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IMPROPER INTEGRALS

Lesson 1
Further A-Level Pure Mathematics, Core 2

Improper Integrals

1.1 Divergent

Previously, our studies of integration have focussed on smooth, continuous anc
well behaved functions. It's time to tackle some of the issues that arise when
trying to ease such restrictions and look at what are termed “Improper Integrals”.

. . 1
As an example, consider the function graphed belpw, L x#0
We're going to consider the following three integrals,

1 oo
%dx (i) J'O%dx (i ) J'e%dx

e

(i [,

Before watching the teaching video, consider the following;
Part (i) of this example is a straightforward calculation of the area coloured blue.

Part (ii) has an issue with the vertical asymptote along-thes.
Is the area described by the integral (a piece is shown coloured pink) of finite vali

Part (iii) has an issue with the horizontal asymptote along-&hés.
Is the area described by the integral (a piece is shown coloured green) of finite vi



Teaching Videohttp://www.NumberWonder.co.uk/v9100/1.mp4

[=]

[ 6 marks ]

A metal enamelled infinity broach, of a snake eating itself


http://www.NumberWonder.co.uk/v9100/1.mp4

1.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 60
Question 1

1
(1) Show that -[0 x_12 dx is divergent.

Make sure you show the limiting process clearly in your working.

[ 4 marks ]

(ii) Show that fl x_12 dx is convergent and find its value

Make sure you show the limiting process clearly in your working.

<
NilE=

IMPROPER

[ 4 marks ]



Question 2

1
(1) Show that -[o % dx is convergent and find its value.

Make sure you show the limiting process clearly in your working.

[ 4 marks ]

(i) Show that L dx is divergent
1 VX

Make sure you show the limiting process clearly in your working.

[ 4 marks ]



Question 3

(i) Given thaty = v/ 1 + x2 find %

[ 2 marks ]

(i) Hence, or otherwise, show thaftO dx is divergent

&
V1+ X2

Make sure you show the limiting process clearly in your working.

[ 4 marks ]

(iii)  The graph of f(x) = —————= is shown below.

What features of the graph suggest that the part (ii) integral would
be divergent ?

[ 2 marks ]



The graph is of the function,

Question 4

f(x) =

dx converges and find its value

6Xx
X2 — 25

13
5

Show that f

[ 6 marks ]



Question 5

1 2
V2 - 3X 3

Integration is to be used to find the area between this curveatkis, they-axis

The graph is of the functioh(x) =

: 2
and the vertical asymptote = 3

(1) On the graph shade in the area to be found.

[1mark]

(ii) Explain why the integral involved is an “improper integral”.

[ 1 mark]

2
(iii)  Show that -[03 dx converges and find its value

1
V2 - 3X

[ 6 marks ]



Question 6
sinx
V1 + cosx

Integration is to be used to find the area between this curveatkis, they-axis
and the linex=7

The graph is of the functioh(x) = X#z@En+1axa

(1) On the graph shade in the area to be found.

(i) Explain why the integral involved is an “improper integral”.

[ 1 mark]

. .
(i)  Show that fo % dx converges and find its value

[ 6 marks ]



Question 7

3(x% + 1)
V4 - 3 —x3
Integration is to be used to find the area between this curveatkis, they-axis

The graph is of the functioh(x) = Xx#1

and the vertical asymptoteyat= 1
(1) On the graph shade in the area to be found.

(ii) Explain why the integral involved is an “improper integral”.

[ 1 mark]

(x2+1)

3 3 dx converges and find its value
- 33X - X

1
(i ) Showthatfo\/j

[ 6 marks ]



Question 8

The graph is of the functioh(x) = 1 —

If the following integral is convergent find its value, otherwise prove it's divergent,

A
0 eX+1

[ 6 marks ]
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1.3 Answers
Further A-Level Pure Mathematics, Core 2
Improper Integrals
1.3.1 Solution to 1.1 Example (Teaching Video)
e 1 e

(i) [ —dx=[Inx]

1 X

1
= lne-1Inl
=1-0
=1
[ 2 marks ]
11

11 _—
i _ limit
(i) IOde_t 0+txdx

_ 1Mt ]
t

= lii)“i(}r[lnl — Int]

(- 1)1@2& [Int]

AlthoughInO is undefinedast — Ofrom above Int — —

.. The integral does not converge; it's diverging
[ 2 marks ]

)

3
—
3

|

o

X

Il

3
%ﬁ
| =

o

X

= limit [int — Ine]
= limit [int] -1

Ast —> ©0o, Int% oo

.. The integral does not converge; it's diverging

[ 2 marks ]



1.3.2 Solutions to 1.2 Exercise

Answer 1
(i)

fc)l X—lzdx = J'Ol X2 dx

. 1
_ limit J‘ -2
T toof tX dx
1

_ limit [_ —1]
t—>0" X ¢

-eo (3],

_ 4y limit i_i]
= 1)t+0+[1 t
1
AstaOﬂT% oo

. The integral does not converge; it's diverging O
[ 4 marks ]

(i)

1 x2

.. The integral does converge; ithasavalueof 1 0O
[ 4 marks ]



Answer 2

(i)
1 1 1 _1
_— — 2
Io X dx JOX dx
. 1 1
— limit ~7
T toof J.t X dx
1
- e L2t ]
limit !
— mi
=250 [\/Y]t
= 2limit [T _ T ]
Ast - 0", Vt - 0
=2x1
=2
.. The integral does converge; it has avalue of 2 0O
[ 4 marks ]
(i)
(e} (e} __l_
f idx :'f X 2dx
1 VX 1
T
= {10 [, X o
t
= it [25¢ ]
1
. - t
= 2[imit [\/7]1

= 2Jimit [VT - VT

Ast — o, VI = o

. The integral does not converge; it is divergent [
[ 4 marks ]



Answer 3

(i)
y=+v1+x2
1 1
2\2 dy 1 2\ 7
=(1+Xx = — = —(1+x X 2X
y=(1+¢) = L= (142
3 X
V1+ X2
[ 2 marks ]
(i)
° 4x i X
———dX = 4| —F———dx
J.O V14 X2 '[0 1+ x2
. t X
= 4 limit A
4t%°o fo T2 dx
t
= 4limit [ 1452 ]
0
= glimit [ /112 - VT ]
Ast — o, V1 +1t2 —
.. The integral does not converge; it is divergent O
[ 4 marks ]
7T Py

,,,,,,,,,,,,,,,,,,,
,,,,,,,,,,,,,,,,,,,

I
,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,

I I I
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

The horizontal asymptote of = 4 asx — oo implies that, as the area to be

found extends rightward, it resembles a rectangle of fixed width 4 and bength
The area of such a rectangle will < as x — «

[ 2 marks ]



Answer 4

13 ()4 B 3J.13 2X dx
5

——————dx =
j5 X2 — 25 X2 — 25

1
2

13 -
= 3{':“5& t (2x)(x? - 25)
}13

t

= elimt [ V12 25 — 12 - 25]

Ast — 5, Jt2-25 - 0
= 6 x 12
=72

dx

N

3{‘L"i§+[2(x2 _ 25)

.. The integral is convergent; it has a value of 72

[ 6 marks ]



Answer 5

(i)

(i)
(i)

Jo

The right hand boundary is of infinite height.

W

V2 — 3X

_ 1 limit [2(2 3X)2]

__fo \/2—
_i Iimit_ J';( 3)(2_ 3X) 24

3t+(%)
t

3t( 0

2 I|m|t [\/7]

3t

_3 I|m|t [\/_7_\/—]

3t>

Asta(%),\/Z—S — 0

2
= -2 x V2
3 X

22

3

. . . 2y 2
. The integral is convergent; it has a value—e?)}C

[ 6 marks ]



Answer 6

(ii) The function has a discontinuity at its boundary 7 where it
jumps between the value of \#2 to thevalue—+/2
[1mark]

(i)
J‘;[ sn X

—dx
V1 + cosx

- t _1
(-1) limit | (—=sinx)(1 + cosx) 2 dx
t>a Y0
t

=(-1) Iimit_[2(1 + cosx)% ]
ton 0

t
- (=2) tlimit_[\/m]
— T 0

(-2) t|imit_[\/1+cost - V2]
-7

Ast > &w,v1+cost - O

-2)x -V2

=2V2

.. The integral is convergent; it has a value2of 2

[ 6 marks ]



Answer 7

[ 1mark]

(i) The rightmost boundary is along an asymptote and so the area
specified has infinite height

[ 1 mark]
(i)
1 3(x%+1) 1 (-3x%2 - 3)
dx = (-1 d
J“3\/4—3x—x3 = )J.O\/4—3x—x3 g
. _1
- 1), ™ (8- 33 (4- 30— ) ox

L PYPRR

t - 17

0
- o)™ [ Va-a -8 - va |
Ast - 17, V4-3t-t3 > 0
= (-2)x (-V4)

=4
. The integral is convergent; it has a valuedof
[ 6 marks ]



Answer 8

o0 1 o [ @ X4 1
S DU 3 N s
-[0 ( eX4+1 -[0 eX4+1 eX4+1
_-[0 e—X+1CIX

= D[ (e (eX 4 1)

ot 1
= (- 1) Jimit 0(—e e X*+1)  dx
t
= (-1)Jimit [In(e ™+ 1) ]
0

= (-1) t”Lnj;[ln(e_t +1)—In(e+1)]

t

Ast - o, e — 0

= (-1) [In() - In(2) ]
= In(2)

. The integral is convergent; it has a valud o
[ 6 marks ]
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Lesson 2
Further A-Level Pure Mathematics, Core 2

Improper Integrals
2.1 By Parts

The graph is of the functioh(x) = InTx and the interest is in finding the

area shown shaded but extending off to infinity.
From the graph it's not clear if this area will have a finite value.

[ 6 marks ]

Mathematical Folklore

Dr Peter Lax has made outstanding, innovative and profound contributions to the theories of
partial differential equation and numerical analysis. When awarded the National Medal of
Science in 1986 a newspaper journalist asked what he did to deserve the medal. Lax responde
“l used Integration by Parts”, which was duly reported in the International press at the time.


http://www.NumberWonder.co.uk/v9100/2.mp4

2.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50
Question 1

X

The graph is of the functioh(x) = xe"

Use integration by parts to determine the valuﬁoof (X) dx

You may assume thast — oo, e! S5 0andte! = 0

[ 6 marks ]



Question 2
The graph is of the functioh(x) = e *sinx

(1) Explain, briefly, why asx — o, f(X) > 0

[ 1mark]

(i) LetS= [e*snxdx
Use integration by parts twice to show that

1 _ . .
S = -5 e *(cosx + sinx) + ¢ wherec is a constant

[ 6 marks ]



(iii)  Determine the value ofJ.0 e “sinxdx

[ 3 marks ]

Question 3
The graph is of the functioh(x) = xInx

(1) As x — 0" what does the graph suggest thitx will tend to ?

[1mark]

Proving the part (i) suggestion requires L'HOspital's Rule, covered in the “Further
Pure 1” optional unit of the Further A-Level Mathematics course, on page 152.



The graph is of the functiog(x) = Inx

(i) Find the shaded area enclosed by the graph of the furg{ion= Inx
and the coordinate axes.

[ 6 marks ]



Question 4
The graph is of the functidn(x) = x (Inx)2

(1) As x — 0" what does the graph suggest tlxatlnx)2 will tend to ?

[1mark]

Again, proving the part (i) suggestion requires L'HOspital's Rule, covered in the
“Further Pure 1” optional unit of the Further A-Level Mathematics course.

The graph is of the functiog(x) = ( Inx)2




(i) Find the shaded area enclosed by the graph of the funggion= ( Inx)2
and the coordinate axes.

[ 6 marks ]

Question 5
This question is about using integration by parts to show that the following improj
integral is convergent, and finding its value,
1 X3
——dX

(1) On the graph, shade in the area to be found,

[ 1 mark]



(i)

(i)

Differentiate each of the following,
3

(a) y=(1-x)° (b) y=(1-%%)

1
2

By rewriting the integral in the following way,

1w [ ()

NEp el

and then applying integration by parts, determine its value.

[ 2 marks ]

[ 6 marks ]



Question 6

k+1
dx prove thatS = ™7 +C
k+1

wherek is a positive integer anglis the constant of integration

k
(i)  GiventhatS = J'(I”TX)

[ 5 marks ]

1 k oo k
(i) Hence show that both‘[0 (InTx) dx and fl (InTx) dx are

divergent wheré is a positive integer.

[ 6 marks ]
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2.3 Answers
Further A-Level Pure Mathematics, Core 2
Improper Integrals
Note :
To reduce “unhelpful clutter”, in many solutions the constant of the integration is
only inserted in the final line of working.

2.3.1 Solutionto 2.1 Example (Teaching Video)

S=|——dx
X
1
= (Inx)(;) dx
L | D I
1
= (Inx)(Inx) - J‘(?)(Inx)dx
S=(Inx)*-S
28:(Inx)2
S = %(Inx)2+c
< |nx ... tnx
e Al
1 t
= Sdimit [ (inx)? ] 1
= Limit [ (inty? = (In1)?]
- 2t%oo

ASt%OO, Int » o

. The integral does not converge; it is divergent [
[ 6 marks ]

This example is generalised in the final question of this lesson's exercise.



2.3.2 Solutions to 2.2 Exercise

Answer 1
jf(x) dx = J'xe_xdx
L I D |
= x(-e¥) - fl(—e‘x)dx
= —xe “+ fe X dx
=-xe*-eX+c
o0 ot
Io foodx = Jimit | xe *dx
. . _X _X t
LAY
0
~imi t t 0
= limit |_te” - e +0+ €]

Ast — o, €
=1
. The integral is convergent; it has a valuelof
[ 6 marks ]



Answer 2
(1) It's already known thaj(x) = € ¥is a strictly decreasing function

that, asx — «, € X = 0

As —1 < sinx < 1 with only spaced out isolated periodic points
wheresinx = +1 the multiplication ofe”* by sinx will not alter
the overall tending towards zero.

Thatis, X — o, € ‘sinx - 0 0O

[ 1 mark]
(i)
S = fe_xsnxdx
L I D I
= e *(-cosx) — f(—e_x)(—cosx)dx
= —e “cosx — fe‘xcosxdx
L I D I
= —e ‘cosx — [e‘xsinx - J.(—e_x)(sinx)dx}
S=—e “cosx — € Xsnx — '[e_xsinxdx
S=—¢e “cosx — € *snx — S
2S = —¢e Xcosx — e *sinx
S:—%e‘x(cosx+sinx)+c O
[ 6 marks ]

(i)
oo . t

-[0 e Xsinxdx

t

1 .. . _ X
:_Etlgnj)o[excosx+exsnx]o
= 2L jimit [e'cost + e tsint — €9cos0 — °sin0]
- 2 oo
1
- —=[-1
L[]
_1
2

[ 3 marks ]



Answer 3
(i) Asx — 0, xlnx - 0

[1mark]
(i) [Inxdx = [Inx x 1dx
L | D I
1
= (In - | —xd
(Inx) x J.x X dx
= xlnx — 'f 1dx
= Xlnx — x+ ¢
1 U |
_ limit
folnxdx = (Lot ft Inxdx
_ 1
= it [xinx — x]
t
= t";”'(;&[lnl— 1-tint +t]
=-1
oo Area= 1
[ 6 marks ]
Extra
L'Hospital's Rule
For two functiond (x) and g(x), if either:
» Imi fo0 = imif g = 0
. )I(lng f(X) = £ and )I(lng g(X) = toeo
. AT 04 I . T(X) T 6]
then, provided that!imit —=— exists, limit —— = limit ———_
P X—a g(x) X—da g(x) X—a g’(x)
A proof that, asx — 0%, xInx — 0 using L'Hdspital's Rule
1 2
limit iy < limit X gimie () 8 imie _ o _ g
x— 0" x— 0" (1) x—0" (_L) X2 x—0"
xX X2



Answer 4

(i) Asx —

(i)

_[;(Inx)z

Extra

A proof that, asx

0", x(Inx)> = 0
[ 1 mark]

J.(Inx)2 dx = f(lnx)z x 1dx
L | D I

_ 2, _ 1
= (Inx)~ x f2(|nx)xxdx

= (Inx)2 X — Zf Inxdx

= (Inx)? x - 2[xInx = x] + ¢
= x(Inx)Z— 2xXInx + 2x + ¢

1
dx = l'i)“'(}r '[t (Inx)? dx

1
_ limit 2 _
= t_)o+[x(lnx) 2x|nx+2x]t

- 2 2
= ll_r)ng+[(|n1) ~2In1+2-t(Int)” + 2tint - 2t]

=2

. Area = 2
[ 6 marks ]

— 0, x (Inx)2 — 0 using L'Héspital's Rule

imt _(Inx)?

- 5
!(ILnI(;[‘L x(Inx)™ = ot (%)
X

— limit 2(Inx)(%) xi

=
_ _p limit _InX
x—0 (%)

— _o limit (%) XX_Z



Answer 5

(i)
[ 1mark ]
3 1
(i) (a) y=(1-%)° (b) y=(1-5)°
1 _1
Do 2 (1) (2 Do (1) (20)
- _a(1-52)? _ x(1-52)?
= 31 - %2 _ X
XV1-x m
[ 2 marks ]

(iit)  Without the limits for now,

X3 X
e e
L I D I
- (R)1)(1-) - [(2x)(-1)(1 - ) ax
- (1) - 2 [a0(1- ) ax



1 X limit (L%
.[0 1—X2 dX:t—)O+.[t./l_X2 dx
imit | .2 2\3 2311
_lime 212 - 2 (1) |

[ 6 marks ]

Answer 6
(i)
S:f (InXx)k dx
k(1
= f(lnx) (?) dx
L I D I

= (Inx)* (Inx) - | k(Inx)k_l(%)(lnx) dx
= (Inx)+t1- kf(lnx)k(%)dx

S=(Inx)**t — ks
(1+k)S = (Inx)<+?

k+1
*%” =

[ 5 marks ]



(i)
L (Inx)" imit (L (Inx)¥
fonX L

1 Jimit [ k1t
= L [ (nx)¥]
k+ 1 t=0 ¢

1 _
= K+l ll_r)n|(;[+ [0—(Int)k]

Ast — 0", Int - —

Furthermorek > 1 so (Int)k — —

. The integral does not converge; it is divergent [

[ 3 marks ]
o (Inx)k _ limit t (Inx)k
J; Um0 o = i [0,
[(nxf]
= —— limit In x
k+ 1 toe (Inx) 1
1 .. K
= —— limit Int)y =0
——imit [ (inty* - o]
Ast — o, Int >
Furthermorek > 1 so (Int)k — o
. The integral does not converge; it is divergent [
[ 3 marks ]
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Lesson 3
Further A-Level Pure Mathematics, Core 2
Improper Integrals
3.1 Substitution

1
The graph is of the functioh(x) = ﬁ and the task is to find the area
4 — x2

shown shaded fronx = 0 to the vertical asymptote &t= 2

7777777777777777777777777777777777777777777777777777777777777777777777777777
*****************************
*****************************
*****************************
*****************************************
*****************************************

*****************************************

*********************************

**********************************

*********************************

***************************************

***************************************

********************************************

*******************************

******************************

***********************************

X

[ 7 marks ]


http://www.NumberWonder.co.uk/v9100/3.mp4

3.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50
Question 1

. : 1 N e
The graph is of the functioh(x) = T2 and the task to flndj'_mf (X) dx

(1) The function is even. Explain how this fact can simplify the task.
[ 1 mark]

(ii)  Prove that the derivative with respecttof tan 6 is sec? 0
[ 2 marks ]

(i)  Use the substitutioxx = tan 6 to show thatf_ fX)dx =x

A sketch of the graph of = arctan x may help with changing the limits.

[ 6 marks ]



Question 2

The graph is ofy = (x = DX+ 2)

VX—6

Ya
289

(1) Use the substitutiox = 6 + u’ to determine the value of
7 (X—4)(5x+ 2)
6 VX -6

the improper integraIJ' dx

[ 5 marks ]

> (X—4)(5% + 2)
7 VX -6

(i) From the graph, explain wh

dx will be divergent

[ 2 marks ]



Question 3
X

The graph is of the functioh(x) = T D%

Ya
il
4
s
z
1
;

3 X

Use the substitutiolx = sin@ + 2 to determine the area shaded which is betweer

the curve, the-axis and the vertical asymptotesxat= 1 andx = 3

[ 7 marks ]



Question 4

o 1. . .
Use the substitutiox = Esm 0 to determine the area shaded which is between

: . 1
the curve, the-axis and the vertical asymptotesxat= + >

[ 7 marks ]



Question 5
Faced with an improper integral of the form,

X wherea andb are constants with < b

b 1 q
fa V(b= x)(x - a)

the substitution to useis= a cos2 0 +bs n2 0

(i)  Showthat(b — x)(x — a) = (b — a)? co?0sin’0

[ 3 marks ]

b 1

(i) Showthatfa NCERITEY dx

[ 8 marks ]



Question 6

The graph is of the functioh(x) =

77777777777

g1 7 3 1 P
Use the substitutiolx = sec @ to determine the area betwdér curve, the-axis,

the vertical asymptote at = 2 and extending indefinitely rightward as—

[ 9 marks ]
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3.3 Answers
Further A-Level Pure Mathematics, Core 2
Improper Integrals
3.3.1 Solution to 3.1 Example (Teaching Video)

. . . dx o
Letx = 2sin@ in which case— = 2cosé and limits ared = 0 to 6 = —
do 2
2 1 ¥l 1
——dx = X 2cos6 do
IO Va4 - x2 IO J4 - (2sn20)
_ J~7 ZCOSQ 40
0 /4(1-sn20)
_ f% 2cosé do
0 /4 +/ cos?6
= [ 1do
0
%
=[6]
0
-
2
Notice that, in this case, the improper integral under the substitution became proj
[ 6 marks ]
3.3.2 Solution to 3.2 Exercise
Answer 1
(1) If the area fromx =0 to x = is bounded then, because the function
is symmetrical, the area from=— tox =< will be double it.
[ 1mark]
(i)
X = tan@
_sné6
~ cosé
dx  cosfcosf — (—sinf) sinf by the quotient rule
do cos? 0 ymeq
08?0 + sin’ 9
B cos? 6
3 1
~ cos?6
= %9 O

[ 2 marks ]



(iir)

L e e

I
'
B
I
I
'
a
I
I
'
B
I
I
'

= sec? 0

o
de

B
I
I

et

AT

R R T B T

e e

For the limits it may help to have the graphé# arctan x handy

Letx = tan @ in which case

NN

|
panarar

L

|

i

|

L

i

|

|

arepumam

pnu

L
I
I
I
L

(I

-

e

apoe?

I
Lo

I

I

I
Lo

I

I

I

[ N

n

= arctanx

y

y = tanx  Gold

Red

4
2

0

o becomed = 0,

X =

:O1

imits x

The |

JU

6 do

><S€C2

7 1
0 1+ tan?6

JT

J
J
J

x sec? 6 do

v3 1
0 sec29

T

“1de
0

[ 6 marks ]



Answer 2

(i)

(i)

2

Letx = 6 + u“ in which cased—ﬁ = 2u

d
The limits x=6, x=7 becomed =0, 0 =1

IY (Xx=4)(5x+2) . _ fl(u2+2)(5u2+32>
6 VX -6 ~Jo Vu2

1
= 2.[0 5u4 + 42u2 + 64du

2udu

1
= 2[w® + 140 + 64u]
0
— 158
[ 5 marks ]

The function looks to be both increasing and convex and so,
asx — o the area— « indicating the function from 7 t®
is divergent.
[ 2 marks ]



Answer 3

) ) . dx
Letx = snéd + 2 in which cased—e = cos6@

The limits x=1, x=3 becomed = —%, 6 = %

3 ki i

f X dx:j2 , Snb + 2 , cos 6 do
14/ (x=1)(3-x) -Z./(snfd +1)(1-snb)

:f% snég + 2
-%+/1 - sn26
:J% sné + 2

Z +/ cos? 0

= jzn sné + 2do
-7

cos @ do

cos 6 déo

[oon{Z) + ool 2) 4 ]

= 27 (As cosxis an even function)
[ 7 marks ]



Answer 4

Letx = isine in which caseﬂ = icose
2 do 2
. 1 T om
The limits x = £+ — become- —, —
2 2° 2
2
2 z % sinH)

f% X—dx:J'
_%m ——\/1_ %sne)Z

0 0
_ 8 J.__ sm Ccos

Vi-sree

1
— cosé do

Il
N
X

—
)

|
w.
>
N
)

L
N

[ 7 marks ]

Answer 5
(1)
LHS = (b-Xx)(x - a)
= (b— acos” 0 — bsinzé))(acosze +bsin®o - a)
= (b(1-sn?0) - aco?0)( (~a)(1 - co8) + bsin’6)
= (bcosze - acosze)(bsinze - asinze)
= ((b-a)cos?0)( (b-a)sn®e)
(b—a)2 cos” 6 sin’ 6
= RHS O

[ 3 marks ]



(i) For the lower limit, whex = a,

a acosze + bsin20

a(l — 00320)

bsin20 - asin20 =0

bsin® 6

(b-a)sn’d =0
Eitherb — a = 0 whichisnotsoas < b
Or sin®6 = 0
0 =0
For the upper limit, wherx= b

b = acos?6 + bsin’o
b(l — sinze) = acos’ 0
bcos?6 — acos’d = 0
(b-a)cos?d = 0

Eitherb — a = 0 whichisnotsoas < b

Or cosze =0
o = L
2
Let x = acosze + bsin20
= % = 2acosf (-sn6) + 2bsine coso

= 2bcosf sinO® — 2acosO sing
2(b-a)cosfsng

The limits x = a, b become 0O, %

b 1 % 2(b-a)coshsned
dx = do
J‘a J(b—x)(x — a) X J.0 J (b-a)2co?hsin?g
(2
_2f0 1de
_ 2]
0
JT
-2 5 -]
=7 O

[ 8 marks ]



Answer 6

. ) dx
Letx = secd in which case% = tanO seco

(Easily proven using the chain rule)

Graph Plotting
To draw the graphs @ircsec x, arccsc x andarccot x, or calculate their value
at a particular point, use the relationships,

~——

1

arcsecx = arccos(;
()

= arcsan|( —

X

L

X

arccotx = arctan(

arccsc X

Graph ofy = arcsec x

The limits x = 2, « becomei, —
3° 2
oo 1 5 1
——dx = tan 0 sec 0 do
J.Z XV X2 — 1 j% sech/sec?6 — 1
:F—tane de
Z tan?60
- Flde
%

[ 9 marks ]
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Lesson 4
Further A-Level Pure Mathematics, Core 2
Improper Integrals
4.1 Partial Fractions

The graph is of the functioh(x) = 2; and the task is to find the area
X —5X + 6

from x =4 and extending rightward &as-> «

[ 8 marks ]


http://www.NumberWonder.co.uk/v9100/4.mp4

4.2 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50
Question 1
1 2

dx = —In2

Use the method of partial fractions to show tfj.aét Zix_2 3

[ 8 marks ]



Question 2
19
6x2 + 35 + 36

Use the method of partial fractions to show tr{%T dx = 3In(%)

[ 8 marks ]



Question 3

(1) Use the substitutiox = 2tan 6 to show that,

1 1 X
f 5 dx = —arctan(—) +C
X¢ + 4 2 2

[ 3 marks ]

32
X2 +4)(x+2)

(i) Showthatj: ( dX = 7 — 2In2

[ 9 marks ]



Question 4
1 - x2 57

Show that ” ———=dx =2 - —
-[—;L 4x3 4+ x2 8

[ 10 marks ]



Question 5
il 3-X
2V3 (x — 2)2(x2 + 4)

Showthat96f dx:2.7r+3+3\/§+9ln(1——

[ 12 marks ]
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4.3 Answers
Further A-Level Pure Mathematics, Core 2
Improper Integrals
4.3.1 Solution to 4.1 Example (Teaching Video)
1 3 1
X2 -5x+6 (x-3)(x-2)
1 A B
+
[(x-3)(x-2)]  (x=-3)  (x-2)
Multiply through by the red brackets

1 o] _Alew]  Blo.]

[ (x-3)(x-2)] (x—3) (X —2)
1=A(x-2)+B(x-23)

letx =3 = A=1
Letx =2 =>B=-1
oo 1 < 1 1
————dx = - dx
J‘4 2 —Bx+6 J.4 X-3 x-2

_ limit 1 1

- dx
toeo Jax -3 x-2

t
imit [In(x - 3) - In(x - 2) ]

|
1>

4
t

= limi [In( X_BH

t—> oo X—2 4

t-—3 1

= fimit [in( 1= ) - n( 5] |
= In1—|n2_1
=In2

[ 8 marks ]



4.3.2 Solutions to 4.2 Exercise

Answer 1
1 1
X2 +Xx—-2 (X4 2)(x-1)
1 A B
[(x=1)(x+ 2)] (x—l)Jr (X + 2)

Multiply through by the red brackets

L[] _Alen]  Bla]
[(x=1)(x+ 2)] (x—1) (X + 2)
1=A(x+2)+B(x-1)
Letx:1:>A:i
3
1
Letx = -2 B=-—
= 3
A SV o S S WY
2 X+ XxX-2 372 x-1 X+ 2
1 1 1
= — limit - d
3t Jopx_1 X+ 2 X
1 .. . t
:Et'gnj)o[ln(x—l)—ln(x+ 2)]2
t
:ihmlt[m(x_l)}
3 toeo x+2/4,
=i|imlt|:|n(t_1)_|n(i):|
3 toee t+2 4
:ilnl—ilnz_2
3 3
:Elnz O
3

[ 8 marks ]



Answer 2

J

19

19

6x2 + 35 + 36 (3X + 4)(2x + 9)

19

A B

[(X+4)(2x+9)]  (3+4) " (2x + 9)
Multiply through by the red brackets

197 ....

[(x+a)(x+9)] (X+4)  (2+9)

19

A(2Xx+9)+B(3x + 4)

Letx:—%:A:S

LetX:—E:B:—Z
2
o 19 o 3 2
dx = - d
0 6x2+ 3% + 36 1 fo xX+4 2x+9 X
_gimit (3 2

t—=e Jo3x + 4 2X + 9

t
imit [In(3x + 4) — In(2x + 9) ]

|
1>

15
8~
1
S5
A

=1
—_

|

=1
o~ +
N— o

=]

Njw Nw vw | w
w

5
—_——
~———

=1

w
S
—_—
N | w
S—
o

[ 8 marks ]



Answer 3

. : . d
(1) Let x = 2tan® in which case% = 25?0

Making the substitution,

1 1
J' 5 dx=_|'2—25>ec:20d0
X¢ + 4 4tancx + 4
2 1
:—fz—seczede
4 tanco + 1
1 1 2
= — sec” 0 do
2-[39026
1
- E—flde
1
= —0+cC
2
1 (x)
= —arctan| — | + C O
2 2

[ 3 marks ]
(ii)
32 A +B C
[(C+4)(x+2)]  (+4)  (x+2)

Multiply through by the red brackets

32[....] _(AX+B) (] Clu]
[(®+4)(x+2)] (x2 + 4) (x+2)

32=(Ax+B)(x+2)+C(x*+4)
letx =-2 = C=4
letx=0= 32=2B+4C = B=8
letx =1 = 32=(A+8)(3)+4(5) = A=-4

J-°° 32 dx = J-°°8—4X+ 4 dx
2 (x®+4)(x+2) 2+ x+2
= limit 1 -2 2 4 1 dx

+
t=eo Jo™ x2 4 4 X2 + 4 X+ 2

imit [4arctan()—2() - 2In(x2 + 4) + dn(x + 2)]t

[
oo
2

[ )

Qiﬁﬁ—n—zﬂﬂ

. t
limit [4arctan(—) + 2In
2 t2 + 4

4x%+2mm—n—zma

7w — 2In(2)

[ 9 marks ]



Answer 4

1 - x? 1 - x?
,[ I - 2 :,[ 2 A2 dx
1 4x* + x 3 X2 (4x2+ 1)
Partial fractions,
1 - x2 _ AX+B Cx+D
[ (4x2+1)] X2 4x2 + 1
(1= %%)[ ] (AX + B)[.....] (CX + D)[ ... ]
[x2(4x2+1)] X2 4x2 + 1
1-x=(A+B)(4x+1)+(Cx+D)¥X
Coefficients o6’ : 1 = B
Coefficientsofx : 0 = A

Coefficients ofx2 :

Coefficients ofx3 :

1 - x?
-[i 4+ X2

1
J‘% 7dX

1 dx
Letx = —tanf = —
2 do

oo

5

——— dX
3 4x2+1

(-1)=4B+D = D=-5
0=A+C=>C=0

:-[32- 7d -[l 4x2+1OIX
limit b2
= LX dt
2
t
_ limi [_i}
t%OO X 1
2
_ limit [_i+2}
t— t
=2
1 2
= = 5?0
2
NI A
5 1
= |2 2> x S sec?0ds
Z tanco + 1 2
5 (3
= — 1dé
> (2
%
57
= —16 = —
[ ]l 3
7
P O
8

[ 10 marks ]



Answer 5

3 - X B A N B +Cx+D
[(x-=22(x2+4)] ~ (x-2)  (x-2)2  x2+4
(3=X)[wee]  _ Alew] | Blew]  (CX+D) ]
[(x=22(x+4)] — (x-2) (x — 2)2 2 + 4

3-X

Alx-2)(x®+4)+B(x+4)+ (Cx+D)(x—-2)>

letx =2 = 1

88 = B = —
8

(ac+D)(2 - 2)
= (2C+D)( -4-8 +4)
(2iC+D)(-8)

Letx =2i = 3-2

= 16C — 8D
.-.C:iandD:i
16 4
Coefficients of® : 0 = A+ C = A = _%
°° 3-X ° -18 12 18x + 24
96 dx = + + dx
jZﬁ(X—Z)Z(X2+4) J.2J§x—2 (X — 2)? X2 + 4

18 12 18x 24

- [ = + + + dx
J.zﬁx—z (x—2Y  xX2+4 x2+4

dx

J'°° 12

t
e limit _ oy 2
2V3 (X — 2)? 12 oy3 (X = 2) X

1> o

12 limit [_(x -2y 1]
t— e

. 1 1
=12t“—>'°g{_t—2Jr zﬁ—z}

6 V3 +1
V3-1 V3 +1
6(V3+1)

3-1
3vV3 +3




oo

18x

J» B 18
2V3 X2 + 4

X -2

dx

Letx = 2tan@ in which caseg—z = Zsec20

The limits 2V 3, « become%,

oo

23 X2 + 4

oo

3-X

Thus 96 [, 700

+

. 2X
[imit _
t
tlgn!; [9In(x® + 4) - 18In(x - 2) ]
2V3
— 2 t
g limit |n(L42H
2
o | in[ =5t | {5 22|
i (t-2) 4(V3 - 1)
4
9[| 1-1 ( H
nt-Ma o3
2
9/0-1 ]
[ ”(2—\/§)
gln(Z—\/?)
2
9In(1—£)
2
T
2
6 [F———25c®0do
J% Atan20 + 4 < °
12 % sec’ 0 do
f% sec? 0
12 %1d0
Iy
%
12[ 6]
%
JT JT
12 5 - )=
4)dx:2n+3+3\/§+9ln(1—§) O
[ 12 marks ]
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Lesson 5
Further A-Level Pure Mathematics, Core 2

Improper Integrals

5.1 Volume of Revolution

If a solid, when sliced, has cross sections that are circular then its volume may
be found using the idea of a profile curve being spun about eitheothibe
y-axis. This is called the “discs” method of finding a volume as the integration is
finding the sum of a number cylinders, as that number tends to infinity, and as
the thickness of the discs involved correspondingly tends to zero. In the limit,
the volume found is exact.

As the number of discs in increased the volume of this sphere is better
approximated by the sum of the volumes of those discs
From left to right: 10 discs, 20 discs and 100 discs
Image made in Wolfram Alpha by Martin Hansen

In the A-Level Further Mathematics course this is the only method taught but
there other techniques such as the “shell” method or the “slab” method that car
tackle a variety of other shapes; They are easily learnt should the need arise.

For the “discs” method the key result is the following;

The Volume of Revolution Formulae
e Wheny = f(x) is rotated2z° about thex-axis on intervah < x < b

b
Volume = nfayzdx
e Whenx = f(y) is rotated27® about they-axis on intervah < y < b

b
Volume = nfaxzdy

In this lesson the focus is upon questions that involve improper integrals.
Any of the integration techniques studied previously may be called upon.



5.2 Example

Find the volume swept out when the profile curve- is rotated2z°

1
VY Iny

about they-axis, 2 < y < «. The lower end of the solid is depicted below.

[ 5 marks ]


http://www.NumberWonder.co.uk/v9100/5.mp4

5.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40
Question 1

y+1
y3

about they-axis, 1 < y < . The lower end of the solid is depicted below.

Find the volume swept out when the profile cure- is rotated2®

2
1=
0

e

[ 5 marks ]



Question 2

Find the volume swept out when the profile cugve is rotatedsz®

_ VX
1+ 4x2

about thex-axis, 0 < X < oo,

The integration involved is a “chain rule backwards”.

The lower end of the solid is depicted below.

0.4
z ﬂ If‘n,."r
-04
04

0

[ 5 marks ]



Question 3
Find the volume swept out when the profile cugve= x e * is rotated2z°

about thex-axis, 0 < x < . The lower end of the solid is depicted below.

You may use without proof the fact thimit t" e?'=0forneZz”

[ 7 marks ]



Question 4
(1) By means of a suitable trigonometric substitution, which you should
clearly state, determine the value of the improper integral,

o 1
Jo 755

[ 4 marks ]

(i)  Bythinking of [ x219 dx as j(xzig)(l)dx and using

integration by parts show that,

1 X 1 1
dx = —— + 2 dx - 18 | ——=-d
J.x2+9 X x2+9+ -[x2+9x J‘()(2_|r9)2 X

[ 4 marks ]



(iii)  Find the volume swept out when the profile cupve- 219

is rotated by2z° about thex-axis, 0 < X < oo,

[ 4 marks ]



Question 5

Find the volume swept out when the profile cuwe- is rotatecdsz®

JVay + 1
y(y+1)

about they-axis, 1 < x < <. The lower end of the solid is depicted below.

. - e

| N _ hh{:"s

| | r-rﬂ z
1h"}'.‘ﬂ'-5

¥
]

42

-

]
-I
]

'ELE}

L
-05 0 0.5
X



[ 11 marks ]
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5.4 Answers
Further A-Level Pure Mathematics, Core 2

Improper Integrals
5.4.1 Solution to Example 5.2 (Teaching Video)

b
Volume = nfaxzdy

“ 1
7 ———dy
I, y (Iny)?

T i | _
= g Jimit J'Z(V)(Iny) 2 dy

Notice that this is of the fornf’ (y)[ f (y) 1" which is a “chain rule backwards”

= 7 fimit [ ~(iny)™*]

2
- 1 1
= g limit [__4__}
Tt Int In2
. JT
" In2
[ 5 marks ]
5.4.2 Solutions to Exercise 5.3
Answer 1
b
2
| -
Volume nfax dy
oo + 1)2
_ -[1 (yy6) dy
= g limit J-ty2+2y+1dy
t—> oo 1 y6
- t
= g limit 1y4+2y5+y6dy

[ 5 marks ]



Answer 2

b
Volume = ﬂfayzdx

o0 X
= —— X = dx
NJ.O (1+ 4x2)
- t -2
= L Jimit -[0 8x (1 +4x%)  dx

8 1>

Notice that this is of the formf”" (X) [ f (X) ]n which is a “chain rule backwards”

Answer 3

Volume

T -[o X2 & X dx

t
T imit [_;}
8 1oL 1+4x2

0
7 1
=41
[ 1+ 4t2

o|3 ofs

[ 5 marks ]

b
sz‘ayzdx
ﬂfxze_zxdx

L I D |

2( 1) _ox 1) _o }
ar[x (—E)e —'[Zx(—E)e dx

1 2 o _2x }
n[—;xe +Ixe dx
L | D |

n[—%xze_zx + x(— %) e & _ f 1(— %) e_zxdx}

4 2 —2X —2X —2X
7[—x e - Xe +fe dx}
7 2 _2x _ox 1 _ox }
—|-Xe T -—xe " - —¢ +C
Al :
T limi [ Ra2 g ie—2t+i}t
2 t—> oo 2 2 0
T
4
[ 7 marks ]

UseL'Hospital's Rule to prove thafimit t"e?t =0 for ne Z"



Answer 4

(1)

Let x = 3tan @ in which case% = 3se(:20

Making the substitution,

1 1 2
dXx = | ————3sec“0do
J‘x2+9 X Igtan2x+9
1

2
= — | ———sec“0do
9Itan20+1
1 1 2
= — sec” 6 do
3 ) sec?0
1
:Ej.lde
1
= —60+cC
3
3 arcin( 5 |
= —arctan| — | + C
3 3
Thus
oo 1 X t
_ | R
jo 219 X7 t@;[amtan(?:)]

[ 4 marks ]

X2 + 9 x2 + 9
L | D |
-2
:(Xzig)x—'[(—l)(x2+9) 2X X X dx
X +9-9
= 2
(X2+9) 'I. X2+9 dx
() Y 2w
(x2 +9)? (x2+9)
1 X 1 1
——dX= ———+2|—-——dx - 18| —d O
-[x2+9X 2+9 J‘x2+9X '[(x2+9)2 X

[ 4 marks ]



(i)
Volume = arj y2dx

t _ t
A X T limit 1 o
imit + — dx from part (ii
°°[x2+9]0 18 t > ~=Jox2+9 part (i)
T

It _—

= — limi [ _O}Jr
18 t—e | t2 4+ 9 18
Eal

X % from part (i)

108
[ 4 marks ]
Answer 5
Using Patrtial Fractions,
v + 1 _Ay+B+ Cy+D
[V2(y+1)?] y? (y+ 1)

Multiplying through by the red bracket

(4y + 1)[ ...... ] _ (Ay + B)[ ...... ] N (Cy+D) [.... ]
[V (y+1)?] y? (y+ 1)

dy+1=(Ay+B)(y+1)72%+(Cy+ D)
lety=0=1=8B
lety=-1= -3=(-C+D)(1) > D=C-3

Coefﬁcientsofy3 :0=A+C
let y=1=5=(A+B)4+ (C+D)
5=-4C+4+ (C+C-3)
4 =-2C
C=-2
~A=2 B=1 C=-2andD = -5
v + 1 _y+1  2y+5
Y (y+172 Y (y+ 1)
1 2y + 2

-2 _3y(y+ 1P

2
VY T YPiay+1



™

* 4y +1
1y2(y + 1)

t
L limit [(2 .1 2y +2

-2
- - ——— —-3(1 1 d
I [ o+ - oyt S+ dy

[
oo

. .. 1 3 t
mit 2Iny—7—ln(y2+2y+ 1)+ }

Y2+ 2y+1
T t2 1 3 1 3
limi In———+——|n(—)+1——}
Tise "2+t Tt41 4 2

7 In1—0+0—ln(i)+1—§}
4 2

[ 11 marks ]
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Lesson 6
Further A-Level Pure Mathematics, Core 2
Improper Integrals

6.1 Revision
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40
Question 1
Two views of the graph of (x) = x— 1 dx are presented below
V34 2x - X2

X—-1

3
Determine the value of the improper integrﬁll NEP > dx
+ 2X — X

[ 6 marks ]



Question 2

Further A-Level Examination Question from June 2016, FP2, Q1 (b), (OCR)
Find, in exact form, the value of the following integral,

3
J‘4;dx
0 \3-4x2

Hint : Use the substitutiox = g sné

[ 6 marks ]



Question 3

(i) Find [ 1

X(X+5)

[ 4 marks ]

N o 1 N
(i) Hence show thatf5 2 1 5¢ dx converges and find its value

+ 5x

[ 3 marks ]



Question 4
Yy
1+ 5y3

about they-axis, 0 < y < o. The lower end of the solid is depicted below.

Find the volume swept out when the profile curwe- is rotated2rz®

[ 6 marks ]



Question 5
Further A-Level Examination Question from January 2013, FP2, Q1(a) (OCR)

(1) Differentiate with respect wthe equatiomatany = x (whereais a

. X\. a
constant) and hence show that the derivativarotan|—|is ———
al = a2+ x?

[ 3 marks ]

(i) By first expressing<2 — 4x + 8 in completed square form, evaluate

4 1
the integral jo v R —y

dx giving your answer exactly.
Ix 1 gving y y

[ 4 marks ]



(i)  Use integration by parts to fin(j arctan x dx

[ 4 marks ]

(iv)  What does your part (iii) answer allow you to deduce regarding the

improper integral fo arctanxdx ? Give a reason for your answer.

[ 2 marks ]

(v) Sketch the graph of = arctanx and explain how this backs up
your part (iv) answer.

[ 2 marks ]
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6.2 Answers

Answer 1

3 _ .. t _
I X 1 dx = (_ i) I|m|t_ 2 2X dx
143+ 2x-x2 t=3 J1 34+ 2x - x2

2

A imit 2\ 2
_(_E)tes‘ 1(2—2x)(3+2x—x) dx

Notice that this is of the fornf’ (X) [ f (X) ]n which is a “chain rule backwards”

1\ oo 17t
< [3) i Latse o],

= limt [yt - v3+2-1]

= (-p[o-v4]
=2
[ 6 marks ]
Answer 2
Let x = Esin¢9 in which caseﬁ = Ecose
2 do 2
1 1 V3
—dx = X coso do
I\/3—4x2 I\/:a—ssinZe) 2
:J' ! _ X V3 cosO dé
J3(1-sn29) 2
:J' ! X ﬁcose de
J3(cos?6) 2
1
- ?jlde
1
= =0
> +cC
= iarcsin(i +C
2 3
3
j%;dx= i[arcsin(&” ’
0 /3-4x2 2 V3 /1,
_ i[ . (\/?) . ]
= - | acsin| = arcsin(0)
_ T
6

[ 6 marks ]



Answer 3

(1) Making use of Partial Fractions,
1 A B
= — +
[X(x +5) ] X X+5
Multiply through by the red bracket
10 ... ... ] _ Al ], Bl.. ]
[x(x+5)] X X+ 5
1=A(Xx+5)+Bx
Letx:O::>A:i
5
1
Letx = -5= B = -—
5
f—l dx:ij‘i— 1 dx
X(X+5) 57 X X+ 5
:%[Inx—ln(x+5)]
sn(+s)
= —1| +C
5 X+ 5
[ 4 marks ]
(i)
o 1 1., . X t
'[ dx = = limi [m( )}
5 X2 + 5x 5 t—eo x+5/1¢
1. . [ 5
- s [ g ) {52
5t [T y5 545
:i[lnl—ln(i”
5 2
:ilnz
5

: . 1
That is, the integral converges and has a valug th 2

[ 3 marks ]



Answer 4

Volume

Il
B
—
Q
><I'\)
(=8
<

Notice that this is of the formf" (X)[ f (X) ]n which is a “chain rule backwards”

o dms sy ]

T limi [_;Jr 1}
15 t—ee 1+ 5t3 1
Tz

[ 6 marks ]

Answer 5
(i)
atany = Xx

Differentiate implicitly with respect tg, as instructed

2., dy
asec y&_l
dy 2 2
a:ase@y usel + tan"y = sec™y
1 a
" a+ atan?y * 2
a
= 2+ (atany 2 useatany = X
3 a
rared
. 3 X dy a
Ify—arctan(g) then&—m O

[ 3 marks ]



(ii) From part (i),

a X
J‘ﬁdx:arctan(—)+c
ac + X a

1 1
= dx = d
J.x2—4x+8dx J'(x—2)2+4 X

1 —
= ?arctan(T)+C
[ o = & [wen( 252)]
0 X% — 4x + 8 2 2 0
1
= ?[arctanl—arctan(—l)]
_ i[ﬂ_(_z)}
- 2L4 4
-
4
[ 4 marks ]
(i)
J'arctanxdx = Jarctanx (1) dx
L I D I
= arctanx (x)—f 112 (X) dx

-1
= Xarctanx — %J.Zx(1+x2) dx

Notice that this is of the fornf’ (x)[ f (x) ] which is a “chain rule backwards”

= Xarctanx — %In(l + xz) +C

[ 4 marks ]
(iv)
= limit 1 217"
J arctanxdx = [xarctanx——ln(1+x)}
0 t - 2 0
_ fimit [tarctant—iln(1+t2)—0—0}
t > o 2

ASt — oo, tarctant — oo andln(1+ tZ) — oo

Thus this improper integral is not convergent and so has no value
[ 2 marks ]



AR

——_

|
naranrer
]

porii

I
I
e

e R e B R

[ 2 marks ]

ith the result that the

arctan x

Gold: y =

Red:y = tanx

— aS X — oo WI

T
2

t

0

arctan x dx will be roughly the same as that of a

further endorsing the fact that the

© 2022 Number Wonder
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Lesson 7
Further A-Level Pure Mathematics, Core 2
Improper Integrals

7.1 Test
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 33
Question 1

Further A-Level Examination Question from June 2011, FP2, Q1 (b) (ii) (OCR)
Find, in exact form, the value of the integral,

1

7 1
le - dx
"7 (14 4x2)2

) o 1
Hint : Use the substitutiol = > tan 9

[ 6 marks ]



Question 2
Find the volume swept out when the profile cuwe- \/7 e Y is rotated2r®
about they-axis, 0 < y < «. The lower end of the solid is depicted below.

You may use without proof the fact thgtmit te?t =0

0.4

||
o

0
Ly

04

A

[ 6 marks ]



Question 3

Further A-Level Examination Question from June 2019, Paper 1, Q2 (Edexcel)
Show that,

jm 8 — 12 dx = Ink
0 (

2x2 +3)(x + 1)
wherek is a rational number to be found

[ 7 marks ]



Question 4
Further A-Level Examination Question from January 2010, FP2, Q1(a) (OCR)

(i) Given thaty = arctan+y/x find % giving your answer in terms of

[ 3 marks ]

1 7
dx = —
X+ 1) 2

1
(ii) Hence show thatJ'O T (

[ 3 marks ]



Question 5
The area shaded blue, and extending upwards indefinitely, is represented by the

. it | jﬁ 1 d
improper integra ———dX
1 x4 -1

***********************

**********************

**********************

**********************

***********************

**********************

**********************

*********************

***********************

***********************

********************

*****************

Use the substitution® = sec @ to show that the improper integral can be converte
to a proper one with limits that show the original integral is convergent.

Note : You are not asked to find the value of the improper integral, which is diffict



[ 8 marks ]
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7.2 Answers
Further A-Level Pure Mathematics, Core 2
Improper Integrals
Answer 1

1 . . dx 1 2
Let x = —tan@ in which case— = — sec“ 0
et x > in whi ” >

1
'f 1 idx:J‘ 1 ixEseczede
(1+4x%)2 (1+tan?9)2

1 1
= [—=—5 x>0 do
(sec?0)? 2

1 1
=g Iz x =0

% f cos 6 dé

1 .
—3snO +¢C
2

%sin( arctan(2x)) + ¢

§ m Lﬁ L [sn(arctan(2d)]
2 + 4x%)? —_

o
X
Il

[ 6 marks ]



Answer 2

b
Volume = arf x2dy
. t
- it [y ey

0
7 _2 2
- [imit | _ y y
- 5 it [ye s [ 5) e
0
- limit |_tg 2 _ = o2& 2
= t%m[te e + 0+

[ 6 marks ]



Answer 3
Partial fractions;

8x — 12

AX + B C

[(2x2 +3)(x+1)]
Multiply through by the red bracket

(8X — 12)[ ... ... ]

+
2x2 + 3 X+ 1

(AX+B) [wn] | Clo.]

I

(e =]

Jo

[(2x2 +3)(x+1)] 2x%2 + 3 X+ 1
8x - 12 = (Ax+B)(x + 1) + c(2x% + 3)
Letx = -1 = C=-4
Letx=0=>B=0
letx=1= A=28
8x — 12 8x 4
dx = - dx
2x2 + 3)(x+ 1) -[2x2+3 X+ 1
-1 4
:2f4x(2x2+3) — dx
X+ 1
:2In(2x2+3)—4ln(x+1)+c
:Z[In(2x2+3)—ln(x+1)2]+c
( 2% + 3
= ————> | +¢c
(X+1)
_ _ 2 t
28x 12 dx — 2 limit [ln( 2x +32 }
2x2 +3)(x+ 1) oo (Xx+ 1) 0
- 212 + 3 3
= 2 limit [In( —In(—”
[ (t 1)2 1
=2[In2 -1n3]
:2In(£)
3
(5]
= In{ —
9
Thatis,k=i
9

[ 7 marks ]



Answer 4

(i)
y = arctany/x
tany = Vx
(tany)? = x
Differentiate implicitly with respect to
2., dy
2t — =1
anysecty -
ady 1
dx  2tanysec?y
B 1
~ 2tany(1 + tany)
B 1
2V x (1 + x)
[ 3 marks ]
(ii) From part (i),
1 1 1 1
=2 d
Jo oo ® = 2l mrx oo
1
= 2[ arctanv/x ]
0
= 2 [arctanyV/1 — arctanO]
=2 X S
4
-
2
[ 3 marks ]

Answer 5

Letx? = sec 0, and differentiate implicitly with respect tbto get

ZXK = secfHtand
do
dx  secotano
d9  2vVsecoh

1
?\/sece tan @



For the lower limit X~ = secé
1= !
cos @
cosf =1
0 =0
For the upper limit X = seco
2 1
2 =
(\/_) cos 6
1
cosfh = —
2
JT
0 = —
3

Making the substitution,

V2 1 K 1 1
Jll ﬁdX—J. X?\/Secetangde

5 1 1
= f3— X —+\/ secH tan g do
an 2

0 't 20
_ j%
0 +\/cos@

This integral is a proper one and could be interpreted as finding the finite area

shaded green under the curye=

*******************************

*****************************

V2 1
Thus the original improper integraf ————— dx must be convergent O
1 WVxt-1

[ 8 marks ]
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