

[ 4 marks ]



Question 2

cos509 + isinb50 . .
Show that — can be expressed in the fortosnd + 1 sinné,
cos20 + isin26

wheren is an integer to be found

[ 4 marks ]

Question 3
i0

Prove thate.—1 = itan(%)
em +1

[ 5 marks ]



Question 4
Further A-Level Examination Question from June 2018, FP2, Q2(a) (MEI)
(1) Use de Moivre's theorem to prove that

1 - 6tar? @ + tan* 6

cot40 =
4tan6 (1 — tan o)

[ 5 marks ]
(ii) Hence express the roots of the equation

x4+4x3—6x2—4x+1:0

in exact trigonometric form

[ 4 marks ]



Question 5

Further A-Level Examination Question from June 2009, FP2, Q3(b) (MEI)
The infinite serie€ andSare defined as follows,

C = cosé + %00330 + %cosS@ + ...

S =9n6 + %s’n?ﬁ + %sinSH + ...

3cosé

By considerin iS showthatC = —
Y deringC + 15 W 5 - 3cos26

and find a similar expression f&r

[ 11 marks ]



Question 6

Given thatz = e wherenis a positive integer, prove that

1+z+22+...+£":icot(i)
2n

[ 5 marks ]
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10.2 Answers

Further A-Level Pure Mathematics, Core 2

Answer 1
(1)
(Ver1 - x)(WV@s1 +x) =% +1-%
=1
(i) Odd
(iii )
fo) = In(x+vVx2+1)

f(-x = In( (- x>+\/< X2 +1)
= Inl (=x) + VX2 1)

Complex Numbers I

difference of two squares

[ 1mark]

[1mark]

2+ 1 - x)
_ I \/x2 1 - x \/x2 1 + x
\/x2+1+x
= In

(x+
(
(
= In(
|
|

\/x2+1 + X
1

—In(Vxe+1 + x)_

- —In(x+vVx@+1)
= -

using the part (i) result

which is the definition of an odd function

f (x) is an odd function

(|
[ 4 marks ]



Answer 2

METHOD 1

cos50 + isn50

C0S20 + isn20

METHOD 2
cos50 + i sin50

CosS26 + isn26

cos50 + isin50

= cos30 + isn30

Ccos20 — isn20

Ccos20 + isin20

Ccos20 — isn20

cos50 cos260 + sn50sin20 + i(sSn50 cos260 — cos50 sin 260 )

cos(50 — 20) + isn(50 — 260)

Answer 3

LHS =

1

cos30 + isin30

I
:.
Q
>

—_—

cos220 — i cos20sin20 + i sin20 cos20 + sin? 20

[ 4 marks ]

[ 5 marks ]



Answer 4

(i)

(coso + isin8)4 = 1 x (cos6)* x (isine)0
+ 4 x (cos6 ) x (isin@)1

+ 6 x (cosf)? x (isin6)2

+4x (coso)! x (isin0)3

)4

+1x(cos®)’ x (isng

cos(46) + isin(49) =

Binomial theorem

00540 + i 4cos39 shé — 6coszesin29

- i4cos€)sin30 + sin40

Matching real parts : cos(46) = cos* 6 — 6cos” 0 sin® 6 + sin

*o

Matching imaginary parts : sin(49) = 4cos°0sin® — 4cos6 sin° 6

LHS = cot 46
cos 40

sin49

cos?0 — 6cos?Asin?H + snto

1

costé

4cos30sinf — 4coshsindo

1 - 6tar? @ + tan*6
4tanf — 4tan0

_ 4
_ 1 - 6tar? @ + tan*6 _ RHS
4tan6d (1 — tarf o)

1
costo

O

[ 5 marks ]



(i)
X'+ a3 -6 —4x+1=0
Let x = tané@ in which case,
tan*o + 4tan°0 — 6tan’0 — 4tand + 1 = 0
tan*0 — 6tan’ 6 + 1 = 4tand — 4tan°0

1 - 6tar? @ + tan*6

=1
4tan@ — 4tan30
cot40 = 1
tando = 1
7 St 97 137
=" g g
9_1 5t 9% 13x
167 167 167 16"
X = tan(—fé) tan(jii) tan(fﬁz) tan(ff?i)
B 16/’ 16/’ 16/’ 16 /)7

Further solutions will simply start to duplicate these four
[ 4 marks ]



Answer 5
C—-iS=(cosf +isno)

+ %(00530 +19Nn30)

1 .
+§(00550 +isin50)

+
1 1
= e'9+—e'39+—é5‘9+
3 9
eie 3
= - X E
1—%e'2‘9
) 3¢l?
g 2
3cosf + 3isino 3-c0S20 +isn20

X
3 -c0s20 —isn20 3 -c0S20 +isn20

_ 9cosH) — 3coshcos20 + 3icosfsin20 + 9snd — 3isinfcos20 — 3sinPsin26
B 9 — 3c0s20 — 3c0S260 + cos?20 + Sin220

9coshd — 3(cos20cosh + sin26sing) + 9isind + 3 (Sin26cosh — cos20sind)

10 — 6cos26
9cos® — 3cosh + 9isnd + 3 snb
- 10 — 6c0s20
6cosd + 12 sno
B 10 — 6cos 26
3cosh + 6isné
B 5 — 3cos260
LC = 3cos 6 0
5 - 3cos26
and S = __osné
5 - 3cos20

[ 11 marks ]



Answer 6

LHS = 14+ z+ 2+ ..+ 2
2 N1
JT J
= 1+enI +(e”') +...+(eﬁ')
n+1
(1 (1))
1- e"fI
1 n(anl)i
- e
= Py
1-e
Jmi i
_1-eMe”
= pr
1-en
~ 1 — enl e—ﬁl
1- ef
e
1+ eff e%I
= - X
1 ] _ A
— e e 2n
L I
e 2n + e2n
- _a T
e 2n _ e2n
a _aj
e2n + e 2n
Tz _aj
e2n _ e 2n
T
. 2cos(3h) 0
- in (T
2|sm<2n) i

Il
(@]
S
—_—
|:1
SN—

= RHS
This makes use of the following two results from Lesson 9 : Compare with Q3

Two Trigonometric Functions, as Exponentials

o cos(ng) = %(eine + e_ine) o sin(ng) = %(eine - e‘im)

[ 5 marks ]
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Lesson 11

Further A-Level Pure Mathematics, Core 2
Complex Numbers I

11.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 35
Question 1
_ — (=
Given thatg(x) = Y +2f( X) and h(x) = ey > =Xx) prove that,

(1) g(x) is an even function

[ 2 marks ]
(i) h(x) is an odd function
[ 2 marks ]
(i) g +hx =X
[1mark]

(iv)  Taking all of parts (i), (ii) and (iii) into account, what has been proved

is true for every functiorf (x) ?

[1mark]



Question 2

c0s260 + isin26 . .
Show that — can be expressed in the fortosnd + 1 sinné,
cos99 — isn99

wheren is an integer to be found

[ 4 marks ]

Question 3

io

1+

Prove that
1_ &?

el

[ 5 marks ]



Question 4

Further A-Level Examination Question, 2017, SAM, Core 2, Q4 (Edexcel)

A complex number has modulus 1 and argument
(a)  Show that,

zn+%:2005n9, neZ

(b) Hence, show that,

coste = %(00549 + 4cos260 + 3)

[ 2 marks ]

[ 5 marks ]



Question 5

Further A-Level Examination Question from June 2014, FP2, Q2(a) (MEI)

The infinite serie€ andS are defined as follows,

C = acosf + a2c052¢9 + a30033¢9 + ...

S=asnd + a’sin20 + a>sin39 + ...
whereais a real number anfla| < 1

By considerindC + iS show thatS = asino

1 - 2acosf + a2
Find a corresponding expression @r

[ 8 marks ]



Question 6

Given thatz = e wherenis a positive integer, prove that

1+z+Z2+..+21-0

[ 5 marks ]
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11.2 Answers
Further A-Level Pure Mathematics, Core 2
Complex Numbers I

Answer 1
(i) a(x) = f(x)+2f(—x) o gex) = f(—x)2+f(x)
fxX) + (=%
B 2
= g(x) - g(x) is an even function
[ 2 marks ]
(i) h(x) = f(x) — (=% = h(=x) = f(=x) — (X
2 2
_ e -f(=x%
T 2
= —h(x) . h(X) is an odd function
[ 2 marks ]
(i) LHS = g(x) + h(X)
)+ (=% N f(x) — f(=%
2 2
fX)+f(=x)+fX —f(=Xx
B 2
21 (X
2
= f(®
= RHS O
[ 1 mark]

(iv)  Every function,f (x), can be written as the sum of an even function

and an odd function
[1mark]



Answers 2
METHOD 1

€cos20 + isn20 CoS26 + isin26

cos99 — isn99  cos (- 90) + isin (—90)

(As cosis an even function, arginis an odd function)

eI 20

e 196

eI 116

cosl1l1fd + isnlle
METHOD 2

C0s20 + isSn20
cos99 — isin99

Cc0s20 + isin20 y cos99 + isin9%9
cos99 — isin99 cos99 + isin9%9

Cc0s99 cos20 — sSn99sn20 + i(SiN90 cos20 + cos9v sin26)
c0s290 — icos99sin99 + i sin99 cos9Y + sin? 99

cos(90 + 20) + 19n(90 + 20)
1

cosl110 + isnl11o

[ 4 marks ]
Answer 3

LHS =

Il
;.
e
—_
N
~——

[ 5 marks ]



Answer 4

(a)

1

N

_dm, L
ine

LHS = 7" +

i —ino
=" 4 e

cos(nd) + isin(nd) + cos(—nb) + i sin(—no)
As cosis an even function arsin odd

= cosnf + isnnd + cosnd — i sinnd

= 2cosnf

= RHS (]
[ 2 marks ]

4
(b)  Apply the binomial theorem u{ Z+ % )

o 2] i (3
vaxx (3]
roxZx (L]
raxdx (L)
vt (4

e df a2 o ald) (3
2eos0 )t = (£ L) v a(Z+ L)+

1600549 = 2c0s40 + 8cos20 + 6

8cos40 = c0s46 + 4cos20 + 3

1
coste = E(cos46 +4cos20 +3) O

[ 4 marks ]



Answer 5
C+iS=a(cosf +isnb)

+ az(cosze +19Nn26)

+a3(00530 +19n30)

+ ...
= ae'0+ a2e'29+ 3é39+
) aem
1-aé€’
B acosf + aisno y 1 - acosf + aisné
1 - acosf — aisné 1 - acosf + aisné

acosf — a?cos?h + aficosfsSnd + aisinh — ad sinh cosh — a?sin? 6

1 - acosO — acosd + a2cos?6 + a2sin? 0

acosd — a?(cos? O + sn?0) + aisno
1 - 2cos6 + a (cos?6 + sin26)

acosf — a® + aising

1 - 2cosf + &

. acosf — a
T 1 -2cosH + a2
asnég
and S =

1 - 2cosf + a2
[ 8 marks ]



Answer 6

1+z+2+ .. +721

. .\ 2 .
J IL| J
e”'+(e') +...+(eﬁ')

1(1—<e%')2n)

LHS

1 - g

1 g
T

1_82ni
) 1—e%i
o 1-1
1M

= RHS
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