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Further A-Level Pure M athematics, Core 2

Polar Coordinates

[ 2, 2marks]

[ 2, 2marks]



Answer 2
(1) The curve and the line will intersect when,

2
(gsece) = 9sec 26
9x6 9
4cos?X  Cos20
cos20 3
cos?6 3
cos20 — sin?o 3 3
cos? 3
2 2
l1-tan"6 = —
3
2 1
tan© 6 = —
3
1
tanf = —
V3
9 =+~
6

[ 4 marks]

(i) AreaP

1%
= 2
zfo 9.sec 260 d6

= % Jf 2sec20df  (Setting up a chain rule backwards)

= % [ In] sec 20 +tan29|]§ (from formulae booklet)
= 3[In|sec(—)+tan(ﬁ)‘—In|secO+tan0|}
4 6
= 3 In ;+tan(£) —In| ! +tan0|
- 4[ cos( %) 3 | cos0 }
= %[In|2+\/§|—ln1]
9

In(2 +v3)  which is about 2.963...

4

[ 5marks]



(iii)  Wheno = % r @sec (%) (using equation of line)

3\/?\/§X2
2 V3

= 3v2 (hypotenuse of triangle)

absnC

X —3\/?2\/§ x 3vV2 x sin(%)

3

4

© Nk N|R

2 x ((Area of right angled triangle AreaP)

% - %In(z +V3) )
(V3 —In(2++3)) about 1.8679..

[ 4 marks]
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Answer 3
To get the angles associated with the points of intersection,

(1+snfd)=3(1-sndb)

4s8nfh = 2
) 1
Ing = —
2

7 b

0 = —, —

6 6

The same limits work on both curves,

1 % . .
2x7f§(1+sm9)2 ~9(1-sn6@) do
6

1+ 2sné + sin2¢9 — 9+ 18sn6 - 95in20

Il
—_—

20sin6 — 8 — 8sin®6 do

Il
—, —

20sng — 8 -8 %— %00526 do

20sin6 — 12 + 2(2cos20) dé

oy Ny o MR ol NR ool N

Il
—

[-20cos® — 120 + 2sin26 ]

ofs MR

=[0-6x+0] -[-10V3 - 27 + V3]
= 9vV3 - 4n
Thatis,p=9 andg =4
[ 9marks]



Answer 4

: . ax
(a) We require there to be four solutlons{aawe— =0

X = rcosé
= a(p+ 2cosf) cosb

= apcose + 2a cos’

% = —apsn® — 4acosd sno
apsiné + 4acosfsnf = 0

Divide through bya as we knowa #0
psnd + 4snécoséd = 0
sno (p+ 4cosf) =0

Either sn# = 0 giving two solutionsg ={ 0, 7 }
or (p+4cosf) =0
As there are four solutionsp + 4cos6f ) = 0must yield two more solutions

SO Ccos6 = —E

4
Keeping in mind thap is a positive constant greater than 2 and

-1 <cosh <1

gives2 < p< 4 O
[ 5marks]

Graph Plotting :
Out of interest, to plot the limacon = 3 + 2cosé on a graph plotter you may
need to convert it into Cartesian form (ths an enlargement scale factor);

r = 3+ 2cosé

r2 = 3r + 2r cosé

X+ ¥
¥ yf—2x = 3 X2+ y2

(x2+y2— 2x)2 = 9(x2+y2)

3y X2 +y2 + 2



(b)

Part (a) has provided hints on how to draw this limagon.

Two of the four perpendicular tangents are when wher® orz

which is on thec-axis. Putting those values @into the curve's equation
gives the Cartesian points (5, 0) anrdl 0).

With p = 3, the other two perpendicular tangents occur when,

cosf = —% from which sin6 = ig
The associated points are given by,
(x,y) = (rcosO, rsno)
X = rcosé y =rsné
= (3 + 2cosH) coso = (3 + 2cosf) sind
(- 233 (-2
4 4 4 4
__2 _ L 37
8 8
(- 1125) (about+ 0.992..)

All four of these points are plotted above and as there are no other points
with a perpendicular gradient, the simplest curve through those four poin
is what is required.

[1mark ]



(c) Realising the shape has mirror symmetry inxtta&is suggests using
limits of 0 andr and doubling the area found from that.

1 2
Area = 2 x ?j:(zo(3+ 2cos0))? do

J.Z 400(9 + 12cosO + 400320) de

JT
4OOJ‘ 9+ 12cosé + 4(i + i00520) do
0 2 2

JT
4OOJ'O 11 + 12cosO + 2cos26 do

400[ 116 + 12sin6 + sinze]g

400[ 117 + 0+ 0-0-0- 0]
44007 cn?

So the volume 44007 x 90 = 396000r cm?

396000r
50000

25minutes (as requested, to the nearest minute)

Time

[ 7marks]

(d) In practice, John may not want the pond to be filled to the brim
and even if he did, it would need to have a perfectly built with,
for example, a perfectly horizontal brim.
Lots of other answers are possible and acceptable.
Anything sensible gets the mark.
[ 1mark ]
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