4.3 Answers
Further A-Level Pure Mathematics, Core 2
Improper Integrals
4.3.1 Solution to 4.1 Example (Teaching Video)
1 _ 1
X2 -5x+6 (x-3)(x-2)
1 A B
+
[(x-3)(x-2)]  (x=-3)  (x-2)
Multiply through by the red brackets

1 o] _Alew]  Blo.]

[ (x-3)(x-2)] (x—3) (X —2)
1=A(x-2)+B(x-23)

letx =3 = A=1
Letx =2 =>B=-1
oo 1 < 1 1
————dx = - d
J‘4 2 —Bx+6 J.4 x-3 x-22

_ limit 1 1

- dx
toeo Jax -3 x-2

t
imit [In(x - 3) - In(x - 2) ]
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[ 8 marks]



4.3.2 Solutionsto 4.2 Exercise

Answer 1
1 1
X2 +Xx—-2 (X4 2)(x-1)
1 A B
[(x=1)(x+ 2)] (x—l)Jr (X + 2)

Multiply through by the red brackets

L[] _Alen]  Bla]
[(x=1)(x+ 2)] (x—1) (X + 2)
1=A(x+2)+B(x-1)
Letx:1:>A:i
3
1
Letx = -2 B=-—
= 3
A SV o S S WY
2 X+ XxX-2 372 x-1 X+ 2
1 1 1
= — limit - d
3t Jopx_1 X+ 2 X
1 .. . t
:Et'gnj)o[ln(x—l)—ln(x+ 2)]2
t
:ihmlt[m(x_l)}
3 toeo x+2/4,
=i|imlt|:|n(t_1)_|n(i):|
3 toee t+2 4
:ilnl—ilnz_2
3 3
:Elnz O
3

[ 8marks]



Answer 2

J

19

19

6x2 + 35 + 36 (3X + 4)(2x + 9)

19

A B

[(X+4)(2x+9)]  (3+4) " (2x + 9)
Multiply through by the red brackets

197 ....

[(x+a)(x+9)] (X+4)  (2+9)

19

A(2Xx+9)+B(3x + 4)

Letx:—%:A:S

LetX:—E:B:—Z
2
o 19 o 3 2
dx = - d
0 6x2+ 3% + 36 1 fo xX+4 2x+9 X
_gimit (3 2

t—=e Jo3x + 4 2X + 9

t
imit [In(3x + 4) — In(2x + 9) ]
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[ 8 marks]



Answer 3

. : . d
(1) Let x = 2tan® in which case% = 25?0

Making the substitution,

1 1
J' 5 dx=_|'2—25>ec:20d0
X¢ + 4 4tancx + 4
2 1
:—fz—seczede
4 tanco + 1
1 1 2
= — sec” 0 do
2-[39026
1
- E—flde
1
= —0+cC
2
1 (x)
= —arctan| — | + C O
2 2

[ 3marks]
(ii)
32 A +B C
[(C+4)(x+2)]  (+4)  (x+2)

Multiply through by the red brackets

32[....] _(AX+B) (] Clu]
[(®+4)(x+2)] (x2 + 4) (x+2)

32=(Ax+B)(x+2)+C(x*+4)
letx =-2 = C=4
letx=0= 32=2B+4C = B=8
letx =1 = 32=(A+8)(3)+4(5) = A=-4

J-°° 32 dx = J-°°8—4X+ 4 dx
2 (x®+4)(x+2) 2+ x+2
= limit 1 -2 2 4 1 dx

+
t=eo Jo™ x2 4 4 X2 + 4 X+ 2

imit [4arctan()—2() - 2In(x2 + 4) + dn(x + 2)]t
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Answer 4

1 - x? 1 - x?
,[ I - 2 :,[ 2 A2 dx
1 4x* + x 3 X2 (4x2+ 1)
Partial fractions,
1 - x2 _ AX+B Cx+D
[ (4x2+1)] X2 4x2 + 1
(1= %%)[ ] (AX + B)[.....] (CX + D)[ ... ]
[x2(4x2+1)] X2 4x2 + 1
1-x=(A+B)(4x+1)+(Cx+D)¥X
Coefficients o6’ : 1 = B
Coefficientsofx : 0 = A

Coefficients ofx2 :

Coefficients ofx3 :

1 - x?
-[i 4+ X2

1
J‘% 7dX

1 dx
Letx = —tanf = —
2 do

oo

5

——— dX
3 4x2+1

(-1)=4B+D = D=-5
0=A+C=>C=0

:-[32- 7d -[l 4x2+1OIX
limit b2
= LX dt
2
t
_ limi [_i}
t%OO X 1
2
_ limit [_i+2}
t— t
=2
1 2
= = 5?0
2
NI A
5 1
= |2 2> x S sec?0ds
Z tanco + 1 2
5 (3
= — 1dé
> (2
%
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= —16 = —
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[ 10 marks]



Answer 5

3 - X B A N B +Cx+D
[(x-=22(x2+4)] ~ (x-2)  (x-2)2  x2+4
(3=X)[wee]  _ Alew] | Blew]  (CX+D) ]
[(x=22(x+4)] — (x-2) (x — 2)2 2 + 4

3-X

Alx-2)(x®+4)+B(x+4)+ (Cx+D)(x—-2)>

letx =2 = 1

88 = B = —
8

(ac+D)(2 - 2)
= (2C+D)( -4-8 +4)
(2iC+D)(-8)

Letx =2i = 3-2

= 16C — 8D
.-.C:iandD:i
16 4
Coefficients of® : 0 = A+ C = A = _%
°° 3-X ° -18 12 18x + 24
96 dx = + + dx
jZﬁ(X—Z)Z(X2+4) J.2J§x—2 (X — 2)? X2 + 4

18 12 18x 24

- [ = + + + dx
J.zﬁx—z (x—2Y  xX2+4 x2+4

dx

J'°° 12

t
e limit _ oy 2
2V3 (X — 2)? 12 oy3 (X = 2) X

1> o

12 limit [_(x -2y 1]
t— e

. 1 1
=12t“—>'°g{_t—2Jr zﬁ—z}

6 V3 +1
V3-1 V3 +1
6(V3+1)

3-1
3vV3 +3




_ dx = Jlimit 9x ———— — 18 x dx
-[zﬁ X2 +4 x-2 t—oo Joy3 X2 + 4 X — 2
. . t
= Jimit [9In(x® + 4) - 18In(x - 2) ]
23
— 2 t
_ g limit ln(X—MH
t=eo | | (x = 2)2

2V3

T t2 4+ 4 16
- gmﬁ'”( (t- 27 ) - 4(«?—1)2)}

4
= In1 — | }
9[” ”(4_2\@)
2
=90~ 55
"2-v3
_ o (2—\/@)
2
:9In(1—£)
2
. . dx 2
Letx = 2tan® in which cased—e = 2sec 6
The limits 2V 3, « become%, %
- 24 . )
———dx =6 2 6 do
J‘2«/§x2+4 X J% Atan? o + 4 - >F
~ 12 [F ——sPds
3 s=c?o
- 12 [? 1de
;
%
= 12[ 6]
%
JT JT
:12[———]:2
2 3 i
oo 3-x \/?)
Thus96f2ﬁ(x_2)z(xz+4)dx—27z+3+3\/§+9ln(1—7 O

[ 12 marks]
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