3.3 Answers
Further A-Level Pure Mathematics, Core 2
Improper Integrals
3.3.1 Solution to 3.1 Example (Teaching Video)

. . . d .
Letx = 2sné in which cased—z = 2c0s6 and limitsared = 0to 6 = %
2 1 1
f —— X f X 2cos6 do
0 4 - x2 0./4-(2sn20)
_ '[7 ZCOSQ 40
0 /4(1-sn20)
f 2cos6
04+ cosze
= F 1do
0
%
=[6]
0
-
2
Notice that, in this case, the improper integral under the substitution became proj
[ 6 marks]
3.3.2 Solution to 3.2 Exercise
Answer 1
(1) If the area fromx =0 to x = is bounded then, because the function
is symmetrical, the area from=— tox =< will be double it.
[ 1mark ]
(i)
X = tan@
_sné6
~ cosé
dx  cosfcosf — (—sinf) sinf by the quotient rule
do cos? 0 ymeq
08?0 + sin’ 9
B cos? 6
3 1
~ cos?6
= %9 O

[ 2marks]
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For the limits it may help to have the graphé# arctan x handy
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o becomed = 0,

X =

:O1

imits x

The |

JU

6 do

><S€C2

7 1
0 1+ tan?6

JT

J
J
J

x sec? 6 do

v3 1
0 sec?f

I

“1de
0

[ 6 marks]



Answer 2

(i)

(i)

2

Letx = 6 + u“ in which cased—ﬁ = 2u

d
The limits x=6, x=7 becomed =0, 0 =1

IY (Xx=4)(5x+2) . _ fl(u2+2)(5u2+32>
6 VX -6 ~Jo Vu2

1
= 2.[0 5u4 + 42u2 + 64du

2udu

1
= 2[w® + 140 + 64u]
0
— 158
[ 5marks]

The function looks to be both increasing and convex and so,
asx — o the area— « indicating the function from 7 t®
is divergent.
[ 2marks]



Answer 3

) ) . dx
Letx = snéd + 2 in which cased—e = cos6@

The limits x=1, x=3 becomed = —%, 6 = %

3 ki i

f X dx:j2 , Snb + 2 , cos 6 do
14/ (x=1)(3-x) -Z./(snfd +1)(1-snb)

:f% snég + 2
-%+/1 - sn26
:J% sné + 2

Z +/ cos? 0

= jzn sné + 2do
-7

cos @ do

cos 6 déo

[oon{Z) + ool 2) 4 ]

= 27 (As cosxis an even function)
[ 7marks]



Answer 4

Letx = isine in which caseﬂ = icose
2 do 2
. 1 T om
The limits x = £+ — become- —, —
2 2° 2
2
2 z % sinH)

f% X—dx:J'
_%m ——\/1_ %sne)Z

0 0
_ 8 J.__ sm Ccos

Vi-sree

1
— cosé do

Il
N
X

—
)

|
w.
>
N
)

L
N

[ 7marks]

Answer 5
(i)
LHS = (b-Xx)(x - a)
= (b— acos” 0 — bsinzé))(acosze +bsin®o - a)
= (b(1-sn?0) - aco?0)( (~a)(1 - co8) + bsin’6)
= (bc0520 - acosze)(bsinze - asinze)
= ((b-a)cos?0)( (b-a)sn®e)
(b—a)2 cos” 6 sin’ 6
= RHS O

[ 3marks]



(i) For the lower limit, whex = a,

a acosze + bsin20

a(l — 00320)

bsin20 - asin20 =0

bsin® 6

(b-a)sn’d =0
Eitherb — a = 0 whichisnotsoas < b
Or sin®6 = 0
0 =0
For the upper limit, wherx= b

b = acos?6 + bsin’o
b(l — sinze) = acos’ 0
bcos?6 — acos’d = 0
(b-a)cos?d = 0

Eitherb — a = 0 whichisnotsoas < b

Or cosze =0
o = L
2
Let x = acosze + bsin20
= % = 2acosf (-sn6) + 2bsine coso

= 2bcosf sinO® — 2acosO sing
2(b-a)cosfsng

The limits x = a, b become 0O, %

b 1 % 2(b-a)coshsned
dx = do
J‘a J(b—x)(x — a) X J.0 J (b-a)2co?hsin?g
(2
_2f0 1de
_ 2]
0
JT
-2 5 -]
=7 O

[ 8 marks]



Answer 6

. ) dx
Letx = secd in which case% = tanO seco

(Easily proven using the chain rule)

Graph Plotting
To draw the graphs @ircsec x, arccsc x andarccot x, or calculate their value
at a particular point, use the relationships,

~——

arcsecx = arccos(

1
X
arccsc X = arcsin(%)
1
X

arccotx = arctan(

Graph ofy = arcsec x

The limits x = 2, « becomei, —
3° 2
oo 1 5 1
——dx = tan 0 sec 0 do
J.Z XV X2 — 1 j% sech/sec?6 — 1
:F—tane de
Z tan?60
- Flde
%

[ 9marks]
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